REGULARIZED INNER PRODUCTS OF MEROMORPHIC MODULAR
FORMS AND HIGHER GREEN’S FUNCTIONS
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ABSTRACT. In this paper we study generalizations of Poincaré series arising from quadratic forms,
which naturally occur as outputs of theta lifts. Integrating against them yields evaluations of higher
Green’s functions. For this we require a new regularized inner product, which is of independent
interest.

1. INTRODUCTION AND STATEMENT OF RESULTS

While investigating the Doi-Naganuma lift, Zagier [42] encountered interesting weight 2k cusp
forms for SLy(Z) (k € N>g, £ € Z) for £ =6 > 0 defined by

feei= D). frea (1.1)

AcQ,/SLa(Z)

Here Qy is the set of integral binary quadratic forms of discriminant ¢ € Z and for A an SLa(Z)-
equivalence class of quadratic forms of discriminant ¢, we set (z € H)

Fa(®) = frealz) =102 Y- Q1) k.
QeA
Throughout we write § > 0 for positive discriminants and let —D < 0 denote negative discriminants.
Kohnen and Zagier [32] showed, using a different normalization, that the even periods of f s
are rational, and Kramer [30] proved that the f; 54 span the space of weight 2k cusp forms.
Furthermore, Kohnen and Zagier [31] used the functions f; 5 to construct a kernel function for the
Shimura and Shintani lifts. These may also be realized as theta lifts.

Roughly speaking, a theta lift is a map between modular objects in different spaces. One begins
with a theta kernel ©(z, 7), which is modular in both variables. In our setting, both variables lie in
H and ©(z,7) has integral weight in z and a half-integral weight in 7. Given a function 7 — P(7)
transforming with the same weight as © in the 7-variable, one may then define the theta lift of P
by taking the Petersson inner product (-,-) between © and P:

®(0; P)(z) :=(P,O(z,-)).

Niwa [34] wrote the Shimura and Shintani lifts as theta lifts by using a theta kernel corresponding
to an integral quadratic form of signature (2, 1), which was later extended by Oda [35] to signature
(2,n) for n € N. These lifts fit into the general framework of the theta correspondence between
automorphic forms associated to two groups of a dual reductive pair [26]. Theta lifts have appeared

Date: March 30, 2018.

2010 Mathematics Subject Classification. 11F37, 11F11.

Key words and phrases. CM-values, harmonic Maass forms, higher Green’s functions, meromorphic modular forms,
polar harmonic Maass forms, regularized Petersson inner products, theta lifts, weakly holomorphic modular forms.

The research of the first author is supported by the Alfried Krupp Prize for Young University Teachers of the
Krupp foundation and the research leading to these results receives funding from the Furopean Research Council
under the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant agreement n. 335220 -
AQSER. The research of the second author was supported by grants from the Research Grants Council of the Hong
Kong SAR, China (project numbers HKU 27300314, 17302515, and 17316416).

1



in a variety of applications, including a relation of Katok and Sarnak [28] between central values of
L-functions and Fourier coefficients. Paralleling the results in [28], the realization of fj ; as theta
lifts gave the non-negativity of twisted central L-values [31].

Natural inputs for theta lifts are Poincaré series. These are defined, in the simplest case, for a
translation-invariant function ¢ (in the case of absolute convergence) as

Z olwy(7),

~ED 5 \SL2(Z)

where ' := {2 ({7) :n € Z}, k € %Z (throughout the paper we use k for arbitrary weight
in %Z and reserve k for restricted weights), and |, denotes the usual slash operator. A natural
choice for ¢ is a term from the Fourier expansions of forms in the space of automorphic forms
in which one is interested. In this paper, we consider in particular half-integral weight modular
forms and harmonic Maass forms, which transform and grow like modular forms but instead of
being meromorphic they are annihilated by the weight x hyperbolic Laplace operator (in the variable
z = x + iy € H), defined by

0? 0? 0 0
A== == + =— ) —+i— ). 1.2
K Y (axQ—i-ayQ)—l—my(ax—i-zay) (1.2)
We denote the Poincaré series constructed by choosing a particular function ¢ from the Fourier
expansions of these forms by P, 1 and Ps_, . (see (2.23) and (2.24) for the explicit definitions).
27 2 b

This gives in particular four relevant cases: for positive weight one can average a cusp form coeffi-
cient or a coefficient that grows towards ioco, while in negative weight one can define two kinds of
Poincaré series, one that grows in the holomorphic part and one that grows in the non-holomorphic
part (see (2.15) for the decomposition).

We start with the case of positive weight and define (with 7 = u + iv € H) the theta kernel

O(z,7) = y*%v% Z Z Q(z, 1)ke*4ﬂQ§”62”DT. (1.3)
DeZ QeQp
Here, for Q = [a, b, c]|, we set
Q.:=y ! (a|z[2+b$+c) . (1.4)
It is well-known that the function z — ©(—%,7) is modular of weight 2k and 7 — O(z,7) is
modular of weight k + % Hence taking the inner product in either variable yields a lift between
integral and half-integral weights. For this, we define the following theta lift

O4(f)(2) := @(Ok; f)(2)-

Using as input positive weight cuspidal Poincaré series, one recovers the functions f s:

Jrs = Crs - g (PH%,(;)

with C} s an explicit constant. By the Petersson coefficient formula, the holomorphic projection
(recalled below) of the theta kernel Oy yields the generating function

Qi (z,7) := Z 5%@,5(2)62”57
6>0
Kohnen and Zagier [31] proved that z — Qi(z,7) is a weight 2k cusp form and 7 +— Qp(z,7) is
a weight k + % cusp form. By integrating in either variable, ;. yields theta lifts from weight 2k
to k + % and from weight k + % to 2k; these lifts turn out to yield an alternative construction
of the well-known (first) Shintani [40] and Shimura [39] lifts. Hereby, the idea underlying the
holomorphic projection operator is simple. Suppose that f is a weight s real-analytic modular

form with moderate growth at cusps. Then g — (g, f) yields a linear functional on the space of
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weight k cusp forms. Since the Petersson inner product is non-degenerate, this functional must be
given by (-, F') for some weight s cusp form F. This F' is essentially the holomorphic projection of
f.

If one takes weakly holomorphic Poincaré series (i.e., Poincaré series which yield meromorphic
modular forms with poles only at the cusps) as inputs of the theta lifts, one obtains, instead of the
fr,s’s, the analogous meromorphic modular forms f; _p defined in (1.1). We note that some care
is needed if the inputs are no longer cusp forms. Although the naive definition of the inner product
usually diverges when taking weakly holomorphic modular forms one can extend its definition, and
define a regularized theta lift that is meaningful for more general inputs; we describe this in Section
3. To obtain the functions f; _p as theta lifts, we use a regularization of Borcherds. The functions
fr,—p were first constructed by Bengoechea [3] in her thesis.

Theorem 1.1. We have
@ (PH%,,D) = fk,—D-
Remarks.

(1) The theta lift in Theorem 1.1 is a special case of a more general theta lift introduced by
Borcherds in Theorem 14.3 of [4]. We choose a Poincaré series as a distinguished input, while
Borcherds had more general inputs. Moreover, Borcherds unfolded against the theta function,
while we apply the unfolding method to the Poincaré series. As a result, the two approaches
yield different representations of the functions fi _p.

(2) The theta lift ®; maps (parabolic) Poincaré series P, 1o to other types of Poincaré series;
the functions f;, s are sums of the hyperbolic Poincaré series which appeared in previous work
of Petersson [36] (see also [27]), while we see in (2.27) that the f; _p are sums of the elliptic
Poincaré series defined by Petersson in [37]. This implies that they are elements of So, the
space of meromorphic cusp forms of weight 2k for SLg(7Z), which are meromorphic modular
forms that decay like cusp forms towards ioo.

We turn now to the case of negative weight. We use the theta kernel (k € N>g)

0% _i(z, 1) == Z Z Q.Q(z, 1) e

DEZ QEQp

4 1|2
W‘Q(yzz 2 U6—27riD7'

The function z — ©7_,(z,7) is modular of weight 2 — 2k, and 7 — ©7_,(z,7) is modular of weight
% — k. We set

71, (f)(2) := @(O7_4; f)(=2) -

We then define negative-weight analogues of the functions fi, (with ¢ € Z), namely

Fioke: = Y Fipea
A€Q,/SL2(Z)
where
Fa(z) = Fiopealz) = Y Pipeq2) (1.5)
QeA
with
i(—=1)k 1k _ ly? 11
Piokeq(z) == (2)15\ > sgn (Q:)Q (2, 1) 8 (va ~ 5 2) : (1.6)

Here 5 (Z;a,b) denotes the incomplete B-function, which is defined for a,b € C satisfying Re(a),

Re(b) > 0 by 5(Z;a,b) = fOZ t*=1(1 —t)> ' dt. Note that we can also write the incomplete
B-function in terms of the hypergeometric function o F; (see (2.13)).
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We recall some of the properties of these functions for £ = ¢ > 0. The Fj_j 5 4, with a different
normalization, were investigated by Kohnen and the first two authors in [7], and a variant of these
functions was studied by Hovel [25] for & = 1. It turns out that they are locally harmonic Maass
forms. Locally harmonic Maass forms allow jump singularities in the upper half-plane. These
functions and their higher-dimensional analogues also appeared as theta lifts in both physics and
mathematics — see the work of Angelantonj, Florakis, and Pioline [1] for the former and the work
of Viazovska and the first two authors [8] for the latter. Namely, in analogy to the positive weight
case, we have [8, 25]

Fiks =C1ps Py (Pg,kﬁ) ;

with C1 ¢ an explicit constant and P35}, 5 defined in (2.24). In addition to their relationship via
theta lifts, the functions F 4 are connected to the functions f, via the differential operators &_of
and D?*~1 where

and D:=_—_—. (1.7)
Specifically, we have

ook (Fa) =Cirs-fa,  D* N (Fa)=Cors- fa,

where the C; ;. 5 are explicit constants.

