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Abstract:

Although continuum dislocation models can describe dislocation cores, they are generally
incapable of describing the Peierls stress, due to the invariance of the misfit energy and a lack of means
to trigger configurational changes in the dislocation core as the dislocation moves. In this work, a
dislocation-density dynamics framework for modeling dislocations at an “intensive” resolution scale finer
than the dislocation core is established. In this approach, the inter-dislocation elastic interaction is
accounted for via Mura’s formula after singularity removal, and the interaction within the dislocation core
is modelled by introducing a phenomenological formalism of the lattice misfit stress to balance the elastic
interaction between dislocation contents, leading to not only a stable width of the dislocation as it travels,
but also the expected Peierls stress. This framework is implemented numerically by using a divergence-
preserving finite-volume method for curved dislocations gliding on 2D slip planes in general. Simulation
examples of various dislocation mechanisms, including shrinkage and expansion of dislocation loops, the
Frank-Read source, and Orowan looping, are given. The simulated results exhibit excellent preservation
of continuity of dislocation densities during their evolution, while the detailed core structures and Peierls

stress are clearly elucidated.
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1. Introduction

Although glissile dislocations are associated with the collective displacements of atoms
corresponding to the relative slip of crystallographic planes, they are often described as topological defects
under different levels of coarse graining (LeSar, 2014). Dislocation models may focus on three increasing
levels of resolution that are more coarse-grained than atomic (i.e. molecular dynamics), namely, (i)
extensive, (ii) discrete, and (iii) intensive (Ngan, 2017). As shown in Fig. 1, “extensive” dislocation
models are highly coarse-grained models based on a pixel length scale that is significantly larger than the
mean spacing between dislocations, so that individual dislocations are not resolved, but are represented as
a smeared out dislocation density. On the next level, “discrete” dislocation models treat dislocations as
individual curvilinear objects without elucidation of their cores, which may nevertheless control the glide,
cross-slip or climb mobility of the dislocation. On a finer level, “intensive” models are based on a length
scale which, although is still larger than atomic, is smaller than the dislocation core width, so that core
phenomena such as dissociation into partial dislocations or non-planar spreading can be modeled. In both
extensive and intensive models, dislocation contents are depicted as a spatial density function that evolves
temporally (Acharya et al., 2006; Acharya and Roy, 2006; Arsenlis et al., 2004; Arsenlis and Parks, 2002;
Engels et al., 2012; Gbemou et al., 2016; Groma et al., 2016, 2003, Hochrainer et al., 2014, 2007; Leung
et al., 2015; Leung and Ngan, 2016; Li et al., 2014; Roy and Acharya, 2005; Sandfeld et al., 2015;

Varadhan et al., 2006), albeit on very different space-resolution scales as mentioned above, and it may



also be argued that in discrete models, the curvilinear representation may still be regarded as a delta-

function dislocation density that does not change shape as the dislocation moves.

Extensive

Intensive Discrete

Fig. 1 The “intensive”, “discrete” and “extensive” representations of dislocation microstructures.

As has been pointed out recently (Ngan, 2017), the three levels of representation of dislocations
depicted in Fig. 1 require distinctive modeling strategies, from the representation of the dislocation density
itself, to kinematics and dynamics. For a specific slip system, dislocation density can in general be
represented as a field over spatial points r in two ways, namely, (i) a vector field p(r) for the net or
geometrically-necessary-dislocation (GND) density, with the line length and direction of the net GND
over a volume dV(r) at r given as p(r)dV(r), and (ii) a scalar field o(r, 8) for the density of all the
dislocations over both space r and dislocation character 8, so that o(r, 8)dV (r)d6 gives the line length
of dislocations with character from 6 to 8 + d6 withinavolume dV at r. The well-known Nye tensor a =
b @ p is based on the vector representation p with information about the Burgers vector b incorporated
(Nye, 1953), but for a specific slip system with a given b, it suffices only to consider p. In the “extensive”

representation of dislocation microstructures, the GND density p obeys (Acharya et al., 2006; Acharya



and Roy, 2006; Gbemou et al., 2016; Hochrainer et al., 2014, 2007; Roy and Acharya, 2005; Varadhan et

al., 2006):

p=-Vx(pxv) 1)

which is, in fact, a conservation law for general 3D curves moving in a 3D space with a velocity field v
(Acharya et al., 2006; Acharya and Roy, 2006; Kroner, 1958; Mura, 2013; Roy and Acharya, 2005;
Sandfeld et al., 2015; Varadhan et al., 2006). To incorporate the effects of the statistically stored
dislocations (SSDs) which are not embodied in p, Acharya and Roy (Acharya et al., 2006; Acharya and
Roy, 2006) introduced a flux of the SSDs into eqgn. (1) but the evolution law for this SSD flux is not
exactly known and can only be modelled phenomenologically. A continuum dislocation-density model
for straight, parallel dislocations was also proposed (Groma et al., 2016, 2003), but curvilinear
characteristics are missing in such a description. To completely specify the dislocation microstructure in
the “extensive” picture, the “all-density” representation o(r, ) mentioned above would be needed, and a

simple kinematic law has recently been derived as (Ngan, 2017):

0(r,0) = —V(ev) - 0 — 222 2

where V is the gradient operator in the 2-D r-space of the slip plane, v and w are the linear and rotational
speed of the dislocations respectively, @ is the positive circumferential direction of the dislocation
character 8 on the slip plane The two terms in egn. (2) correspond to the approach of dislocations towards
r, and tilting of the dislocations already situated at r, respectively. Hochrainer and co-workers (Hochrainer
etal., 2014, 2007) have in fact proposed earlier on an alternative evolution law for ¢ which was shown to
be equivalent to eqgn. (2) (Ngan, 2017), but this involves the dislocation curvature as a second variable
which has to be solved from another governing equation (Hochrainer et al., 2014, 2007; Sandfeld et al.,

2015).



In the “discrete” picture of dislocation microstructure, the shape of the dislocation core does not
change as the dislocation moves. Thus, instead of a general vector field p(r) for use in egn. (1), a “discrete”
dislocation I gliding on a slip plane is represented by the following density fields (Ngan, 2017):
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where r’I(r) is the shortest distance from a given field point r to the dislocation curve, € and 6! are,
respectively, the unit line direction and angular character of the dislocation at the point closestto r, 8’7 =

6 — 6!, b is the atomic thickness of the slip plane, and &, and &, are delta-like functions satisfying
ff;o 6,(r)dr =1, fozn 8¢(8)dO = 2m. The kinematic laws for p’ and o’ (r, 8) were shown to be (Ngan,
2017):
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where v! is the speed of approach of the dislocation | towards r, w’ is the rotational speed of the
dislocation, and the two terms in each of the two equations above also correspond to the “approach” and
“tilting” of the dislocation respectively. It should be noted that eqn. (2) for the overall “extensive” density
o'(r,0) is derivable from eqns. (4) by summing up the effects of the densities p’ or o/ (r, 8) for all

individual dislocations I that make up the overall density o (Ngan, 2017).

