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Realizing universal quantum gates with topological bases in
quantum-simulated superconducting chains

Yong Hu'?, Y. X. Zhao?, Zheng-Yuan Xue®*? and Z. D. Wang?

One-dimensional time-reversal invariant topological superconducting wires of the symmetry class DIl exhibit exotic physics which
can be exploited to realize the set of universal operations in topological quantum computing. However, the verification of Dlll-class
physics in conventional condensed matter materials is highly nontrivial due to realistic constraints. Here we propose a symmetry-
protected hard-core boson simulator of the one-dimensional DIl topological superconductor. By using the developed dispersive
dynamic modulation approach, not only the faithful simulation of this new type of spinful superconducting chains is achieved, but
also a set of universal quantum gates can be realized with the computational basis formed by the degenerate ground states that
are topologically protected against random local perturbations. Physical implementation of our scheme based on a Josephson

quantum circuit is presented, where our detailed analysis pinpoints that this scheme is experimentally feasible with the state-of-

the-art technology.
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INTRODUCTION

Topological band theory has become the focus of recent research
due to its significant importance in fundamental physics and
potential applications in novel devices.” In each spatial
dimension, topological insulators and topological superconduc-
tors can well be classified in terms of the presence or absence of
time-reversal symmetry (TRS) and particle-hole symmetry.* >
Typical examples include the integer quantum Hall effect®
belonging to the A class of 2D and the Kitaev chain belonging
to the D class of 1D.” Among the various symmetry-protected
topological phases, increasing research interests have been drawn
to the theoretical and experimental studies of 1D topological
superconducting wires in the symmetry class DIIL®'* In contrast
to the Kitaev chain in the class D with one Majorana zero mode
(MZM) at each end and two-fold degenerate ground states in its
7, topological phase,” the DIl superconductor wire in the 2(22)
topological phase possesses the TRS, and has a Kramers doublet of
MZMs at each end and four-fold degenerate ground states.'>™"”
Moreover, the DIII superconductor wire exhibits an impactful
response to an effective magnetic field and long-range spin-
correlation at the two ends with the fixed fermionic parity, which
can be utilized to realize universal quantum operations of qubits
that are topologically protected against random local perturba-
tions.> ' ' However, despite the extensive theoretical efforts, still
the 1D TRS-associated Zgz topological phase has not been tested
experimentally in electronic systems as it is limited by realistic
reasons, e.g. the constraints of materials, the lack of controllability,
and the co-existing complicated mechanisms.

On the other hand, it has been indicated that a kind of one-
dimensional (1D) hard-core boson (HCB) chain may be able to
simulate fermionic physics,'® with interesting phenomena being
investigated including the pursuit of Majorana fermions in the

Kitaev model,’®™?" the string breaking dynamics of quark pairs,*?

the electron-electron scattering,23 and the delocalization of Dirac
fermions in disordered 1D wires.>* However, methods in the
existing studies are restricted to spinless fermions, where the
forms of the concerned Hamiltonians remain unchanged during
the bosonization. When bosonizing a spinful 1D fermionic system,
an exotic particle-density-dependent U(1) gage phase factor
emerges from fermionic statistics among fermions with opposite
spin orientations, leading to one of main challenges in the
simulation of the spinful DIl models.

In this paper, we reveal unambiguously that a 1D HCB lattice
can be exploited to faithfully simulate the proposed DIl model
which realizes the nontrivial Z, topological phase.'> Most
remarkably, with the odd-parity Kramers doublet ground states
being used as the basis of topological qubits, we demonstrate for
the first time that a set of universal quantum gates can in principle
be achieved using these topological bases with the help of this
HCB architecture, where we develop a dispersive dynamic
modulation (DDM) approach to mediate the exotic U(1) gage
field configuration in the bosonized DIl model. Moreover, we
propose a physical implementation scheme based on super-
conducting quantum circuit (SQC).%> 2® Taking the advantages
advantage of flexibility and scalability of SQC,*” *® we encode
HCBs by superconducting transmon qubits and design the
nontrivial coupling through the inductive connection between
transmon qubits.?>? Our estimation also implies that the
effective coupling strengths can be several orders larger than
that corresponding to the coherence time the decoherence rates
of the transmon qubits,>* 3* and therefore the proposed
topological operations may be tested with the current level of
technology.
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RESULTS
The HCB realization of DIll model

An intriguing model Hamiltonian of fermionic 1D topological
superconductor in the class DIll reads,'?

