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Abstract

The interaction between oblique surface waves and multiple bottom-standing flexible porous barri-

ers under the combined effects of a neighboring rigid vertical wall and a step of arbitrary profile on

the bottom is investigated. The problem is analyzed under the assumptions of small-amplitude water

waves and structural response. The solutions are found using the methods of least-squares approxima-

tion, eigenfunction expansion and multi-mode approximation associated with the modified mild-slope

equation. To keep the barriers at a desired position of interest, clamped–free or clamped–moored edge

conditions are considered. Effects of various wave and structural parameters are studied for single,

double and multiple barriers by looking into the reflection coefficient, wave force exerted on the rigid

wall, free-surface elevations, and plate deflection of the barriers. The model is validated by com-

paring with results available in the literature for the special case of wave interaction with single and

double rigid porous barriers near a rigid wall in the presence of a vertical step. The study reveals that

the presence of multiple flexible porous barriers may effectively reduce the wave reflection and wave

force exerted on the rigid wall. Further, full and nearly zero wave reflection can be found in the case

of single and/or multiple barriers.

Keywords: Wave reflection; bottom-standing flexible porous barriers; mild-slope approximation;

least-squares approximation.

1. Introduction

Breakwaters are barriers built in a body of water to protect a coast from the effect of waves. The

design of a breakwater nowadays needs to take into account environmental impact of the structure.

To be environmentally feasible, an innovative design is often required. The performance of a break-

water in defending a coast against wave attack depends on, among other factors, the hydrographic

and wave conditions of the site. The wave–structure interaction problem is usually so complicated

that the wave transformation on passing through the structure, or the wave loading on the structure,

cannot be evaluated using simple formulas or standard design charts. To solve the problem, one may

resort to mathematical modeling, analytical or numerical, which can be easily adapted to suit different

conditions.
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Among many other types, perforated or porous breakwaters have been increasingly introduced

into the art of dissipating wave energy in nearshore regions as to provide safe areas for ship berthing.

As early as Jarlan [1], a perforated wall breakwater was proposed to consist of a front porous wall, a

rigid back wall and a wave absorbing chamber between them. Since then, Jarlan-type breakwater has

been receiving considerable attention for its tested effectiveness on the reduction of wave reflection

and wave force. Suh and Park [2] developed an analytical model using the Galerkin-eigenfunction

method to predict the reflection coefficient of a perforated wall caisson mounted on a rubble mound

foundation when waves are obliquely incident to the breakwater at an arbitrary angle. Sahoo et al. [3]

studied wave reflection by a partial porous barrier of various geometries and configurations near a

rigid wall using the least-squares approximation method. They found that when the distance between

the porous barrier and the rigid wall is equal to a quarter wave length plus an integer multiple of

half the wavelength of the incident wave, the wave reflection attains a minimum. The interaction

of oblique waves with double-layered perforated breakwater was investigated by Li et al. [4] using

the eigenfunction expansion method. Teng et al. [5] developed an analytic solution based on domain

decomposition for oblique waves interacting with an infinite number of perforated caissons. Liu et

al. [6] then presented a model for assessing the reflection of oblique waves from an infinite array

of partially perforated caissons. This was followed by Liu et al. [7], who considered a modified

type of perforated breakwater consisting of a porous front wall, a rigid back wall and a horizontal

porous plate in the chamber. A thorough review of the developments on wave interaction with various

perforated breakwater can be found in [8] and the literature cited therein. Behera et al. [9] studied

wave trapping by a thin porous barrier near a rigid wall in the presence of a bottom step of arbitrary

profile. Recently, Liu et al. [10] looked into perforated caisson breakwaters having perforated partition

walls. Being light in weight, economical, reusable and environmental friendly, vertical fully/partial

flexible porous barriers are preferred in many situations as a perforated breakwater. Yip et al. [11]

studied wave trapping by a partial flexible porous plate of various configurations near a rigid wall.

Recently, Behera et al. [12] extended the problem to wave trapping by a flexible porous barrier near

a rigid wall in two-layer fluid. Kaligatla et al. [13] further studied the efficiency of a partial flexible

porous barrier using free-surface Green’s function.

By various mathematical techniques, wave interactions with fully/partial single/multiple barriers

without a rigid back wall have been extensively investigated in recent decades. Wave scattering by

a surface-piercing vertical flexible sheet was studied by Meylan [14] using Fredholm-type integral

equations and Green’s function. Mandal and Chakrabarti [15] reviewed various methods for wave

scattering by partial rigid barriers. Lee and Lo [16] analyzed the performance of both single and

dual surface-piercing membrane barrier systems. Karmakar et al. [17] developed a model for wave

scattering by multiple bottom-standing flexible porous barriers using the methods of least squares and

wide-spacing approximation. Several aspects of wave scattering by multiple surface-piercing float-

ing membrane were studied by Karmakar and Soares [18], who reported that the number of barriers

and the barrier spacing can play a central role in controlling wave transmission. Apart from wave

interaction with vertical structures, there has been significant progress on wave past horizontal struc-

tures of different configurations. Hassan et al. [19] developed an analytic solution using eigenfunc-
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tion method for wave scattering by submerged elastic plate. Meylan et al. [20] used eigenfunction,

boundary-element and finite-element method for wave interaction with floating porous elastic plate.

Das and Sahoo [21] developed a solution for wave interaction with very large floating elastic plate

over viscoelastic bed. Recently, Koley and Sahoo [22] studied oblique wave scattering by horizontal

floating flexible porous membrane using Green’s function technique.