It is unusual for a harmonic Maass form to map to a constant multiple of the same function
under &5_op and D1, However, given their uniform definition in (1.5), it is not a surprise to find
out that for discriminants —D < 0, the functions F1_j _p 4 have many properties similar to those
of Fi_rs.A. As a difference between negative and positive discriminants, note that for negative
discriminants the functions have poles instead of jump singularities. We call functions that behave
like harmonic Maass forms away from singularities of this type polar harmonic Maass forms.

Theorem 1.2.
(1) We have

1k (Pg_k,—p> = Fl—k,~D-

(2) For A€ Q_p/SLa(Z), the functions F4 are weight 2 — 2k polar harmonic Maass forms whose
only singularities occur at g for Q € A; here g € H is the unique solution to Q(z,1) = 0.
Furthermore, we have

(2k — 2)!

§a—ak (Fa) = fa, D* 1 (Fa) = T @yt

fa. (1.8)

Remarks.

(1) The difference in the singularities of Fj_j ¢ 4 for discriminants ¢ > 0 and £ < 0 comes from the
sign factor in (1.6). For £ > 0, @, = 0 along a geodesic S, and the function “jumps” as one
crosses from one side of Sg to the other. For £ < 0, sgn(Q.) # 0 and sgn(Q.) is independent
of z; namely, sgn(Q,) = 1 for all z € H if Q) is positive-definite and sgn(Q,) = —1 for all z € H
if @ is negative-definite.

(2) A key step in proving Theorem 1.2 (2) is to relate F4 to the higher Green’s functions Gy
defined in Subsection 2.6 (see Corollary 5.2). These have appeared in a number of interesting
applications, and their evaluations at pairs of CM-points has been intensively studied. Values
of higher Green’s functions at CM-points are conjectured to be roughly logarithms of algebraic
numbers, and a number of cases are known by work of Mellit [33] and Viazovska [41].
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Let us now return to the positive weight cusp forms f; 5 4. Integrating against them gives cycle
integrals. To be more precise, we have

(F. fosa) = Chs /F R ELICR IS
Qo Qo

where Cj s € R is an explicit constant, Q) € A is arbitrary, S, is an oriented geodesic joining the
two real roots of Qo, and I'g, C SLa(R) is the stabilizer group of Qg. These cycle integrals then
occur as coefficients of the (first) Shintani lift. In this paper we take the Petersson inner product
of f4 with other meromorphic cusp forms.

Since the classical inner product diverges, one needs to regularize it. In addition to their in-
herent interest, extensions of Petersson’s inner product yield applications to other areas, including
generalized Kac-Moody algebras [21] and the arithmetic of Shimura varieties [14]. Those applica-
tions used a regularization of Petersson [38], later rediscovered and generalized by Borcherds [4]
and Harvey—Moore [23]. However, Petersson’s inner product (f, f) for any (non-cuspidal) f € So
always diverges (see Satz 1 of [38]), so one cannot use it to extend the classical inner product to
an inner product on any larger subspace. For the application in this paper, we introduce a new
regularized inner product, again denoted by (-, -) and formally defined in (3.5) below, which extends
the domain of the inner product to include all meromorphic cusp forms.

Theorem 1.3. The regularized inner product (f,g) exists for all f,g € Sox. It is Hermitian, and
it equals Petersson’s reqularized inner product whenever his exists.

We next consider an application of the inner product to higher Green’s functions. To state the
formula we let w, be the size of the stabilizer I'y of p € H with respect to the action of PSLy(Z).
We require the elliptic expansion of a meromorphic modular form f around ¢ € H, namely

o n ) zZ—0
@) =G=2) " 3 epgmXo(a)"  with  Xy(s) = S (1.9)
nz>—oo
Furthermore, set
(—DF@2k-2)! [ 4 ifn>k-—1,
by 1= 222 1.10
Throughout, we let
0
Ry = 21&4—— (1.11)

be the Maass raising operator, and denote repeated raising by R} := Riyon—20 -0 R,.

Theorem 1.4. If Qp € A€ Q_p/SLa(Z) and f € Sop with poles in the SLo(Z)-orbits of 31, ..., 3¢
with 3¢ = x¢ + iy # 7Q for all Q € A and € € {1,...,r}, then

(f.fa) =~ Z (Zbkn 15y e (—n) Ry TF (Gi(2,7q,))
Qo =1 Y \ n>k
k-1
+ Z bk,n,lye_an’M(—n)ng_" (Gi(z, TQO))) .
n=1

Particularly interesting is the following special case.

Corollary 1.5. For every Q; € A; € Q_p,/SLa(Z) (j = 1,2) with Ay # Az we have

Gr(mg,, T
<f.A17 f.A2> = ka’k_lw'
TQleQQ
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Remarks.

(1) For arbitrary zi, ze € H, which are not necessarily CM-points, one may also realize G(z1, 22)
as an inner product. In order to obtain such a relation, one replaces f4; with the more general
functions Wy (-, 2j), defined in (2.25) below, which have poles at 21,22 € H. Furthermore,
since Theorems 1.3 and 1.4 can be generalized to arbitrary congruence subgroups, similar rela-
tions can be established for the corresponding Green’s functions associated to these subgroups.

(2) Given the interest in Gy evaluated at CM-points, one may wonder what further implications
Corollary 1.5 may have. Possible future directions of study along these lines are discussed in
Section 7 below. The relation between higher Green’s functions and inner products in Corollary
1.5 leads one to search for connections with geometry. In the case k = 1, which is excluded here,
Gross and Zagier related the Green’s function evaluated at CM-points to the height pairing of
certain Heegner points on modular curves (see Proposition 2.22 in Section II of [22]). This has
been generalized to higher k by Zhang, who defined a global height pairing between CM-cycles
in certain Kuga—Sato varieties using arithmetic intersection theory, as developed by Gillet and
Soulé [19]. The archimedean part of this height pairing is then given by the values of higher
Green’s functions evaluated at CM-points (see Propositions 3.4.1 and 4.1.2 of [45]).

(3) Although we restrict ourselves in the introduction to the case 3y # 7¢ in Theorem 1.4, and
correspondingly A; # As in Corollary 1.5, this is only done for convenience of notation. By
replacing the Green’s function with a regularized version, we obtain a more general version of
Theorem 1.4 in Theorem 6.2 below, and consequently an extension of Corollary 1.5.

The paper is organized as follows. In Section 2 we recall basic geometric facts and certain special
functions, and introduce the relevant modular objects. In Section 3 we study regularized inner
products and prove Theorem 1.3. In Section 4 we investigate theta lifts, proving Theorem 1.1 and
Theorem 1.2 (1). Theorem 1.2 (2) is established while studying the functions F4 in Section 5. In
Section 6 we compute regularized inner products in order to prove Theorem 1.4 and Corollary 1.5.
We conclude the paper with a discussion of natural questions in Section 7.
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2. PRELIMINARIES

2.1. CM-points and the hyperbolic distance. For a positive-definite Q = [a, b, ] € Q_p (with
a > 0), we denote the associated CM-point by

b VD

TQ = uQ + g, with uQ = 5 and wvg = 5 (2.1)

We note that for z = x + iy € H, with X, defined in (1.9), we have

QUert) = 32 (=5 X o). (22)

Moreover, for QQ € Qp, we often make use of the identity

y 2 Q= )P = Q% +¢, (2.3)
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with @, given in (1.4). The quantity @, naturally occurs when computing the hyperbolic distance
d(z,3) between z and 3 = x + iy € H, which is expressed through

2
cosh (d(z,3)) =1+ lz=sl" (2.4)
2yy
see p. o . In particular, when 3 1s a -point 79 wit € J_p, we have the equality
131 of [2]). 1 icul h i CM-poi o with Q € Q h h li
cosh (d(z,7q)) = Q- : (2.5)

vD
The combination of (2.3) and (2.5) gives

-1_ Dy2

(1- cosh(d(z,TQ))2) (2.6)

Finally, for z € H (and fixed ¢ € H) we set

ro(z) = tanh <d(229)) = |X,(2)|.

