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ABSTRACT. In this paper, we establish asymptotics of radial limits for certain func-
tions of Wright. These functions appear in bootstrap percolation and the generating
function for partitions without sequences of k consecutive part sizes. We specifically
establish asymptotics numerically obtained by Zagier in the case k = 3.

1. INTRODUCTION AND STATEMENT OF RESULTS

Holroyd, Liggett, and Romik [8] introduced the following probability models: Let
0 <s<1andC(Cy,Cy,... be independent events with probabilities

P,C,) =1—¢e™

under a certain probability measure P,. Let A; be the event

[o¢]
Ak = m (C] U Cj+1 U---u CjJrk,l)
j=1
that there is no sequence of k consecutive C; that do not occur. With ¢ := e~

throughout the remainder of the paper, set

9k(q) = Py(Ay).

To solve a problem in bootstrap percolation, Holroyd, Liggett, and Romik established
an asymptotic for log(gi(e™*)).

Interestingly, the above described probability model also appears in the study of
integer partitions [4, 8]. In particular,

Ge(g) = ae(0) [ ]

n=1

1
1—q"
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is the generating function for the number of integer partitions without k& consecutive
part sizes. Partitions without 2 consecutive parts have a celebrated history in relation
to the famous Rogers-Ramanujan identities. See MacMahon’s book [10] or the works
of Andrews [1, 2, 3] for more about such partitions.

Andrews [3] found that the key to understanding the function if £ = 2 lies in
Ramanujan’s mock theta function

Namely, he proved that

(14 ¢°")
(I—gm)(L—g™)

From this, an asymptotic expansion for go(e¢~*) may obtained (see [5]). Using addi-
tional ¢-series identities if £ > 2, Andrews made the following conjecture.

Conjecture 1.1 (Andrews [3]). For each k > 2, there exists a positive constant C,
such that, as s — 0,

. 1 2
gk (6 ) ~ CkS exXp (—m) .

This conjecture proved difficult to establish via standard g¢-series techniques. The
asymptotic of [8] was improved by Mahlburg and the first author [6] . Finally, Daniel
Kane and the fourth author [9], using a technique similar to the transfer matrix
method of statistical mechanics, proved Conjecture 1.1 with C} = /27 /k.

Zagier [18], using a formula for g5 found by Andrews [3], did extensive computations
of these asymptotics. He numerically found that, as s — 0,

2 2,5 (1
g3(e™%) ~ 1/ ge_%J’ﬂ (5 + o183t (s) + C2S§t2(s)) :

where
] 7 97 5, 40061 5 18915331 , 13796617247 5
Bl =l gogs ~ gsg® ~ gmpt® T gmges *  gemgey C
) 29 19435 , 14885 ; 51970999 , 28436136277 5
t2(8) =5 — 2T38 + 21133 s - 21233 §°+ 21836 s = 924375, SH R
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and ) )

341 (3) 350 (3)
3

cp:=——=* and c¢:= . 1.1
! 8 ? 32 (1.1)
The computations of Zagier are tantalizing because of the rational values appearing
in the expansion of ¢,(s) and #,(s) and curious because of the powers of s'/3 which
are atypical in similar partition problems. We establish Zagier’s numerics and its

generalizations for all k.

wiN

Theorem 1.2. For every k € N with k > 1, and N € Ny, we have, as s — 0,

kN
1 2 2 k+1
gk(e—s) k 1 _7T€ SECRTD)s T ( Z /Bk Sk +0 ( ))

where
Bu) = b+ DR+ 3 e Zam (k1)
kr+4=j
with . . | . |
Nkl gy (MR =D (iR
be(j) == k‘wj!( 1) sm< - )F< - > (1.2)

and the ay,, are rational numbers defined in (4.2). Moreover, for each 0 < j < k and

m € N, the values B(j + mk)/Bk(j) € Q.
Remark. Theorem 1.2 confirms Zagier’s numerics in the case k = 3.

As is the case of gy, modular forms (and mock modular forms) arise as generating
functions in many partition problems. Knowing that certain generating functions are
modular gives one access to deep theoretical tools to prove results in other areas. On
the other hand our knowledge of g-hypergeometric series currently fall far short of a
comprehensive theory to describe the interplay between them and modular forms. A
recent conjecture of W. Nahm [12] relates the modularity of such series to K-theory. In
the situation of interest, with the exception of the case k = 2, there are no modularity
results for g;.