Although wave interaction between porous barriers in the case of a flat bottom has been well

studied in the literature, few of the existing work has considered the simultaneous effects due to a

neighboring rigid wall and a stepped bottom. This has formed the motivation of the present study,

which aims to look into wave interaction with multiple bottom-standing flexible porous barriers sub-

ject to the combined effects of a rigid side wall and a step of arbitrary profile on the bottom. In the

present study, modified mild-slope equation (MMSE) of Chamberlain and Porter [23] is solved by us-

ing the Runge-Kutta for determining velocity potentials in the fluid domain having bottom undulation

while the eigenfunction expansion method is used for velocity potentials in the fluid domain having

a uniform water depth, and the solution of the MMSE is matched at the bottom slope discontinuities

through mass conserving jump conditions derived by Porter and Staziker [24]. Moreover, the least-

squares approximation method is used to find the solutions of the physical problem in the presence

of multiple bottom-standing partial flexible porous barriers. Clamped–free or clamped–moored edge

conditions are used to describe the fixing of barriers at a desired position of interest. Numerical results

are shown to reveal the effects of various wave and structural parameters on the reflection coefficient,

wave force on the rigid wall, free-surface elevations, and deflection of the barriers. The computed

results are compared with those available in the literature for the special case of wave interaction in

the presence of a vertical step.

2. Mathematical Formulation

Oblique wave interaction with multiple bottom-standing flexible porous barriers is studied in the

presence of a step-type bottom of arbitrary profile under the assumptions of linearized water wave

theory and small-amplitude structural response. The problem is considered in the three-dimensional

Cartesian co-ordinate system with x-y being the horizontal plane and the z-axis being vertically up-

ward. It is considered that the step occupies the region 0 < x < L with variable depth h(x), and a

uniform open water region −∞ < x < 0 and a coastal region L < x < L1+ · · ·+D with water depths h1

and h2, respectively. It is assumed that the N bottom-standing barriers are equally spaced and placed

at x = α j, where α j = L + L1 + ( j − 3)L2 for j = 3, 4, · · · , (N + 2). The first barrier is located at

a distance L1 from the end edge of the step, B is the distance between the first barrier and the rigid

wall, L2 is the spacing between adjacent barriers, and D is the distance between the last barrier and

the rigid wall, as shown in Fig. 1. It is assumed that the fluid is inviscid, incompressible, and the

motion is irrotational and simple harmonic in time with angular frequency ω. The body of fluid is

assumed to extend horizontally along the y-axis over −∞ < y < ∞. Obliquely incident waves over a

sloping bed is a quasi-3D problem. If the bottom changes only in the x-direction, the wave component

does not change in its wave number in the y-direction. Thus, the form of the velocity potential for

j = 1, 2, 3, · · · , (N + 3) is given by Φ j(x, y, z, t) = Re{φ j(x, z)e−i(kyy+ωt)}, where θ is the incident angle
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with respect to the x-axis and ky = k10 sin θ with k10 being the wave number of the incident wave in

region 1. Along the vertical z-direction, Hb ∈ (−h2,−h2 + b) and Hg ∈ (−h2 + b, 0) denote the barrier

and gap regions, respectively, with b being the length of the barriers.
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(b) Top view

Figure 1: Wave interaction with multiple bottom-standing flexible porous barriers near a rigid wall.

The spatial velocity potential φ j(x, z) for j = 1, 2, 3, · · · , (N + 3) satisfies the Helmholtz equation

given by
(

∇2
xz − k2

y

)

φ j = 0, (1)

where ∇2
xz = (∂2/∂x2 + ∂2/∂z2). The linearized free-surface boundary condition is given by

∂φ j

∂z
− Kφ j = 0 on z = 0, for j = 1, 2, · · · , (N + 3), (2)

where K = ω2/g, and g is the acceleration due to gravity. Further, the boundary condition on the two

horizontal bottoms is given by

∂φ j

∂z
= 0 on z = −hi, (3)
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where i = 1 for j = 1, while i = 2 for j = 3, 4, · · · , (N + 3). On the other hand, the bottom boundary

condition for the step region 2 on z = −h(x) is given by

∂φ2

∂z
+

dh

dx

∂φ2

∂x
= 0. (4)

The far-field boundary conditions is given by

φ1 =
(

A10eip10 x + B10e−ip10 x) f10(k10, z), as x → −∞, (5)

where A10 is the incident wave amplitude, and B10 is the complex amplitude of the reflected wave.

Further, k10 is the real root of the dispersion relation in region 1 with p10 =

√

k2
10
− k2

y , and f10(k10, z)

being the associated vertical eigenfunctions. On the impermeable end-wall, the vanishing of the

horizontal velocity gives

∂φ(N+3)

∂x
= 0 on x = α(N+3). (6)

The continuity of pressure and normal velocity along the gap at x = α j for j = 3, 4, · · · , (N + 2) are

given by

φ j = φ j+1 and
∂φ j

∂x
=
∂φ j+1

∂x
, z ∈ Hg. (7)

The flexible barriers are assumed to be oscillating in the horizontal direction with displacement of the

form ζ( j−2)(y, z, t) = Re{ξ( j−2)(z)e−i(kyy−ωt)}, where ξ( j−2)(z) for j = 3, 4, · · · , (N + 2) are the complex

deflection amplitudes of the flexible barriers. Thus, the boundary condition on the flexible porous

barriers at x = α j for j = 3, 4, · · · , (N + 2) based on Darcy’s law is given by

∂φ j

∂x
= ik10G(φ j − φ j+1) − iωξ( j−2), z ∈ Hb, (8)

where G, given below, is the complex porous-effect parameter as defined by Yu and Chwang [25]:

G = Gr + iGi =
ε( f + iS )

k10ds( f 2 + S 2)
, (9)

with ε the porosity of the barrier, f the resistance force coefficient, S the inertial force coefficient, and

ds the thickness of the porous barrier. Further, the real part Gr represents the resistance effect of the

porous material against the seepage flow while the imaginary part Gi denotes the inertia effect of the

fluid inside the porous material. The equation of motion of the barrier at x = α j for j = 3, 4, · · · , (N+2)

acted upon by fluid pressure yields (as in Magrab [26])

EI

(

d2

dz2
− k2

y

)2

ξ( j−2) + Q

(

d2

dz2
− k2

y

)

ξ( j−2) −msω
2ξ( j−2) = iρω(φ j − φ j+1), z ∈ Hb, (10)

where EI = Ed3
s/12(1−ν2) is the rigidity of the barriers, E is the Young’s modulus, ds is the thickness

of the barrier, ν is the Poisson’s ratio, Q is the uniform compressive force acting on the barrier, and

ms = ρsds is the uniform mass per unit length with ρs being the barrier density. For a unique solution

of the boundary value problem and to keep the flexible barrier in position, the partial barriers are
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subjected to certain edge conditions at the two ends of the barrier. In the present study, two possible

types of edge conditions are considered as follows.

