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Abstract: This paper considers the optimal time-weighted H> model reduction problem for discrete Markovian jump linear
systems (MJLSs). The purpose is to find a mean square stable MJLS of lower order such that the time-weighted H2 norm of the
corresponding error system is minimized for a given mean square stable discrete MJLS. A new notation named time-weighted
H> norm of discrete MJLS is defined for the model reduction purpose for the first time. Then a computational formula of the
time-weighted H2 norm is given. Based on this formula, a gradient flow method is proposed to solve the optimal time-weighted
H> model reduction problem. Finally, a numerical example is used to illustrate the effectiveness of the proposed approach.
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1 Introduction

Mathematical modelling of physical systems often results
in high-order models and it is desirable to replace these high-
order models with reduced ones with respect to some given
criteria. This has motivated the study of the model reduc-
tion problem with various approaches [2], [10], [13]-[15]
For the model reduction problems of MJLS, the efforts are
mainly concentrated on three kinds of reduction problems,
namely, classical balanced truncation model reduction, H
model reduction, and Hs model reduction. A suboptimal
balanced truncation algorithm is developed in [8] for dis-
crete MJLSs. An H, model reduction approach for MJLS
is proposed both in continuous and discrete time case [21].
Lee and Huang [9] give an effective computational algorith-
m involving LMIs to solve the H, structured model reduc-
tion problem for discrete MJLS. The H,, model reduction
problems with the transition probabilities are partially un-
known, uncertain and piecewise stationary are investigated
in [18, 20, 23]. The study on H., model reduction prob-
lem is also extended to the singular Markovian jump system-
s [11, 19]. It is proposed in [16] that an optimal H> model
reduction method for continuous MJLS, in which the prob-
lem of time-weighted H5 model reduction is introduced and
solved via a gradient flow method. However, to the authors’
best knowledge, there is no result on Hy model reduction
of discrete time MJLS nor the formulation of time-weighted
H, model reduction problem even for the deterministic case
(with no jump) in the literature to date.

The square of the Hy norm of a linear discrete system can
be regarded as the total energy of pulse response of the sys-
tem in the time domain. This concept is concerned with the
overall error on the infinite time horizon in the H> model re-
duction problem, hence the steady state of the error output
in the model reduction problem is not emphasized in many
cases. Based on this consideration, the time-weighted Ho
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norm will be defined with a time-weighting factor £ embed-
ded into usual Hy norm. Similar performance indices have
been considered on optimal or suboptimal regulator design
[3, 7], guaranteed cost control problems [12, 17], optimal
output tracking [1]. Since the time-weighted Hs norm lays
a penalty on the steady state as time increases, hence the ap-
proximation error is expected to converge more rapidly in
the time-weighed H2 model reduction problem.

In this paper, the optimal time-weighted H5 model reduc-
tion problem of discrete MJLS will be investigated. First,
the time-weighted H norm of discrete MJLS is defined,
and then a computational method of this new performance
index is constructed. Secondly, we propose a gradient flow
method for the solution of the time-weighted H> model re-
duction problem. Finally, a numerical example is given to
demonstrate the effectiveness of the proposed approach.

Notation. Throughout this paper, for a real symmetric ma-
trix X, the notation X > 0 (respectively, X > 0) means that
X is positive semi-definite (respectively, positive definite).
The superscript “7T” represents the transpose, and P{-} de-
notes the probability. The notation tr(-) represents the trace
of a square matrix, [ is the identity matrix with appropriate
dimension. We denote £(-) as the expectation.

2 Problem Formulation

Considering the following discrete Markovian jump linear
system (MJLS)

(5) : {x(k +1) = A(0(k))x(k) + B(0(k))u(k), 1

where (k) € R"™ represents the state variable of the system,
u(k) € RP is the control input vector and z(k) € R™ is the
output. The parameter 6(k) stands for the state of a Markov
chain taking values in a finite set S = {1,2,..., N} with
transition probability matrix given by IT = [p; ;], where

pij =P{O(k+1)=jl0(k) =i} >0, j=1,...,N,



and Zé\;pi,j = 1,4 = 1,...,N. The Markov chain
{0(k), k=0,1,2,...} is assumed to have an initial dis-
tribution ¢ = (p1,...,un). For convenience, we denote
(k) =1ieS.

In the following, we denote X = (X1,...,Xy) for an
N-tuple of matrices with the same dimensions, and denote

H™" = {X = (X1,...,XN) | X; e R™" e S},

Hn — ;,_Ln,n7
b ={X=(X,....XN) | XeH", X; >20,i€ S}
For A = (A,...,Ay) € H", X = (X1,...,Xn) € H",
we define
N
Li(A,X) = Xi =Y pigAT XA, )
j=1
N
Ri(A,X) = Xi =Y pjid; X; AT 3)
j=1

Lemma 1 [5] The following assertions are equivalent:

(1) System (X) is mean-square stable (MSS).

