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We construct a tight-binding model realizing one pair of Weyl nodes and three distinct Weyl
semimetals. In the type-I (type-1I) Weyl semimetal, both nodes belong to type-I (type-1I) Weyl
nodes. In addition, there exists a novel type, dubbed “hybrid Weyl semimetal”, in which one Weyl
node is of type-I while the other is of type-1I. For the hybrid Weyl semimetal, we further demonstrate
the bulk Fermi surfaces and the topologically protected surface states, analyze the unique Landau
level structure and quantum oscillation, and discuss the conditions for possible material realization.

Introduction.—Since the theoretical and experimental
discovery of topological insulator!+2, the study of topolog-
ical states of matter has become one of the major topics
in condensed matter physics. Apart from the triumphs of
systems with full energy gaps, the concept and discovery
of Weyl semimetals (WSMs) have stimulated intensive
activities in understanding the band topology for gap-
less systems®> 8. A WSM, in the original setting, has
linear conic band crossings at the Fermi energy®. These
band crossing points, i.e., the “Weyl nodes”, behave like
sources and sinks of the Berry curvature in the momen-
tum space and are topologically protected. Based on
the bulk-boundary correspondence, the surface state of a
WSM takes the form of Fermi arc that connects a pair of
Weyl points with opposite chiralities®.

A novel type of structured Weyl node, dubbed type-
II, was recently discovered in WTey'* and a spin-orbit-
coupled superfluid!®. In the original WSM, referred as
type-I, the Fermi surface is composed of discrete Weyl
points with emergent Lorentz invariance. In type-II
WSMs, the conic spectrum is tilted near the nodes,
and the emergent Lorentz invariance is broken. These
Lorentz-invariance-violating type-II Weyl nodes appear
at the contact points of the electron and hole pockets in
type-II WSMs. In all the previous works on type-I or
type-II WSMs, the two Weyl nodes in a pair with oppo-
site chiralities are of the same type!*!?. One may wonder
whether it is possible to have a WSM such that one Weyl
node belongs to type-1 whereas its chiral partner belongs
to type-II (see Fig. 1). In this paper, we analyze the
band topology of a concrete lattice model and demon-
strate that the proposed WSM phase with mixed types
of Weyl nodes can be realized in the concrete model. We
dub this special type of WSM “hybrid WSM”. Remark-
ably, it is possible to have a single isolated Weyl fermion
in the excitation spectrum of this hybrid WSM rather
than several pairs of Weyl fermions in the conventional
case. We explicitly show that the band structure con-
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FIG. 1. (Color online.) A schematic band structure of a
hybrid WSM with a pair of Weyl nodes. The left (right) node
is a type-II (type-I) Weyl node. Generically, the energies of
these two Weyl nodes cannot be identical when both time
reversal and inversion symmetries are absent.

tains two Weyl nodes, whose types can be tuned sepa-
rately and independently. Therefore, our model provides
a simple platform to manipulate the energy-momentum
positions, the types of Weyl nodes, and the transitions
among different types of WSMs. We further explore the
unique Landau level structure and quantum oscillation of
the hybrid WSM. Based on our results, we propose that
the hybrid WSM may be found in magnetically ordered
non-centrosymmetric materials.

We start from the classification of the type I and type I1
Weyl nodes following Ref. 14 and Ref. 15. Due to the lin-
ear band touching, the original pair of Weyl nodes with
opposite chiralities has an emergent Lorentz invariance
at low energies, and the gapless elementary excitation
near the nodes are often called “Weyl fermions”. The
Lorentz invariance, however, is broken by the lattice reg-
ularization that necessarily connects the two Weyl nodes
at high energy?®. Significantly, this leads to the intact-
ness of anomalous Hall effect but the breakdown of chiral
magnetic effect. More seriously, the violation of Lorentz
invariance in condensed matter systems allows the tilting



of Weyl nodes, as described in the following general k - p
Hamiltonian near a Weyl node:

hWeyl(k) = Z k‘ﬂ)l‘jO'j =+ Z kiui, (1)
7 [

where i,j = x,y, z. Interestingly, the sign of v — 1, with

V=3 vigluj, defines the type of Weyl node:

<1 = typel, (2)
v>1 = typell (3)

