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ABSTRACT. Motivated by the counting of BPS states in string theory with ori-
entifolds, we study moduli spaces of self-dual representations of a quiver with
contravariant involution. We develop Hall module techniques to compute the
number of points over finite fields of moduli stacks of semistable self-dual rep-
resentations. Wall-crossing formulas relating these counts for different choices
of stability parameters recover the wall-crossing of orientifold BPS/Donaldson-
Thomas invariants predicted in the physics literature. In finite type examples
the wall-crossing formulas can be reformulated in terms of identities for quan-
tum dilogarithms acting in representations of quantum tori.

INTRODUCTION

Representations of quivers and the geometry of their moduli spaces have found
applications in many areas of mathematics, such as the theory of quantum groups,
derived categories of coherent sheaves and Donaldson-Thomas theory. Not unre-
lated, they have also found applications in quantum field theory and string theory.

Quiver moduli were originally constructed by King [2I] who showed that the
definition of stability arising from geometric invariant theory coincides with a purely
representation theoretic definition, called slope stability. The latter is modelled on
slope stability of vector bundles over curves. More generally, stability of principal
bundles over curves, with structure group a classical group G, can be understood in
terms of slope stability [31]: from the point of view of the vector bundle associated
to the defining representation, the potentially destabilizing subbundles are required
to be isotropic.

The focus of this paper is the study of moduli spaces of quiver theoretic analogues
of G-bundles over curves and their relationship with enumerative invariants in string
theory with orientifolds. To be more precise, we study moduli spaces of self-dual
representations of a quiver with contravariant involution. These representations
were introduced by Derksen and Weyman [9]. While the ordinary representation
theory of a quiver assigns a vector space to each node and a linear map to each
arrow, the self-dual representation theory in addition endows the vector spaces with
orthogonal or symplectic forms and imposes symmetry conditions on the linear
maps. From a categorical point of view, the quiver involution can be used to define
an exact contravariant endofunctor S of Repy(Q) and an isomorphism of functors
O : 1rep,. (@) =5 S2. This makes Repy(Q) into an abelian category with duality
and the self-dual representations are recovered as its self-dual objects.

We introduce a notion of stability for self-dual quiver representations that is a
common generalization of quiver and G-bundle stability. This notion coincides with
the natural definition of stability arising in geometric invariant theory (Theorem
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2.7). Since the stability parameters in the self-dual theory have less degrees of free-
dom than their ordinary counterparts, there are in general many strictly semistable
self-dual representations. This causes the moduli spaces semistable self-dual rep-
resentations to be highly singular. Even the stable moduli spaces need not be
smooth, having orbifold singularities at non-simple stable self-dual representations.
Because of these singularities it will often be more natural to consider moduli stacks
of self-dual representations.

A powerful tool in the study of quiver moduli is the Hall algebra. Under as-
sumptions to ensure smoothness, analogous to the coprime assumption for vector
bundles over a curve, Hall algebras can be used to compute Poincaré polynomials
of quiver moduli [32]. This approach uses the Weil conjectures to relate the number
of F,-rational points of quiver moduli to their Poincaré polynomials. A key rdle
is played by Reineke’s integration map, an algebra homomorphism from the Hall
algebra to a quantum torus. This map is used to translate categorical identities
in the Hall algebra into numerical identities in the quantum torus. Without any
smoothness assumptions the same techniques, with moduli stacks in place of mod-
uli spaces, can also be used to study the motivic DT theory of quivers [27], [28§].
Generalizations of the Hall algebra and integration map, some of which remain
conjectural, are central to the motivic DT theory of three dimensional Calabi-Yau
categories [20], [22], [23].