For “intensive” dislocations gliding on their slip planes, eqn. (1) can be used to deduce a suitable
kinematic law (Varadhan et al., 2006), subjected to certain caution which will be discussed in Section 2.1
below. In terms of dynamics, in the “extensive” picture mutual interactions of dislocations have to be
modelled phenomenologically, such as using the Taylor hardening law of (density)'?, and the lattice
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resistance to dislocation motion is modelled as a constant friction (Arsenlis et al., 2004; Arsenlis and Parks,
2002; Engels et al., 2012; Leung et al., 2015; Leung and Ngan, 2016; Li et al., 2014). In “discrete” or
“intensive” models, however, the Taylor law of (density)*? is no longer valid as the spatial resolution of
the density is on individual dislocation level or below, and specific strategies have to be developed to care
for dislocation intersections (Bulatov et al., 2006). In “discrete” models, lattice friction is still treated as
constant, but in “intensive” models, lattice friction should arise from a detailed consideration of the lattice
disregistry in the dislocation core (Banerjee et al., 2007; Gbemou et al., 2016; Koslowski et al., 2002;
Martinez et al., 2008; Wang et al., 2001; Xiang et al., 2008, 2003), as was done in the classical Peierls-

Nabarro model for straight dislocations (Hirth and Lothe, 1982; Peierls, 1940).

The above summary shows that there can be no unified framework for density-field modeling of
dislocations that can fit all levels of spatial resolution that are pertinent to dislocation plasticity. Most of
the previous work on dislocation-density modeling focused on the “extensive” scale (Acharya et al., 2006;
Acharya and Roy, 2006; Hochrainer et al., 2014, 2007; Roy and Acharya, 2005), and the “discrete” level
is currently mainly handled by Discrete Dislocation Dynamics (DDD) which focuses on the evolution of
nodal points on dislocations in a Lagrangian framework. Although the cores of dislocations control their
glide, cross-slip or climb mobility, much less attention has been paid to develop dislocation-density
models on this length scale, except the classical Peierls-Nabarro model which was in fact the first
dislocation-density model, albeit for straight dislocations only. A group of previous work has attempted
to model single dislocations using dislocation density (Gbemou et al., 2016; Leung and Ngan, 2016;
Varadhan et al., 2006), but the treatment ignored dislocation interactions or dynamics (Varadhan et al.,
2006), or was confined to one dimensional, straight dislocation cores (Gbemou et al., 2016), or the
consideration of dislocation core lacks details of the lattice disregistry which is the very nature of lattice

friction (Leung and Ngan, 2016). Previous bona fide “intensive” models for curved dislocations include



phase-field type models that involve plastic slip (Banerjee et al., 2007; Koslowski et al., 2002; Wang et
al., 2001) or “level sets” (Xiang et al., 2008, 2003; Zhu et al., 2014) as variables, but their connection with
the laws governing dislocation density is not completely transparent (Roy and Acharya, 2005), and lattice
friction is again not described by these models. We also note in passing that specific partial dislocation

dissociation dislocation has also been modeled within the framework of DDD (Martinez et al., 2008).

In the present study, we propose a new dislocation-density framework for the “intensive”
description of dislocations. Compared with earlier phase-field models (Banerjee et al., 2007; Koslowski
et al., 2002; Wang et al., 2001; Xiang et al., 2008, 2003), this framework makes use of the dislocation
density as a variable which will connect it to previous literatures on dislocation-density approaches. To
handle “intensive” dislocation cores, we aim at tackling two major problems: one is to incorporate core
interactions that will allow the Peierls stress to naturally arise, and the other is to adapt a divergence-
preserving numerical method to solve the evolution law for the dislocation density in order to ensure
dislocation continuity. Numerical simulations of the glide motion of single dislocations on their 2D slip

planes are presented.

2. Theory

2.1 Dynamics law for density of glissile, “intensive” dislocations on a specific slip system

For a given slip system with a specific Burgers vector, eqn. (1) implies that at any point r in space
(or on the slip plane in the context of glissile dislocations), the dislocation content is represented
completely by only one vector quantity p. While we have seen that this is problematic for the “extensive”
picture, we argue here that eqn. (1) is a good assumption in the “intensive” picture, provided that we ignore

intersection points or nodes between dislocations. As mentioned in Section 1 above, since the pixel
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resolution in the “intensive” picture is sub-dislocation, at any point r on the slip plane the dislocation
content is either zero if no dislocation passes through that point, or that due to one particular dislocation
if that point falls within the core of a given dislocation. For the latter case the line orientation of the passing
dislocation can form the required direction of the vector p implied in eqn. (1), and so the vector field p(r)
implied in egn. (1) should be a meaningful quantity in the “intensive” picture. Here, we ignore dislocation
nodes where more than one dislocation meet — such nodes are either immobile or the locations where
dislocation reactions occur which would need special considerations, as in the case of discrete dislocation
dynamics (Bulatov et al., 2006). Varadhan et al. (Varadhan et al., 2006) have indeed made use of egn. (1)

to model single dislocations on a slip plane without intersections.

Let us define formally the p in egn. (1) for use in the “intensive” picture. Consider the parallel
content in the core of a given dislocation with line direction € on the slip plane, as shown in Fig. 2. The
area density of dislocations is defined as p = dN/dA where dN is the dislocation content threading a
cross-sectional area dA of the slip plane perpendicular to €, as shown in Fig. 2. For cross-sectional areas
dA, = dA/¢, and dA; = dA /& perpendicular to the edge and screw directions X, and X, respectively,
the same dislocation content dN correspond to area densities p, = dN/dA, = pé, = p- X, and pg =

dN/dA; = p - X, SO that we can write
dN ¢ A a
p=d_A§=pe+ps=pexe+psxs (5)

where p = p& is the dislocation density vector and p = ||p|| = v/p.2 + ps2 is the magnitude of p.



Slip plane
thickness ~b

Fig. 2 Definition of dislocation density on a slip plane. dA is a small cross-sectional area of the slip plane

(of thickness b) perpendicular to the dislocation line &.

The evolution law of p can now be obtained from eqn. (1), together with the condition that the
velocity v for glissile dislocation contents must be lying on the slip plane in an orthogonal direction to the
dislocation line €, i.e. v = v(fi X E) where 1 is the slip plane normal. Eqgn. (1) then gives (Ngan, 2017;

Varadhan et al., 2006):

. . A . A a(pv) A a(pv) A
P = PeXe T PsXs = _a_xexs + A% Xe (6)

As in previous work (Engels et al., 2012; Leung and Ngan, 2016), in the rest of this paper, the velocity

magnitude v is assumed to be governed by a power law of the effective glide stress ¢
eff eff m
v = sgn(r®M)v,|re /7, | @)
where v,, T, and m are constants. The effective glide stress 7 is given by

Teff(x) — Text(x) 4+ pdis (x) (8)



where 7®%tis the stress from external loading and interaction with other microstructures such as second-
phase precipitates, and T4 is the resolved shear stress due to mutual-dislocation interactions, arising from
elastic interaction with other unit dislocations, and “self interactions” within the core of the same

dislocation. In the following section, the interactive stresses will be discussed in detail.