Here the last equality follows from the half-argument formula

tanh Z\ _ [cosh(Z) -1
2 )  \lcosh(Z)+1

combined with (2.4) and |z — 3|> + 4yy = |z —3|*. Using this half-argument formula once again,
equation (2.5) implies that

2 _ 2vD
cosh(d(z, 7)) 1 Q. + VD
2.2. Properties of hypergeometric functions. In this subsection we recall relations between
the hypergeometric function and other functions, as well as its transformations that are required

for this paper.
For Z € C with |Z| < 1 the hypergeometric function is defined by the series

1-— ’I”TQ(Z)2 = (2.7)

2y (a,b56,2) =) Mzn, (2.8)

= n!(¢)n

with parameters a,b,c € C, ¢ not a non-negative integer, and (a), := H;L;()l(a + 7). Outside the
disk |Z]| < 1, the hypergeometric function is defined by analytic continuation. Using the symmetry
in (2.8), one directly sees that

oF1 (a,b;¢,Z) = oF (b,a;¢;, 7). (2.9)
Furthermore, by 15.4.6 of [15] we have
oFy (a,b;0;2) = (1—2Z)™". (2.10)
We also require the following transformation law from 15.8.1 of [15], valid when 1 — Z ¢ R™:
A
oF (a, b 2) = (1— 2) 0y Fy (c—a,b;c; Z—1> . (2.11)
By 15.5.3 of [15] (with n = 1) we have
;Z (Z3F) (a,b;¢;Z)) = aZ Y 9F) (a+ 1,b;¢; Z) . (2.12)

7



By 8.17.7 of [15] the hypergeometric function is related to the incomplete S-function via

Z(l
B(Z;a,b):72F1 (a,1—bja+1;2). (2.13)
Using 15.8.14 of [15] then implies that for 1 — Z ¢ R~ we have
B2k — 1,1 — k) = 222 1ykg (2oL ] (2.14)
’ ’ (z-1)" 22) '

2.3. Polar harmonic Maass forms and their elliptic expansions. For v = (‘; S) € SLy(Z)
and f: H — C, the weight x € %Z slash-action is defined by

1 if Kk € Z,

fley (1) :== (et +d) " f(7y71) {(ccl) Egn if k€ %Z\Z and v € T'o(4),

with the extended Legendre symbol () and

- 1 ifd=1 (mod 4),
7 1i ifd=3 (mod 4).

We assume throughout that N € N is divisible by 4 if x € % + Z.

Definition. For N € N, a weight k € %Z polar harmonic Maass form on T'o(N) is a real-analytic

function M: H — C that satisfies the following conditions, outside finitely many singularities in

Fo(N)\(HU QU {ioco}):

(1) For all v € T'y(N) we have M|,y = M.

(2) We have A, (M) = 0, with the hyperbolic Laplacian defined in (1.2).

(3) For every p € H there exists n € N such that (7 — p)"M(7) is bounded for r,(7) < 1. We
say that M has a singularity of finite order at o if this condition is satisfied.

(4) The function M grows at most linear exponentially at the cusps.

If the only singularities of M lie at the cusps, then M is a harmonic Maass form.
For k < 1, the Fourier expansion of a polar harmonic Maass form at 700 has a natural splitting
of the shape
M(1) = MF (1) + M~ (1), (2.15)
where the holomorphic and non-holomorphic parts (at ico) are defined by the following series, that
converge for v sufficiently large, with ij\:/l (n)eC:

MT (1) := Z cfw(n)e%im,

n->>—oo
M (1) = (0)0! " + Z ()L (1 — K, —4mnv) ™7
0#£n< oo
Here I'(r, Z) = f;o t'~le~tdt denotes the incomplete gamma function. Expansions of this type

also exist for x > 1, but the term in M~ containing v'~* is replaced with a logarithmic term for

k = 1, and more care is needed for the terms containing an incomplete gamma function when both
parameters are negative. There are also similar expansions at the other cusps. One reason that
the splitting into holomorphic and non-holomorphic parts is natural is that the holomorphic part is
annihilated by the operator £, defined in (1.7). Both parts can have singularities; the singularities
in the holomorphic part are poles, while one can determine the kind of singularities in the non-
holomorphic part by noting that its image under &, is meromorphic. The terms in the expansion
which grow as v — oo are called the principal part of M (at icc); namely, for k < 1 these are
the terms in M™T with n < 0 and those terms in M~ with n > 0. The coefficients cyy are closely
8



related to coefficients of meromorphic modular forms of weight 2 — &, following from the fact that
if M is modular of weight x, then &, (M) is modular of weight 2 — k. Thus £, maps weight x polar
harmonic Maass forms to weight 2 — k meromorphic modular forms.

Solving the second-order differential equation coming from (1.2), one obtains an elliptic expansion
of polar harmonic Maass forms that parallels the expansion (1.9) for meromorphic cusp forms. The
resulting expansion is given in Proposition 2.2 of [6], which appears, as Pioline later pointed out,
as a special case of Theorem 1.1 of [18]. To describe it, under the restriction 0 < Z < 1, a € N,
and b € Z, we set

, a—1\(=1)
Z;a,b) .= 6 (Z;a,b) —C, th Cop = ) . 2.16
So(Z:0b) =5 (Ziab)~Cp with Gy 02( e e

J#=b
Making the change of variables ¢ — 1 — ¢ in the integral representation and then applying the
Binomial Theorem, we obtain

Bo(Ziah) = 3 (a - 1) ED™ 2 461 s (“_‘bl) (—1)" U log(1 — Z).  (2.17)

0<j<a-1 J j+b
J#=b
Here for a property S, g = 1 if S is satisfied and dg = 0 otherwise.
For every ¢ € H, a polar harmonic Maass form M of weight 2 — 2k (or more generally any
function M that is annihilated by As_o; and has a singularlity of finite order at g), there exist
cjj\t/l’g(n) € C such that for r,(z) <, 1 one has

M(z):(z—g)%Q( > e, ") ey (B (1 1p(2) ;2k—1,—n)Xg(z)">.

n>>—oo n<&oo
(2.18)

The meromorphic and the non-meromorphic parts of the elliptic expansion around g are

MG (2) = (2 =02 Y el () Xe(2)",
n>>>—oo
M, (z) == (2 — 2)%2 Z (™) B0 (1 —ry(2)? ;2k — 1, —n) X,(2)".

noo

We refer to the terms in (2.18) that grow as z — g as the principal part around o and denote them
by &5 the corresponding meromorphic and non-meromorphic parts of &2, , are

Pl (2) = (=02l ()X, ()",
n<0

P o(2) = % 2 ZCM o n)Bo (1 —ro(2 )22k — 1, —n) X,(2)".
n>0

Remark. Note that the principal parts of the Fourier expansions around all cusps and the principal
parts of the elliptic expansions uniquely determine the form. Indeed, Proposition 3.5 of [11] implies
that harmonic Maass forms M without any singularities must satisfy £5_ox (M) = 0 and there are
no non-trivial negative-weight holomorphic modular forms.

2.4. Differential operators. Recall the raising operator defined in (1.11). If g has eigenvalue A
and weight , then R’ (g) (¢ € Np) has weight s+ 2¢ and eigenvalue A+ £+ £(£ —1). The following
lemma may easily be verified by induction on ¢.

9



Lemma 2.1. For ¢ € Ny and g : H — C satisfying A.(g) = Ag, we have
R, <y2£+nRZ ) —y H JG+r-1)g(2).

The next lemma rewrites the elliptic coefficients of a meromorphic function f in terms of the
raising operator and 7 := Im(p). Its proof may be found in Proposition 17 of [13].

Lemma 2.2. If f : H — C is a meromorphic function that is holomorphic in some neighborhood
of o € H and k € Z, then for z in this neighborhood we have

£2) = @)z ~2) 3 TR (0) X (o)

n>0
We also recall that raising and differentiation are related through Bol’s identity (k € N)
k— k p2k—1
D1 = —(4m) RIS (2.19)
We note that the constant C, 5 in (2.16) is chosen so that the operator D2k~ acts nicely on M,

Namely, most of the terms in M are annihilated by D?k=1 One can use this to conclude that

D2?k=1 maps polar harmonic Maass forms of weight 2 — 2k to meromorphic modular forms of weight
2k. One can also easily show that ;o maps polar harmonic Maass forms of weight 2 — 2k to
meromorphic modular forms of weight 2k. This operator may also be written in terms of the raising
operator. More precisely, for every g : H — C we have the equality

& (y7°9(2)) = Roslg(2). (2.20)

2.5. Poincaré series. In this section we review the Maass—Poincaré series (see Theorem 3.1 of

[18]) with singularities at the cusps, which are used as inputs of the theta lifts of Theorems 1.1 and

1.2 (1), and Petersson’s meromorphic Poincaré series [36, 37], which are closely connected to f 4.
To construct the Maass—Poincaré series we define, for Z € R\{0}, the expression

MH,S (Z) = ’2’75 Mgsgn( sf— (|Z|)
with M, ,, the usual M-Whittaker function. For y, s € C with Re (s + y) > 0 and Z € RT we have

1
% F(2S) / tS‘hLL*l(l _ t)S*},L*le*tht'
TG+mT (=m0 Jo

For s = +u, we have the well-known identities

_z z
Mu,u—%(z) =e 27" and M—mu—%(Z) — e2 M. (2.21)

M, 1(Z)=Z%

For m € Z\ {0} and r € %Z the function
1/% m,s (7') = (47T‘m|)% M’{ s (471'7711)) 627rimu

is then an eigenfunction of A, with eigenvalue (s — §)(1 — s — §). Denoting by [.pr the identity
for k € Z and Kohnen’s projection operator (see p. 250 of [29]) for k ¢ Z, one concludes that for
o := Re(s) > 1, the following Poincaré series are also eigenfunctions of A, and have weight x:

PN,’H’L,S = Z ¢H,sgn(ﬁ)m,s H’Y‘Hpr' (222)
'YEFOO\FO(4)
K

If s =1-5 or s = 3, then the functions Py, s are harmonic. The Poincaré series satisfy the
growth condition