Hon = Z(—Wc;acjﬂa — iAGj11.4G5 + h.c) — u(c/ﬁac,-,a -1 (1)
Jja
where cj is the creation operator of the spin-a fermion on the
jth site Wlth a=1,], wis the real-value tight-binding hopping
strength, u is the chemical potential, A is the real-value real
amplitude of p-wave pairing parameter, and @ denotes the spin
component opposite to a. Under the basis transformation ag; =
e ™41 +¢y)/V2 and @ = e ™4(¢;; — ¢jy)/V/2, Hom can be
rewritten as

How =H+H

with

H= Z(—Wa}am + Agjqa; + h.c.) — H(Gjaj ~1/2)

} )

H=Y (-waay — Ag1a;+h.c.) —u@a —1/2)

J
i.e., Hpy is decoupled into two Kitaev chains differed by the signs
of their superconducting order parameters (hereafter we denote
the quantities related with the (+)-chain as A and their counter-
parts for the (—)-chain as A). Although the topology-preserved
simulation of a standard Kitaev model with HCBs has been
proposed,’®?" to simulate Hpy with HCBs is much more
challenging than the separate simulations of H* and H™ by two
independent HCB chains, because such straightforward scenario
cannot result in the fermionic anti-commutation relation of inter-
species. For this, here we exploit a quasi-1D HCB chain shown in
Fig. 1(a), where the upper/lower array plays the role of the +/-
chain, respectively. The DIll model (2) can be bosonized as

_ — 1

H= ;(—ijb} bj1 + APibyaby + h.c.) — u(blb; — 5
= i T i (3)
H= Z(—WPJ+1bj b]ur] — AP]+1bj+1bj + hC) - [J(bj bj —

J

N —

with the bosonization along the zig-zag path in Fig. 1(a) being
given by b= g, Ps[[,Ps and b; =], +Ps]];,Ps Here
bb;) is the annihilation operators of the jth HCB “on the +(=)
chain, P; = exp(—imalas) [= exp(—imblby)], and
Py :exp(finazas). Although this is a nonlocal transformation,
the locality of operators of physical noises (or random perturba-
tions) is preserved, and so does the topological stability (This
bosonization inherits topological protection against local fluctua-
tions seen from the original fermionic system of Eq. (2), because
the locality of the three forms of physical perturbations
(b b,ﬂ,bmb,,b bj) in the simulated bosonic system remains
unchanged after fermionization. To be concrete in other words, if
the transformed terms, which correspond to possible random
local (perturbation) terms in the simulated system, are still local
ones in the original fermonic picture of topological model after
application of the non-local transformation, one can deduce that
the simulated system is also topologically protected.). It is noticed
that the fermionic anti-commutation relation has been converted
to the gage field factors after bosonization, which in one chain is
given by the particle density of the other chain in a site-wise
sense.

To implement the bosonization version of the DIl model (3), we
set that the HCBs on the upper/lower array of Fig. 1(a) have energy
splits Q/Q with 6§ = Q — Q ~ 0.3Q, and the inter-HCB coupling
takes the nearest neighbor form H' = HL+HL with Hj =

()(b +b)( i) andH —V()(b + ) +1+b,+1)where
|V( ), |V( )| ~ '10-25 are the coupllng strengths which can be
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modulated harmonically and in situ. We further introduce a
dispersive energy threshold n ~ 1076 such that |V;(t)], |V;(t)| <
n < 6 and modulate V{(t) and V( ) as