2.2 Mutual dislocation interactions

2.2.1 Adapting Mura’s formula for dislocation densities

Mura’s formula (Mura, 2013) gives the stress field a{j induced by a dislocation loop L as:

0{;(X) = Cijkr€innCpqmnbin [, Gip,q (X — X (X)dl(X") %)

where C;j; is the elastic modulus, €., is the permutation tensor, Gy, are the Green’s functions and
Grp,q = 0Gkp/0x4, x4 are coordinates of x, by, is the Burger’s vector and &, is the unit tangent vector on

L!. For an isotropic material, the elastic modulus and Green’s functions are

Cijki = A6ij0py + n(6ibj1 + 6:16y;) (10)

Gij(x - XI) = glu[é\l]apapR - ;616 R

2(1-v) L7 ] 11

where A is Lame’s constant, u is the shear modulus, v is Poisson’s ratio, §;; is the Kronecker delta, R =
|lx — x’|| is the Euclidean distance function, and d,, = d/dx,. Substituting egns. (10) and (11) into (9)

gives

I pbh / (b ’
Uij(x) = EILI anapapR(enmiEj + enmjfi)dl(x ) + le fkenmk(anaiaj - 5ijanapap)Rdl(x )

4(1-v)

(12)
10



Eqgn. (12) gives the stress field due to a discrete dislocation loop. For multiple dislocations I =1, 2, ..., etc.
distributing in the general 3D space, by the principle of elastic superposition, we have their total stress
field given as

Wb ,
EIL’ anapapR(Enmifj + Enmjfi)dl(x )

0;;(x) = % Uilj(x) = 21! (13)

—i
ubh, , |
+ 2(1-v) fLI fkenmk(anaiaj — Sijanapap)Rdl(X )J

In the “intensive” description of a dislocation microstructure, dislocation contents are represented
by the dislocation density function p(x") defined in egn. (5). Thus, by the principle of elastic superposition,
the stress field due to the dislocation content represented by p(x") is obtainable from eqgn. (13) by the
substitution: ¥, b/¢(x")dl = a;;(x")dAdl = a;;(x")dV, where a is the Nye tensor (Nye, 1953) a;; =
! bi’f}’- /dA , dA is defined in Fig. 2, and dV = dA dl is an infinitesimal volume. The stress field is

therefore:

O-ij(x) = %fff a11apapR(arrLj€nmi + amienmj)dV(X,) +

" 1] @i €nmic(020;0; — 810,0,0,)RAV (X') (14)

4(1-v)

2.2.2 Removing singularity in Mura’s formula for “intensive” dislocation representation

Mura’s formula breaks down when describing the elastic interaction between neighboring points,
as some components of the stress field diverge as R — 0. However, in the “intensive” dislocation
description here, as mentioned in the Introduction, the pixel resolution should still be larger than the atomic
size a. Thus, the R — 0 condition is not allowed in the “intensive” picture and to ensure this, we adopt a

strategy proposed by Cai and co-workers, albeit for DDD (Cai et al., 2006; Jamond et al., 2016; Po et al.,
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2017), in which the R in egn. (14) is replaced by another quantity R, so that as R — 0, R, — a where a
is a small length of atomic dimension. Formally, the following mapping is used between R and R, (Cai et

al., 2006):

R,(x) =yR(X)? + a? (15)

With R replaced by R,, eqn. (14) becomes
0;(x) = [[f KZP(x, %", a(x")) dV (x") (16)
with

il

4(1— V) amkenmk(anaiaj — 5ijanapap)Ra

’ ’ K
Ki?}-D(X,X ) (X(X )) = %((lmjenmi + amienmj)anapapRa +

where

2(x, — x}) 3a?
0n0,0,R, = T RI 1+ 2R2
a a

and

Sij(xn—x{l)+6in(xj—x;-)+6jn(xi—xl{) + 3(xn —xh)(xj—x;)(xi—x{)
Rg® Rg®

E)naiajRa = - (17)
2.2.3 Elastic interaction between dislocation densities on single slip plane

For the specific case where all the dislocation contents have the same Burgers vector b and reside

on a given slip plane S of thickness b, the stress field in egn. (14) can be reduced to

0;(x) = [[; Kij(x,x',p(x")) dS(x) (18)
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where

ubb ubb

Kij(xy X’; P(X')) = 8—1_[m(€nmipj + Enmjpi)anapapRa + 4(1—_mv)pk6nmk(anaiaj - 6ijanapap)Ra

b is the slip plane thickness and the d,0;0;R, terms are still those given in eqgn. (17). Eqn. (18) will be

useful in the following discussion on dislocation core interactions.

2.2.4 Glide stress T4 for dislocation dynamics

Next, we proceed to work out the glide stress T95(x) in egn. (8) due to mutual-dislocation
interactions. Since the glide stress in eqn. (8) is used for the dislocation velocity in egn. (7), in the
following, the field point x is understood to be a location where some dislocation contents would reside.
In the “intensive” picture, x would then be a point inside the core of a unit dislocation, and 79 would
then be made up of a component 4"t due to elastic interactions from all other unit-dislocation contents
outside the core of the dislocation where x is situated, and a component t<°*© due to interactions (both

elastic and misfit; see later) with dislocation contents inside the dislocation core where x resides, i.e.

Tdis (X) — Tunit(x) + Tcore(x) (19)

2.2.4.1 Glide stress 7%t due to elastic interactions from outside core

Tt s given as the resolved shear stress of the stress tensor o; ; due to elastic interactions with all

other unit-dislocation contents, i.e.
Tunit(X) = nio-ij (X)b] (20)
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where {b;, n;} specifies the slip system under consideration, and the stress tensor a;; is given by either eqgn.
(16) if the interacting dislocation contents reside on a 3D space (i.e. multiple slip), or egn. (18) if they are
on the same (2D) slip plane as the dislocation density at the field point x. Thus, writing out formally, the

a;; ineqn. (20) is:

0;; () = [If,_.. KPP xx, ax))dv(x) or [ K;&xx',px))dS(x) (21)

core

where integration is over domain (3D or 2D) excluding the dislocation core, in which the interactions will

be considered separately. The Kl%-D or K;; here is that given by egns. (16) and (18) respectively.

2.2.4.2 Glide stress 7°°T® due to interactions inside core

As mentioned in Section 1, the “intensive” representation of dislocations serves to model the
interactions within the dislocation core, for which “extensive” and “discrete” representations fail to
provide a description (Leung and Ngan, 2016). Within the dislocation core the dislocation contents are
subjected to not only their mutual elastic interaction, but also a lattice mismatch force arising from

interaction with the crystal lattice (Peierls, 1940), so that T¢°"® may be written as:

Tcore(x) — nibj ﬂ'

core

K;j(x,x',p(x")) dS(x') + t™sfit(x) (22)

where the first term is due to elastic interaction within the core, with K;; (x,x’, a(x")) given by eqn. (18),

and t™isfit js the glide stress due to lattice misfit. Within the concept of the generalized stacking-fault-
energy surface y(u) (Christian and Vitek, 1970; Vitek and Kroupa, 1969), the restoring shear stress due

to a disregistry displacement u on the slip plane is —V,y, and this will produce a glide stress of

TmiSﬁt(X) =-b- Vquu(x) (23)
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on the slip system {b, fi}. For general curved dislocations, evaluation of T™ft ysing eqn. (23) would
require first solving the plastic displacement vector field u(x) from the Nye tensor a(x) via the following

equation (see Appendix A):
V X [VQu(x)] = —a(x) (24)

where ® is the tensor product operator. Unfortunately, solution of eqn. (24) from known boundary

conditions is too computationally expensive (Gbemou et al., 2016; Roy and Acharya, 2005).