(i) Clamped–free: The barrier is assumed to be clamped near the sea bed at (α j,−h2) and free near

the submerged end at (α j,−h2 + b) for j = 3, 4, · · · , (N + 2). In the case of a clamped edge, the

barrier deflection and the slope of the barrier deflection are zero, while near the free edge, the bending

moment and shear force are zero. Thus, the edge conditions are given by

ξ( j−2)(u) = 0, ξ′( j−2)(u) = 0,
(

d2

dz2
− νk2

y

)

ξ( j−2)(u) = 0,

[

EI

{

d2

dz2
− (2 − ν)k2

y

}

d

dz
+ Q

d

dz

]

ξ( j−2)(u) = 0.



















(11)

(ii) Clamped–moored: The barrier is assumed to be clamped near the sea bed at (α j,−h2) and moored

near the submerged end at (α j,−h2 + b) for j = 3, 4, · · · , (N + 2). In the case of a moored edge,

the bending moment is zero and the horizontal components of the dynamic mooring line tensions are

related to the restoring forces due to the axial load to the shearing forces as given by:

ξ( j−2)(u) = 0, ξ′( j−2)(u) = 0,
(

d2

dz2
− νk2

y

)

ξ( j−2)(u) = 0,

[

EI

{

d2

dz2
− (2 − ν)k2

y

}

d

dz
+ Q

d

dz

]

ξ( j−2)(u) = (2Km sin2 ϑ)ξ( j−2)(u),



















(12)

where Km is the mooring line stiffness, ϑ is the mooring line angle, and u is −h2 + b or −h2 as

appropriate.

3. Method of Solution

In this section, the method of solution for the present problem is briefly discussed. The methods of

least-squares approximation and multi-mode approximation associated with the modified mild slope

equation are used to determine the unknown coefficients associated with the velocity potentials in

each region. Using the expansion formulas, the form of the special velocity potentials φ j(x, z) for

j = 1, 2, · · · , (N + 3) in each (N+3) regions are expressed as

φ j(x, z) =























































































A10eip10 x f10(k10, z) +

∞
∑

n=0

B1ne−ip1n x f1n(k1n, z), x < (α1 = 0), j = 1,

∞
∑

n=0

ψn(x) Wn(h(x), z), α1 < x < (α2 = L), j = 2,

∞
∑

n=0

(A jneip2n x + B jne−ip2n x) f2n(k2n, z), α( j−1) < x < α j, j = 3, 4, · · · , (N + 2),

∞
∑

n=0

B jn cos p2n(x − α(N+3)) f2n(k2n, z), α(N+2) < x < α(N+3), j = N + 3,

(13)

where α(N+3) = α(N+2) + D, fin(kin, z) = cosh kin(z + hi)/cosh kinhi, pin =

√

k2
in
− k2

y for i = 1, 2, in

which k10 and k20 are the positive real roots and kin for n = 1, 2, 3, · · · are the purely imaginary roots

of the dispersion equation ω2 = gkin tanh kinhi in kin for i = 1, 2. Further, in the step region, ψn(x)’s

are unknown functions and Wn = cosh k̃n(z + h)/cosh k̃nh, where the wave number k̃0 is a positive real

root and k̃1, k̃2, k̃3, · · · are purely imaginary roots of the dispersion equation ω2 = gk̃ tanh k̃h in k̃. One
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should note that the roots k̃0, k̃1, k̃2, k̃3, · · · are functions of the bottom profile h(x). A jn and B jn are

the unknown constants to be determined. Hereafter, the infinite series associated with the evanescent

modes for the velocity potentials are truncated to M terms. Using the same procedure as in [24] for

extended modified mild-slope equation to find ψn(x) in the undulated region, it can be easily derived

that

d

dx

(

an

dψn

dx

)

+

M
∑

m=0

[(

bmn − bnm

)

dh

dx

dψm

dx
+

{

bmn

d2h

dx2
+ cmn

(

dh

dx

)2

+ dmn − k2
yan

}

ψm

]

= 0, (14)

where

an(h) =

∫ 0

−h

W2
n dz, bmn(h) =

∫ 0

−h

Wn

∂Wm

∂h
dz,

cmn(h) =
dbmn

dh
−

∫ 0

−h

∂Wm

∂h

∂Wn

∂h
dz, dmn(h) =

∫ 0

−h

Wn

∂2Wm

∂z2
dz,

for n = 0, 1, 2, · · · ,M. Using the velocity potential as in Eq. (13) and the continuity of pressure across

the interfaces x = 0 and x = L, we get

ψ0(x) = A10eip10 x + B10e−ip10 x,

ψn(x) = B1ne−ip1n x,



















at x = 0 for n = 1, 2, · · · ,M, (15)

ψn(x) = A3neip2n x + B3ne−ip2n x at x = L for n = 0, 1, 2, · · · ,M. (16)

Using Eqs. (15) and (16) and the conservation of mass across the interface boundaries at x = 0 and L,

as in [24], we get the jump conditions as follows:

a0

dψ0

dx
+ ip10a0ψ0 + h′

M
∑

m=0

bm0ψm − 2ip10a0A10 = 0,

an

dψn

dx
+ ip1nanψn + h′

M
∑

m=0

bmnψm = 0,







































at x = 0+, n = 1, 2, · · · ,M, (17)

an

dψn

dx
− ip2nanψn + h′

M
∑

m=0

bmnψm − 2ian p2nBne−ip2n x = 0 at x = L−, n = 0, 1, 2, · · · ,M. (18)

Using the velocity potentials φ j for j = 3, 4, · · · , (N + 3) as in Eq. (13) and the continuity of velocity

at x = α j as in Eq. (7) along with the orthogonal characteristics of the eigenfunctions f2n(k2n, z) for

n = 0, 1, 2, · · · , we get

A jn − B jne−2ip2nα j = A( j+1)n − B( j+1)ne−2ip2nα j , for j = 3, 4, · · · , (N + 1),

A jneip2nα j − B jne−ip2nα j = −iB( j+1)n sin(p2nD), for j = (N + 2).



