Our proof technique demonstrates the connection between the series g, and Wright’s
generalization of the Bessel function

o0
zn

P(p, B;2) = Z%m (1.3)
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with p < 1 and 8 € C. In particular, as s — 0, we establish that the leading term
in the relative error Ry (equation (3.2)) is proportional to the real part of a Wright
function

_k_
gr(q) ~ 2T e Re <¢ ( LN GRS eﬁi’iskl“>> |

E+1V s E+177 k

In particular, for & = 3, a result of Wright [17, equation (3.5) and Section 4] gives,

as s — 0
1 341 s o 1 1 2
QRG <¢ (171;3654 S i)) ~ g + c183 +5C23§ —|—O<3)7 (14)

where ¢; and ¢y are as in (1.1). These are Zagier's asymptotics up to O(s). We
believe that such comparison and application of other ¢ analogues of generalized
hypergeometric functions may be useful in other asymptotic problems.

The paper is organized as follows. Section 2 contains notation and basic results
about the g-functions used throughout the paper. Section 3 defines the relative error
between the series g, and the expected main term. Section 4 shows that the relative
error can be approximated by the Wright function and its “moments”.
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2. NOTATION AND PRELIMINARY RESULTS

This section contains some preliminary results that we require for the proof of The-
orem 1.2 as well as some g-series notation. Wright [14, 15, 17] established asymptotics
for ¢(p, B; 2), defined in (1.3), in all domains. Unfortunately, a direct application of



THE ANDREWS-ZAGIER ASYMPTOTICS 5

these asymptotics in our setting (see equation (1.4)) produces a degenerate answer.

Namely, from [17, Theorem 1] with Y = —m

_k M-1
k k 1 k+1 g}
o) , 1 (k+ e R TR |~ i/ k(k+ 1)se’€<ki1>s Z Ap (=)™ (k(k+1)s)™,
E+1 k —
where the coefficients A,, are given in [17]. Taking real parts shows that

Re <¢ (k LR +lj>k“ems—ﬁ+l>> = 0(1).

A little more nuance needs to be applied to Wright’s work to obtain a meaningful
estimate.

Proposition 2.1. If 3 < p < 1 with |arg(—e*™*)| < Z(1+ p) and z > 0, then, for
L eN,

. 11 (= e\ e [(ml2p—1 L
- g £ () (20) )
/=1

Proof. We apply the identity
1 1
- — 2.1
TGT(I =) o) (2.1)
and the double angle formula to show that
1 1

Re (qﬁ(p, 1; zem”)) = % + %Im (D (Z@QWiP)) ,
where
1 1 = w™T(pm)
Dw::fy(——l)—i-—log—w—l— —_—
= (2 1) + ot + 354
Equation (3.5) of [17] states that if | arg(—w)| < 7/2(1 + p), then
Dy~ Ly EV (2) oy o ().
pi= m p

Note that Wright [17] used the notation ¢ = p and 8 = 1. Moreover, our D(w) is
d(w) adjusted for the ¢t = 0 singularity. This adjustment is discussed Section 4 of the
same paper.

O
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Throughout, we use the following g-notation (z € C):

o0

(Z; q)OO = H(l - qu>7
()= 2.2
0(z.0) = (12"

Lo(2) = (g:9):-1 (L —q)' .
The Jacobi function has the product expansion (see (100.2) of [13])

o0

0(z,q) = H (1 — q2”) (1 — zq2”_1) (1 — z_1q2”_1) , (2.3)

n=1

and satisfies the following inversion formula (with z := e*™*) (see (38.2) of [13])

T —ﬁn U
0(z.q) = \F > e, (2.4)

Next, we recall two identities due to Euler, which state that [2, equations (2.25) and
(2.2.6)]

1 > 2"
(1) HZ:O (4 9)n’

[e%e] n(n—1)
(=1)rz"g =

7; (¢ @)n

Moreover, we require the following asymptotic behavior
7 s 2
(:9)o0 = V275 % exp (—& - ﬁ> (1 +0 (eJS )) , (2.5)

which is easily derived from the transformation formula

O 22 s T _4nn
(@0)e = | e FHH]] (1-eF) (2.6)

n=1

(see (118.5) of [13]).
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The following lemma is used in Section 3 to identify terms which can be asymp-
totically ignored in a g-hypergeometric expression for gy.

Lemma 2.2. As s — 0 and x — 0o, we have

1 _a(@=3)
(@ @)as(@ ) o (Sq : )> ‘

Proof. By (2.3)
(%9 (6% a9)  (49) =0 (q“‘%, q%) :

Dividing by (¢; ¢)3, and using (2.2) then results in

- . (2.7)

By (2.5)
1 2

2 an2
e~ v (5 -8) (o ()

Moreover (2.4) yields

o tat) = ne <exp (W“ (o= W)) (10()).