Thus, instead of starting from the y(u) surface and working out T™sfit from eqn. (23), we devise
amore efficient method here. Recall that within the dislocation core, the misfit interaction counterbalances
the elastic interaction to result in a stable shape of the core. Thus, in egn. (22), ™M is proposed to take

the form:

Tmisfit(x) — _nibj ﬂ'

core

Kijxx', p(x") f(d(x,x) dS(x) (25)

where d(x,x") = ||[(x —x") - (R x §)|| is the spacing between the field point x and source point x’
projected along the width direction fi x € of the dislocation core. Compare with the first term in eqn. (22),

the 7™Is1t jn egn. (25) is essentially the elastic interaction scaled by a factor £(d), and egn. (22) now reads:

Tcore(X) = nlbj ff

core

Ky, x', p(x") [1 - f(d(x,x7))] dS(x") (26)

The factor f(d) in eqgn. (26) serves two important roles: (i) it stabilizes the core into a given shape, and
(i) by doing so in a dynamic fashion, it also gives rise to a minimum applied stress required to move the

dislocation, i.e. a stress that mimics the so-called lattice friction or Peierls stress.

Let h(Z) be the steady-state half core width corresponding to a given dislocation character €, to

play a stabilizer role f(d) may have the following characteristics:
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>1 if d>h(®)
fdi<1 if d<h@® (27)

=1 if d=h®
so that if the source and field points are separated farther than half the core width, then a net attractive
force (f > 1) exists to pull the densities back together, but if they are too close together, a net repulsive
force (f < 1) acts to push the densities apart, and the self interaction at a given point is according to K;;,
which is already non-singular due to egn. (15), without additional opposing force (f = 1). The core shape
dictated by such a form of f(d) would then have a stable width but tend to dissociate into partials — a
possible form for f(d) which would result in these will be suggested later in Section 4. It may be criticized
that this method of modeling the core shape is less rigorous than the y-surface approach mentioned above,
but it must also be remembered that the y(u) surface is itself a concept that is only approximately valid.
In particular, previous criticisms of the y-surface concept include the ignorance of the effects of the high
gradients in u(x) in the dislocation core (Bullough and Tewary, 1979) and, more importantly, the fact that
the y (u) surface cannot be unambiguously defined or computed with high accuracy, due to the constraints
needed to maintain the crystal configuration at a general disregistry u that does not correspond to a ground
state (Ngan, 1995). In fact, the form of the interaction in egn. (25) is not mathematically inconsistent with
the y-surface concept, because f(d) in egn. (25) may be regarded as a function that best fits egn. (25) to

eqn. (23). For example, f(d) may be represented as a power series in d:
f(d) = Enanld/h@)]" (28)

with ¥, a,, = 1 which guarantees f (d = h(i)) = 1. The coefficients a,, may then be chosen to result in

a suitable structure of the dislocation core in a given material.
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2.3 Summary

To summarize, the following equations close the problem of the dynamics of “intensive”

dislocations gliding on their slip planes:

(i) Dynamics equation for dislocation density:

Apv) o | 9(pv) 4

P = Peke +heRs = — LR+ 0K, ®)
(ii) Dislocation velocity:
v = sgn(teM)vy | /7" (7
(ii1) Effective glide stress:
reff(x) = 78 (x) + T"™(x) + T¢°T¢(x) (8,19)

(iv) Glide stress due to elastic interactions from outside core:

Tunit(x) — nibj fffv_core Ki?}D (x,x', a(x')) dV(x') or nibj ffs—core Kij(x:X', p(x)) dS(x"), (20,21)

depending on whether the problem is 3D or 2D for a single slip plane, respectively. Here,

Kis}D(X,X’; a(x’)) = (amjenml + amlenm])a 0p0pRq + amkenmk(a 0;0; — 6Uanapap)Ra

-v)

m bb m
(X x' p(x )) = (Enmlp] + Enm]pl)a a a R +o— +om pkenmk(a a a 6ijanapap)Ra

4(1-v

2 n n
0,0, 3,Ry = —(’“Ra x )(1 + 22 )

B é'i]-(xn—x{l)+8il(xj—x;-)+6ﬂ(xi—x{) + 3(xn—x{1)(xj—x}'-)(xi—xl{)
RG® Rg®

0,0,0,R,

(v) Glide stress due to interactions inside core:
17

(16, 17, 18)



Tcore(x) — nibj ff

core

Kiy&xx', p(x') [1 - f(d(x,x7))] dS(x") (26)

where f(d) is a function that meets the characteristics in egn. (27) or similar.

3 Numerical implementation for single slip plane

Here, we employ the framework outlined in Section 2.3 above to simulate 2D cases where
dislocation contents of the same Burgers vector b reside on a given slip plane. In such a case, the 2D
version of eqn. (21) is used for the elastic interaction between dislocation contents outside dislocation

cores:

Tunit(x) — nibj ffS— Kij(x’x" p(x")) dS(x") (29)

core

In addition, computation of stress vis eqn. (29) can be further simplified by decoupling p into two
components p, and p; as per eqgn. (5), since edge and screw contents do not interact (Leung et al., 2015).

In egn. (26), the following f(d) function that satisfies eqn. (27) is employed:

f(d) =(d/m" (30)

where h is set to be dependent of dislocation character, and n = 2 unless otherwise stated. Egn. (30) is in

fact a special case of the power series in eqn. (28). Further details in methodology are explained below.

3.1 Method to determine inner or outer core interaction

Referring to egn. (19) in Section 2.3, for a general field point x and a source point x’ on the slip
plane, a method needs to be devised to distinguish whether they belong to the same dislocation core or

not, for which z¢°re or 4"t would apply respectively. Dislocation densities in the same core should have
18



the same direction, i.e. p(x) - p(x’) > 0 and is continuous with respect to space. Since the dislocation
density vector is decomposed into edge and screw parts, the determination method here ought to be able
to distinguish the core according to its edge and screw densities as well. For a given field point x with a
non-zero dislocation density shown as the orange pixel in Fig. 3, if [p./ps| < 1 there, we then decide
whether p,(x) at pixels x" around a mid-axis (the red dash-dot axis) passing through x along the screw
direction is in the same dislocation core as ps(x). Moving out from the mid-axis in a perpendicular
direction, if ps(x) ps(x") < 0 is first satisfied we meet and mark the periphery of the dislocation core zone
for the screw contents. Otherwise if |p./ps| = 1 at point x, we begin with a mid-axis along p,(x) and
determine the periphery of the core zone for the edge contents. The dislocation densities in the same core

zone are set to interact via T€°"¢ in eqn. (26); otherwise they interact via ™ in egn. (20, 21).