P“’m’S(T) - wﬁ,m,s (T) ‘npr =0 (vl_Re(s)—%) )
10



Here we simply abbreviate the operator appearing on the right-hand side of the identity on page
250 of [29] by pr, despite the fact that ¢, ,, s is not modular. In the special case that x = k+ % > 1
and s = £, we normalize the resulting weakly holomorphic Poincaré series as

2

kE_1

6(4m)2"1
Py im = mpk%,m,%ﬁ' (2:23)

Forﬁ:%—k<lweset

kE_1

6(4m)2"1
Ps_ = P , k.1. (2.24)

2Rk — D)l (2k — 1) 2 PTeta

We turn next to Poincaré series with singularities in the upper half-plane, defining, for k > 2
even and n € Z,

7. (2.25)

K,Z

Upn(2,3) = > (=3 X,(2)")
~vE€SL2(Z)

One has z — VU, ,(2,3) € S, and 3 — y " "W, ,(z,3) are modular of weight —2n — x (see page 72
of [37]). Moreover, the functions z — W, ,,(2,3) € S, vanish identically if n # —£/2 (mod w;) and
are cusp forms in z if n € Ny. Furthermore, the set {U, ,(2,3) : 3 € H,n € Z} spans S, (see Sétze
7 and 9 of [38]). The principal part of z — W, ,,(z,3) has a simple shape. To be more precise,
set f(z) = (2w;) " Wy (2, 3) and write c(n) := cf,,(n) — 6p=md;—p, Where in the latter §-term, and
throughout the paper in similar identities, we consider 3 and g as elements of SLa(Z)\H. Using this
notation, Satz 7 of [38] implies that

(20) ™" Wi (2,3) = (2 = 0) 7" | 8= X (2)™ + D e() X(2)" | - (2.26)
n>0

Moreover, f4 is a specialization of Wy _j, as given in the following straightforward lemma.

Lemma 2.3. With Qo € A€ Q_p/SLa(Z) we have

k
fa(z) = (20gu).

Wak,—k (2, 7Qp) - (2.:27)
2.6. Higher Green’s functions. For z,3 € H and s € C with ¢ > 1, the automorphic Green’s
function G5 on SLa(Z)\H is given by

Go(2,3) = >, gi(z),

~ESL2(Z)

where . )
2571 T(s) _ s s+1 1 1
H s
:= ——————cosh(d =z —; -
95 (2:3) T(2s)  Coshld(=:3) "2k (2’ y ST cosh(d(z,g,))2>

Note that we have the equality gi(z,3) = —Qs_1(cosh(d(z,3))), with @, the associated Legendre
function of the second kind. Furthermore, note that there are different normalizations of GG in the
literature; our normalization agrees with the one from [33]. Automorphic Green’s functions can be
defined for arbitrary Fuchsian groups of the first kind, and hence in particular for any congruence
group. They also arise as the resolvent kernel for the hyperbolic Laplacian (see, e.g. [18, 24]).

In the case s = k € Ny, the function Gy : H x H — C is called a higher Green’s function. It is
uniquely characterized by the following properties:

(1) The function Gy, is smooth and real-valued on H x H \ {(z,vz) : v € SL2(Z), z € H}.

(2) For 71,72 € SLa(Z) we have G(712,723) = Gi(2,3).
11



(3) We have
Ao,z (Gr(2:3)) = Do (Gr(2,3)) = k(1 — k)G (2,3) -
(4) As z — 3 we have
Gi(z,3) = 2w;log (r;(2)) + O(1).
(5) As z approaches a cusp, we have Gi(z,3) — 0.

These higher Green’s functions have a long history (cf. [18, 22, 24, 33]). For example, Gross and
Zagier [22] conjectured that their evaluations at CM-points are essentially logarithms of algebraic
numbers. If Soi(I') = {0}, with I' C SLy(Z) of finite index, then the conjecture states that

1—k
Gr(z,3) = (D1D2) 2 log(a)
for CM-points z, 3 of discriminants D1 and Do respectively and some algebraic number «. Various
cases of this conjecture have been proved. For example, Mellit [33] proved the case with & = 2 and
3 =1 for ' = SLy(Z), and also interpreted « as an intersection number of certain algebraic cycles.
Further cases were then investigated by Viazovska [41].

3. REGULARIZED PETERSSON INNER PRODUCTS AND THE PROOF OF THEOREM 1.3

3.1. Known regularized inner products. The classical Petersson inner product of two weight
% € 37 (holomorphic) modular forms f and g on Iy(N) such that fg is a cusp form is given by

o 1 oD . dzdy
U19) = ST T oy I (31)

Although (3.1) generally diverges for meromorphic modular forms, one may still define a regular-
ized inner product in some cases. The first to do so appears to be Petersson [38]. If all of the poles
of f and g are at the cusps, the regularization of Petersson was later rediscovered and extended by
Harvey-Moore [23] and Borcherds [4], and subsequently used by Bruinier [10] and others to obtain
a regularized integral that exists in many cases. Indeed, Petersson gave explicit necessary and
sufficient conditions for existence of his regularized inner product in Satz la of [38]. In particular,
for f,g € Si, his regularization exists if and only if for every n < 0 and ¢ € H we have

co(n)cgo(n) = 0; (3.2)
the conditions are similar if f and g have singularities at the cusps. This regularization is used to
define theta lifts of functions with singularities, some of which are evaluated in this paper.

To give a full definition we require some notation. We let Fr be the restriction of the standard
fundamental domain for SL(Z) to those z with y < T, and let Fr(N) := U, er,(v)\sLyz) 7. For

functions f and ¢ transforming like modular forms of weight x € %Z for T'o(IV) we define

1 — dzdy

(fig) = lim f(2)g(2)y

[SL2(Z) : To(N)] T J () 2 (3-3)

in the case the integral exists.

The definition above may be interpreted as cutting out neighborhoods around cusps and letting
the hyperbolic volume of the neighborhood shrink to zero. If poles exist in H, the construction in
[38] is similar. For f, g € So with poles at 31,...,3. € SLa(Z)\H, we choose a fundamental domain
F* such that the representatives of 31,...,3, in F™* (also denoted by 3¢) all lie in the interior of
Iy, F*. We then set B.(3) := {z € H: r;(2) < e}, and define Petersson’s regularized inner product
as

(f,9):= lim / f(z)W)y%dLgy (3:4)
€150sEr—0T F*\Up=1 Be, (30) Y

Like (3.3), the regularized inner product (3.4) does not always exist. The inner product (3.3)
has recently been further extended to an inner product on all weakly holomorphic modular forms
12



by Diamantis, Ehlen, and the first author in [5], and we address the extension of (3.4) to all
meromorphic cusp forms in the next section.

3.2. A new regularization. In this section we restrict to x = 2k € 2Z and N = 1, but the
construction can be easily generalized to subgroups. We also assume that f and g decay like cusp
forms towards the cusps, but this restriction can be removed by combining with the regularization
from Subsection 3.1. We choose a fundamental domain F™* as in Subsection 3.1 and denote the
poles of f and g in F* by 31,..., 3

For an analytic function A(s) in s = (s1,...,s,), denote by CTs—¢A(s) the constant term of the
meromorphic continuation of A(s) around s; = --- = s, =0, and define

= VA z zZ 2k Lmdy
<ﬁg%—CTpo<LM@AHﬂ)H4)M)y yQ) (3.5)
where

T
Hy(2) = Hs, 5, 51,0050 (2) 1= H Pisg30(2)-
(=1

Here for 3, € F* and z € H we set hg,;,(2) 1= r;,(72)?%, with v € SLa(Z) chosen such that
vz € F*. Note that r;,(yz) — 0 as z — v '35, so the integral in (3.5) converges for o > 0,
where this notation means that for every 1 < ¢ < r, oy := Re(sg) > 0. One can show that the
regularization is independent of the choice of fundamental domain.

Proof of Theorem 1.3. For § > 0 sufficiently small, we may assume that the Bs(3,) are disjoint and
split off the integral over those z that lie in one of these balls.