For type I nodes, the tilting is not too strong, and only
energy anisotropy in momentum develops near the node.
For type II nodes, the tilting is sufficiently strong such
that the Weyl node develops a structure'®, i.e. a “bou-
quet” of two spheres in mathematics, as depicted in
Fig. 1. Physically, this implies that an electron and a
hole Fermi pockets touch at the Weyl node. As shown
in Ref. 15, an isolated “bouquet” enjoys the same first
Chern number of the original Weyl node, while the elec-
tron or hole pocket is characterized by a zeroth Chern
number, i.e., the difference in hole-band number across
the Fermi sphere. In general, a Weyl node is character-
ized by its chirality and its type. The chirality cannot be
changed by any local perturbation due to its topological
protection by the unaltered Chern number. The type,
however, can be modified by local disturbance through
a topological transition in the zeroth Chern numbers,
which twists the electron (hole) band down (up) near the
Weyl node, as depicted in Fig. 1. In order to separately
manipulate the types of the two Weyl nodes with oppo-
site chiralities, any symmetry, e.g., inversion or antiuni-
tary particle-hole symmetry, that relates the two nodes
must then be broken. This is suggestive of the fundamen-
tal existence of a pair of hybrid Weyl nodes with opposite
chiralities: one in type I and the other in type II.

We here propose a two-band tight-binding model of
fermion hopping on a simple cubic lattice. At low energy
this minimal model captures the essential physics of one
pair of Weyl nodes with opposite chiralities. In real crys-
talline solids, it may represent a lattice regularization for
a WSM or a Weyl superconductor; in cold atom systems,
it may directly describe a Weyl superfluid or an artifi-
cial optical lattice with Weyl nodes. Nevertheless, such
a Hamiltonian may be written as

— T T T
H = Z [ftxcjoxcj_s_j —ty,ci0,¢i 5 —t.cio,C5 s
J

—it;cgaycjﬂ] - it'zc;[azcj+5 +h.c] + mc}axcj.(4)
Here cf = (CL c!) are the creation operators of fermions
with spin 1 and |, in which the Pauli matrices o act on;
t and t’ are the hopping energies and m is the onsite
energy, which are all spin dependent; &, ¢, Z are the three
first neighbor vectors on the cubic lattice. In momentum
space, the Hamiltonian Eq. (4) reads

h(k) = (m — 2t, cos k, — 2t, cosk, — 2t cosk.)o,
+2t), sin kyo, + 2t sink.o.. (5)

FIG. 2. (Color online.) The WSM diagram in ¢;-t2 plane
with ¢1 = 7, ¢2 = 7/2. In the light (dark) blue region, type-
I (type-II) WSM is realized. In the remaining part of the
diagram, hybrid WSM is obtained. See the main text for the
detailed discussion.

One can easily demonstrate that there exists one pair
of Weyl nodes at g+ = (£ko,0,0) in the bulk Bril-
louin zone, and that the Fermi velocities are vy =
(2t sin ko, 2t;, 2t") at the nodes, where cos kg = (m/2—
ty, —t.)/tz. One can also check that in this model both
time reversal and inversion symmetries are broken, as

Th(k)T " # h(=k), (6)
Ph(k)P™" # h(~k), (7)

where 7 = o0yK, P = Isx2, K is the complex con-
jugation, and Iyx2 is an identity matrix. Such broken
symmetries allow the presence of Weyl nodes, but their
energies are not necessarily the same. However, there
are emergent inversion-like and antiunitary particle-hole
symmetries in the model, i.e., o h(k)o, = h(—k) and
o h(k)o, = —h*(—k). The former dictates the two nodes
to appear at the same energy.

The inversion-like and the antiunitary particle-hole
symmetries both dictate the identical type of the two
Weyl nodes. Based on the classification criteria, both
nodes are of type-I, since ¥4+ = u = 0 in the model. In
order to convert the type-I Weyl nodes into other types,
we may introduce additional first and second neighbor
hoppings into the Hamiltonian as follows:

H/ — Z [t1€71¢1c§0j+£ + t2871¢2c;Cj+2£ + hC], (8)
J
which in momentum space can be expressed as

h' (k) = 2ty cos(¢1 — kz) + 2t2 cos(da — 2kz).  (9)

Eq. (8) describes the spin independent hopping pro-
cesses along the x direction, and their phase dependence
lifts the aforementioned inversion-like and antiunitary
particle-hole symmetries, as long as not both of the two
phases are integer multiples of . Thus, h'(k) generically
leads to different energy modulations of the two original
Weyl nodes. Intriguingly, the position and the chirality
of each Weyl node remain intact, though their energies
are different.
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FIG. 3. (Color online.) The band structure along k. di-
rection and the surface states of different WSMs with rep-
resentative parameters: (a) t1 = 0.5,t2 = 0, type-I WSM.
(b) t1 = 0.5,t2 = 0.5, hybrid WSM (C) t1 = 0.5,t2 = 1,
type-II WSM. The hole pocket (in orange) and the electron
pocket (in light blue) near the type-1I node are indicated. (d)
Surface Fermi arcs of a finite slab along the (001) direction
for the hybrid WSM in (b). Two Weyl nodes (at the blue
dots) are projected to (£m/2,0) in the surface Brillouin zone
(kz-ky plane). The orange (blue) area is the projected hole
(electron) pocket. The orange (blue) arc is localized on the
top (bottom) surface and connects the hole pocket with the
type-I node. The lattice constant is set to unity.