Combining these approximations with (2.7) gives

(q;q)x_i(q; Q). gRe (eXp <(m - <m2_s 2R )) (1 +0 (6_4g2)>

()
L S sin(mx) (1 +0 (e_422>> =0 (Sq_@> :

(0

The following is derived from [11, Theorem 2] after applying (2.5) (see also [19]).
Theorem 2.3. For z € R\{—Ny} and N € Ny, as |s| = 0,

11—z N
I(x) (1 — q) qz(o:;l) _ s exp | — Bz?B?j+1(£U) s5 4 Oy <|S|2N+1> 7
Iy(z) s r -
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where By (x) are the Bernoulli polynomials and By are the Bernoulli numbers. More-
over, this asymptotic can be taken to hold on compact subsets of the complex s-plane.

3. THE RELATIVE ERROR

In this section, we asymptotically approximate g, and define a relative error term
which is then compared to the Wright function.

We start by representing g as an infinite sum of theta functions (see equation (3.3)
in [3])

%) m km(m+1) —km
1 (—1)mg™ 5 (qk—H k ;qk+1)

2.

(0% 4" = (¢ 4%),,

gr(q) = =0 (q’“m, q@) . (30

Turning to the asymptotic expansion of gy, it follows from Conjecture 1.1, with the
constant as established in [9], and (2.5) that

g () ~ k41 (") D p——
’ koo (@5 | R(E+1)s '

Thus it is natural to define the relative error

k. k
(") . [k(k+1)s _ =2
Ri(q) = gr(q) T ) 5 e TR(F1)s (3.2)

and hence lim,_,; Rx(q) = (k +1)/k.
The next lemma transforms the theta term in (3.1) to identify a leading term for
the relative error Ry in terms of the g-series
wimn km(m+1)_ km?2
Mo kt1 2 2(k+1)

o0
D IR s
(" ¢*FY)_ i

m=0 s

Remark. The function Z; is closely related to the ¢g-Wright function defined in [7].
The main difference is that (k4 1)/k is not an integer in our case.

Lemma 3.1. For every q € (0, 1), we have

2 n271)

Z e ZFEFDs T, (s).

n odd
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Proof. Rewriting (3.1), we obtain that
("¢ & (~1)mg ™ F 0 <qkm,q@)
(7% ¢") o (0% ¢%) (@ @) i

m=0 k+1

gk(Q) =

Lemma 3.1 now follows by applying the transformation law (2.4), to yield that

k(k+1) 27 km?
0 ( km, 2 > =4/ ———q 2+D Rl e 2k(k+1)s_
R k(k+1)s de
n o

The next lemma bounds the terms in the summation for R in Lemma 3.1.

Lemma 3.2. For alln € N and s > 0, we have, as s — 0,
1 2
Z,(s)=0 | —= _
() <s3 P (Gk(k + 1)5))

Proof. Let us first note that for z > 1, (1 —¢®)™' < (1 — ¢)™', so that

(¢:9), = (4 2y ~0 <M> | (3.3)

(1=¢*) (1 =¢*?) (1 —q¢"H) 5°
Applying Lemma 2.2 with x = km/ (k + 1), yields, using (3.3),

uniformly in n.

k k+1
1 (q +1’q * )kf -3 Qki f_i_Skm
(@ 0" (@5 ) om =0 s (7" d") q 2
m ) it ’ m
(™) b o
=0 2 (¢*; ") g 26D
$° 9”497 ),
., (qk+17qk+1) l (qqum’q ) q_%
(@5 q") 82 (qFmihii; ghtl)
k1. tl

(4% q"%) o 8*
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The last equality follows since
(1 _ qk(m+j)) < (1 _ q(k+1)(m+j)) 7

which implies that
(¢"d*™; %)

(qkm-i-k—i-l; qk:-‘rl) <L

Combining the above gives

k+1. k+1 1
zn(s):o((qk’g )ex )
(0% ") 8?1 — g5
The claim then follows by (2.6). O

The next lemma determines the main terms in the summation for R, in Lemma
3.1 explicitly.