Vj(t) = 2s; cos(n — 6)t 4 2q; cos(n — &)t

_ 4
Vj(t) = 25; cos(n — 6)t + 2g; cos(n + &)t )

with € = Q + Q. Based on the parameter choice
s= (=1 's.q=(-1"q

5= (-1)75.q=(-1"q.9/5=—q/s

we can directly reproduce the hopping and pairing terms in Eq. (3)
with w = —ss/n and A =sg/n from the dispersive coupling

between ZHL and Zjﬁj (For detailed derivation we refer to

Methods). The obtained amplitudes of w and A can be
independently tuned in the range [1073,107]6 by the parameters
(s,9,5,9). In addition, the chemical potential term in Eq. (3)
can be produced by addlng an on-site dispersive radiation

=Dt )(b + b;) + Dj(t )(bT +5;). A convenient choice of
D( ) (and similarly D;(t () is D( )=djle 16430 =053 \hich results
in the a.c. Stark shlft +d2b'b /30, The 3n setting of the radiation
frequency is to avoid the crosstalk between H® and H', and the
choice of the 3n sign depends on whether positive or negative
correction of the chemical potential u is needed.

()

MZMs and the universal quantum gates

The region |w|>|u/2| can be identified as the topological phase
where the nontrivial MZMs emerge.” Especially, we focus on the
ideal case w=A and p =0 where the DIl model (2) can simply be
reduced to

Hon = ZiW(YLBYjﬂ,A +VjgVjr1.4)s (6)
j

with Majorana operators ;4 = =i(a; — a/T), Yjg = dj + al
Via=0;+ad, and yj5= (aj —a;). The Hamiltonian is fuI(y
dlagonallzed through the pairing of ¥,z and Y14 (and simulta-
neously y;5 and y;;,4) in the bulk, leaving four MZMs ya =y, 4,
Ya=Via Y8=Vng and Yz =Yy unpaired at the two ends (N
being the length of the DIIl chain). The ground states are thus
four-fold degenerate with a basis {|1) L> |0)|T),]1)[0),10)[0)}
satisfying —iyay|0,1) = +[0,1) and —iy,;]0, > + }0,1 Here we
choose the ground subspace spanned by | =10)[T) and |x) =
[1)|0) as a topological qubit. Such subspace has the odd parity
distinguishing it from the other ground states. For comparison, we
recall that the ground state of the Kitaev model with only one
MZM at each end have the opposite (even) fermionic parity.”

It is shown that a single Kitaev chain can be minimally simulated
by a 3-HCB array.?® Therefore, for an easy experimental setup but
without loss of generality, we consider the 12-HCB lattice
sketched in Fig. 1(b) to demonstrate the universal quantum
operations in the topological bases. We notice that two DIll chains
can be constructed by “cutting” the proposed HCB array into two
pieces (i.e. by tuning 53 = g;= 0 and g4 =0. Note that turning on
or off these coupling parameters does not have any impact on the
total ground state energy as MZMs have no contributions to the
energy, namely, the total energy is conserved under these
operations in the ground state, with the TRS being also preserved.)
These two subchains, labeled by L and R, have consequently 8
emerged MZMs at the ends (4 for each subchain, see Fig. 1(b)).
For each subchain, the previously established formalism of
defining topological qubits can still be exploited. For universal
single qubit operation, , e take the left subchain as an example by
considering Hs =B - S with B as an effective magnetic field,
wh|ch is very weak compared with the bulk gap, and

S _Zj 1(/7 1) (al’a]) .

regarded as an effective single spin operator acting on the left

1
It has been shown that S can be
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a Schematic view of the 1-D HCB simulator of Hpy. The solid red line describes the path along which the HCB sites are physically

coupled and the bosonization is performed. Through the DDM of the nearest neighbor coupling (the green wavelet boxes) the effective intra-
species hopping and pairing (the black dashed lines) can be induced. The 12-HCB lattice shown is minimal for the demonstration of universal
quantum operations. b Realization of nontrivial two-qubit gate in the 12-HCB lattice. In the situation w= A and u =0, each HCB site (the
ellipse) can be decomposed into two Majorana modes (the filled and the hollow dots) pairing in the bulk. Two topological qubits can be
prepared by “ cutting” the whole DIl chain into two pieces. Through the modulation of (3, -)<(4, + ) coupling, the effective yLy4 +V§Vﬁ
coupling can be induced. ¢ Schematic plot of the array of coupled transmon qubits