To examine the types of the deformed Weyl nodes un-
der the action of Eq. (8), we expand the total Hamilto-
nian H + H' near g4+ and obtain

hi(p) = F2tsinkop,o, + 2tpyoy + 2tp.o.
+ 2[t1 Sil’l((bl + k()) —+ 2t2 sin(¢2 + 2]6())]]?1,(10)

where the subindex “4” refers to the two Weyl nodes at
g+ and we have let —t, =t =t_ = t. To capture the es-
sential physics, we set t = 1,t, = t, = 2, m = 8 through-
out the paper. By tuning other parameters (t1, t2, ¢1, ¢2)
and using the criteria in Eqgs. 2 and 3, we can realize all
three WSMs (i) vy < 1, (ii) vx > 1 and (iii) vy > 1,
v_ < 1 or vice versa, that correspond to type-I WSM,
type-II WSM and hybrid WSM, respectively. The WSM
diagram is depicted in Fig. 2. In Figs. 3a,b,c, we further
depict the band structures of some representative param-
eters for each case. Although we have chosen the param-
eters to make two Weyl nodes occur at the same energy
for hybrid WSM, no symmetry protects such degeneracy
in the general situation. Due to the mixed types of Weyl
nodes in the hybrid WSM, one could actually have one
single Weyl fermion in the excitation spectrum of the
hybrid WSM (see Fig. 3b).

The bulk Fermi surface and the surface states of the
hybrid WSM in Fig. 3b are depicted in Fig. 3d. Rather
than directly connecting two Weyl nodes in the type-I
WSM, the arcs start from the type-I node and termi-
nate when overlaping with the projected area of the hole
pocket.

Landau level structure.—One intriguing property of a
WSM is its Landau level structure near the Weyl nodes.
With both type-I and type-II Weyl nodes in its spec-
trum, the hybrid WSM provides a unique opportunity
to observe the Landau level structures of two distinct
nodes in one system. For a type-I Weyl node, a simple
k- p theory gives Landau levels with specific level indices
for any direction of the magnetic field. The zeroth Lan-
dau level is chiral and contributes to a non-zero chiral
anomaly. By contrast, the Landau level structure of a
type-II Weyl node depends on the direction of the mag-
netic field'42%22, For the magnetic field along the tilted
direction of the type-IT Weyl node, each Landau level is
still characterized by one specific level index and the ze-
roth chiral Landau level (CLL) remains. For the field
normal to the tilted direction, however, the Landau level
no longer has a well-defined level index because different
level indices are now mixed by the kinetic term. De-
spite the absence of the specific Landau level indices, the
magnetic field cannot open any energy gap at the type-I1
node. The gapless nature at the type-II node is required
to cancel the non-zero chiral anomaly at the type-I node.

With the lattice model, we explicitly explore the evo-
lution of the Landau level structure as the type of Weyl
nodes and the WSMs are varied. When the magnetic
field is along (100) direction, i.e., the tilted direction of
the Weyl nodes, two CLLs at the two nodes of the type-I
WSM remain recognizable even for the type-II and the
hybrid WSMs (see the left panels in Fig. 4). By compar-
ison, when the magnetic field is no longer parallel to the
tilted direction of the Weyl nodes, e.g., along the (110)
direction, the Landau level structure behaves rather dif-
ferently (see the right panels in Fig. 4). The CLL hy-
bridizes with other levels when the corresponding Weyl
node becomes type-II. Dictated by the chiral anomaly
cancellation, the type-II Weyl node remains gapless in
the hybrid WSM. In type-II WSM, however, both two
CLLs are not recognizable.

Quantum oscillation.—Now we discuss the quantum
oscillation of the hybrid WSM. Quantum oscillation di-
rectly probes the Fermi surface. For the type-I WSM
with point-like Fermi surface, there is no oscillation from
the bulk due to the vanishing density of states. It was,
however, realized that the surface states of a finite slab
could contribute to quantum oscillation and the period
depends on the thickness of the slab?3. For the hybrid
WSM, there are electron and hole pockets at the type-IT
node. Therefore, the bulk quantum oscillation in a hy-
brid WSM directly detects the electron and hole pockets
contacting at the type-II node.