If z ¢ Bs(3¢) for all ¢, then one can bound the integrand locally uniformly for s contained in a
small open neighborhood around 0. Hence we conclude that

—— o dxd dxd
CTs ( / f(2)Ho(2)g(2)y*" 2y> = / @9 (3.6)
F*\Ui=1 Bs(se) Y F*\Up=y Bs(3e) Y

Thus we are left to show existence of the meromorphic continuation to a small open neighborhood
around 0 of

/ F(2) Ho(2)g {2y L. (3.7)
Bs(3¢)NF* Y

By construction, 3¢ lies in the interior of I';, F*, so we may assume that Bs(3¢) C I';,F™*. To rewrite
(3.7) as an integral over the entire ball Bs(3¢), we decompose the ball into the disjoint union

BsGe) =J__. 7(Bs () N F"). (38)

'yGFM

Moreover, bounding hs,, ;,.(2) locally uniformly for o, > —¢ for m # ¢, we may plug in s, = 0,
and hence the invariance of the integrand under SLo(Z) implies that the constant term at s = 0 of
(3.7) is the constant term at sy = 0 of

1 —— o dxdy
LseslFi9) = o= [ fG g (g
Wi JBs(30) Yy
Setting R :=r;,(2) for z € Bs(3¢), we have for v € T, the equality
hsgae(2) = 15,(72)%% = R**. (3.9)
We now closely follow the proof of Satz la in [38]. We rewrite
_ e (1 — T?e(z))

11— X, (=)
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for 3y = x¢ 4 iy, and compute
23y
= ——dX;,(2).
2045,
(1= X;,(2)
Hence changing variables X;,(2) = Re™ and inserting the elliptic expansions (1.9) of f, g around
0 = 3¢ yields

Ise,éz,5(fag) = i f(z)@rsz( )28[y2k: dl’dy

Bs(3¢)

4 2k—2

- - z n—m)vY pn+m+2s, 2

= S epg(n)eg / / R (1 - R*)™ ? RdvdR
wée (4y4)2k m,n>3>—oo M ! Z

2k—2
- w,, (dyo) % Z Cf.50(1)Cq 5, (N )/ RITIEE (1 - R?) dR. (3.10)
Wi, (4y€ n>—0o 0

Plugging in the binomial expansion of (1 — R?)?*~2 the remaining integral in (3.10) becomes

2%k—2 5 2%k—2 e
Z (_1)j <2k N 2) / RIT2(nti)+2scqp — Z (_1)j <2/€ - 2) 52 f]+1+ ¢) |
= ’ ’ =0 J)2(m+j+1+s)

Since this is meromorphic at s, = 0, its constant term at sy = 0 exists, yielding the existence of the
inner product.
We next prove that the inner product is Hermitian. For f, g € Sg, let Fr 4 denote the meromor-
phic continuation of the function defined for s € C" with oy > 0 by
or ddy

Frols) = | J(2)g 9(2)Hy(2)y )2

Since (f, g) always exists, Ff 4 has an expansion around s = 0 of the shape

Fro(s) = > apg(n)si’ sl

with (f,g) = af4(0). Since 7;,(2) € R, we have Hg(z) = Hy(2), and thus

077 = 000 = CTca (B ) = CTeco [ 10150 B 52 ) = (1),

We finally show that the new regularization agrees with Petersson’s, wherever his exists. Setting
B (30,€,0) :={z¢€ H :e <r;,(2) <}, Petersson’s regularization equals

lim / F()gy
51,...,€r4>0+ F*\UZ:l BE((@E) Y

—— o dxd . —— o dxd
— [ e VIO e MCREY
F*\Up=1 Bs(3e) Yy €1 8r 0T S P U,y Bl3e.20,0) Yy

The first term on the right-hand side of (3.11) is precisely the right-hand side of (3.6). It thus
remains to prove that

lim f(2)g(z)y

ee=0% JF*nB(30,0,0)

dzdy
%T = CTs=0Zs,5,,6(f, 9)- (3.12)

By the existence condition (3.2), we may plug in sy = 0 in (3.10), and obtain that

CTSZZO ISbMﬁ(f?g) w, 2k Z Cfg,l Cg 5[ / R1+2n

é n>0
14

R*)* 4R,



Using (3.8) and then following the calculation in (3.10), plugging the elliptic expansion into the
left-hand side of (3.12) yields that the two regularizations match since

. —— opdrdy _ ? i 2 2k—2
lim f(2)g(z)y? crs(n)e / R'™™ (1-R dR.
e JB(30c00) )9(2) Y2 Qk; T;] fzg 9, M ) 0 ( )

4. THETA LIFTS AND THE PROOFS OF THEOREMS 1.1 AND 1.2 (1)

4.1. Proof of Theorem 1.1. Before proving Theorem 1.1, we note a (well-known) fact about the
theta kernel ©y.

Lemma 4.1. The function 7 — O(z,7) grows at most polynomially towards the cusps and decays
exponentially for T — i00.

Proof. To show that it exponentially decays towards ico, we use (2.3) to rewrite the absolute value of
the exponential in definition (1.3) as e~ 27(QZ+Q(=DI*/v*) "and then note that Q2+|Q(z,1)[2/y% > 0
for @ #[0,0,0]. Modularity then implies the claim at the other cusps. O

We specifically apply the theta lift ®; to the weight k + % weakly holomorphic Poincaré series

Pk;+%7—D defined in (2.23) in order to obtain Theorem 1.1.
Proof of Theorem 1.1. A standard unfolding argument (see, e.g., [43]) combined with (2.21) gives
that ‘I’k(Pk+1 D &+1) equals

27 2 1 4

—oniDr 1 dudv
-y / wibrg, (2, T)vkts | 4D

c2la (mod c)*

where a runs over residues modulo ¢ that are coprime to ¢ and for each a and ¢ we denote by Sea
c

the disc of radius (2¢°T) ™" tangent to the real axis at £. Note that the factor § = [SLy(Z) : I'o(4)]
comes from the fact that the inner product is taken over I'p(4). Following an argument similar to
the proof of Theorem 1.1 (2) in [8], the polynomial growth of 7 — O(z, 7) towards the cusps yields
that the second term of (4.1) does not contribute in the limit 7" — oco. To evaluate the integral
in the first term of (4.1), we plug in the defining series (1.3) and integrate over w to obtain, as
T — o0, the expression

m\?*

l
(477‘D6)4y2k Z Q (E, 1)k /oo e47rDv747rQ§v kildv.
QeQ_p 0

The claim now easily follows using (2.3) to show that the integral on v equals

%0 4nlQz D%y kE—1)!
/0 e y? Py = 7< (471')13 y%]Q(z, 1)’_%.
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4.2. Proof of Theorem 1.2 (1). The goal of this section is to compute the image of the Maass—
Poincaré series Ps_, _p , defined in (2.22) under ®7_,, and to connect these images to the functions
2 K b

Fa. We do so in the following theorem, which extends Theorem 1.2 (1).

Theorem 4.2. For s € C with o > 1 we have

T—k’ (ngk,fD,s) (Z

In particular, we have the equality
@T—k(ngth)::]a—h—D'

Remark. After seeing a preliminary version of this paper, Zemel [44] has obtained further theta
lifts related to vector-valued versions of F 4.

Proof of Theorem 4.2. One can show that both sides of (4.2) converge absolutely and locally uni-
formly for 0 > 1 and z ¢ {7g : Q € A} and hence are analytic in s. It thus suffices to show (4.2)
for o > k — % Following the proof of Theorem 1.1 and noting that the map [a, b, c| — [a, —b, c] is
an involution on Q_p, we obtain

. (47D)i~: b1 Dy’
P Pé_ —D,s (z) = QZQ(Z7 1) Is < ) ) (4'3)
e (i) Y QG 1P
where

Z(Z) ::/O M%fk,s (v) Ve Be Zdv (Z eRT).

Applying formula 7.621.1. of [20] yields

k 1
ko1 Z \*T2 1 ko1 k3 Z
IS(Z)—F<S+2_4> () 2F1 <8+2_478+2_4’2S’Z—|—1> (44)

Moreover, (2.3) implies that

= 4.
Z+1 Q2 (4.5)
for Z := Dy?/|Q(z,1)|?, and substituting this and (4.4) back into (4.3) yields (4.2).
To prove the second claim, we use (2.11), (2.9), and (2.13) to obtain
1 1 1 1 1 1 W
By kk— =ik + = =(1-W)2 R k—=k+ = ——
2 1<a 9’ +27W) ( W)2 2 1<23 9’ +27W_1>
1 1 w 11
= (-DF 2 (k=2 ) Wwkts k- =), 4.
0t (k- g ) (k- 5g) - (40)
Employing (4.6) with W := D/Q? and using (4.5) to evaluate W/(W —1) = —Z = —Dy?/|Q(z,1)|?,
we obtain the second claim, using the fact that sgn(@,) = 1. O
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5. PROPERTIES OF THE FUNCTION F4 AND PROOF OF THEOREM 1.2 (2)

5.1. Relation to higher Green’s functions. The goal of this section is to write the functions
F 4 defined in (1.5) in terms of higher Green’s functions. For this, set

(2k — 2)! 1 ifn>k—1,
Uk = —sp T n . (5.1)
Lemma 5.1. For Q € Q_p and n € Ny we have
R (B ) {Rg“k (QEI(Z,TQ)) fn>k—1,
2—okP1-k,—D,Q(2)) = arpn - ,
y2k—2_2”R’5 1 (g,]?(z, TQ)) ifn<k-—1.
Proof. We first prove that for every z,3 € H and j € Ny we have
R} (93 (=)
2R -k + - DI(Z—3)(z —3) ” k+j+1 k+j N 1 1
- (2k — 1)ly2iyi cosh(d(z, 3))F+7 ! 2 7 2 7" 27 cosh(d(z,3))?
(5.2)

We note that the images under repeated raising of the Green’s function are known in the literature
(see, e.g., [33]), but some rewriting is still required to derive the form (5.2). So, for the convenience
of the reader, we present a direct proof. To show (5.2), we first compute

Z-3(E=-3)
2y%y
from which we conclude that Rg , (cosh(d(z,3))) = 0. Employing these identities, induction on

J € Ny gives

R} (9F(.5))

2k=1 (k — 1)1 0 k k+1 11
= ——5 = (Roz(cosh(d(z,3 ].[Z"“ F (,;k+;>] .
(2k_1)! ( ’ ( ( ( )))) 0z3 o 2 2 2" 72 Z=cosh(d(z,3))
(5.4)

Ro,. (cosh(d(z,3))) = — , (5.3)

Next, again by induction on j € Ny, and employing (2.12), we obtain

o k kE k+1 11 (=1)7(k+j—1)! k+ji+1 k+3j 11
L (zrE (2 e S ) ) = Ay o ki — ).
8ZJ< “<2’ 2 +2’Z2>) (k—1)izkti >0 o g "o
Plugging this and (5.3) into (5.4) gives (5.2).

