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ABSTRACT

We report a novel collision-attachment approach for modeling the dynamics of colloidal
fouling. The model treats fouling as a two-step process: colloidal particles colliding with a
membrane surface followed by their attachment onto the surface. An attachment coefficient is
adopted to describe the probability of successful foulant attachment for any given collision
event, whose value can be determined by the classical Boltzmann distribution. Our model
shows excellent agreement with experimental data in terms of both the kinetics of flux
decline as well as foulant mass deposition. Modeling results reveal the critical roles of water
flux and energy barrier in governing colloidal fouling. Greater water flux or lower energy
barrier can lead to a collision-controlled condition, where severe fouling occurs and nearly all
collision events lead to successful foulant attachment. On contrary, fouling is increasingly
controlled by the probability of successful attachment at lower water flux and/or greater
energy barrier. Our model provides deep insights into the various mechanisms governing the
dynamics of colloidal fouling (i.e., concentration polarization, collision, and attachment) as

well as the self-limiting fouling behavior under constant-pressure mode.
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Introduction

Membrane fouling, which causes decreased productivity, increased energy consumption and
shortened membrane lifetime, is a major obstacle for membrane separation.! Colloidal
fouling is governed by a complex interplay of feed solution properties, membrane properties,
and hydrodynamics conditions.2 Ideally, the classical Navier-Stokes (NS) equation can model

the fluid transport as well as fouling behavior during membrane filtrations:®>
ou )
p5+(u-v)u =-Vp+uVu+F (1)

where the term F represents the interaction forces (i.e., surface interaction between particles
and the membrane surface). A key challenge to implement NS-based fouling model is that the

surface interaction forces typically act over nanometer scales®’, while the pressure force (Vp)

and viscous force ( V?u) act over much greater length scales.® Some simpler models, such

as concentration polarization (CP)®1L, mass transfer!24 and pressure drop>’, have also
been proposed over the past years. However, such models often neglect the effect of the

surface interactions and are thus unable to predict the effect of water chemistry on fouling.

A key milestone to comprehend colloidal fouling was the formulation of the critical flux
theory by Field et al.® and Bacchin et al.l%. According to these authors, there is no or
minimal membrane fouling when the water flux is below a threshold value (i.e., the critical
flux); the latter is strongly affected by the foulant-membrane interaction 2. In a series of
recent publications, Tang and coworkers® 2922 proposed a simple limiting flux model
considering the balance of hydrodynamic drag force and particle-membrane interaction force.
This model helps to explain the existence of a maximum stable flux (i.e., the limiting flux) as

well as the role of permeate flux and feed water chemistry in fouling. Nevertheless, Tang’s

model relies on a highly simplified assumption of constant interaction barrier force with
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respect to the colloid-membrane distance, which is unlikely to be true in reality. In addition,
the limiting flux theory can only predict the stable flux without being able to model the

dynamic fouling process.

Much can be learnt from the classical coagulation theory, which models the conglomeration
of colloidal particles via two key parameters, the particle-particle collision frequency and the
attachment coefficient (« ).242 In this approach, « describes the probability of successful
attachment for any given encounter of two particles (i.e., a collision event), and its value
strongly depends on the interaction energy barrier and thus the water chemistry and
properties of the particles. Since a membrane can be essentially viewed as an infinitely large
particle, we are inspired to extend the classical collision-attachment approach to model the

dynamics of membrane fouling.

In the current study, a novel model for the prediction of membrane fouling dynamics was
developed based on the collision-attachment approach. A distinct feature of this study is that
the interaction energy (instead of interaction forces in traditional fouling models) was used to
predict the probability of particle attachment. Our modeling results provide deep insights into
the roles of water flux and interaction energy on the progress of fouling as well as the self-

limiting fouling behavior under constant-pressure mode.

Theory

Collision model. During membrane fouling, the rate of colloidal deposition onto a

membrane surface (i.e., the rate of fouling, dm, /dt ) is given by:

dm;

—=alC 2
= alc, @
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where ms is the mass of the deposited foulant, t is the filtration time, J is the permeate water

flux, and Cn, is the foulant concentration near the membrane surface. Here, the term JC_,is

the mass flux of colloidal particles transported towards the membrane surface, which
essentially characterizes the frequency of foulant-membrane collision events. At the same
time, the attachment coefficient « is used to describe the probability of successful colloidal
attachment for any given collision event; the value of « is therefore between 0 (collision
never resulting in fouling) and 1 (collision always leading to colloidal attachment). In the
following sections, we first use a CP model to relate Cy, to the foulant concentration of the
bulk feed solution Cy. We then develop a simple expression to show the dependence of « on

the colloid-membrane interaction energy.