topological qubit, with |-)* and |x)" being the two eigenstates
of SL."* Thus through the control of B the universal single-qubit
operation can be achieved. Notably, since the qubits are
constructed by the ground states of the whole system, only the
global change of the direction of B may manipulate them, while
random local variations are actually irrelevant (Note that the TRS is
weakly broken during a generic adiabatic operation of the single
qubit gate, but the operation, similar to the case of the Kitaev
chain, is still topologically protected by the particle-hole symmetry
of the superconductor, such that this type of gate is no doubt a
symmetry-protected topological one unless the superconducting
gap vanishes). The St rotation can be implemented by the
resonant dynamic modulation approach: for each (j, +)<(j, -) link,
we add a resonant tone V¥ (t) = 2B,(t) cos 8t to V() with By(t)
the slow-varying (adiabatic) pulse amplitude satisfying B,(t;) =
B(td=0 to_induce the resonant inter-species hopping
> Bx(t)(b]b; + bjb;) which is equivalent to Hsx = By(t)S. in
the fermionic picture. The rotation exp(—ifSt) with 6 = f:/fBth
can be realized after tz. The S; rotation can be similarly realized by
changing the initial phase of the resonant dynamic modulation as
VEY(t) = 2B,(t) cos(6t — /2).

Published in partnership with The University of New South Wales

To implement the nontrivial inter-qubit quantum gate, we
modulate V3(t) as Vs(t) = 2h(t)cos(n — 6)t to induce the
effective (3, +)<(4, +) and (3, -) < (4, —) hopping which can be
written as

.Sm i
Hiy = =i~ (V&Va + V574),

7)
with sy = sh(t)/n. The coupling strength sy can be controlled by
the slow-varying envelope h(t) such that [sy| < A, sp(0) = su(t) =
0, and fgstt = 7. Consequently, we get an unitary transforma-

tion U = —yLyyLyh transforming the four basis states as

o) [} = )",

) 1) = 1) [o)"

|5 )t[@)"— —[o)x)F,

Ly \R L) \R
s D))= [e) @),
i.e., U acts as a nontrivial two-qubit gate ijL, ® Sff which can be
exploited to achieve a set of universal quantum gates in

combination with the single-qubit gates mentioned previously.
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Physical implementation with superconducting circuits

We now elaborate in detail how to implement the present
theoretical scheme by SQCs. For the site (j, +) we consider a
superconducting transmon qubit consisting of a superconducting
quantum interference device (SQUID) with effective Josephson
energy E! shunted by a large capacitance C,;** 3° as shown in
Fig. 1(c). The two characteristic energy scales of the transmon
qubit are its anharmonicity Ef:ez/ZCj and its lowest level

splitting Q) ~ 8EjCEl4. Here we choose j-independent Q/2m =/

27m=10GHz and Ef /2 = E©/2m ~ 0.75 GHz. The HCB sites on the
'~' chain can be similarly constructed with Q/2mn=Q/2n =
7.5GHz and E; ~ ch. Due to the large anharmonicity, the
presence of the higher levels of the transmons can only slightly
modify the effective parameters derived below and the transmons
can be consequently modeled by the two-level HCB Hamiltonian
HHCB = Zij/Tb,- +ET5j. For the links between neighboring
qubits, we exploit the current dividing mechanism recently
studied in experiments.>" 32 The transmon qubit design is slightly
modified by introducing a small grounding inductance LP ~ L//2
with L/ = ©F/4n°E! the effective inductance of the transmon
SQUID at (j, + ). A low voltage node is thus created for each
transmon qubit (Fig. 1(c)), and the neighboring nodes are
connected by coupling SQUIDs with tunable Josephson induc-
tances L(,Zj ~ Lf/4. Moreover, the capacitances of the coupling
SQUIDs is chosen to be much smaller than C;.