(19)

Using Eqs. (13) and (19) in Eq. (10), the deflection of the flexible barriers ξ( j−2)(z) at x = α j for

j = 3, 4, · · · , (N + 2) is obtained as follows:

ξ( j−2)(z) =

4
∑

m=1

C jmgm(z) +

M
∑

n=0

En(U jn B jn − V jn B( j+1)n) f2n(k2n, z), z ∈ Hb, (20)
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where U jn = 2e−iq2nα j and C jm for j = 3, 4, · · · , (N + 2) are the unknown constants with τn’s being the

roots of the characteristic equation EI(τ2
n − k2

y )2 + Q(τ2
n − k2

y) − msω
2 = 0 and τn = iτn for n = 3, 4.

Further, in Eq. (20)

V jn =















2e−iq2nα j , j = 3, 4, · · · , (N + 1),

sn, j = N + 2,
En =

iρω

EI p4
2n
+ Qp2

2n
−msω2

,

g1(z) =
cosh τ1z

cosh τ1h2

, g2(z) =
sinh τ2z

sinh τ2h2

, g3(z) =
cos τ3z

cos τ3h2

, g4(z) =
sin τ4z

sin τ4h2

,

where sn = i sin(p2nD) + cos(p2nD). Using Eq. (19) and φ j from Eq. (13) in Eq. (7) for j =

3, 4, · · · , (N + 2) at α j yields

M
∑

n=0

(U jn B jn − V jn B( j+1)n) f2n(k2n, z) = 0, for z ∈ Hg. (21)

Further, substituting φ j and ξ( j−2)(z) for j = 3, 4, · · · , (N + 2) at x = α j from Eqs. (13) and (20) in Eq.

(8), we obtain

M
∑

n=0

(ã jnB jn + b̃ jnA( j+1)n + c̃ jnB( j+1)n) f2n(k2n, z) + iω

4
∑

m=1

C jmgm(z) = 0, z ∈ Hb, (22)

where ã jn = ienU jn for j = 3, 4, · · · , (N + 2) with en = ωEn − k10G, while b̃ jn and c̃ jn are given by

b̃ jn =















ieip2nα j , j = 3, 4, · · · , (N + 1),

0, j = N + 2,
c̃ jn =















ienV jn, j = 3, 4, · · · , (N + 1),

p2n sin(p2nD) − ienV jn, j = N + 2.

Now, using the least-squares approximation method, Eqs. (21) and (22) yield

∫ 0

−h2

|JM(z)|2dz = minimum, (23)

where

JM(z) =

M
∑

n=0

{B jnT
(1)

jn
(z) + A( j+1)nT

(2)

jn
(z) + B( j+1)nT

(3)

jn
(z)} + T

(4)

jm
(z) for j = 3, 4, · · · , (N + 2), (24)

with

T
(1)

jn
=



















ã jn f2n(k2n, z), z ∈ Hb,

U jn f2n(k2n, z), z ∈ Hg,
T

(2)

jn
=



















b̃1n f2n(k2n, z), z ∈ Hb,

0, z ∈ Hg,

T
(3)

jn
=



















c̃1n f2n(k2n, z), z ∈ Hb,

V jn f2n(k2n, z), z ∈ Hg,
T

(4)

jm
(z) =































iω

4
∑

m=1

C jm f̃m(z), z ∈ Hb,

0, z ∈ Hg.

Minimizing Eq. (24) with respect to B( j+1)n, leads to

∫ 0

−h2

J∗M(z)JB( j+1)n
(z)dz = 0, (25)
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where JB( j+1)n
(z) is the derivative of JM(z) with respect to B( j+1)n and ∗ denotes the complex conjugate

of JM(z). The substitution of Eq. (24) into Eq. (25) results in

M
∑

m=0

(

B∗jnX(1)
mn+A∗( j+1)nX(2)

mn+B∗( j+1)nX(3)
mn

)

= X4
mn, for j = 3, 4, · · · , (N+2) and n = 0, 1, · · · ,M, (26)

with

X(i)
mn =

∫ 0

−h2

T
(i)∗

jm
(z)T

(3)

jn
(z)dz, for i = 1, 2, 3, 4. (27)

Next, to find ψn, the modified mild-slope equation, given in Eq. (14), is solved using the Runge-Kutta

method along with Eqs. (15)–(18) and the specified bed profile h(x). Further, using the required edge

conditions as in Eqs. (11) or (12), the computed results of ψn and the system of equations in Eq. (26),

(6N + 4) × M equations are solved for the unknown constants.