Bulk solution CP model. We perform a mass balance to determine the membrane surface
concentration Cr, (Supporting Information S1):

D?j—c =JC-JC, —alC, (3a)
X

where D is the diffusion coefficient of the foulant particles, C is the foulant concentration at a
distance of x away from the membrane surface, and C; is the foulant concentration in the
permeate water. The foulant concentration at x = 0 is defined as the membrane surface
concentration Cp, i.e.,

C(x=0)=C, (3b)
In addition, the boundary condition for Eq. 3a is given by:

and C(x=08)=C, (3c)

Eq. 3 is essentially similar to conventional CP models® 228 where the convection of foulants

towards a membrane ( JC) is balanced by the diffusion of foulants away from the membrane
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(D-dC/dx) and the additional sink terms (e.qg., the loss of foulants to the permeate water, JC ).

In the current study, we also include the loss of foulants from the solution phase due to their

deposition on the membrane, which is given by aJC, according to Eq. 1.

By integrating Eq. 3a and substituting the boundary conditions Eq. 3b,c, one can obtain:

SR .

The term J/Kk in Eg. 4 is also known as the Péclet number (Pe), which is the ratio of
convective transport to diffusive transport in the boundary layer. The mass transfer

coefficient k is related to the hydrodynamic boundary thickness & by: &2

D
k == (%)

The diffusion coefficient D in Eg. 5 can be calculated according to the Stokes-Einstein
relationship:2

KgT

D=
3md

(6)

where k, and T are the Boltzmann’s constant and absolute temperature, respectively; 4 and

d, are the solution viscosity and colloidal particle diameter, respectively.

Eqg. 4 takes a similar form compared to the conventional CP models (e.g., film theory

C,/C, =exp(J/k) or (C,—C,)/(C,—C,)=exp(J/k)) & 22, with the exception that a
term aC,, is included to account for the additional depolarization mechanism due to foulant
deposition. In RO and NF processes, the foulant concentration C  in the permeate is

negligible compared to C, and C,,. Thus, Eq. 4 can be further simplified to:
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C, exp(ij
Cy = ; 7)
l-a+a eXp(kJ

Attachment model. To determine the attachment coefficient «, we adopt the classical
Boltzmann distribution that describes the frequency distribution of particles in a system over
various possible states.2® The Boltzmann equation has also been used to describe the number
density of particles in different energy states during particle-particle attachment in
coagulation.? In the context of colloidal fouling, colloids can exist in two states: colloidal
particles attached to a membrane surface (N1) and free colloidal particles in the solution (N2).

For a free colloidal particle to attach onto the membrane, it has to overcome the potential
energy barrier AZ, arising from the colloid-membrane interaction. In addition, the
hydrodynamic drag force acting on the colloidal particle provides an additional potential
energy AE, that promotes its attachment. Thus, colloidal particles will distribute among the

free and attached states in a statistical manner in accordance to the Boltzmann equation as

follows:

N, AE, — AE,
—=eXp| ———— 8

where N, denotes the number of attached colloids and /V, denotes the number of free

colloids. Accordingly, the attachment coefficient « is given by:

o= ©)
N, + N,

It is worthwhile to note that the Boltzmann equation captures the effect of Brownian motion

of the foulants in a statistical manner. Indeed, the classical Stokes-Einstein relationship (Eg. 6)
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states that the diffusion coefficient of a colloidal particle is directional proportional to the kT

energy.

AE, in Eq. 8 arises from the hydrodynamic drag force (37:d ,J ) acting on colloidal particle:
AEy =37ud J x1y = A (10)

where W is the viscosity of the solution, |, is the relative displacement of the colloidal particle

under the influence of the drag force, and 3 is a proportionality coefficient (4 =3z |, ).