The inter-qubit coupling can be established by the current
dividing mechanism. An excitation current from the (j, + ) qubit
which can be written as /; ~ ,/Q/ZL;(b; + b;) will mostly flow
through L]’.) to the ground, with a small fractions /;, ;- and /. j_1)-
flowing to the neighboring qubits (j—1, —) and (j, —) through the
two coupling SQUIDs. The current /;,;_ in turn generates a flux
®jj- = L; i j— in the (j, -) qubit. The interaction between the
two qubits can thus be written as

H- = V(b + b)) (B] +B), 8)

where the coupling be estimated as

)2
Vj ~ —(QQ/L]JL;) / LjDL]D/Lj". Therefore, the a.c. modulation of the
penetrating flux bias in the coupling SQUID loop results in the
oscillation of L/’- and in turn the oscillation of the inter-transmon

coupling. Here we should notice that the modulation frequencies
of the coupling SQUIDs should not be higher than their plasma
frequencies, otherwise complicated quasiparticle excitations
would occur. As being mentioned previously, the maximal
modulating frequency of the DDM approach is of the order
£ = O+ Q. Therefore, with parameters being chosen before, this
plasma frequency requirement is guaranteed by the small
capacitance of the coupling SQUIDs.

The d.c. bias of the coupling SQUIDs leads to a static nearest
neighbor qubit-qubit couplings which is estimated to be on the
level of 2m[75,100] MHz. Since such nearest-neighbor static
coupling strength is much smaller than the energy difference
between neighboring qubits (on the level of 2mx 2.5 GHz), its
influence is the corrections of the hopping and pairing parameters
derived from the DDM method. The couplings beyond the nearest
neighbors should also be estimated: we notice that the divided
current [, ;- from (j, +) qubit can be further divided in the (j, —)
node to flow through the (j+1, +) node, thus the next-nearest-
neighbor (NNN) (i, +) < (+1, +) static coupling is induced.
Meanwhile, due to the current dividing mechanism at the low-
voltage nodes, the non-nearest-neighbor couplings decay expo-
nentially with respect to the site distance. The NNN coupling is
estimated to be of the order 2 {15, 20] MHz. To suppress its effect
we can use the two-sublattice stragegy for each of the two HCB
legs the eigenfrequencies of the four qubits shown in Fig. 1(c) can
be modified to be 2m(7.510,7,10.5) GHz, respectively. Such

constant V; can
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modification dose not influence the performance of the DDM
method as we merely need to adjust the modulating frequencies
of V() and V;(t) accordingly. However, the effect of the d.c. NNN
coupling is significantly suppressed by the 0.5GHz energy
difference between the NNN transmon qubits.

Based on the static bias, we can add the a.c. modulation pluses
on the coupling SQUIDs with s, g, 5, g at the order of 2r1{10,15] MHz
and choose the dispersive active region as n/2m =75 MHz. The
resulting dispersive tunneling is estimated to be on the level w/2r,
A/2mm € [1,5]1 MHz which is three orders larger than the reported
decoherence rates of the transmon qubits (in the range 2m{1,10]
kHz).>* 3% Such strong tunnel/pairing allow us to set the slow
varying envelopes on the level B,(t)/2m, B, (t)/2m, sp,/2mm € [0.05,0.5]
MHz. Following this setting, the envelopes are all much smaller
than the realized bulk gap such that the high energy excitations
can be omitted, but stronger enough than the decoherence rates
such that the proposed topological quantum operations can be
simulated.

DISCUSSION

The finite anharmonicity of the transmon qubits

Here we should notice that the proposed superconducting
transmon qubits are not ideal HCBs but anharmonic oscillators.
The assumption of regarding them as HCBs with infinite
anharmonicity thus needs further investigation. We recall that
the anharmonicity of a transmon qubit is defined by its Wa1—w10>°
and equals its charging energy ES, which is at the level of
21[0.1,0.8] GHz. The requirement E/ES>>1 should be fulfilled
because the qubit becomes more and more sensitive to the
background 1/f charge noise with decreasing E/EC, leading to
severe dephasing of the physical qubit.*® Here we set E</2m=
0.75GHz such that E/E > 10 (previously reported high coherence
transmon qubits often work in the region E/E€=20)3" 3 Being
larger than the dispersive threshold n/2m =75 MHz by one order of
magnitude, such anharmonicity choice prevents the effective
excitation of the higher levels of the transmons.