The analogue of the Hall algebra for self-dual representations was introduced
in [41]. There the self-dual extension structure of the representation category,
controlling three term sequences consisting of a self-dual representation, an isotropic
subrepresentation and the resulting self-dual quotient, was used to construct a
module over the Hall algebra, called the Hall module. In this paper we develop
Hall module techniques to study self-dual quiver moduli. The first important result
in this direction is the construction of a Hall module integration map in Theorem
This is a morphism over the Hall algebra integration map with values in a
naturally defined representation of the quantum torus. By modifying arguments
of [32], in Theorem we solve the Harder-Narasimhan recursion for self-dual
representations. Applying the Hall module integration map leads immediately to
an explicit formula for the number of F-rational points of stacks of semistable self-
dual representations; see Theorem This provides a quiver theoretic analogue
of Laumon and Rapoport’s computation of the Poincaré series of the moduli stack
of semistable G-bundles over a curve [25].

One of the primary motivations of this paper is the development of a mathe-
matical framework for the counting of BPS states in string theory with orientifolds.
In the presence of an orientifold, the D-brane category B of the parent theory is
endowed with a duality structure (S,©) [I0], [I8]. The functor S is the parity
functor, sending a D-brane to its orientifold image, while © : 13 = S2? encodes
the signs of the orientifold planes. The D-brane configurations in the orientifold
theory are precisely the self-dual configurations of the parent theory. Self-dual
quiver representations therefore provide a relatively simple example of this set-up.
The appearance of orthogonal and symplectic structures reflects the familiar re-
duction of structure group of Chan-Paton bundles on D-branes lying on orientifold
planes. Not unrelated, self-dual quiver representations also arise in the study of
worldvolume gauge theories on D-branes in orientifold backgrounds [12].

The cohomology of moduli spaces of semistable D-branes is closely related to the
BPS states of the theory [§]. Similarly, BPS states in the orientifold theory arise
from cohomology of the moduli of orientifold invariant D-branes and, for particular
theories, should provide an orientifold version of DT invariants. In [38] it is sug-
gested that real Gromov-Witten invariants are related (via a MNOP type formula)
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to orientifold DT invariants. Expected properties of orientifold DT invariants for
particular models were discussed from a physical perspective in [24]. However, a ba-
sic definition of the invariants was missing. In this paper, motivated by [22], [23] we
define the orientifold DT series of a quiver with involution as the generating func-
tion counting [Fy-rational points of stacks of semistable self-dual representations,
computed in Theorem above. The Hall module formalism leads immediately
to a wall-crossing formula, Theorem relating orientifold DT series with differ-
ent stability parameters. In finite type examples the wall-crossing formulas can be
reformulated as quantum dilogarithm identities holding representations of quan-
tum tori. We use these identities to define orientifold DT invariants of finite type
quivers; see equation . These invariants satisfy an orientifold modification of
the primitive wall-crossing formula proposed in the physics literature [7]. We take
this as strong evidence that the Hall module framework is indeed applicable to the
study of orientifold BPS states. In Section [3.5] we explain how many of the above
results can be extended to quivers with potential using equivariant Hall algebras.

In [I7] it was proposed that the space of BPS states in a quantum field theory
or string theory with extended supersymmetry has the structure of an algebra,
the product of two states encoding their possible bound states. Mathematical
models for this algebra include variants of the Hall algebra, most notably its motivic
[19], [22] and cohomological [23] versions. See also [0, §8]. Imposing different
structures on the physical theory leads to different algebraic structures on its space
of BPS states. For example, the space of BPS states in a theory with defects,
which can also be thought of as a space of open BPS states, is expected to form a
representation of the algebra of BPS states of the theory without defects [I5]. In
some examples these open BPS modules are modelled using framed objects of the
D-brane category [36]. The Hall modules used in this paper are different, modelling
instead the space of BPS states in a string theory with orientifolds together with
an action of the BPS states of the parent theory. These modules are naturally
graded by the Grothendieck-Witt group of the D-brane category with orientifold
duality, an algebraic version of Atiyah’s K R-theory. This is in agreement with the
physical prediction that charges of D-branes in orientifold theories are elements of
real variants of K-theory [40], [14], [18].

Notation. Throughout this paper k denotes a fixed ground field. The character-
istic of k is assumed to be different from two. We will primarily be interested in
the cases k = C and k = Fy, a finite field with ¢ elements.