4. Numerical Results and Discussion

In this section, we discuss results generated by a MATLAB program that we have developed for

investigating the effect of various wave and structural parameters on the wave reflection, hydrody-

namic forces acting on the rigid back wall and plate deflections. In the present study, the number

of barriers N = 4, acceleration due to gravity g = 9.81 m/sec2, k10h1 = 1, depth ratio h2/h1 = 0.5,

porous-effect parameter G = 1, B/h1 = 1, spacing between the barrier L2/B = (1 − D/B)/(N − 1)

for N > 1, L/h1 = 0.2, D/B = 0.4, γ = EI/(ρgh4
2
) = 0.1, β = Q/(ρgh2

2
) = 0, υ = ms/(ρh2) = 0.1,

ν = 0.3, b/h2 = 1, ϑ = 45◦, Km = 103 N m−1, and θ = 40◦ are considered unless stated otherwise. The

reflection coefficient Kr is defined as

Kr =
B10

A10

. (28)

Further, the non-dimensional form of the horizontal wave force exerted on the rigid wall is defined as

Kw = |Cw|, where

Cw =

(

iω

gh2
2

) ∫ 0

−h2

φ(N+3)(x, z)

∣

∣

∣

∣

∣

x=α(N+3)

dz. (29)

4.1. Various bed profiles

We consider the bed profiles shown in Figs. 2(a)–(d), which can be generated using the following

bed function h(x):

h(x) = h1 − %{1 − δ(1 − x/L)2 + (δ − 1)(1 − x/L)}, 0 < x < L, (30)

where % = h1−h2. Depending on the parameter δ, Eq. (30) corresponds to various types of bed profile

connecting the depths h1 and h2: a plane sloping step for δ = 0 as in Fig. 2(a), a protrusion above the

depth h2 for δ > 1 as in Fig. 2(b), a concave profile for −1 ≤ δ < 0 as in Fig. 2(c), and a depression

below the depth h1 for δ < −1 as in Fig. 2(d) as in [27]. Unless stated otherwise, the value of δ = 0 is

used.
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Figure 2: Schematic diagram of a set of bed profiles considered in the present study.

4.2. Validation and comparison with other results

In Figs. 3(a) and 3(b), the reflection coefficient versus the non-dimensional wave number k10h1

are plotted in the case of (a) rigid, and (b) flexible porous barriers for different numbers of barriers

N. From Fig. 3(a), it is found that the curves of Kr obtained by the present theory (for a steep step

of 84.29◦) are in close agreement with the results of Li et al. [4] for a vertical step. Li et al. [4]

compared their numerical results with the experimental data. This comparison provides evidence on

the accuracy of the results presented in this paper.
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Figure 3: The reflection coefficients Kr as a function of the non-dimensional incident wave number k10h1 for different

numbers of barriers N: (a) a comparison between present results with the results of Li et al. [4] with γ = 5, and for (b)

γ = 0.1, B/h1 = 1, D/B = 0.2, L/h1 = 0.05, β = 0, ϑ = 45◦, θ = 30◦, G = 1, b/h2 = 1, and h2/h1 = 0.5.

From these figures, it is observed that full reflection does not occur for N > 1. However, near

k10h1 = 3.5, full reflection occurs in the case of a single barrier. The fashions in which the reflec-

tion coefficient varies with the parameters, and the appearance of the full reflection for N = 1, are

qualitatively the same as those found by Kaligatla et al. [13] for wave interaction with a single par-
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tial flexible porous barrier near a rigid wall in uniform water depth. Further, smaller wave reflection

occurs in the case of flexible porous barriers as compared with rigid porous barriers. It is also seen

that for 0.8 < k10h1 < 1.8, a single barrier can reduce the wave reflection notably. However, for

1.5 < k10h1 < 3.8, the wave reflection decreases with an increase in the number of barriers N. Thus, it

is necessary to install multiple barriers if a single barrier produces little reduction on wave reflection.

Further, Fig. 3(b) shows that double flexible porous barriers exhibit good performance in reducing

wave reflection for all values of k10h1. Thus, for an effective breakwater, N = 2 is a good choice.

4.3. Effect of various wave and structural parameters

In the following sections, the effects due to various wave and structural parameters on wave reflec-

tion, loading, and so on are discussed.

4.3.1. Reflection coefficient versus non-dimensional wave number k10h1

In Figs. 4(a) and 4(b), the reflection coefficient, Kr, is plotted as a function of the non-dimensional

wave number, k10h1, for different values of the mooring line angle ϑ and porous-effect parameter G,

respectively. From Fig. 4(a), it is seen that the minimum wave reflection is smaller with a larger

mooring line angle ϑ. On the other hand, the wave reflection is smaller for clamped–moored barriers

(ϑ , 0) when compared with the case for clamped–free barriers (ϑ = 0). This is due to the trapping

of more waves between the barriers under the clamped–moored edge condition, as has been reported

by Karmakar and Soares [18].
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Figure 4: Effect of the (a) mooring line angle ϑ with G = 1, and (b) porous-effect parameter G with ϑ = 45◦, on the

reflection coefficients Kr as a function of the non-dimensional incident wave number k10h1, for N = 2, γ = 0.1, β = 0,

D/h1 = 0.4, L/h1 = 0.2, b/h2 = 1, and h2/h1 = 0.5.

Fig. 4(b) depicts that the reflection coefficient increases with an increase in the absolute value of

the porous-effect parameter G. This results from a higher transmission of wave energy through the

flexible porous barrier with an increase in the absolute value of G. Further, there is a right shift of

the wave reflection curves as the absolute value of the porous-effect parameter G increases. This may

11



be due to a phase change of the reflected wave with a change in G. It may be noted that nearly zero

reflection occurs for N = 2, ϑ = 45◦ and G = 1 at k10h1 = 1, 4.9. The nearly zero minimum reflection

is referred to as wave trapping by flexible porous barriers near a rigid wall, as has been discussed by

Yip et al. [11] for a single barrier.
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Figure 5: Effect of the (a) flexural rigidity parameter γ with β = 0, and (b) compressive force parameter β with γ = 0.1,

on the reflection coefficients Kr as a function of the non-dimensional incident wave number k10h1, for N = 2, G = 1,

ϑ = 45◦, L2/h1 = 0.6, D/h1 = 0.4, b/h2 = 1, and h2/h1 = 0.5.