To evaluate the consequence of the finite anharmonictiy, we
incorporate the higher levels of the transmon qubits into the ideal
HCB model by enlarging the Hilbert space of each HCB to three
dimension, i. e. from span{|0);;,|1);5} to span{|0);:, [1);5,(2);5}.
Following the same essentials of the DDM method, we come to
the result that the inclusion of the anharmonicity leads to parasitic
terms of the proposed ideal Hamiltonian, taking the form

Hpara = Z(—Wpaméjb;bjﬂ + DparaQibj 16 + h.c.),

J

Ppara = E(_WparanJrlBjTEjJA - EpamOj+1Ej+1Bj + h.C.)7
)

©)

where the strengths of these parasitic terms are of the order

‘Wpam‘7|wpam| ZSE/EC < WZSE/’L (10)
‘Apara|7|zpara‘ 255/56<<A:55/'7~, (1)
and

Q= exp(finc;cj),éj = exp(finEjEj), (12)

with ¢; = [1),(2| and c]' = [2);(1|. Moreover, as the excitation to
the states |2),; is effectively not excited, we can reduce the

obtained parasitic terms back to the original 2D HCB Hilbert space
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and get

1T 1= 1T 1=
oo = Sl + 3880~ By + 3Pty + )

(13)

— - 1 1
Hpara = Z[Wpam(z += P/+1)b bj+1 + Apam( += P/+1)b/+1b + h. C]
)

(14)

We then observe that the parasitic terms contain two types. The
first type containing the U(1) gage factors slightly shift the
proposed ideal hopping and pairing constants. This term can be
compensated by the refined choice of the pumping parameters.
The second type that not containing the U(1) gage factors can be
regarded as local perturbation terms. As estimated before, both
the two terms have strength smaller than the proposed band gap
by one order of magnitude. Therefore, these parasitic terms results
in only the slight correction of the ideal scheme. They cannot
destroy the performance of the proposed scheme because they
are too small to change the band topology of the system by
closing and reopening the gap.

Robustness against imperfection factors

In realistic experiments, the imperfection accompanies inescap-
ably with the proposed ideal scheme. The deviation of the circuit
parameters from their ideal values can be attributed to the errors
happened in the fabrication process and the low-frequency noises
in the proposed circuit. For the fabrication errors, they cause the

deviation of the lowest level splitting Q; = |/8EfE/ of the

transmons and the current dividing ratios between neighboring
transmons from their proposed values. In recent experiments the
fabrication-induced disorder in SQC lattice systems has been
significantly suppressed by the developing technology.® If the
fabrication errors are not too large such that the resulted level
splits and current dividing ratios are still around their ideal values
with small disorder, they can be corrected by simple refinement of
the proposed DDM scheme: The deviation of the level splitting
can be compensated by the modification of the frequency of the
DDM pulses, and the errors of the current dividing ratio can be
compensated by the renormalization of the amplitude of the DDM
pulses 3638

The low-frequency 1/f noises can also induce fluctuations of the
circuit parameters.>® Due to their low frequency property, we can
treat the 1/f noises as quasi-static, i. e. the noises do not vary
during a experimental run, but vary between different runs. As the
proposed HCB chain considered consists of only transmon qubits
and coupling SQUIDs with very small charging energies, it is
insensitive to the charge type 1/f noise. Such insensitivity has
already been extensively investigated in Ref. 29. For the flux 1/f
noise penetrated in the loops of the SQUIDs, we notice that
previous experiments have shown that the flux noise 6O in a
SQUID loop does not vary greatly with the loop size, inductor
value, or temperature, and its strength falls in the range
5D/0y €[1075,107°1.%%* The consequent fluctuation effects can
then be estimated as