Combining Eqgs. 8 - 10 leads to a simple equation relating the attachment coefficient « to two

dimensionless numbers, i.e., the energy barrier number (AE, /k;T ) and the drag number

(43 1kgT ), as follows:

1

a= (11)
oo 5 2]
keT  KkgT
Substituting Eq. 7 and Eqg. 11 into Eq. 2, we further obtain
dm,
=7C 12a
at WLy (12a)
Y= 1 (12b)
1+exp AE, A3
keT kT k

In the above derivation, two key assumptions are involved. Firstly, we assume a dilute
foulant solution. This assumption implies a relatively large average distance between foulant
particles such that the effect of foulant-membrane interaction dominates over that of foulant-
foulant interaction in the solution.2 The aggregation of foulants in the boundary layer is not
considered in the current study. 32 We further assume that the effect of inertial lift and shear-

induced diffusion can be neglected. This assumption is reasonable for colloids of small size
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(<< 100 nm).2 Where large colloids of ~ or > 100 nm are considered, Eq. 10 needs to be

modified to incorporate the additional effects of inertial lift and shear-induced diffusion.32-3

According to Eq. 12a, the rate of fouling (dm, /dt) is proportional to the apparent amount of

foulant introduced to the membrane surface (i.e., the apparent collision frequency JCp) as
well as the apparent attachment coefficient after accounting for the effect of CP (3). The latter
further depends on the energy barrier number, the drag number, and the Péclet number (Eq.

12b). The energy barrier number AE, /k;T scales the interaction potential energy barrier to
the thermal vibration energy. The value of AE, is strongly dependent on the properties of the

particle and membrane as well as the solution chemistry, and it can be either calculated by

classical DLVO (or XDLVO) theory®>3Z or measured experimentally324L, A larger AE,

indicates a more repulsive interaction between a colloidal particle and the membrane surface,

which helps to prevent its attachment onto the surface. On contrary, a lower AE, tends to
promote fouling by increasing the success rate of attachment. The drag number B3 /k,T

accounts for the effect of hydrodynamic drag in overcoming the potential energy barrier, and
the Péclet number accounts for the effect of CP. A greater water flux leads to a more severe
fouling by simultaneously increasing the collision frequency (Eq. 2), the attachment

coefficient (Eq. 11), and the CP (Eq. 4).

Eqg. 12a,b provides a useful means to model the dynamic process of membrane fouling.
Consider a constant pressure condition, the water flux at any time t is given by:

AP

J= 13
,uiRm+Rf) (13)

10
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where AP is the applied pressure and R, is the hydraulic resistance of the virgin membrane.

The hydraulic resistance R; of the foulant layer is related to the amount of foulant mass

deposition m, by the specific cake resistance «;, :#

Ry =asmq (14)

Eq. 12-14 can be solved iteratively, e.g., using a spreadsheet to obtain water flux and foulant

mass deposition as a function of time.

Experimental Validation

To validate the collision-attachment fouling model, we compared our model prediction with
the experimental data published in a prior study.?’ Specifically, a commercial nanofiltration
membrane NF90 was fouled by purified Aldrich humic acid (PAHA) with/without the
addition of Ca?* under applied pressures ranging from 50 to 300 psi (i.e., 345-2070 kPa). The
PAHA was extensively pretreated in accordance to Tang et al.*® to remove impurities such as
metals and ash contents. The resulting PAHA was negatively charged, with a charge density
of 4.01 meg/g in a 10 mM NaCl solution at pH 7.8 The charge density was reduced to -2.51
meqg/g when a 1 mM Ca?* was present in the solution, which is attributed to the binding of
calcium to PAHA macromolecules to partially neutralize their charge.® Similarly, the
negative surface charge of NF90 was also significantly neutralized in the presence of 1 mM
Ca?* %2 Other properties of the foulant and the membrane can be found in our series of

characterization papers.® 20 42-45

The detailed parameters and procedures for modeling the fouling dynamics are presented in
Supporting Information S2 and S3, respectively. Our model was able to well predict both the
fouling dynamics (Figure 1a,b) and foulant deposition on membrane surface (Figure 1c). In

general, flux was more stable at lower applied pressure (lower initial flux), which agrees well

11
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with existing critical fluxX® and limiting flux? theories. The addition of 1 mM Ca?* in the
feed solution led to more severe flux reduction, which is accompanied with greater foulant
mass deposition. According to our prior studies, Ca?* form complexes with PAHA and the
NF membrane and partially neutralizes their negative charge, leading to reduced electrostatic

repulsion between PAHA and the membrane surface.® %2 Such effect of water chemistry is

reflected by the reduced value of AE, (from 7.9 keT to 4.9 kgT, see Supporting Information