Using the recursive Green’s function method??, we
numerically demonstrate the oscillatory behavior of the
density of states p(u, k). Here p(u,k,) is the density
of states of the two-dimensional sub-system h(k) + h'(k)
with a specified k,; component, and p is Fermi energy
chosen as the energy of the nodes. The results are pre-
sented in Fig. 5, for the magnetic field along (100) di-
rection in the Landau gauge. The oscillation period of



FIG. 4. (Color online.) The evolution of Landau level struc-
tures of different WSMs. The (red) arrows indicate the zeroth
chiral modes near the (dashed) Fermi level. The left pan-
els are the Landau levels along the momentum (k,0,0) for
field B = B[100],¢; = 0.5 and (a) t2 = 0 (type-I WSM); (b)
to = 0.5 (hybrid WSM); (c) t2 = 1 (type-1II WSM). The right
panels are the Landau levels along the momentum (k, k,0)
for field B = B[110],¢; = 0.5 and (d) ¢2 = 0 (type-I WSM);
(e) t2 = 0.5 (hybrid WSM); (f) t2 = 1 (type-II WSM). We
have chosen the lattice Landau gauge and the magnetic field
B =1/200 &y where @ is the flux quantum.

p(p, ke), A(B™1), is related to the cross section area S
of the Fermi surface at k, with S = 472/A(B~1). In
Fig. 5, we have chosen two extremal cross sections of the
electron and the hole pockets.

As we have tuned the Fermi energy at the nodes, only
the electron and hole pockets at the type-II nodes con-
tribute to the oscillation periods. Thus, two periods are
found in Fig. 5. In the more general case, when the Fermi
energy slightly deviates from the nodes, the electron (or
hole) pocket at the type-I node would give another pe-
riod in the quantum oscillation, and the total number of
oscillation periods would be odd. As a comparison, for
the conventional type-I WSM or type-I1 WSM where two
Weyl nodes with opposite chiralities are related by cer-
tain symmetries, the density of states at two Weyl nodes
would behave identically, and the number of oscillation
periods should be even if the oscillation periods at each
node can be separately resolved.

Discussion.—Going beyond the concrete lattice model,
we ask the necessary conditions to find the hybrid WSMs
in physical systems. In the search of WSMs, one guiding
principle is to look for systems that break either time
reversal or inversion symmetry>’. This is because with
both symmetries the Berry curvature vanishes at every
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FIG. 5. (Color online.) The oscillation behavior of the
density of states p(u,kz) for the hybrid WSM in Fig. 3b.
B = B(1,0,0). Fourier spectra in the insets indicate the
oscillation periods A(B™!) (in the red line). Other peaks
are higher harmonic components, $A(B™"),2A(B™"), .
(a) The extremal cross section of the hole pocket occurs at
ky = —2.4 and has an area 0.2967%, and A(B™') = 13.5. (b)
The extremal cross section of the electron pocket occurs at
k, = —1 and has an area 0.03472, and A(B™!) = 117.8. In
the recursive Green’s function method?*, the real space de-
grees of freedom along z direction is treated recursively. We
set the system size L, = 10° and choose an imaginary part
§ = 10~* for the level broadening.

point in the momentum space and cannot lead to any
monopole singularity that was required for a WSM. To
create monopole singularities of the Berry curvature, the
necessary condition is to break either time reversal or in-
version symmetry. The recent discovery of type-I WSMs
in the TaAs family and type-II WSMs in WTes both
belong to the inversion symmetry breaking case!l1214.
In TaAs and WTey, the pair of Weyl nodes belongs to
the same type due to time reversal symmetry. To search
for hybrid WSM with mixed types of Weyl nodes, one
should find systems that lack both inversion and time
reversal symmetries. We here propose that the magneti-
cally ordered non-centrosymmetric materials are natural
systems that host hybrid WSMs. Among the existing
WSMs, TaAs and WTes do not have inversion symme-
try. To possibly convert them into hybrid WSMs, one
could dope these materials with magnetic ions and cre-
ate magnetic orders in them. Alternatively, one could
introduce the inversion symmetry breaking in the WSMs
with magnetic orders.

To summarize, we present a lattice model to realize
three distinct WSMs. In addition to the WSMs that
were previously known, we demonstrate the existence of
a hybrid WSM with mixed types of Weyl nodes. The
Landau level structure and the quantum oscillation be-
haviors of the hybrid WSM are discussed. We discuss
the physical conditions for possible realizations of hybrid
WSMs and propose they may be found in magnetically
ordered non-centrosymmetric materials.
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