(2) System (X) is exponentially mean-square stable
(EMSS).

(3) There exists X = (X1,...,Xn) € H™, X; > 0 forall
i€ Ssuchthat L;(A,X)>0,i€ 8.

(4) For any given X = (X;,...,Xy) € H", X; > 0,
there exists a unique R = (Ry,...,Rn) € H™ with
R; > 0, such that ,Cz(A, R) =X;,1 € S.

(5) For any given X = (Xy,...,Xy) € H", X; > 0,
there exists a unique T = (T1,...,Tn) € H™ with
T; > 0, such that R;(A,T) = X;,i € S.

In Proposition 1, if we set X = (X1,...,Xy) € HT,
the uniqueness stated in (4) and (5) also hold for R =
(Rl,...,RN) € ’Hﬁ,andT = (Tl,...,TN) S ’Hi .

From Proposition 1, we can easily obtain the following
result.

Lemma 2 System (X) is MSS if and only if one of the fol-
lowing statements holds.

(1) For any given Ry = (Ro1,...,Ron) € H}, there
exist unique Ry = (Ry1,...,Rin) € HY, 1 =1,2,
such that

Li(AR))=Ri—1:, =12 (4)

(2) Forany givenTy = (o1, ..., To,N) € H'., there exist
unique Ty = (Ti 1, ..., Tin) € H'Y, 1 = 1,2, such that
Ri(ATY) =Ti—14, 1=1,2. (%)

Definition 1 [5] The Ha-norm of system (X) is given by

P ) 1/2
¥) = (Z ||Zs2> ;
s=1

Z €=

output {zs(k) |k—0 1,2,. }when

(1) the input is given by u(0) = es, u(k) = 0 when k >
0, where e is the p-dimensional unit vector formed by
having 1 at the sth position and zero elsewhere;

where ||z and zs represents the
2 P

(2) x(0) = 0 and 6(0) = i with probability u; > 0 for
ieS.
Definition 2 For discrete MSS system (X), the time-
weighted Hy-norm is defined as
1/2
)]) ; (6)

p oo
= <Z > € [kal (k)za(k
s=1 k=0
where the input and initial conditions satisfy the same as-
sumptions in Definition 1.
This paper is concerned with the model reduction problem

for MJLS with a time-weighted Ho error measure. That is,
for a given nth-order MSS Markovian jump linear system,

L falk+1) = AGR)2E) + BOR)u(k),
®: {52 G,
(k) € R7, Sk

u(k) € RP, z(k) € R™, our purpose is to find
an nith-order MSS Markovian jump system

o fak 1) = A@R)E(KR) + BOK)ulk).
() { Bk) = GO,
where #(k) € R?,

u(k) € RP, 2(k) € R™, i < @1, and
6(k) is the same Markov chain as in (), such that the time-
weighted Hs norm of the corresponding error system (30)
as in (1) is minimized, where z(k) € R", n = A+ n ,

A
C

z(k) = z(k) — 2(k), and
A; 0 B; .
Ai—[OAJ, Bi—[éi],ci—[ci—ci]-
For convenience, we denote
R A: B, . N
S = | A7 e ROEmIx(e) G — 9N
[C,L 0 } e b Z ) b b

3 = [f;l 3 N
Then, the time-weighted H2 model reduction problem of
discrete MJLS can be described as the following optimal
problem:

€ YAtmantp (7)

min J? (X)), ®)
subject to
Senld {z € HAFmATD | ($) is Mss} .
3 Computation of Time-weighted /7> Norm

In this section, the time-weighted Hy norm of the error
system will be computed. By using the properties of the trace
we can easily obtain the following two results.

Ay) € H", R =
,Tn) € H", we have

Lemma 3 For any given A = (Aq, ...,

(Ri,...,RN) € H", T = (T1,...
N N
> w[TLi(AR)] =) tr[Ri(AT)R;].
i=1 i=1

Lemma 4 [f there exist Ry € H'}, Ty € H}, 1 = 0,1,2,

satisfying (4), (5), then

N
Z tr [Ry;To—1,i]
i=1

N
= Ztr [RlJrl)iTl,M] , 1=0,1.
=1
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Lemma 5 /5] Denote X;(k) = € [x(k)x (k)" 1(g(k)=i}] »
i €8, forany k = 0,1,2,..., where 1,y stands for the
Dirac measure, then the following equality holds:

Xi(k+1) = Xi(k) = R; (A, X(k)).