S2) in the current study. Our model is capable of predicting not only the dynamics of fouling

but also the effect of water chemistry.
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Figure 1. Model validation for a nanofiltration membrane fouled by purified Aldrich humic
acid (PAHA). Permeate flux versus time (a) without Ca?* addition or (b) with the addition of
1 mM Ca?*; (c) PAHA foulant mass deposition. The experimental data (scattered dots) are
obtained from reference.Z2 Detailed simulation conditions are shown in Table S1 of the
Supporting Information.
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Simulation Results and Discussion

Role of permeate flux on fouling. We applied the collision-attachment fouling model to
simulate the dynamic fouling process by colloidal particles (Table 1). Figure 2 shows the
effect of initial flux (Jo =10 - 70 pum/s) on the flux behavior of the membrane. With a low Jo
of 10 um/s, permeate water flux remains stable over the entire 100-h fouling duration. Flux
becomes increasingly unstable for greater Jo values. Whereas flux decline is relatively mild at
Jo = 30 pum/s, rapid flux declines occur at Jo = 50 and 70 pm/s. The rate of fouling reduces as
fouling proceeds, which is attributed to the reduced flux. At longer duration, flux becomes
relatively stable, revealing the “self-limiting” nature of fouling under constant pressure
conditions.® Despite of their distinctively different initial flux values, the flux curves
converge to a nearly identical stable flux at 100 h for Jo > 30 um/s. Such flux behavior
essentially conforms to the limiting flux theory: (1) permeate flux remains stable if Jo is
lower than the limiting flux J; (2) permeate flux approaches asymptotically to the limiting
flux if Jo > JL. The limiting flux behavior during colloidal fouling had been experimentally
observed by Tang and co-workers and had been explained on the basis of a simple force
balance between the hydrodynamic drag force that promotes fouling and the barrier force that
resists fouling. & 2%2 In the current study, we demonstrate the limiting flux behavior on the
basis on collision-attachment model. According to this model, lower flux results in less
fouling due to three simultaneous effects: (1) reduced apparent collision rate JCy (EQ. 12a); (2)
reduced concentration polarization Cn/Cp (EQ. 4 and Eq. 12b); and (3) reduced attachment

coefficient o (Eq. 11).

13
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Table 1 Parameters for model simulation

Parameters 2 Value Remarks
Solution T 298.15 K (25 °C) Ref. 2
properties M 8.9x10*Pa.s Ref, 2
Co 5.0 g/m® (5 mg/L) Ref. 2
u 0.2 m/s (20 cm/s) Ref. 2
Operation AP 40-4000 kPa See Note °
Conditions Rm 4.50x1018 m1 Ref. 2
o 3.0x10* m/g Ref. %2 and Note ©
hsp 1.15x10°m Ref. 2
Spacer dsp 6.00x10*m Ref. 2
Filaments asp 2.95x10°m Ref. 2
0 90° Ref. 22
dp 2.0x10®%m
Mass transfer D 2.45x10 m?/s Ref. 2
k 6.70x10% m/s Ref. 2
keT 4.11x102%1 ]
Energy B 4.19x10° x d, Table S1
AEp 0-16 keT See Note ¢
Notes:
a. Absolute temperature (T), Solution viscosity («), Bulk foulant concentration (Cy), Crossflow

velocity (u), initial flux(Jo), Membrane intrinsic resistance (Rm), Specific cake resistance (ay),
Spacer thickness (hsp), Filament diameter (dsp), Mesh size (asp), Filaments intersection angle
(0), Particle size (d,), Diffusion coefficient(D), Mass transfer coefficient (k), Boltzmann's
constant (kg), Drag energy coefficient (), Energy barrier (AEy).

This pressure range corresponds to permeate water flux ranging from 1 x 10%to 1 x 10*m/s
(i.e., 3.6 — 360 L/m2.h), which covers the typical water flux used in RO and NF operations.
For simplicity, we assume a constant o for the model simulation. Please also refer to the
Implication section for further discussion of treating as as a function of AP.

The range of AEyis chosen according to the fitted value for PAHA (Table S1) and previous
reports on the energy barrier for protein€, polysaccharide 4- as well as soluble microbial
products ¢ in membrane fouling.