Using (5.2), we next show the n = 0 case of the assertion of Lemma 5.1, namely

1 Iy
Pi_y-pq(2) = —my% Ry~ (g8 (2, 70))- (5.5)
For this we let j = k — 1 in (5.2), which yields that
k—1( W (k—DIE-3)" 'z -5)"" 1 1 1
__ Fikk—=ht— ).
fo.. <gk (Z’z)) (2k — 1)y —2yF~T cosh(d(z,3))2F 12 '\ SRR cosh(d(z,3))?

From now on we choose 3 = 7. Hence, employing (4.6), (2.6), and (2.2), (5.6) becomes

_ : _ 1k g gpr——h— Dy? 11
RIOC 1(912]1(277'62)) :Z(_l)ka 2(k=1ID77y? 2kQ(Za1)k 15<_‘Q(2§J1)|2§k—272)-
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Since @ is positive-definite, so that sgn(Q,) = 1, this gives (5.5).
To finish the proof, we apply raising n times to (5.5), yielding

Ry o) (P1-k,-Dg(2) = —m ok (?J%_QRIS_I (9@(%@))) : (5.7)

We now distinguish among two cases depending on whether n >k —1orn <k —1.

In the case n > k — 1, the claim follows from applying Lemma 2.1 with £ = k — 1 to (5.7) and
noting that g,]gl is real-valued. This yields the claim.

For n < k — 1 the eigenvalue of Rf ' ~"(gfl) is (n+1)(n + 2 — 2k). Thus we have, by Lemma 2.1
with £ = n,

n 2 m 1n —o_op N2k =2)! ———,
5ok <y2’“ "Ry, (R (9;@(2’7@))» =y g ey (9= m))-

Plugging this back into (5.7) yields the claim. O

We also need regularized versions of Gy, and F 4. For this, define

reg
h(w):= > hw),
weS wES
h(w)#o0

where h is an arbitrary function taking inputs from some set S and with outputs in CU{cco}. Note
that different choices of w lead to different subsets of S being excluded on the right-hand side of
the above equation. For any operator O we then let

0 ( regh(@) =S """ O(h(w)).
weS weS
Moreover, for H(z) := >, g h-(w) we set

Hee(2) = S hy(w).

weS
Note that H may possibly have distinct presentations of this type, written both as a sum over
w € S of h,(w) and as sum over another set with a different function. The regularization H"8(z)
depends on the choice of its presentation so we emphasize that the regularization uses the choice
of h, and the set S given in the definition of H.

We obtain the following corollary by applying Lemma 5.1 termwise.
Corollary 5.2. For Qo € A€ Q_p/SLa(Z) and n € Ny we have

arn [ RETTR(GEE (2 0,)) ifnzk—1,
y2k=2-2n gh=T=n (Gy2(2,7q,))  ifn<k-—1,

Ry o (F4*(2)) =

2wTQO

where ay,p, ts defined in (5.1). In particular

1
26 (k- Dlwe,

() = VRS (G (27q)).

Proof. Writing Q = Qo o M with M € I'z, \SL»(Z), we have

Ry (FE) = —

- 52k (P1-k,—D,QooM) -
Q0 \1eSLy(z)

The result then follows from Lemma 5.1, using the relation 79,0 = M ™17, . U]
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5.2. Proof of Theorem 1.2 (2). We now have the necessary pieces to show the modularity of
F 4 and its relation to f4 under the differential operators.

Proof of Theorem 1.2 (2). We first show that
Rj (Gr(z,79,)) = =2"(k = D! wry fa(2). (5.8)
For this, we plug j = k into (5.2), which implies that R} (g}?(z,g)) equals
C(E-DIE-3)"E-3)"
2%y * cosh(d(z,3))%
Now, by (2.9) and (2.10), (5.9) becomes
(k- DIz -3)"z-3)"
2y cosh(d(z13)F — DF
Taking 3 = 7, using (2.6) and (2.1), and plugging in termwise, gives (5.8).
The statement for the {-operator now follows from Corollary 5.2, using (2.20) and (5.8).
We next compute the image of F 4 under D?*~!. Using Bol’s identity (2.19) we have, by Corollary
5.2, the equality

F1<k+ kk+;cosh(d1())2>' (5.9)

_ 1 Qg 2k—1
D* 1(]:.»4(2)) - - (47T)2k—1 2% ng (Gk (Za TQO)) :

Using (5.8) then gives the claim.

Finally, Corollary 5.2 immediately implies that F 4 is modular of weight 2 — 2k, and the decom-
position Ag_op = —&ok 0 {a_ok together with (1.8) give that F4 is annihilated by that operator.
From this one concludes that F 4 is a polar harmonic Maass form. O

5.3. Elliptic expansion of F 4. Before stating the elliptic expansion of F 4, we first give a general
formula for functions annihilated by the Laplace operator.

Lemma 5.3. Suppose that M : H — C satisfies Ag_op (M) = 0 and has a singularity of finite
order at o € H. Then for 0 < r,(z) <, 1 we have

(ME = 250,) () = > (e~ 92 S TR (M= Za00) (05,2 (5.10)
n>0 :
In particular, if M does not have a singularity at o, then for 0 < r,(z) <, 1 we have
. n" n
M3 (2) = (2im)* % (= —2)**" 22 5ok (M(0)) Xp(2)". (5.11)
n>0 :

Remarks.

(1) In (5.10), one first needs to act on an independent variable and then plug in g, because M —
P, depends on p. In (5.11), one may directly apply raising.

(2) A similar statement is true for the non-meromorphic part M, , where raising is instead applied
to the conjugate of M. However, we do not work out the details here.

Proof of Lemma 5.3. Since M+ :@’L o 18 holomorphic in some region around p, Lemma 2.2 pro-
vides, for z in some nelghborhood of o, the expansion

. k—2 n"
(/\/{g - "@j\_/l,g) (z) = (2in)* Qk 2 Z Do ( — '@/tm) (0)X,(2)".
n>0 nl
The claim hence follows once we prove that

Ry (ME = 25,) (0) = B3 (M = Pan) (o).
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Noting which terms in the expansion (2.18) grow as z — p, it suffices to show that for all m € N
and n € Ny one has

[RS_%Z ((z —9)%7 28y (1 — ry(2)% 2k — 1,m) Xg(z)_mﬂ —0. (5.12)

zZ=0

To prove (5.12), we first use (2.17) to rewrite
(2 — ?)%_250(1 - TQ(Z)ZS 2k —1, m) XQ(Z)_m

s <2k - 2> (=7t (2 — 92X, (2) X, (2™, (5.13)

0<j<2k—2 J J+m

We next apply Ry 5 , to (5.13). All of the factors other than (z — 2)%*72X,(2) are annihilated

by differentiation in z. Note moreover that X,(z)7*™ vanishes at z = p, and also that the limit of
Ry o .((2 —0)%72X,(2)7) as z — g exists because j > 0 and the resulting function is a polynomial
(of degree at most 2k —2) in z with coefficients depending on y and p. Therefore (5.12) follows. [

We next describe the principal part of the elliptic expansion of F 4 around p, and relate the
coefficients of its expansion to higher Green’s functions.

Lemma 5.4. The principal part of F 4 around o € H is

@J’A,g(z) = 6@:TQP1*]€»*D7Q<Z)7

where here by d,=r, we mean that ¢ = 7q as points in H instead of SL2(Z)\H as used throughout
the paper. The elliptic coefficients of the meromorphic part of F 4 are given by

C+ (n) o bk,n {772—2k+nR61721k (Grkeg(Q’ TQO)) an > b 1’
Fa B -n —1—-"n T .
A0 n Rl(igl (erg(@ TQO)) @fn <k-— 1’

Wrg,
where by, is defined in (1.10).

Proof. First note that since 0 < D < Q% with D = Q? if and only if Q(2,1) = 0 by (2.3), and
since the only possible singularities of 5(x;a,b) are at x = 0, x = 1, and x — oo, the only terms
contributing singularities are those with ¢ = 7g. Since @ is entirely determined by 7¢ and D, it
remains to show that Py_; _p ¢ is precisely a principal part (i.e., that its elliptic expansion (2.18)
only contains terms that grow towards g). The claim hence follows once we show that

P -p,q(2) = 227 (2 = 1) ol R B (1 — rrp(2)% 2k — 1,1 — k) Xpp (2)F7. (5.14)
To obtain (5.14), note that it is not hard to see that the constant Coj_11_ defined in (2.16)
vanishes, and thus
Bo(Z;2k — 1,1 — k) =p(Z;2k— 1,1 — k).
By (2.2), the right-hand side of (5.14) thus equals
2% DS Q2 1)F B (1 — 1y (2)% 2k — 1,1 — k) .
We then use (2.14), noting that (2.7) and (2.3) imply that

_ (1—rrg (2)2)2 _ Dy
dro (22 1Q(z,
to obtain )
“1 vk pisE k-1 Dy 11
2 7’(71) D Q(Z,l) ﬁ(Q(z,l)Q’k 252> .