Lemma 3.3. For s >0 and N € N, we have
Ri(q) =Zy(s) + Z_1(s) + O (SN) =2Re (Zy(s)) + O (sN) )

Proof. We have, using Lemma 3.1, Lemma 3.2, and the integral comparison test,
2 (n271)

1 a2 _
|Bi(g) = Ta(s) = Toa(s)| < 2gemasns D e RS

n odd
n>3

1 27r2 o0 7r2x2
=0 —e3k(k+1)s / e 2kG+Dsdy | = O (SN) .
2

g3

4. RELATIVE ERROR IN TERMS OF THE WRIGHT FUNCTION

In this section, we continue the study of Z;(s), relating it, and thus the relative
error Ry, to the Wright function. By definition

o0 ¢ P (1— 1) ™ gt
I_l(s) = r r km 1 k
——— (m + 1) gh+1 (1 — k_H) —q
Define w by
(1—¢"H)Frgs  (k+ 1)F

~ = w asqg—1
1—g* kst !
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and write

i w ek+1h( )
OF )P( _/15_47:11)7
where, for z € C,

Sz z
hy(z) = qgl(fflﬁ 2 Pz + L ( k+1) (1 _ qu) o <i) .
! Ly (z + 1)qu+1 (1 k+1) (k+1) 1—qgF

For every s > 0, I';(2) is, as a function of z, a nonzero meromorphic function
with simple poles only if ¢**” = 1 for some m € Ny. Therefore, I'(z)/T';(z) can be
continued to an entire function in z and thus the same is true for h,(z). Hence, it is
possible to define z-Taylor coefficients for h,(z). Namely,

he(2) = ao(s) + ai(s)z + az(s)z* + as(s)2® + - - - . (4.1)

We must then expand each a,,(s) in terms of powers of s and show that while ag(s) = 1,
an(s) = O(s) as s — 0.

Lemma 4.1. With a,(s) defined in (4.1), there exists numbers a, ;, such that
1 ifn=0,
an(s) = @, 2] sl3l + am(%wﬂs(%“l 4+t apns™ + Oy (sMTY) ifn >0,

for N € Ny. Furthermore a,(s) < s2 uniformly in n as s — 0.

Proof. Since the z-Taylor series of hq(z) converges uniformly on compact subsets, we
obtain hy(z) = 377> "7 an;s’2". Applying Theorem 2.3 twice gives

hq(z):qw’lin 5 o ( ngj sj+0(|s|2N+2)), (4.2)

where

BQj (ng+1(1 + Z)ij + ng+1 ( k+1) (]{7 -+ 1) )
2j(2j + 1) '

) z k__,2
limh, | —= | = e**+D
s—0 \/E

foi(2) =

Since
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by Cauchy’s Theorem one obtains

and agj1(s) = o(s?). It then follows that a;(s) < s3 uniformly in j. This is the
claimed expansion for a,(s) with n > 1. Finally, observe that h,(0) = ao(s) = 1. In

particular,
hy(z)=1-— ﬁsz - sk—222 + 0 (s%)
I 2 4(k+1) '

Using Lemma 3.3 the relative error becomes

N, (ke N
Rk(q)—jzoa](s)QRe (gb] (/{+1’1’6 w)>+0(s ),
where
> mizm

Note that ¢o(p, 3;2) = ¢(p, f; z) is the usual Wright function given in the introduc-

tion. Define
k e
WJ(U}) = 2Re (¢j (k—H, 17 €_k+kl’w)> .

In this notation, (4.1) and Lemma 4.1 yield

Ri(q) )+ Z a;(s )+ 0 (sV). (4.3)

Since £ < k/(k+1) <1 and w — oo as s — 0 we are interested in the behavior of
the Wright function for 5 < p<1asw— oo. Proposition 2.1 applies directly with
p= k_+1 and yields the followmg

Proposition 4.2. For z > 0 and L € N,

Wz k + 1 Zbk _ k) L0 (Z_%> ’

where by (0) is defined in (1.2).
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The following theorem is a generalization of Proposition 4.2.

Proposition 4.3. For every z >0 and j,L € N

| -
E+ 1)\’ 1
Wy(z) = <‘£%> be(0)z
/=1
) Lj_L(kEJrllJ ijm amk 0 j_L(k+1)
_ k
vz 3 Sl (R )0 (2,

m=1

where the implied constant is uniform in j.

Remark. If 7 < L(k,jl), then the second sum is empty, while if 7 > L(kkﬂ), then the

first sum is empty.

Proof. The proof is similar to the proof of Proposition 2.1. We first use (2.1) to
rewrite

Wi() = 5T (D, (2777))

_k_

w7 and, setting d;; = 1if j =1 and 9;; = 0 otherwise,

where p =

= miw™T (pm)
D](w) = (Sj71 —|— Z T
m=1 :

Note that since ¢/ vanishes at ¢t = 0, we do not need the modification for the t = 0
singularity which occurred in the proof of Proposition 2.1. The goal now is to use a
result similar to (3.5) of [17] for the modified function D;(w) instead of D(w). As
pointed out by Wright, equation (3.5) of [17] is a direct application of Theorem 6 of
[16].