In Figs. 5(a) and 5(b), the reflection coefficient, Kr, is plotted as a function of the non-dimensional

wave number, k10h1, for different values of the non-dimensional flexural rigidity γ and compressive

force β, respectively. From Fig. 5(a), we see that the wave reflection decreases with an increase

in the structural rigidity. The wave reflection attains a minimum which is due to the destructive

interference of higher modes of vibration of the flexible barriers with incident waves. For larger

values of the structural rigidity, the porous barriers behave more like rigid porous barriers, and the

results presented in this figure correspond to the case of wave interaction with double rigid porous

barriers in the presence of a sloping step. Fig. 5(b) shows that with a change in the compressive

force, there is negligible change in the wave reflection for smaller values of k10h1. Further, the wave

reflection increases with an increase in β.

4.3.2. Reflection coefficient versus non-dimensional slope length L/λ1

In Figs. 6(a) and 6(b), the reflection coefficient, Kr, is plotted as a function of the non-dimensional

slope length, L/λ1, for different values of length of the barrier b/h2 and bed profile parameter δ,

respectively. From these figures, it is seen that the oscillatory pattern of the reflection coefficient

curves weakens with an increase in the slope length L/λ1. Further, toward smaller values of the slope

length, the oscillatory pattern of the wave reflection curves is larger in amplitude. This may be due to

the fact that the slope angle becomes larger for smaller slope length which leads to a higher resonating

pattern of the resultant waves in the confined zone. Fig. 6(a) shows that the wave reflection decreases

with an increase in the barrier height b/h2. This is a result of a higher dissipation of wave energy as

the barrier height increases. On the other hand, because of the protrusion and depression of the bed

profile, the reflection coefficient increases with an increase in the value of δ, as shown in Fig. 6(b).

12



L/λ
1

0 0.5 1 1.5

K
r

0

0.05

0.1

0.15

0.2

0.25

0.3

b/h
2
=0.4

b/h
2
=0.6

b/h
2
=0.8

b/h
2
=1

(a)

L/λ
1

0 0.5 1 1.5

K
r

0

0.05

0.1

0.15

0.2

0.25

0.3

δ=-1

δ=0

δ=1

δ=2

(b)

Figure 6: Effect of the (a) normalized length of barriers b/h2 with δ = 0, (b) bed profile parameter δ with b/h2 = 1, on

the reflection coefficients Kr as a function of the ratio of step length to incident wavelength L/λ1, for k10h1 = 1, N = 2,

h2/h1 = 0.5, ϑ = 45◦, D/B = 0.4, and θ = 40◦.

4.3.3. Reflection coefficient versus normalized distance between the first barrier and the rigid wall

B/λ1

In Figs. 7(a) and 7(b), the reflection coefficient, Kr, is plotted as a function of the normalized

distance between the first barrier and the rigid wall, B/λ1, for different numbers of barriers N, h2/h1 =

1, 0.5 and θ = 0◦, 40◦. From these figures, for N = 1, it is found that the optimum wave reflection

occurs for larger value of B/λ1 with an increase in θ. This is due to a change in the phase of the

incident wave with an increase in θ. The patterns of the wave reflection for N = 1 and θ = 0◦ as

shown in Fig. 7(a) agree well with the results of Yip et al. [11] in the case of a single barrier. It is

also seen that full wave reflection occurs periodically with an increase in B/λ1 in the case of a single

barrier. However, full reflection does not occur in the case of multiple barriers. Further, for N = 4,

nearly zero reflection occurs at B/λ1 = 0.18. On the other hand, the patterns of the wave reflection

for N = 1, 2, θ = 40◦ and h2/h1 = 0.5 as shown in Fig. 7(b) are similar to those presented by Li et

al. [4] in the case of wave interaction with double rigid porous barriers. This agreement with previous

studies gives further support to the correctness of the present results. It may be noted that full and

nearly zero reflection occur for θ = 0◦ in the presence of a single barrier and sloping step of height

h2/h1 = 0.5 as shown in Fig. 7(b).

Also, it is seen that full reflection occurs when B/λ1 approaches zero. For N = 1, full reflection

occurs periodically as B/λ1 increases. However, full reflection does not occur for N > 1. It is also

found that full reflections occurs for smaller values of B/λ1 for h2/h1 = 0.5 when compared with the

counterparts for h2/h1 = 1. From these figures, it is seen that in the regions of B/λ1 where minimum

wave reflection occurs, a single barrier exhibits better performance. However, in the regions of B/λ1

where maximum wave reflection occurs, the wave reflection decreases with an increase in the number

of barriers. Thus, the number of barrier to be installed for reducing wave reflection depends on the

values of B/λ1.
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Figure 7: Effect of the number of barriers N on the reflection coefficient Kr as a function of the ratio of distance from wall

of the first barrier to incident wavelength B/λ1 , with (a) h2/h1 = 1, and (b) h2/h1 = 0.5, for k10h1 = 1, γ = 0.1, β = 0,

ϑ = 45◦, L/h1 = 0.2, and D/B = 0.4.

4.3.4. Reflection coefficient versus angle of incidence θ

In Figs. 8(a) and 8(b), the reflection coefficients Kr and the non-dimensional horizontal force

Kw are plotted as functions of the angle of incidence, θ, for different values of the porous-effect

parameter G, respectively. Fig. 8(a) shows that for G = 1, minimum wave reflection occurs at a

particular incident angle θ = 40◦. This particular angle of incidence is referred to as the critical angle,

for which maximum wave trapping happens in the confined regions. Furthermore, the minimum

reflection coefficient increases in magnitude with an increase in the absolute value of the porous-

effect parameter G as shown in Fig. 4(b). Fig. 8(b) reveals that the horizontal wave force exerted on

the rigid wall Kw increases with an increase in the absolute value of the porous-effect parameter G.

This results from the fact that more waves will pass through the fine pores of the barriers with an

increase in the absolute value of the porous-effect parameter, and thus a larger force will be exerted

on the rigid wall.