80;/2n1<107" MHz,  &s;,6G;<107> MHz, (15)

where both of which induce local perturbation to the ideal
Hamiltonian with amplitudes much smaller than the proposed
band gap of the DIl chain. Such small fluctuations cannot destroy
the MZMs as they are too small to change the band topology by
closing and reopening the gap (notice that this argument applies
to the other parameter fluctuations, and such robustness roots
from the topological nature of our scheme). In addition,
experiments have shown that the influence of the critical current

Published in partnership with The University of New South Wales
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noise in a large Josephson junction is even smaller than those of
the flux 1/f noise and can then be safely neglected.*? Summarizing
the analysis above, we then come to the conclusion that our
scheme can survive in the presence of the 1/f noises in SQC
devices.

CONCLUSION

In conclusion, we have designed a topolgy-preseved HCB
simulator for the TRS-invariant DIII topological superconducting
chains and proposed a set of universal quantum gates with
topological bases through the developed DDM technique.
Physical implementation of our proposal with SQCs has also been
explored. The present results may pave the way for realizing
universal quantum computation with topological stability.

METHODS

The derivation of the DDM pulses

Here we detail the derivation of DDM pulses and the consequent effective
Hamiltonian. We exploit the dispersive coupling mechanism which states
that, for a system governed by a fast oscillating Hamiltonian Ae™" + Be™™"
with ||A],||B|| < w, its evolution can be described by the effective
Hamiltonian H™ = [A,Bl/w** ** (here the norm ||O]| of an operator O is
defined as the square root of the Iargest eigenvalue of 0%0). Our basic, idea
is that, if we are able to use the A = b b term in HL as A and the b b'
and b/ bjy1 terms in H; as B, the resultlng commutators [A, B] prowde the
required b bHP an b b,+1P terms. For this purpose we adopt the
rotating frame for which HL and H take the forms

HE = Vj(b]b] e + bl + b,bje*"” + be'), (16)

Hy = Vy(b}b],,€ + b/bjie ™ + b, €% + Bbje ). (17)

As being noticed already, the four terms in H} and ﬂ; oscillate with
frequencies €36, -6 and —¢ respectively. Meanwhile, the dynamic
modulation of V{(t) and V;(t) can synthesize the dispersive coupling by
shifting the frequencies of the terms in Eq. (16) upward and downward. For
the modulation V(t) = 2s; cos(n — 6)t + 2q; cos(n —e)t, we find that
HP = s,b'b + q,b'b is posmvely actlvated (i.e. it oscillates with frequency

) and its Hermltlan conjugate H = s;b; b + qu b; is negatively activated.
The other terms in ’HL are de- actlvated because thelr frequencies are far
away from the dlsperswe active region [-n, n] at least by the order of 6.
Also, for the modulatlgn Vi(t ) = 25, cos(n — 6)t + 2q; cos(n + &)t, we can
pcI>VS|t|ver actwate H;, =5 +1 +q/b bj1 and negatively activate
R, 7s,b bj+1 —O-qu b+1 The dispersive coupling between HL and H
results in two effects The first is the self part
([, H) + [ 7 ) /n
which contains the self-energy corrections of the sites (j, +), (j, -), and (j+1,
+). The more nontrivial terms emerge from the mutual dispersive coupling

(M) + 7 1)) /n

which can be simplified as

s;S,
HEff lnl bTbj+1P + n] b/ b]‘+'|

P +h.c (18)
Similarly, the dispersive coupling between the (j, —)<(j+1, +) and (j+1,
+)(j+1, —) links provides the effective (j, —)«<>(j+1, —) coupling

/q;+1
b/ b;+1

H

7

b b/+1P/+1 -

—ff SiS,
- f'f7“ Pt +hc. (19)

Notice that all the effective hopplng and pairing constants in Egs. (18),
(19) can be independently controlled by the pumping parameters (s;, g;)
and (5, ;). Through the setting

(1Y 's,q=(-1Y g,
31:( 5G=(-1)"q.4/s=—a/s,

the population-dependent phase terms in the bosonic version of Hpy can
be directly reproduced from Egs. (18), (19).

(20)
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