Theorem 6 of [16] may also be directly applied to D;(w), but unfortunately the
error term is not necessarily uniform in j. In order to obtain a uniform bound in
J, we investigate Theorem 6 of [16] further. Wright proved Theorem 6 as a direct
corollary of Theorem 5 of [16], which is more general and a careful analysis of the
proof of Theorem 5 yields the desired uniform bound. Setting x := 1 — p, define for
J € No
(1 — &t)T(pt)t?

Lt+1)

p;(t) =
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and
() o RO

sin(7t)I'(1 — kt)

Then for 5 > 1

— 3" Resiem (K (1))

Setting h; = j — %, we claim that

mIwiT (pm
Dj(w) = Z Resi——g, (k;(t)) + 05,10n;>0 + Z |hy ] %
=1 m=1 :
L—|jp]-1 ¢ j |;77%J o
LS O R () (L T (om)
T i (‘;) s (;) (—w) P4zt Y P40 (wl ),
=1 ot

(4.4)

where the implied constant is independent of j and dp,>0 = 1 if and only if h; > 0.
Wright'’s asymptotic in Theorem 5 (see page 444 of [16]) is obtained by choosing some
h € R and taking a contour integral of k;(t) along Re(t) = h with |¢| < m + 3 and
then along the arc C,, of the circle [t| = m + 1 with Re(t) > h. Letting m — oo,
Lemma 11 (ii) of [16] states that

lim [ k;(t)dt,

m—0o0 C
m

and hence (note that k; has a removable singularity at ¢ = 0), as given in the last
equation on page 444 of [16],

i)
1 i ) mjwmf (pm) L
el ALAOLL mz + ZRest__gp (k;(1)) -

Choosing h = h; and computing the residues, one obtains

giR%tlmwuw>9- > ig?f(_f)jp(£>(_w)

p p

IS
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which is precisely the negative of the main terms in the first sum on the right-hand
side of (4.4).
It hence remains to show that for this choice of h
1 h—+ioco L

— k:-tdt:O(J“)

27TZ oo J( ) w P
uniformly in j. To show this, we use Lemma 11 (i) of [16]. Suppose no poles of k;(t)
occur in the region Re(t) € (h; — €, hj +¢€). Then, under the assumption that there

exist constants Cp > 0 and o > 0 (independent of j) for which (for |¢| > 1)
[ps(1)] < Colt'==2em, (4.5)

Lemma 11 (i) states that for ¢ with Re(t) = h;, there exists a constant C, depending
only on ¢ and Cj, for which
e h
k()] < ClEIT' 56" (o)) (4.6)
Since D(w) satisfies the conditions of Theorem 6 of [16], po(t) satisfies condition (4.5).
We may hence choose Cy and o appropriately, depending on ¢y and L (choosing
h=hy= —% for the j = 0 case). Since h; = ho + 7,

5 (B)] = [t 1o (#)]

implies that ¢; also satisfies (4.5) with the same constants Cy and o. Therefore (4.6)

implies that (by slightly altering the integration path, we may assume without loss

of generality that h; # 0 for Im(¢) < 1)
1 hj+ioo

hj 1
— k:(t)| dt < CkM (p°|w P/—d
i ), Bt G Swerell

Bounding |hj| > 6 > 0, the remaining integral may be bound independent of j.
Furthermore, since 0 < kK < p < 1, we have v/ < 1 and p” < 1, so k" and p" may
be bound independently of j. Hence we obtain

1 hj+ioco ) 4 O hj
— (t)| dt = 0
i Tlar=0 (jul¥)
with the implied constant independent of j. This completes the proof. 0]

We have now proven what we set out to prove.
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Proof of Theorem 1.2. Recall that h,(z), as given in (4.2), represents an entire func-
tion which converges absolutely and uniformly in all compact subsets of the complex
plane. A precise application of this is that
MGt EN)(k4+1)\"
WS o] () = 0n (00) =0 (),
n=0

Furthermore, since for £ > 1 we obtain from Lemma 4.1 that
a;(s)uw’ =0 (3%57%#) =0(1),

the terms in the second sum of Proposition 4.3 do not contribute to the main asymp-
totic and for L = kN the error term becomes O(s"). It then follows from Proposition
4.3, (4.2), and (4.3) that

Ri(q) = % + Z_ bk(ﬁ)w’%hq (—@) + Oy (s") .

Theorem 1.2 now follows directly from (2.5), (3.2), (4.3), and Proposition 4.3. [
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