HH
HH‘
il

— P

—_—— 7 — . . Mid axis along pg

Fig. 3. Schematic for identifying dislocation core according to screw dislocation contents. The orange cell
is the center point X, the red dash-dot line is the mid-axis which is parallel to the Burgers vector, and the

orange contour shows the periphery of the dislocation core according to its screw contents.

3.2 Divergence-preserving finite volume method
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It is important to choose a desirable numerical implement to solve divergence preserving equations
because traditional finite-element or finite-volume methods, while conserving mass, introduce large
divergence errors. Much efforts have been made in the past to solve divergence preserving equations
numerically (Artebrant and Torrilhon, 2008; Torrilhon, 2005) and here, we adopt the potential-based
approach finite volume method (Mishra and Tadmor, 2010) for solving eqgn. (6). The two-dimensional

form of the curl advection as in eqn. (6) can be written as

d
pr-i-fy:()

d (31)
Epy —f=0

where flux f = p x v with f,, f, being its components in the x and y direction respectively. For the

discretization, we adopt a uniform Cartesian mesh with sizes Ax and Ay. The discrete cell C;; =

[xi-l' X, +1) X [yj_l, Y +1> centers at the mesh point (x;, y;) = (iAx, jAy). A potential based semi-discrete
2 2 2 2
finite-volume scheme for eqgn. (31) is

d 1 1
2 (Pij =~ (MxFer — uF-1) = yrY [5y (l"xFijj_l'j + e F” )]
2

l—E,

(32)
d _ 1 y y 1
=0 = (“yFi+1,j - 'uyFi—l,j) Ry [5x (llyF;fjJr% + #yF;’C]-_%)]

Here, uy, 1y, 6, and &, are standard discrete averaging and difference operators in the finite-volume

method given as

a +a a +a
gl 1y _ Lty L
.uxal,] — 2 ’ ”yal,] ._ 2 (33)
Oxlyy 3= Gy 1, =@y 1y Oy =0y 1 =0y, 1

where a represents an arbitrary variable and the indexes | and J are at the center I=i, J=j or at the edge

. 1 . 1 .
I=its,]J=j*=. Fi’ilj and F?’,+1 are edge centered numerical fluxes:
E: L) E
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We adopt the first-order Rusanov flux for Q* and @~ in eqgn. (34):

(0%, = mas{l 1 7.,
Q7 = max{|23;], |47}
2

of
\ 45| = |a—m

(34)

(35)

The time integration is performed by the Runge—Kutta method and the following time step is chosen to

ensure convergence of the simulation

1.2Smax(max(lvx|)'max(|”y |))

dy

3.3 Simulation details

(36)

We used the MATLAB language to develop the model and the parameters, which correspond to

aluminum, are shown in Tables 1 and 2.

Table 1. Parameters in the simulation

Parameters values
Shear modulus p 26 GPa
Poisson’s ratio v 0.3
Burgers vector b 2.863x10° m
m for dislocation velocity 1
vo for dislocation velocity v*
1 for dislocation velocity 1.9231x10* u
Slip plane dimensions (with periodic boundary condition) 300 bx300 b
Number of cells (nyxny) 300%300
Unit cell dimension (dxxdy) 1bx1lb

21



Cut-off radius for elastic interaction 300 b
a for non-singularity improvement 1.25dx (1.25b)
3dy for edge dislocation
3(1-v)dx for screw dislocation
Unit dislocation density ps 1/d (1/b)
Truncation value of dislocation density s X108~ ps x104

Equilibrium half-width of the dislocation h

Table 2. Characteristic scales for normalization of parameters

uantities aracteristic scales for normalization
Quantit Characterist les f lizat
Length I* b
Time t* 1x109s
Velocity v* vE=|*/t*
Stress t* *=p

4. Simulation results

4.1 Equilibrium density distribution of dislocation cores and Peierls stress

4.1.1 Equilibrium core shape and y-surface

To demonstrate the validity of our core interaction method, we obtain the equilibrium distributions

of straight dislocation cores without external stress. Such states were produced by running the simulation

according to the dynamic scheme in Section 2.3 albeit for straight dislocations under no external stress,

until dynamic equilibrium was observed for the shape of the dislocation core. Instead of using egn. (22,

23) and the condition p; = du;/0x; to solve the equilibrium distribution for straight dislocations, we

employed the following equations from the classical Peierls model (Peierls, 1940) which are valid for

straight dislocations. At equilibrium under zero external stress, the y-surface is related to the equilibrium

density distribution by

Af+°°Lxl,)dx’ =&

—00 x—x du
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where A = pb/[21t(1 — v)] for edge or pub/(2m) for screw character, respectively, x is the coordinate

along the width direction of the dislocation, and u is the disregistry along the edge or screw direction given

by
u(x) = [*_p(x"dx’ (38)

From eqns. (37) and (38), given the equilibrium density distribution p(x) from the simulation, we can

obtain the corresponding disregistry function u(x) and the y-surface y(u) numerically.

To see how the f(d) function affects the equilibrium distribution of dislocation density inside the
core, we employ eqgn. (30) for f(d) and examine how n and h influence the equilibrium shape of the
dislocation core. Fig. (4) shows the core structure at different values of n for edge dislocations, when h =
10 b. It can be seen that the n value determines the sharpness of the two dissociated partials: the n = 2
case exhibits two overlapping partials, while the n = 15 case exhibits clear dissociation of the unit
dislocation into two narrow partials. Fig. (5) shows the core distribution of edge dislocations of different
equilibrium half width h and suitable n value that would allow more distinctive dissociation, as well as
the corresponding sections of the y-surface calculated via eqgns. (37) and (38). The results shows that a
larger h in f(d) corresponds to a large width in the dislocation core and the local minimum in the vy-

surface, and yet the peak energy in the y-surface is also lowered.
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Fig 5. Dislocation density and disregistry (slip distance) distributions, and y-surfaces for edge dislocations

at different equilibrium half width h.
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In order to investigate dislocations in aluminum, parameters a = 1.25b,n=2and h=3b
were adopted for edge dislocation and a = 1.25 b, n = 2 and h = 3(1 — v) b for screw dislocation via
the equations in Section 2.3. As shown in Fig. 6, the edge dislocation core has a wider distribution and
tends to dissociate into two partials (Woodward et al., 2008) while no apparent dissociation occurs in the
screw dislocation core (Lu et al., 2000). The spacing between the two partials in the edge dislocation is

around 3b (8.05 A) which is close to the experimental value of 8 A (Hollerbauer and Karnthaler, 1981)
and density-functional theory (DFT) prediction of 7.0-9.5 A (Woodward et al., 2008) or 20.4 A (Shin and
Carter, 2013). For the screw dislocation core with no obvious dissociation, the half width, which is defined
as the distance where the atomic disregistry changes from 1/4 b to 3/4 b (Lu et al., 2000), is predicted to
be 2.4 b (6.8712 A), which is reasonable in comparison with the literature value of 2.1 A (Lu et al., 2000)
(no dissociation predicted) and 5-7.5 A (Woodward et al., 2008) (dissociation predicted) from DFT studies.
The y-surface plots in Fig. 6 exhibit maximum energy of 187 mJ/m3in the [1 1 2] direction and 172 mJ/m?

in the [1 1 0] direction. Two minor peaks are observed in the [1 1 2] direction and they are responsible for

the splitting of the edge dislocation into two partials.
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Fig 6. Dislocation density and disregistry (slip distance) distributions, and y-surfaces for edge and screw

straight dislocations.