Recalling the definition of P1_; _p ¢ in (1.6), this yields the statement for the principal part.
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We next evaluate the elliptic coefficients of the meromorphic part. For n € Ny, Lemma 5.3 allows
us to rewrite

+ (20> 3 skin pn
CfA,g(") = TU Ry o (Fa — PF,4.0) (0)-
Using (5.14) and acting termwise yields
C;r_- (n) _ (Qi)Q_Qk n2—2k+nR£L_2k (fjg(g)) )
AQ n!
The result then follows from Corollary 5.2. g

6. PROOF OF THEOREM 1.4 AND COROLLARY 1.5

In this section we prove a more general version of Theorem 1.4 in Theorem 6.2 below, and then
use this to prove Corollary 1.5. In order to do so, we first rewrite the inner product (f, f4) in terms
of the elliptic coefficients of f given in (1.9), as well as those of F 4, evaluated explicitly in Lemma
5.4.

Theorem 6.1. If f € Soi has its poles at 31,. .., in SLo(Z)\H, then

(fifa) = WZ ! chrw(—n)c}maé(n —1).

w
=1 v e n>1

Proof. Since the functions {Wak (-, 3) : 3 € H, m € Z} span Sy, linearity allows us to assume that
f(z) = (2w;) "Worm(2,3) for m € Z, 3 € H. We use a trick employed by many authors (cf.
[4, 11, 17]) for rewriting the inner product. By (1.8) we obtain

(f, fa) = (f, &2—21 (Fa)) - (6.1)

We take the implied integral in (6.1) over the cut-off fundamental domain F7., consisting of those
z € F* for which z is equivalent to a point in Fp under the action of SLg(Z), and then let 7' — co.
We require a few additional properties of F*. First we may assume, without loss of generality, that
TQo» 3 € F*. We also claim that since there are no poles of f or f4 for y > 0, F* may be constructed
so that for 7" > 0, the boundary of F} includes the line from —% + 4T to % 4+ 4T. Indeed, one can
explicitly build F* from the standard fundamental domain F' by successively removing partial balls
Bs(3¢) N F around each pole 3, € OF that is not an elliptic fixed point and moving them to the other
side of the fundamental domain with respect to the imaginary axis to combine with other partial
balls around equivalent points v3, € OF to form entire balls Bs(7y3¢) for some vy € SLa(Z). Since the
part of the fundamental domain with y > 0 remains unchanged, the boundary of F7. is as desired.
Moreover, we may choose > 0 sufficiently small such that Bs(3¢) is contained inside I';, F* and
balls around different points are disjoint. By Stokes’ Theorem, using the meromorphicity of f and
the vanishing of f(2)hs(2) at z = p for s € C with o > 0, (6.1) equals

— CTs=0 ( f(2)é (hsl,g (Z)hSZ,’TQO (Z)>fA(Z)dxdy
e

+ lim f(z)hsm(z)h”,mo (Z)J:A(z)dz). (6.2)
T—o0 OF;

Note that the minus sign occurring in the second term in (6.2) comes from the computation of

the exterior derivative in terms of the {-operator; see the last two formulas on page 12 of [11] for

further details.

Recalling the definition after (3.5), we note that z — hg, ,(2) is invariant under I', and hence the

integrand in the second term of (6.2) is modular of weight 2. Combining this modularity with the
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exponential decay of f towards ioo and the polynomial growth of the other factors, one concludes
that the second term vanishes as T — oco. Using the invariance of the integrand under the action
of I'z, ~and I';, we then rewrite (6.2) as

S D OND SR |

1260 (Rors(hsarg, (2)) Fal)dady | . (6:3)
Wrg, Ws ~
Y1 Gré Y2 GFTQO

172 F™*

Note that for p € F™*, no other element of I', F™* is equivalent to ¢ modulo SLy(Z), and we have the
equality ro(Mz) = ry(2) for every M € ', by (3.9). Hence the equality hs, o(2) = ro(2)** holds
for every z € I',F™*. For (g, s0) € {(3,51), (TQ,, 52)} we may therefore compute

(6.4)

Thus 1/(s1s2) times the first integral in (6.2) restricted to z ¢ Bs(3)UBs(7q,) converges absolutely
and locally uniformly in s, and hence the corresponding contribution to the integral is analytic and
vanishes at s = 0. To evaluate the remaining part of (6.3), we first compute &o(hs,,;(2)hsy,7q, (7))
for z € Bs(3) N F™* using the product rule. The term coming from differentiating A, -, vanishes in
the limit so — 0 by (6.4). We then use (3.8) and (6.3) to show that the first integral in (6.2) over
Bs(3) N F* equals

_i CTS1:O ( (2)5072 (hshz(z))fA(Z)dxdy) .
ws Bs(3)

Plugging (6.4) into the latter expression, and repeating the argument for 7o, if 7q, # 3, (6.2)
becomes

4v 4
oI (700) + By, T ) (6.5)
where
T(0) = CTapo <sO / ( )f(Z)rg(Z)2S°Z(XQ(Z;QFA(Z)da:dy> . (6.6)
5(0 z =

To evaluate J (o), we insert the elliptic expansion (2.26) of f(z) = (2w;) " Way 1 (2,3) around
o and the expansion of F 4 using the explicit principal part given in Lemma 5.4 (rewritten as in
(5.14)) to see that the integral in (6.6) equals

1 n? 250—2
— —— | 0,= X, () + c(n) X, ()" | ro(2)?°7° X, (2
7 Joso o -2t |2 o(2) nEZO (n)Xo(2)" | ro(2) o(2)

X (22—3kvggokag:TQoﬂo (1 — Ty, ()% 2k — 1,1 — k:) Xog, (143 ek, (0X,(2)f
>0

+3 cr, L 080 (1—1o(2)% 2k — 1, ) Xg(z)f> dzdy. (6.7)
<0
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Making the change of variables X,(z) = Re and noting that

we may rewrite (6.7) as

= I4dxdy = 8d0dR and r,(2) = R,

2 P 0 Rk 1+23061k9 5
// Sp= R7e™ +3 " c(n)R"e Lp— 2%2“@)( — R%2k — 1,1 — k)

n>0 0

+ Z CJ}F—AVQ(E)RK-FQSO@Z‘(Z-‘_I)G + Z C;‘A@(g)ﬁ() (1 o R2; 2k — 1, —f) R€+2soei(€+l)9> dOdR.
>0 <0

Expanding, the integral over # vanishes unless the power of €% is zero. The latter expression thus
equals

[ Om=—kOe=rg= g (1= R%2k — 1,1 —k) +6pmyct (—m —1)
2n2 Jo 231@—208—1 0 ' ’ 0=3"F a0
0

+ ) (e(n) + Snmmbp=y) cx, , (—1—1) Bo (1—R2;2k—1,n+1)>R2301dR. (6.8)
n>0

To determine the residue of (6.8) at sy = 0, we use (2.17) with a = 2k — 1 and b = —/ to expand
Bo(1 — R?;2k — 1, —¢). For o¢ >> 0, multiplying the first term in (2.17) by R?*°~! and integrating
then yields

3 <2’€ - 2) )7 / RU-t0 g = Y <2k = 2> (—1)7+1520—t+s0)
o<j<zk—2 N J j—t o<j<ak_a \ 7 2(j —0)(j — £+ s0)
7t 7

which is holomorphic at sy = 0, so the corresponding terms in (6.8) give no residue. Hence

T0p=;
2n?

Om=—k0p=ro, [2k — 2
J(e) = Mo Q0<

4 9 1 i 5280
-— 0 log(R)R***""dR —-m—1 .
et (k1) [ e tin iy ) 5 )
(6.9)
Using integration by parts for the first summand in (6.9), we obtain a meromorphic continuation
with no constant term, as

CTs=0 <—So

280 1 250 1

6
50 / log (R) R**°~'dR =
0

Therefore

M0 o=

J(0) = e derao(—m—1).

Plugging this back into (6.5) and recalling that this equals (6.1) then gives

Ay, 4,
(1) = (oo op (FA)) = 207 (rq) + =270 7y

TQO OUZ’
T T T
= §._. - -m—-1)+ —9¢ ct (=m—-1)=—ct (=m—1).
VQurg, A, ) i, e )= 3, T )

The following Theorem generalizes Theorem 1.4 to also allow poles at 7, .
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Theorem 6.2. If Qo € A€ Q_p\SLa(Z) and f € So, with poles in SLo(Z)\H at 31,...,3r, then

(fifa) = wﬂ Z i (Z bk,nflyz2k+ncf,3e(_n)Rg_k (Gll;eg(zv TQO))

Qo =1 Y \ >k

k—1
+ Z bkznflyz_ncf,ze(_n)Rloc_n (Gll;eg(za TQO))) .

n=1

Proof. The result follows directly by plugging Lemma 5.4 into the statement of Theorem 6.1. [

We finally prove Corollary 1.5.