14
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Figure 2. Effect of initial water flux on colloidal fouling. Simulation conditions: AEy = 8kgT;
see other parameters in Table 1.
To further resolve the role of permeate water flux on fouling, we plot the rate of fouling
dmy/dt and the apparent collision frequency JCy as a function of water flux J on a log-scale in
Figure 3. In the same figure, we also show the actual and apparent attachment coefficients a
and y, respectively, where the difference between « (Eq. 11) and y (Eq. 12b) is attributed to
concentration polarization. Overall, the rate of fouling increases with greater water flux,
reflecting the compounded effects of increased collision frequency, more severe
concentration polarization, and increased attachment coefficient. However, Figure 3 can be
divided into three distinct regions:
o Region I (collision controlled region) at large J. This region is characterized by y ~ 1
and large values of dm¢/dt. Region I represents a highly unstable flux condition, with
almost every single collision event leading to a successful foulant attachment and thus

nearly all the foulants in the cross flow system depositing onto the membrane surface.

15
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Consequently, the rate of fouling is given by dm¢/dt = JCs, in this region, revealing that
the rate of fouling is ultimately controlled by the frequency of collision in this region.
Region 1l (attachment controlled region) at low J. In contrast to Region | with y = 1,
Region 1l is characterized by small y values (~ or < 107%). In addition, the minor
difference between « and y reveals relatively mild concentration polarization. In this
region, the rate of fouling is proportional to J*“. Since the rate of foulant deposition is
governed by yJC», the additional power number of 0.4 is attributed to the dependence
of yon J.

Region Il (transitional region) at intermediate J. A transitional region exists between
the high flux region (collision controlled) and the low flux region (attachment
controlled). In this region, the apparent attachment coefficient y increases dramatically
with the increase of J. Meanwhile, the difference between « and y becomes

progressively larger at high J, reflecting the presence of severe concentration

polarization.
1.0x10” 3 — 1.0x10°

@ i Attachment Transitional Collision

£ controlled region controlled ]

:‘CL—" ] o]
o 4 ©
S 1.0x10 3 c
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s E 4 1.0x10 %
(L < E

g 1.0x10° g
c E
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L ] 1

1.0x10™" ————r ——r 1.0x10™
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Figure 3. Effect of permeate water flux on the rate of fouling dm¢/dt, the apparent collision
frequency JCp, the actual attachment coefficient o, and the apparent attachment coefficient y.
Simulation conditions: AEy = 8ksT; see other parameters in Table 1.
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Role of energy barrier on fouling. Figure 4 reveals the critical role of energy barrier in
membrane fouling. A greater energy barrier leads to less fouling and more stabilized
membrane flux, which can be explained by the more repulsive interaction between the foulant
and the membrane surface. Even though the apparent frequency of collision is not affected by
energy barrier, Figure 5a shows that a larger AEy value results in dramatic reduction in the
attachment coefficients a (Eq. 11) and y (Eq. 12b). Increasing AE, from 0 to 16 ksT
corresponds to a reduction in the actual attachment coefficient o by more than 6 orders of
magnitude. The effect of energy barrier on the apparent attachment coefficient y is somewhat
milder (particularly at higher permeate flux), which can be attributed to the important role of
concentration polarization. Despite the very low « value at high energy barriers (e.g., 16 ksT),
concentration polarization of foulants causes a much higher foulant concentration near the
membrane surface than the bulk concentration, leading to a significantly larger y value and

thus accelerated foulant deposition.
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Figure 4. Effect of energy barrier on colloidal fouling. Simulation conditions: initial flux = 70
pUm/s; see other parameters in Table 1.
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The shape of the rate of fouling curves (Figure 5b) closely resembles that of the y curves
(Figure 5a). At AEp = 0 (lack of repulsive foulant-membrane interaction), the dms/dt curve
nearly overlap with the JC, line. Since the latter represents the frequency of apparent
collision, this result suggests that almost all the foulants transported towards the membrane
surface lead to successful foulant deposition, which is a highly unfavorable condition defined
as “collision-controlled” in current study. Increasing energy barrier or lowering water flux
dramatically reduces the rate of fouling by lowering the apparent attachment coefficient,
resulting in increasingly “attachment-controlled” conditions. Such classification of fouling
into “collision-controlled” and “attachment-controlled” is somewhat analogous to the
conventional classification of “diffusion-controlled” and “reaction-controlled” reactions.
The terms “diffusion-controlled” and “reaction-controlled” have also been well accepted in
the field of coagulation, which are used to describe the mechanism that limits particle-particle
conglomeration (i.e., rate of transport vs. rate of attachment). 20 In the current study, Figure
5b clearly depicts the interplay of energy barrier (resisting membrane fouling) and permeate
flux (promoting membrane fouling) on determining the rate of fouling. It is also interesting to
note the similar power law relationship of dm¢gdt oc J4 for the “attachment-controlled”
regions for AEp ranging from 4 ksT to 12 ksT. While the exact reason for the power
coefficient of 1.4 is unknown, the additional 0.4 can be attributed to the dependence of y on J.
As shown in Figure 5a, the y curves (except the one for AEy = 0) have similar slope at low
permeate flux (approximately 0.4). The generality of this power dependence needs to be