4.1.2 Stress distribution within dislocation core

The stress field in the present model may also be compared with other dislocation models. Here,
we take the edge dislocation and consider the stress field on the slip plane as an example. In the singular
Volterra model, the density distribution of an edge dislocation is a delta function, and the stress field on

the slip plane y = 0 is

ub 1

Oy (5,7 = 0) = 22—~ (39)
In the Peierls-Nabarro (P-N) model, the stress field for an edge dislocation with half width h is
_ _ ub x
Oy (x,y = 0) = 2m(1-v) x2+h2 (40)
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In the present model, by virtue of Cai’s non-singular improvement in eqgn. (15), the elastic stress field

outside the core is given by

ub x
Oxy (x,y =0)= 2m(1-v) x2+a? (41)
while that inside the core is
pb(x—x") dx’' 2
Oxy(X,y = 0) = f " p(x) x (42)

2n(1-v)[(x—x")2+a?]

Fig. 7 shows the elastic stress calculated according to eqn. (42) for one dynamic equilibrium state
simulated witha = 1.25 b, n = 2 and h = 3 b, in comparison with the Volterra model from eqgn. (39)
and the P-N model from eqn. (40). It can be seen that the stress field predicted by the present model does
not exhibit a singularity in the dislocation core as in the VVolterra model, and since the core width is more
well-defined than the P-N model, the stress field agrees more with the Volterra model outside the core
region. However, it must also be noted that in the present model, the core distribution is adjustable by the
simulation parameters as in Figs. 4-6, and hence other stress profiles are possible. Also shown in Fig. 7 is

the total stress in the core region which is given as

a9t (x,y = 0) = [T p(x) ——ERE) (1 _ f(d(x,x')))dx’ (43)

2n(1-v)[(x—x")2+a?]

where the f(d) term represents the lattice misfit interaction. It can be seen that although the net stress is

very small everywhere within the core, indicating that the core is approximately at equilibrium.
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Fig. 7. Comparison of elastic stress on slip plane between the present model, the Volterra model, and the
Peierls-Nabarro (P-N) model for an edge dislocation with dislocation half width h =3 b,a = 1.25b

and n = 2. The jumps in the total stress show the boundaries of the dislocation core.

4.1.3 Peierls stress

As mentioned above, an important difference between the “discrete” and “intensive” descriptions
of dislocations is that the “discrete” picture fails to give intrinsic information about the Peierls stress, while
in the “intensive” picture, since the core of the dislocation is modeled, so can be the Peierls stress. In the
classical P-N model, as the dislocation traverses both the strain energy and the misfit energy would remain
constant if they are calculated by continuous integration over the slip plane (Hirth and Lothe, 1982), and
hence no Peierls stress would be predicted. This is because in the P-N model, there is no provision for the
core to change shape as it traverses. Peierl and Nabarro managed to obtain a non-zero lattice friction only

by replacing the continuous integration by discrete summation over lattice sites in the calculation of the
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misfit energy, but this approach was challenged (Hirth and Lothe, 1982.). Indeed, in continuum models,
the Peierls-Nabarro way of discrete summation would be an incompatible approach, and unless the

dislocation core is made to change shape as it traverses, no Peierls stress could be predicted.

As mentioned in Section 2.2.4.2, the f(d) factor in egn. (26) serves not only to preserve the width
of the dislocation, but also to cause a critical stress that mimics the Peierls stress to move the dislocation.
Fig. 8 shows that, because of the width-stabilizing role of the f(d) factor, as a stress of increasing
magnitude is applied onto the crystal, the dislocation core first changes its shape but without moving, and
only when a critical stress is applied then the dislocation starts to move. In the set of results in Fig. 6, the
Peierls stress was obtained by finding the lower and upper bounds of the critical shear stress needed to

move the dislocation. The interval is found for edge and screw dislocations to be 1.75 < 103-2.2X 1073 4,

lying in the range of 10°-1072 2 (Shin and Carter, 2013) reported from simulations, larger than the 10°°-
10 1 (Seeger et al., 1966) from mechanical tests, and agreeing with 103-102 4 (Benoit et al., 1987;

Nabarro, 1997) from typical Bordoni peaks in internal friction measurements.

In eqgn. (30), the value of f(d) = [d/h]™ increases as n increases or h decreases. The f(d) factor
not only decides the configuration of the core, but also influences the Peierls stress. Fig. 9 shows the
Peierls stress simulated for edge dislocations with different n and h, and it can be seen that the Peierls
stress increases as n increases or h decreases. The reduction of the Peierls stress as h decreases is in good
agreement with conventional physical understanding — as the dislocation width increases, the strain of the
dislocation is more spread out and hence fluctuations in core shape and energy would be less as a stress is
applied or as the dislocation moves. Fig. 9 shows that, with suitable choice of the parameters n and h, a
desired lattice friction can be simulated in the present scheme, and this has not been made possible before

in any purely continuum framework for dislocation dynamics.
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comparison.
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Fig. 9. Simulated Peierls stress for edge dislocation, (a) with different dislocation half width h atn = 2,

and (b) different n valuesat h = 3 b.

4.2 Simulation of dislocation mechanisms

Next, we study how well the present modeling framework applies to expansion and shrinkage of

loops, Frank-Read source and Orowan looping.
4.2.1 Loop expansion and shrinkage

Testing the new model by loop shrinkage and expansion is crucial as this will reveal whether the
self stress, which drives shrinkage and opposes expansion, and the continuity of the dislocation density
are properly depicted. Fig. 10(a) shows the simulated shrinkage of a dislocation loop under the sole
influence of its self stress without externally applied stress, and Fig. 10(b) shows the expansion of the
same loop under an applied shear stress. The initial loop for both cases is the same, and beginning from
such a state, in both the shrinkage and expansion cases, the loop evolves into an elliptical shape because

with the Poisson ratio v of 0.3 used in the simulations, the interaction between the screw character
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(horizontal in Fig. 10) is larger than that between the edge character (vertical in Fig. 10). In either cases,
it can be seen that the continuity of the dislocation density along the loop is well maintained, and the fact

that the loop shrinks smoothly indicates that the self stress is depicted satisfactorily.
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Fig. 10. (a) Shrinkage of a single loop under self stress, and (b) expansion of a loop under an applied shear
stress 0.0308 u. The initial loop for both situations is the same which is the largest one in the shrinkage

case and the smallest one in the expansion case. Screw direction is horizontal in both cases.