Lemma 6 Consider MSS MJLS (X) with u(k) = 0, k =

1,2,...,if Ry € HY, | = 1,2, is the solution of (4), then
we have

> & [ka" (k) Ro oy (k)]

k=1

= € [z (DR p0)z(1)] + & [27 (2) Ra p(2)2(2)] -

Proof. Denote X (k) = [ X1(k) -+ Xn(k)] € 1™, then it
is easy to show from (4), Lemma 3 and Lemma 5 that

5[ T(k)Rd O(k)x(k)]

trZE

trZX

trZRi (A, X (k) Ray1,:
i=1

trz
trz {5

k)1o(k)=i}] Ra.i

i (A, Rq41)

i(k+1)] Ray

) 'Ry o0 Lok =i} ]

—5 [l‘(k + l)x(k + 1)TRd+1,9(k+1) 1{0(k+1):i}]}

& [2(k)" Rag1,000 (k)]

—Elx(k + 1)  Raprogernyz(k + 1)), d=0,1,
hence
> & [ka" (k) Ro oy (k)]
k=1
= Z’S [kxT(k>R1,0(k)x(k)
k=1
— ka" (k + 1) Ry ppesryz(k + 1)]
= Zs [kzT (k) Ry gy (k)
- (k? + 1)1’ (k+ 1)R179(k+1)$(k + 1)]
+Z£ [z (k + 1) Ry gy 1)z (k + 1)), (10)
and

]C +1 Rl 9(k+1).’£(k + 1)]

e[

=1

= 25 k) Ry oy (k)]
k=2

= ZE k) Ry o(x)x(k)

8970

— 2" (k+ DRy painz(k +1)]. (11)
From Lemma 1, system (X) is MSS and at the same time it

is EMSS. Therefore

lim & [m

k—o00

T(k)Ro,pyx(k)] =0,

lim € [k (k)Ry gyz(k)] = 0,

k—o0

which together with (10)—(11) imply

> & [ka™ (k)
k=1

—(k+1) 2T
=&z

Ry o(e) (k)

(k + )Ry ppeg1yz(k + 1)]
TRy pyz(1)]. (12)

and
Z Elx

= 5[1’ ( )R279(2)x(2)} .
Combining (10)—(13) can complete the proof.

Theorem 1 Consider MSS system (%),
(Ay,...,AN), and

DRy gesnyz(k +1)]

(13)
0

set A

N
Poi=Y pjitsBiBf, Qoi=ClCi, ieS. (14)
=1

Suppose P, (P1,....PN) € HI, @
(Quis---,QuN) € HY, I = 1,2, are the unique so-
lutions of the following equations:

Li(A, Q1) = Qo,i, Li(A Q2)
Ri(A, P1) = Pos, Ri(A, P2)

= QLi?
=P,

(15)
(16)

then the square of the time-weighted Hs norm of (%) can be
computed as

Ji ()

N N
tr [Z uiBl (me-Qz,j) Bz‘]
i=1 j=1

N
tr <Z C’1P2ﬂC’2T> .
=1

Proof. Suppose z, (k) is the output corresponding to the in-
put and initial conditions as in Definition 2. By using Lemma
6 we have

(7

WK

€ [kz (k)2 (k)]

=

[}

Mg

g [k»TT(k)Qo,e(k)x(k)]

—_

oy =

E ()@, oyz(1)] + € [z

It is not difficult to show that

5[ T( )Qz,a(z)x(z)]

T(2)Qs,0(2)2(2)](18)