further confirmed by additional experimental studies.
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354
355  Limiting flux and its dependence on energy barrier. In Figure 5b, the rate of fouling
356  becomes increasingly slower when the permeate water flux is reduced, which can lead to a
357  self-limiting flux behavior as reported in the literature. The limiting flux can be operationally
358 defined as the flux corresponding to a sufficiently slow rate of foulant deposition. As an
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example, Figure 6 shows the limiting flux as a function of energy barrier using a threshold
dm¢/dt value of 5 x 107 g/m?. The limiting flux is nearly 0 at AE,= 0, indicating a highly
unstable flux condition with the lack of repulsive surface interaction. The value of limiting
flux increases at high energy barrier, which agrees well with the experimental observations
reported in the literature.® It is interesting to note that the limiting flux value is linearly
dependent on the energy barrier for AE, > 6ksT. The large energy barrier allows a relatively
high stable permeate water flux and thus high frequency of collision. Consequently, the only
way to reach the low threshold dm¢/dt value is to ensure a sufficiently small value of y, which
requires a large exponent ( AE,/k,T —p3/k,T—J/k ) in Eq. 12b and thus a linear

dependence of limiting flux on energy barrier. In contrast, at low energy barrier, both JCy, and

y are small, leading to a non-linear relationship between limiting flux and energy barrier.
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Figure 6. Dependence of limiting flux on energy barrier. See simulation parameters in Table
1. A threshold fouling rate of 5.0 X107 g/m?s is applied.
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Implications

A novel collision-attachment model is developed in the current study, in which the
probability of colloidal deposition is determined by a Boltzmann distribution based on the
interplay of energy barrier and hydrodynamic drag. Earlier studies have demonstrated that
AEy can be related to the feed solution chemistry (e.g., using DLVO/XDLVO®2 or AFM
interaction force measurements®®4L). Thus, the inclusion of energy barrier in the collision-
attachment model provides a convenient way to model the effect of water chemistry on the
dynamics of fouling (see the example in Experimental Validation) as well as the limiting flux
behavior. Tang et al.  demonstrated experimentally that increasing pH and reducing calcium
concentration help to enhance the repulsive interaction between humic acid and membrane
and thus improve the membrane flux stability. The collision-attachment model developed in
the current study coupled with DLVO/XDLVO theory provides a potential way to

quantitatively model the effect of water chemistry on the fouling dynamics.

Although the current study focused primarily on colloidal fouling under constant pressure
conditions, the collision-attachment model can also be applied to simulate the change of
applied pressure over time under constant flux conditions (see the procedures in Supporting
Information S3). For incompressible foulant cake layer (i.e., ar does not change with respect
to AP), Fig. 7 shows the applied pressure increases linearly over time under a constant flux
operation. Indeed, both the frequency of collision and the attachment coefficient are constant
at the fixed water flux. Compressible foulant cake layers can also be simulated by assuming
ar = a0 (AP/APg)S, where s indicates the degree of cake compressibility.2 3L In Fig. 7, the
compressible cake layers (s = 0.5 and 1) show more rapid increase in AP at longer fouling
duration. Such self-accelerating fouling behavior under the constant flux mode is in direct

contrast to the self-limiting behavior (Fig. 2) under the constant pressure mode. Our results
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401 also reveal the more critical need for flux management (e.g., operating below the limiting

402  flux) under the constant flux mode to avoid the undesirable self-accelerating behavior.
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405  Figure 7. Simulating the effect of cake compressibility under constant flux operation.
406  Simulation conditions: J = 30 um/s, AEy = 8kgT; see other parameters in Table 1.
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