4.2.2 Frank-Read source

In the second example of simulating a Frank-Read source, in addition to self stress and continuity,
whether annihilation can be correctly modeled can also be tested. In the simulation, as shown in Fig. 11,
the Frank-Read source is initially a short screw dislocation segment pinned at both ends on the slip plane,
and the periodic boundary conditions are applied in two dimensions. As can be seen from Fig. 11, the

initial screw segment bows out on the slip plane as a shear stress is applied. In the initial condition, the

32



divergence of every point on the continuous dislocation line is zero, except at two end-points where the
divergence is non-zero. As the simulation runs, the special FVM employed preserves the divergence as in
the initial condition, so that as the dislocation bows out, the two pins stay without having to apply extra
stress or reset the velocity there. On increasing applied stress, the dislocation expands and loops around,
and then annihilation takes place when the segments with opposite signs meet each other, in exactly the

way as a Frank-Read source would do.

Simulations of loop shrinkage/expansion and Frank-Read source operation were also performed
using a Discrete Dislocation Dynamics solver, and comparison of the results with the present modeling

framework is made in Appendix B.
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Fig. 11. The evolution of the Frank-Read source under applied shear stress 0.016 u.

4.2.3 Orowan looping
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In the last example, we apply the model to simulate Orowan looping as happening in precipitation
hardening by non-shearable particles. Fig. 12(a) shows a single, straight dislocation bypassing two
identical spherical obstacles in a periodic simulation cell, exhibiting the classical phenomenon of bow out,
annihilation, pinch off, and finally leaving two dislocation loops surrounding the particles. Fig. 12(b)
shows three straight dislocations moving in a precipitate field of 16 random obstacles. The dislocations
bow out on meeting the obstacles and in this case, since the applied stress is not large enough, the
dislocations stop moving in their bowed out configurations without by-passing. Fig. 12(c) shows another

case of 9 random obstacles with dislocations bypassing them.
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Fig. 12. (a) A single, initially straight dislocation bypassing two identical spherical obstacles in a periodic
simulation cell, and leaving behind two dislocation loops around the particles at applied shear stress 0.031
u. (b) Three initially straight dislocations moving in a precipitate field comprising 16 random obstacles,
at applied shear stress 0.031 u, getting immobilized eventually. (c) Three initially straight dislocations
bypassing a precipitate field comprising 9 random obstacle, at applied shear stress 0.031 u. The obstacles

are drawn as red dot lines.

5. Discussion
5.1 Novelty statement

In the present work, a new framework is developed for modeling the dynamics of “intensive”
dislocations. The main novelty of this framework lies on the consideration of dynamics to an extent not
available before. First, elastic interactions are fully taken into account using the Mura formula. In
particular, a special strategy for removing the singularity involved in Mura’s integration kernel is used, to
address the fact that the singularity is indeed forbidden in the “intensive” picture, in which any two spatial
points on which the dislocation density can be defined meaningfully cannot be closer than the atomic

resolution.

Secondly, a novel core-interaction function f(d) is used to model the elastic and lattice-misfit
interactions within the dislocation core. The traditional way to introduce a misfit stress from the y-surface
is not only computationally intractable in large systems, but also would not automatically give rise to a
Peierls stress, which is a key aim of an “intensive” model of dislocations. The Peierls stress arises from
fluctuations of the energy of the dislocation with respect to its position, and for a core description based

on the y-surface, the dislocation energy is the sum of the strain energy Egirain and the misfit energy Eisfit.
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For a dislocation core at equilibrium, the Foreman-Nabarro theorem (Nabarro, 1947) states that the misfit

energy, if calculated in a continuum manner as

Ernisfit = ffslip planey(u(x))dzx, (44)

would always be an invariant quantity of ub?/(4m), regardless of the position of the dislocation (Hirth
and Lothe, 1982) or its core shape (Ngan, 1997). In such a picture involving the y-surface, the Peierls
stress can therefore arise only from the fluctuations in the strain energy. For dislocations with a non-planar
core, such fluctuations would arise from the required change in the core shape to a planar configuration
as the dislocation begins to move (Ngan, 1997), but for dislocations with a planar core, there would be no
provision for such a change in the core shape as the dislocation begins to move in the continuum y-surface
picture. One way to generate a non-zero Peierls stress from this continuum y-surface picture would be to
follow Peierls and Nabarro’s approach to replace the integration in egn. (44) by a summation over discrete
lattice points on the slip plane (Hirth and Lothe, 1982), but this would be an extra, artificial step in a
modelling strategy that is purely continuum. Another way to obtain a reasonable Peierls stress is to include
an extra energy term that describes the interaction of the applied stress and discrete displacement in a
semi-discrete variational approach (Bulatov and Kaxiras, 1997; Wei and Xiang, 2009). The present
simulation strategy avoids using the y-surface directly, which is computationally intractable anyway, and
applies the factor f(d) to mediate the elastic interaction within the core (egns. (25) and (26)), which is
what the y-surface would serve to do. This achieves the two important functions of stabilizing the width
of the dislocation as it moves, as well as automatically generating a resistance stress that mimics the Peierls
stress. As is shown in Fig. 8, the core-width stabilizing function of the f(d) factor results in a change in
core shape as an external stress is applied and a critical stress needed to move the core, and neither of both

would be achievable in a modeling strategy that is based on the continuum y-surface picture; in that case
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the core would simply move rigidly without any resistance, unless one is applied artificially to the
simulation. Both the core width and the Peierls stress can be adjusted by the function f(d), and so although
this method is phenomenological, it is connectable to lower-level models such as molecular dynamics
models that may provide core characteristics and Peierls stress directly. As mentioned, this method is
computationally much more efficient than that involving the y-surface directly, and if it is desirable to see
what y-surface a given f(d) function would correspond to, we have shown in Section 4.1 that this can be
done, by calculating the equilibrium density distribution for straight dislocations. In the example given in
Section 4.1, the dislocation characters of purely edge and screw were simulated, giving the cross sections
of the y-surface along these two orientations, and the same process can be repeated for any dislocation
character to give enough cross sections to generate the entire y-surface. This way, our proposed method
can be brought into full consistency with y-surface approaches; for example, if the y-surface of a given
material is available from atomistic simulations, then the above strategy can be used to identify the best

f(d) function that would yield the closest y-surface.

Finally, in this work, we demonstrate that a divergence-free numerical method is an effective tool
to implement the evolution law of the dislocation density that can preserve the continuity from the initial
condition well. Usual discrete numerical methods such as finite volume or finite element can normally
conserve mass but divergence, and so if these methods are used to model dislocation density evolution,

special strategies need to be devised in order to preserve the divergence (Varadhan et al., 2006).