Z Z /’Lipi,ilpil ’LQe BTATQ2 ZgAllB es

=1 ’Ll: ’LQ 1



N T 9.2 N
= Z i€ TBT Z Di, 11 Z Piq, ngZ i Al = 2Md AXn Z Pd 'LQ2 z Bda (25)
i=1 1 1 9By i=1
1= L 21 7,2 1=
: Ail)B‘es] 8‘]12 _ n><n
NoT o 2, 2Cq P2 q (26)
= % B 1,0 i i Bz s
2 pac le 2 (@2 = Quan) ¢ where d = 1,...,N, and P, = []3171~-~B,N],Ql:
1= 11
(19) [Ql,l e QLN] 1 =1,2, are the solutions of (15)—(16).
Similarly, it can be derived that Proof. The proof of (25)—(26) isuVEryuee;sy and we only give
. the proof of (24) here. Denote a;", b, be the uth row, vth
& [m (I)Ql,e(l)I (1)] column element of /Ald respectively, and set
N N
T RT Oﬁxﬁ Oﬁxﬁ
= Hi€g Bz Piiq Q17i1> Bies (20) Eu,v = |: T :|
iZZl (zlz—l OﬁX'ﬁ ouav
According to (18)—(20) we have that with 6; be the ith standard basis of R”, respectively.
P Set aaan = [g?ﬂ Yo %ff;,f ] and take partial deriva-
d d
= ZZE [kst(k')Zs(k')] tive with respect to a};™” on both sides of (14)~(15) for
s=1k=0 d=1,2,...,N,yields
N
aQO,i
=Y tr|wB prczz,] Bi|, (@1 o = 0, 27)
i=1 d
oQ Q-1 ...
ich i i Cz Av = T f d7 28
which implies ( 9a" ) 9a" ifi # (28)
N
N N N 0Qi . 9Qi—14 T
— Ztr ij,iNijBjT Q2,i Z (Po,iQ2,:) - La(4, Bas’”) ~ Oay’ * Z;pdd [FuuQusAa
i=1 j=1 i—1 j=
AZ;Ql,jEu,v] . (29)
It can be obtained from Lemma 4 and (15)—(16) that
It follows from Lemma 4 and (15), (27)—(29) that
N N N
Ztr (Po,iQ2,i) = Ztr (P1iQ1,i) = Ztr (P2,iQo,i) » Ztr Py Qj;)
i=1 i=1 i=1 0
(22) N
Combining (21)—(22) and (14) yields (17). T
= 2t E, ; Ay P AgPy q) .
This completes the proof. 0 rZ; woldj (Q1 AP+ Q2 AaP1 a) . (30)
From (21)-(22), we can get equivalent expressions in the o = )
following theorem. Combining (23) and (30) yields (24).
This completes the proof. ]

Theorem 2 Consider MSS system (%), its time-weighted Ho
norm is given by

N
= Ztr (PLiQ2-1.4), (23)

i=1
wherel € {0,1,2} and P, = (P, ..., Pn) € HY, Qi =
(@1, Quy) € HY, 1 = 0,1,2, are defined as that in

Theorem 1.
4 Time-weighted H> Model Reduction

To solve the optimization problem (8), the gradient flow
method will be adopted in this paper. This method has been
successfully applied to solve many control problems [6, 16].
First, the partial derivatives of JZ will be given.

Theorem 3 The partial derivatives of J 2 with respect to Aqg,
By, Cq are given by

0J?
aAld: [ nXn ;1]7(11 leAdPQd
Onixn
+ Q2,iAqP1q) {IA * ] ) (24)
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Similarly we can get the following result based on the
computational formula of H norm of discrete MJLS [4, 5].

Theorem 4 The partial derivatives of J§ with respect to Aq,

By, é’dford: 1,..., N, are given by
8/12:2[?”(” lz;pdellAdpld{IX :|a
073 -
a—éji = 2#(1 AX A ; Da, lez Bd,

2
% — 2Cdpld{ n><n:|
0Cy
where P, = [Pi1 -~ Pin ], Qr = [Qu1 - Qin],

are the solutions of (15)—(16).

When we apply the gradient flow method to the optimal
time-weighted H, model reduction problem (8), we have to
take two issues into account in the process of seeking an op-
timum. One is how to ensure the error system is MSS. The
other is how to keep the parameters of the reduced-order
model within a bounded domain. In order to solve the op-



timal time-weighted H2 model reduction problem under the
above conditions, an alternative optimization problem will
be considered with an auxiliary objective function:

min JZ(%), 31

7 2 a5,

tea Y tr(X;7?), (32)

and e > 0, e2 > 0 are sufficiently small scalars, X =
(X1,...,XnN) € H" with X; > 0 fori € S, is the solution
of

Li(A, X) = Zs, (33)

for some given constant matrices Z; > 0 for each i € S.
When both ; and 5 tend to zero, the added term .J 2(i)
will converge to zero if the matrices Ai, Ei, C’i, i € S are
bounded and X, ¢ € S are nonsingular. At the same time,
the term J2(3) is a penalty function which ensure the two
technical requirements are satisfied. If J? is bounded, then
the parameters of (i) are bounded and at the same time, X,
i € S, are nonsingular. In the model reduction computa-
tion, we treat f)(t) as time-varying parameters. When the
initial reduced-order model $(0) is MSS, the unique solu-
tion X;(0), ¢ € S of (33) is nonsingular. Hence we can keep

N
the boundness of > tr (Xiz(t))f1 for all values of ¢ such
i=1

that the reduced-order model i(t) keeps its MSS property.
Now we can translate the model reduction problem with con-
straints into (31) which is unconstrained.