4.4. Non-dimensional horizontal wave force Kw versus non-dimensional wave number k10h1

In Figs. 9(a) and 9(b), the non-dimensional horizontal wave force acting on the rigid wall, Kw, is

plotted as a function of the non-dimensional wave number k10h1 and the normalized distance between

the first barrier and the rigid wall, B/λ1, for different numbers of barriers N, respectively. From these

figures, we can see that the horizontal force acting on the rigid wall Kw decreases with an increase in

the number of barriers N. This is expected since larger N will lead to a higher rate of dissipation of

wave energy by the porous barriers. Again, the number of barriers N is one of the important factors

in the breakwater design.

Further, the oscillatory pattern of the wave force curves decreases in amplitude with an increase in

N. On the other hand, a comparison between Fig. 3(b) and Fig. 9(a), and between Fig. 7(b) and Fig.

9(b) reveals the values of k10h1 and B/λ1 for which the wave reflection attains the maximum, while

the wave force exerted on the rigid wall also reaches the maximum. Similar observation has been

made by Behera et al. [12] for wave trapping by a partial flexible porous near a rigid wall.
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Figure 8: Effect of the porous-effect parameter G on the (a) reflection coefficients Kr, and (b) non-dimensional horizontal

force Kw, as functions of the wave incident angle θ, for k10h1 = 1, N = 2, D/B = 0.4, h2/h1 = 0.5, b/h2 = 1, γ = 0.1, and

ϑ = 45◦.
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Figure 9: Effect of the number of barriers N on the non-dimensional horizontal force Kw, as a function of the (a) non-

dimensional incident wave number k10h1, and (b) the ratio of distance from wall of the first barrier to incident wavelength

B/λ1, for b/h2 = 1, h2/h1 = 0.5, D/B = 0.4, G = 1, ϑ = 45◦, γ = 0.1, and θ = 40◦.

4.5. Deflection of the barriers

In Figs. 10(a) and 10(b), the deflection of the flexible porous barriers is plotted for different values

of the mooring line angle, ϑ, and the porous-effect parameter, G, in the case of double barriers. As

expected, zero deflection occurs at the bottom, while the maximum deflection occurs near the free

surface as all the barriers are clamped at the bottom and moored/free near the submerged end. The

deflection of the first barrier is larger than that of the second barrier, as the the first barrier is impacted

by higher wave force than the second. Fig. 10(a) shows that the barrier deflection decreases with an

increase in the mooring angle. On the other hand, Fig. 10(b) reveals that the first barrier deflection

decreases with an increase in the absolute value of the porous-effect parameter G. However, owing to

the dissipation of wave energy by the first barrier, the deflection of the second barrier is not sensitive
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Figure 10: Effect of the (a) mooring line angle ϑ with G = 1, (b) porous-effect parameter G with ϑ = 45◦, on the

normalized barrier deflection ξ/h2, for N = 2, h2/h1 = 0.5, b/h2 = 0.8, D/B = 0.2, γ = 0.1, β = 0, and θ = 0◦.

to the porous-effect parameter G.
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Figure 11: Effect of the (a) porous-effect parameter G for single barrier with L1/h1 = 5, (b) different numbers of barriers

with G = 1, L1/h1 = 0.5 and L2/h1 = 4.5/(N − 1) on the free-surface elevations η j/h1, for h2/h1 = 0.5, b/h2 = 1,

L/h1 = 0.2, γ = 0.1, β = 0, and θ = 0◦.

In Figs. 11(a) and 11(b), the free-surface elevations η j for j = 1 and N+3, i.e. in open water region

1 and rigid wall side regions N + 3 are plotted for different values of (a) the porous-effect parameter,

G, and (b) different numbers of barriers. Fig. 11(a) reveals that the amplitude of the free-surface

elevation in the rigid wall region increases with an increase in the absolute value of the porous-effect

parameter which is due to more wave energy passing through the barrier for larger G. Further, from

Fig. 11(a), it is observed that in the presence of more barriers, there is a significant reduction on the

amplitude of the free-surface elevation in the rigid wall side region. This is due to the wave trapping
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by adjacent porous barriers. Thus, for these wave and structural parameters, the confined zone can be

made as a perfect tranquility zone.

5. Conclusion

The performance of multiple bottom-standing flexible porous barriers in the presence of a rigid

vertical wall and a step-type bottom has been analyzed on the basis of linearized water wave theory.

To determine the velocity potential in an undulated region, the modified mild-slope approximation is

solved using the Runge-Kutta method while the eigenfunction expansion method is used for velocity

potentials in the fluid domain having a uniform water depth. Further, the least-squares approximation

method is used for finding the solutions in the presence of multiple partial flexible porous barriers.

Numerical results are computed for the reflection coefficient, force on the rigid wall, deflection of

the barriers, and free-surface elevations to reveal effects due to the associated wave and structural

parameters. The present model is validated by comparing results with those available in the literature

for the special case of wave interaction with single/double rigid porous barriers in the presence of a

vertical step. The study reveals that a system of double flexible porous barriers is a good choice for an

effective breakwater because it exhibits good performance in reducing wave reflection for all values of

k10h1 (Fig. 3(b)). However, for reducing wave force on the rigid wall, multiple barriers as a breakwater

plays an important role because it is found that the wave force exerted on the rigid wall significantly

decreases with an increase in the number of barriers irrespective of the wave and structural parameters

(Fig. 9). It is also observed that in the presence of a sloping step and single flexible porous barrier near

a rigid wall, full and nearly zero wave reflection occur for certain wave and structural parameters (Fig.