5.2 Comparison with other approaches

It is worthwhile to compare the present model with others. First, although the classical Peierls-

Nabarro model (Hirth and Lothe, 1982; Peierls, 1940) deals only with straight dislocations, Schoeck
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generalized it for circular dislocation loops with a core shape that is independent of the circumferential
location on the loop (Schoeck, 1995). Our approach, however, is capable of modeling 2D dislocation
curves of any shape. Secondly, a number of authors have incorporated the y-surface into phase field
methods for modeling dislocation cores (Lee et al., 2011). The y-surface is in the form of energy which is
easily implemented in phase-field models that are energy-driven methods cast in the domain of lattice
disregistry. As mentioned above, in this work we aim at developing a force-driven model making use of
dislocation density as variable, and a lot of computation would be needed to convert dislocation density
into disregistry (Roy and Acharya, 2005). Despite that the y-surface is not directly used here, the core
structures and properties shown in the present simulation results demonstrate that our model is capable of
describing the dislocation interaction in a rather straightforward way. Also, these phase-field methods fail
to model the Peierls stress. “Intensive” descriptions of dislocations have also been made via
atomistic/continuum coupling models such as the bridging domain method with extended finite element
method (XFEM-BDM) (Gracie and Belytschko, 2011, 2009), coupled atomistic and discrete dislocation
plasticity (CADD) (Curtin and Miller, 2003; Shilkrot et al., 2002) and the concurrent atomistic—continuum
(CAC) methodology (Xiong et al., 2015, 2012). Although these directly coupled multi-scale models are
elegant, their complexity are much higher than the present framework and the coupling process may
induce numerically instability while this is not a problem in the present approach based on continuum

mechanics.

5.3 Limitations and future work

In the present model, the density distribution for a given slip system is assumed to have the same
Burgers vector. While this has to be the case in the “extensive” and “discrete” representations, in the

“intensive” representation this would forbid core dissociation into partials with slightly different partial
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Burgers vectors. For instance, the classical Escaig constriction phenomenon (Liu et al., 2017) relies on the
partial dislocations exhibiting a small dipole character, so that a given resolved shear stress can constrict
the dislocation core to assist cross-slip or climb. In the present model, the external stress has no effect on
the core width all the dislocation densities in the core possess the same Burgers vector. To solve this
problem, a formalism based on the Nye tensor a instead of the dislocation density vector p with constant
Burgers vector b would allow the Burgers vector to be represented as a variable b(x). The major problem
to implement the Nye tensor, however, concerns the velocity law (Acharya et al., 2006). The velocity field
is a function of the Peach-Koehler force FPX = ¢ - b x p/|Ipll, and so without detailed information on
p(x) and b(x), simply knowing the Nye tensor a(x) alone would not allow the Peach-Koehler force or
the velocity to be uniquely obtained. Instead, a better approach would be to use a separate density function
p; for each specific Burgers vector b; allowable in the system. The problem becomes solving a system of
simultaneous equations, one for each p;, but since the number of the allowable b; is not large, this will
not be a serious problem. There will be interactions between the different p; but these, such as the elastic

interactions, can still be handled using the present framework. Future work may focus on such an approach.

Secondly, it would not be feasible to scale up directly from the present framework of slip on a
plane to treat multiple slips on intersecting systems. To do this, the framework would need to include
consideration of cross-slip, climb and dislocation junctions. Modifying the velocity law to include thermal
activation effects can handle climb and cross-slip, but modeling dislocation junctions in the “intensive”
picture would need a very special core interaction function. Even if models for all these mechanisms are
available, the computational time for a 3-D calculation of a large system in the “intensive” representation
would be enormous. Therefore, although it is possible to improve the present framework for large 3-D

systems, developing better “extensive” models would be the more realistic way forward.
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6. Conclusions

In the present study, a novel dislocation-density based framework for the “intensive”
representation of dislocations is proposed. To handle dislocation cores at such a resolution scale, both
inter-dislocation elastic interaction and interactions within dislocation cores are modeled. For core
interactions, a special representation of the lattice misfit interaction is proposed to counteract the elastic
interaction, which serves not only to maintain the width of the dislocation as it glides, but also to generate
a Peierls stress. A divergence preserving numerical method is used to solve the dynamics evolution law
for the dislocation densities. Simulation examples including loop shrinkage and expansion, the Frank-
Read sources, and Orowan looping demonstrate excellent preservation of the continuity of the dislocation

density, as well as clear elucidation of the details of the core structure as the dislocations glide.
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Appendix
A. Solving displacement field from Nye tensor

Let u(x) be the displacement field of the crystal as the dislocation densities under consideration
are introduced into it, and x denotes the coordinates in the initial crystal. Under the displacement field
described by u(x), an infinitesimally short vector dx starting from point x in the initial state is mapped

into the vector dx’ in the deformed state which is given by:
dx' = (x+dx+u+du)— (x+u) =dx+du (A1)
However, du; = (ui, jdxj), in a vector form du = dx - (V®u) and so (A1) becomes dx' = dx - G, where
G=(I1+(VQu)) (AL.2)

is the deformation tensor linking the initial vector dx to the deformed vector dx’, and I is the identity
tensor. The Nye tensor is defined in terms of G by a = —V x G (Dai and Zhang, 2015; Kroner, 1958), and

hence

a=-Vx(I+(VQu)) = -V x (VQu) (A1.3)
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B. Comparison with Discrete Dislocation Dynamics (DDD) simulations

DDD simulations were performed using the ParaDis code (Bulatov et al., 2004). It should be noted
that in the present ParaDis code, there is no description of the core interaction other than the removal of
the elastic stress singularity via eqn. (15), and the line discretization method used is quite different from
the present spatial discretization of dislocation density; there is therefore no good reason to expect full
agreement between the DDD predictions and those from the present model. Fig. 13 shows the DDD
prediction of loop expansion and shrinkage from an initial circular loop, and the results here match rather
well with Fig. 10 from the present model. Since the Peierls stress is not used in the DDD method, we used
different mobility for screw and edge dislocations in a ratio of 2:3. Fig. 14 shows the DDD prediction of
the operation of a Frank-Read source under an applied shear stress of 0.048 u, which is higher than the
0.016 u in Fig. 11. The operating stress of a Frank-Read source is expected to be ub/L where L is the
length of the source, which is set to be 100 b. Therefore, the source is expected to operate at 0.01u, which
is close to the stress in Fig. 11. In the DDD simulation shown in Fig. 14, the initial dislocation segment
does begin to move at 0.01u but it fails to evolve further to achieve a pinch-off configuration. The much
higher stress needed to fully operate the source in the DDD is due to a very low rotational ability of the
free ends, which may be caused by the rather long discretization length of the dislocation in the range of
3.5-10 b, while the simulation pixel is much smaller at 1 b x1 b in our density framework in Fig. 11. The
long discretized length in the DDD may not be accurate enough for the high curvature of the dislocation

at the two free ends.
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Fig. 13. Results from DDD solver. (a) Shrinkage of a single loop under self stress, and (b) expansion of a
loop under an applied shear stress 0.0308 u. The initial loop for both situations is the same which is the
largest one in the shrinkage case and the smallest one in the expansion case. Screw direction is horizontal

in both cases.
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Fig. 14. Evolution of Frank-Read source under applied shear stress 0.048 u as predicted by DDD solver.
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