It is worth pointing out that a similar penalty term has
shown to be effective when applying to optimization prob-
lems [6, 16, 22].

The partial derivatives of J2(X) with respect to Ay, By,
éd, d =1,...,N, can be computed in the same way as in
[16] and is omitted here.

From above, the gradient flow of .J? can be written in the
form of the following ordinary differential equation

S (1) = fégradfﬁ(i% (34)

where X () = [2 (t)iN (t)} ,andford =1,..., N,

N R aJ? 8J?

S (1) = LA4(t) £Ba(t)] _ 1 94y B4
VT g o 0J;

at~d 8éd 0

In unweighted case the gradient flow of JZ can be formed
in a similar way. There are some properties concerning ordi-
nary differential equation in the form of (34) which is sim-
ilar to that in [6, 16, 22]. These properties show that if we
choose an initial reduced-order model which is MSS, then
we can definitely get a reduced-order model with minimum
time-weighted Hs error using above gradient flow method.

5 Numerical Example
In this section, we present a numerical example to illus-
trate above results.

Example 1 Consider discrete MJLS (X) with two modes
having the following parameters

(0.3 0 0 1 [—0.17
- 0 02 0 0 _ —0.5
A =105-01-05 02 "B =] o |

(01 0 0 -0.3] | 0.2 |
C1=[050-0102],

[—05 0 O 1 ] [ —0.17
- 0 01 0 —02| - 0.3
Az = 1 05-03 0 [P~ 05|

| 0208 0 04 | 0|

Cy=1[003002].

For the Markov chain, we have the transition probability ma-

trix given by
0.8 0.2
= { 0.1 0.9 ]’

and the initial distribution is py = 0.2, o = 0.8.

It is easy to verify by Proposition 1 that this jump system
is MSS. By using the presented method, we obtain two op-
timal second-order reduced models for time-weighted case
(31) and unweighted case (3°), respectively. The parame-
ters of the reduced-order model (fjo) can be obtained as

4O _ [ 05306 —0.0519] s _ [ 0.0000
17 | —0.1310 02472 |* 71 T | —0.3334 "

[0.7939 —0.0369 ],
A;m _ {0.0235 0.6472] 7 Egm _ [—0.0771} 7

C)>
=~
(=]
=

I

—0.4938 0.5589 0.2542
C{” = [0.0006 0.3485] .

The parameters of the reduced-order model (32!) are com-
puted as

AW 0.5311 —0.0154 B — 0.0297

1 —0.1861 0.2374 | ! —0.3281 |’

CM = [0.7988 —0.0273]
[

AW — —0.0138 0.6680} B = {—0.0685] ,

—0.4927 0.5543

C5Y = [0.0162 0.3364] .

Both above reduced-order models are MSS, and their op-
timal time-weighted H;norm are computed as Jo(X%) =
0.0448, J1(Z') = 0.0718, respectively. Randomly
creates a sample path of a Markov chain from k =
0 to & = 15 as the ordered sequence {0y(k)} =
{2,2,2,2,1,1,1,1,2,2,2,2,2,2,2 2} Figure | shows the
pulse responses of the original system, the reduced-order
models both with Hs performance and time-weighted Ho
performance corresponding to this path. Figure 2 shows the
approximate errors of the pulse response. It can be seen from
Figure 1 that both reduced-order models are good approx-
imations of the original system. When we use the time-
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1.2 T T

+  Original system
O unweighted case
18— *  weighted case 4
0.8 q
Q
2
g 06f q
7}
I
2 o4t 1
=3
(]
0.2 b
ol
-0.2 . .
5 10 15
t
Fig. 1. Pulse responses
- -
I s
wd

Fig. 2. Approximate errors of the pulse response.

weighted Hy performance, the approximate error falls to
zero more quickly than unweighted case which can be ob-
served from Figure 2.

6 Conclusion

In this paper, time-weighted H2 model reduction problem
of discrete Markovian jump linear systems has been consid-
ered. The time-weighted Hy norm of discrete MJLSs for
model reduction purpose is defined for the first time. The
computational formula of the time-weighted H5 norm of dis-
crete MJLS is given in terms of the solutions of two sets
of discrete Markovian jump Lyapunov equations. The opti-
mal time-weighted H, model reduction problem of discrete
MILS is introduced and the gradient flow method is adopted
to solve the optimal reduction problem. The gradient flow
is formed by a set of ordinary differential equations to seek
an optimal reduced-order model. A numerical example has
shown the effectiveness of the proposed reduction approach
and the superiority of the time-weighted model reduction in
terms of convergence rate over the unweighted case.
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