3(b)). However, in the case of multiple barriers, full wave reflection does not occur but nearly zero

wave reflection occurs for double barriers at a critical angle θ = 40◦ (Fig. 8(b)). These observations

of nearly zero wave reflection will be of significance in the determination of maximum possible wave

trapping by flexible porous barriers near a rigid wall. It is seen that under the clamped-moored edge

condition, more wave is trapped between the barriers, and therefore wave reflection is smaller in this

case as compared with clamped-free barriers (Fig. 4(a)). Unlike the case of uniform water depth, in the

presence of step type bottoms, full reflection will happen periodically with an increase in the distance

between the barrier and rigid wall for a single barrier (Fig. 7). In general, the reflection coefficient

is lower for larger values of the mooring angle, structural rigidity and length of the barriers, while

the reflection coefficient is higher for larger values of the porous-effect parameter, compressive force,

protrusion and depression parameter of bed profile. The barrier deflection is found to be smaller for

clamped-moored barriers as compared to clamped-free barriers. It is also observed that due to the

dissipation of wave energy by the first barrier and wave trapping between the barriers, the barrier

deflection is not sensitive to the porous-effect parameter. Further, it is seen that in the confined region

(region between the last barrier and the rigid wall), with an increase in the number of barriers, the

amplitude of the free-surface elevation decreases significantly. In particular, the amplitude of the

free-surface elevation is very small in the presence of four barriers (Fig. 11(b)). This observation

suggests that a calm region can be created on the lee side of the barriers. It is concluded that with the

appropriate choice of wave and structural parameters, flexible porous barriers can act as an effective
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breakwater. Findings of the present study will guide engineers for the design of coastal structures to

be constructed in the neighborhood of a sea wall or harbor wall.

Conflict of Interest

We have no conflict of interest.

References

[1] G. Jarlan, A perforated vertical wall breakwater, The Dock and Harbour Authority 41 (486) (1961) 394–398.

[2] K. D. Suh, W. S. Park, Wave reflection from perforated-wall caisson breakwaters, Coastal Engineering 26 (3) (1995)

177–193.

[3] T. Sahoo, M. Lee, A. Chwang, Trapping and generation of waves by vertical porous structures, Journal of engineer-

ing mechanics 126 (10) (2000) 1074–1082.

[4] Y. Li, G. Dong, H. Liu, D. Sun, The reflection of oblique incident waves by breakwaters with double-layered

perforated wall, Coastal engineering 50 (1) (2003) 47–60.

[5] B. Teng, X. Zhang, D. Ning, Interaction of oblique waves with infinite number of perforated caissons, Ocean Engi-

neering 31 (5) (2004) 615–632.

[6] Y. Liu, Y.-c. Li, B. Teng, The reflection of oblique waves by an infinite number of partially perforated caissons,

Ocean engineering 34 (14) (2007) 1965–1976.

[7] Y. Liu, Y. Li, B. Teng, J. Jiang, B. Ma, Total horizontal and vertical forces of irregular waves on partially perforated

caisson breakwaters, Coastal Engineering 55 (6) (2008) 537–552.

[8] Z. Huang, Y. Li, Y. Liu, Hydraulic performance and wave loadings of perforated/slotted coastal structures: a review,

Ocean Engineering 38 (10) (2011) 1031–1053.

[9] H. Behera, R. Kaligatla, T. Sahoo, Wave trapping by porous barrier in the presence of step type bottom, Wave

Motion 57 (2015) 219–230.

[10] Y. Liu, Y.-c. Li, B. Teng, Interaction between oblique waves and perforated caisson breakwaters with perforated

partition walls, European Journal of Mechanics-B/Fluids 56 (2016) 143–155.

[11] T. L. Yip, T. Sahoo, A. T. Chwang, Trapping of surface waves by porous and flexible structures, Wave Motion 35 (1)

(2002) 41–54.

[12] H. Behera, S. Mandal, T. Sahoo, Oblique wave trapping by porous and flexible structures in a two-layer fluid, Physics

of Fluids (1994-present) 25 (11) (2013) 112110.

[13] R. Kaligatla, S. Koley, T. Sahoo, Trapping of surface gravity waves by a vertical flexible porous plate near a wall,

Zeitschrift für angewandte Mathematik und Physik (2015) 1–26.

[14] M. H. Meylan, A flexible vertical sheet in waves, International Journal of Offshore and Polar Engineering 5 (02)

(1995) 105–110.

[15] B. Mandal, A. Chakrabarti, Water wave scattering by barriers, Wit Pr/Computational Mechanics, 2000.

[16] W. K. Lee, E. Y. Lo, Surface-penetrating flexible membrane wave barriers of finite draft, Ocean engineering 29 (14)

(2002) 1781–1804.

[17] D. Karmakar, J. Bhattacharjee, C. G. Soares, Scattering of gravity waves by multiple surface-piercing floating

membrane, Applied Ocean Research 39 (2013) 40–52.

[18] D. Karmakar, C. G. Soares, Wave transformation due to multiple bottom-standing porous barriers, Ocean Engineer-

ing 80 (2014) 50–63.

[19] U. L. M. Hassan, M. H. Meylan, M. Peter, Water-wave scattering by submerged elastic plates, The Quarterly Journal

of Mechanics and Applied Mathematics 62 (3) (2009) 321–344.

[20] M. H. Meylan, L. G. Bennetts, M. A. Peter, Water-wave scattering and energy dissipation by a floating porous elastic

plate in three dimensions, Wave Motion.

[21] S. Das, T. Sahoo, Hydroelastic analysis of very large floating structure over viscoelastic bed, Meccanica (2016)

1–17.

18



[22] S. Koley, T. Sahoo, Oblique wave scattering by horizontal floating flexible porous membrane, Meccanica 52 (1-2)

(2017) 125–138.

[23] P. G. Chamberlain, D. Porter, The modified mild-slope equation, J. Fluid Mech. 291 (1995) 393–407.

[24] D. Porter, D. Staziker, Extensions of the mild-slope equation, Journal of Fluid Mechanics 300 (1995) 367–382.

[25] X. Yu, A. T. Chwang, Wave motion through porous structures, Journal of engineering mechanics 120 (5) (1994)

989–1008.

[26] E. B. Magrab, Vibrations of elastic structural members, Sijthoff and Noordhoff, Alphen aan den Rijn, The Nether-

lands (1979).

[27] R. Porter, D. Porter, Water wave scattering by a step of arbitrary profile, J. Fluid Mech. 411 (2000) 131–164.

19