Proof of Corollary 1.5. This follows immediately from Theorem 1.4 and Lemma 2.3. U

7. FUTURE QUESTIONS

We conclude the paper by discussing some possible future directions that one could pursue:

(1)

Note that by Theorem 1.4, f 4 is orthogonal to cusp forms, which was also proven by Petersson
[38]. Combining the regularizations for growth towards the cusps and towards points in H,
one can further prove that f4 is orthogonal to weakly holomorphic modular forms, but we
do not carry out the details here. After reading a preliminary version of this paper, Zemel
[44] considered some questions related to inner products between weakly holomorphic modular
forms and meromorphic cusp forms.
Images of lifts between integral and half-integral weight weak Maass forms have Fourier ex-
pansions that can be written as CM-traces for negative discriminants and cycle integrals for
positive discriminants [9, 12, 16]. Thus the appearance of CM-values of SLy(Z)-invariant func-
tions in Theorem 6.2 is natural. Since the generating function of Zagier’s cusp forms for positive
discriminants yields the (holomorphic) kernel function for the first Shintani lift, one may ask
whether there is a connection between CM-traces and the generating function of the fi _p.
However, the naive generating function diverges, and furthermore, it would have a dense set of
poles in the upper half-plane. It hence might be interesting to investigate instead whether the
generating function for the regularized function f,geﬁ p has any connection to CM-traces.
In light of the connection in Corollary 1.5, it would be interesting to investigate Conjecture 4.4 of
[22], concerning Gy, evaluated at CM-points. Moreover, since Gzeg(TQO,TQO) naturally appears
when computing (f4, fa), one can probably use the regularized higher Green’s functions to
reformulate the conjecture to include the case when the CM-points agree. Given the connections
to heights and geometry in [22] and [45], it would also be interesting to see if the identity in
Corollary 1.5 holds for £ = 1 and higher level in this case.
In Conjecture 4.4 of [22], Gross and Zagier took linear combinations of Gy, acted on by Hecke op-
erators, and conjectured that these linear combinations evaluated at CM-points are essentially
logarithms of algebraic numbers whenever the linear combinations satisfy certain relations.
These relations are determined by linear equations defined by the Fourier coefficients of weight
2k cusp forms. Note that by Corollary 5.2, Gi(z,7q) is essentially ng_l(}"A(z)), while F 4 is
naturally related to f4 via differential operators in Theorem 1.2 (2). Translating the condition
of Gross and Zagier into a condition on polar harmonic Maass forms might be enlightening in
two directions. On the one hand, it might carve out a natural subspace of weight 2k meromor-
phic modular forms (corresponding to the image under ;o5 of those polar harmonic Maass
forms satisfying these conditions), which may satisfy other interesting properties. On the other
hand, by applying the theory of harmonic Maass forms, one may be able to loosen the conditions
and investigate what happens for general linear combinations.

24



1]

REFERENCES

C. Angelantonj, I. Florakis, B. Pioline, One loop BPS amplitudes as BPS-state sums, J. High Energy Phys.
06:70 (2012), 1-39.

A. Beardon, The geometry of discrete groups, Grad. Texts in Math. 91, Springer, New York, 1995.

P. Bengoechea, Corps quadratiques et formes modulaires, Ph.D. thesis, 2013.

R. Borcherds, Automorphic forms with singularities on Grassmannians, Invent. Math. 132 (1998), 491-562.

K. Bringmann, N. Diamantis, S. Ehlen, Regularized inner products and errors of modularity, Int. Math. Res.
Not., to appear.

K. Bringmann, B. Kane, A problem of Petersson about weight 0 meromorphic modular forms, Res. Math. Sci.
3:24 (2016), 1-31.

K. Bringmann, B. Kane, W. Kohnen, Locally harmonic Maass forms and the kernel of the Shintani lift, Int.
Math. Res. Not. 2015 (2015), 3185-3224.

K. Bringmann, B. Kane, M. Viazovska, Theta lifts and local Maass forms, Math. Res. Lett. 20 (2013), 213-234.
K. Bringmann, K. Ono, Arithmetic properties of coefficients of half-integral weight Maass-Poincare series, Math.
Ann. 337 (2007), 591-612.

J. Bruinier, Borcherds products on O(2,1) and Chern classes of Heegner divisors, Lecture Notes in Math. 1780,
2002.

] J. Bruinier, J. Funke, On two geometric theta lifts, Duke Math. J. 125 (2004), no. 1, 45-90.

J. Bruinier, K. Ono, Algebraic formulas for the coefficients of half-integral weight harmonic weak Maass forms,
Adv. Math. 246 (2013), 198-219.
J. Bruinier, G. v.d. Geer, G. Harder, D. Zagier, The 1-2-8 of modular forms, Springer-Verlag, Berlin, 2002.

14] J. Bruinier, T. Yang, Faltings heights of CM cycles and derivatives of L-functions, Invent. Math. 177 (2009),

631-681.

Digital Library of Mathematical Functions, National Institute of Standards and Technology, website:
http://dlmf.nist.gov/.

W. Duke, O. Imamoglu, A. Téth, Cycle integrals of the j-function and mock modular forms, Ann. Math. 173
(2011), 947-981.

W. Duke, 0. Imamoglu, A. Té6th, Real quadratic analogues of traces of singular invariants, Int. Math. Res. Not.
2011 (2011), 3082—-3094.

J. Fay, Fourier coefficients of the resolvent for a Fuchsian group, Crelle 293—294 (1977), 143-203.

H. Gillet and C. Soulé, Arithmetic intersection theory, Publ. Math. LH.E.S. 72 (1990), 94-174.

I. Gradshteyn, I. Ryzhik, Table of integrals, series, and products, Elsevier/Academic Press, Amsterdam, 7th
edition, 2007.

V. Gritsenko, V. Nikulin, Automorphic forms and Lorentzian Kac-Moody algebras, Part II, Internat. J. Math. 9
(1998), 201-275.

B. Gross, D. Zagier, Heegner points and derivatives of L-series, Invent. Math. 84 (1986), 225-320.

J. Harvey, G. Moore, Algebras, BPS states, and strings, Nuclear Phys. B 463 (1996), 315-368.

D. Hejhal, The Selberg trace formula for PSL(2,R) (Volume 2) Lecture Notes in Math. 1001, 1983.

M. Hével, Automorphe Formen mit Singularitaten auf dem hyperbolischen Raum, Ph.D. thesis, 2012.

R. Howe, 0-series and invariant theory in Automorphic forms, representations and L-functions, Proc. Sympos.
Pure Math., XXXIII, Amer. Math. Soc., Providence, RI (1979), 275-285.

O. Imamoglu, C. O’Sullivan, Parabolic, hyperbolic, and elliptic Poincaré series, Acta Arith. 139 (2009), 199-228.
S. Katok, P. Sarnak, Heegner points, cycles, and Maass forms, Israel J. Math. 84 (1984), 193-227.

W. Kohnen, Fourier coefficients of modular forms of half-integral weight, Math. Ann. 271 (1985), 237-268.

D. Kramer, Applications of Gauss’s theory of reduced binary quadratic forms to zeta functions and modular
forms, Ph. D. Thesis, University of Maryland, 1983.

W. Kohnen, D. Zagier, Values of L-series of modular forms at the center of the critical strip, Invent. Math. 64
(1981), 175-198.

W. Kohnen, D. Zagier, Modular forms with rational periods in “Modular Forms,” ed. by R. A. Rankin, Ellis
Horwood (1984), 197-249.

A. Mellit, Higher Green’s functions for modular forms, Ph. D. thesis, Rheinische Friedrich-Wilhelms-Universitat
Bonn, 2008.

S. Niwa, Modular forms of half integral weight and the integral of certain theta-functions Nagoya Math. J. 56
(1974), 147-161.

T. Oda, On modular forms associated with indefinite quadratic forms of signature (2,n — 2), Math. Ann. 231
(1977), 97-144.

25



[36] H. Petersson, Finheitliche Begrindung der Vollstandigkeitssitze fir die Poincaréschen Reihen von reeler Dimen-
sion bei beliebigen Grenzkreisgruppen von erster Art, Abh. Math. Semin. Univ. Hambg. 14 (1941), 22-60.

[37] H. Petersson, Konstruktion der Modulformen und der zu gewissen Grenzkreisgruppen gehérigen automorphen
Formen von positiver reeller Dimension und die vollstindige Bestimmung ihrer Fourierkoeffzienten, S.-B. Hei-
delberger Akad. Wiss. Math. Nat. KI. (1950), 415-474.

[38] H. Petersson, Uber automorphe Orthogonalfunktionen und die Konstruktion der automorphen Formen von posi-
tiver reeller Dimension, Math. Ann. 127 (1954), 33-81.

[39] G. Shimura, On modular forms of half integral weight, Ann. Math. 97 (1973), 440-481.

[40] T. Shintani, On construction of holomorphic cusp forms of half integral weight, Nagoya Math. J. 58 (1975),

83-126.

1] M. Viazovska, CM values of higher Green’s functions, preprint.

2] D. Zagier, Modular forms associated to real quadratic fields, Invent. Math. 30 (1975), 1-46.

3] D. Zagier, The Rankin—Selberg method for automorphic functions which are not of rapid decay, J. Fac. Sci. Tokyo

28 (1982), 415-438.

[44] S. Zemel, Regularized pairings of meromorphic modular forms and theta lifts, J. Number Theory 162 (2016),
275-311.

[45] S. Zhang, Heights of Heegner cycles and derivatives of L-series, Invent. Math. 130 (1997), 99-152.

Mathematical Institute, University of Cologne, Weyertal 86-90, 50931 Cologne, Germany
E-mail address: kbringma@math.uni-koeln.de

Mathematics Department, University of Hong Kong, Pokfulam, Hong Kong
FE-mail address: bkane@maths.hku.hk

Fachbereich Mathematik, Technische Universitdt Darmstadt, Schlo3gartenstr. 7, 64289 Darmstadt, Germany
E-mail address: pippich@mathematik.tu-darmstadt.de

26