Given a variable x and integers 0 < k < n define

)y =14+z+--- 42"}

and

L n [n]!
ot =TI0- 3] - s

i=1
Since each of these expressions lies in Z[z] the variable x can be specialized to any
complex number.

If S is a finite set, then #S € Z>( denotes its cardinality.
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1. REPRESENTATION THEORY OF QUIVERS

In this section we recall some preliminary material about (self-dual) representa-
tions of quivers.

1.1. Quiver representations. Let Q be a quiver with finite sets of nodes Qg and
arrows ()1. Denote by Ag = ZQ) the free abelian group generated by ()y. The
monoid of dimension vectors is Ag = Z>0Qo.

A k-representation of @ is a finite dimensional @Qg-graded vector space V =
@ier V; together with a linear map V; —= V; for each arrow i % j € Q1. The
dimension vector of V is dimV = 7, o (dim V;)i € Azg and its dimension is
dim V = Zier dim V; € ZZO'

The category Repy(Q) of k-representations of () is abelian and hereditary. The
Euler form of Repy(Q) is defined by

x(U, V) = dim Hom(U,V) — dim Ext* (U, V)

and descends to the bilinear form on Ag given by

1€Q0 i&j€Q1
The associated skew-symmetric bilinear form on Ag is (d,d’) = x(d,d’) — x(d’, d).

1.2. Self-dual quiver representations. In this section we record some basic ma-
terial about self-dual representations of a quiver with contravariant involution.

Definition. An involution o of a quiver Q is a pair of involutions, Qo - Qo and
Q1 5 Q, such that

(1) ifi = j is an arrow, then o(j) 7, o(1), and

(2) all arrows of the form i = o(i) are fized by o.

Let (Q,0) be a quiver with involution. There is an induced involution of Ag,
again denoted by o, and we write A, for the subgroup of o-invariant dimension
vectors. There is a canonical map H : Ag — A, given by d — d + o(d).

A duality structure on (Q, o) is a pair of functions, s : Qo — {£1} and 7: Q1 —
{£1}, such that s is o-invariant and 7,7, (4) = s;5; for all arrows i = j.

Definition. A self-dual representation of (Q, o) (with respect to a fixed duality
structure (s,7)) is a pair (M, {-,-)) consisting of a representation M and a non-
degenerate bilinear form (-,-) on the total space Gaier M; such that

(1) the vector spaces M; and M; are orthogonal unless i = o(j),
(2) the restriction of the form (-,-) to M; + My is s;-symmetric,

<$,JZ‘/> :SZ‘<Z‘/,I>, \V/I,Z‘/ 6Mi+MU(i)a

and
(8) for all arrows i = j the structure maps of M satisfy

(maz, ') — T (x, mya)z’) =0, Vae M, x' € Myj. (1)

The conditions on (s, 7) ensure that the second and third parts of the definition
of a self-dual representation are consistent. Let M be a self-dual representation.
If i = o(i) then M; is endowed with an orthogonal or symplectic form. If instead
i # o(i), then M; ® My ~ M; ® M is endowed with the canonical hyperbolic
orthogonal or symplectic form. The self-dual representations for 7 = —1 and s =1
or s = —1 recover the orthogonal or symplectic representations of Derksen and
Weyman [9]. Self-dual representations for more general (s,7) were studied in [42]
where they were called supermixed representations.



SELF-DUAL QUIVER MODULI AND ORIENTIFOLD DT INVARIANTS 5

There is a categorical interpretation of self-dual representations that will be
useful below. Given a duality structure, define an exact contravariant functor S :
Repi(Q) — Repr(Q) as follows. At the level of objects, S(M,m) is given by

S(M)i = My, S(m)a = Tamy

a)”

Here (—)V = Homy(—, k) is the linear duality functor on the category of finite
dimensional vector spaces. Given a morphism ¢ : M — M’ with components
¢; : M; — M/, the morphism S(¢) : S(M') — S(M) is defined by its components
S(¢); = gbg(i). Write ev for the canonical evaluation isomorphism from a finite
dimensional vector space to its double dual. The assumptions on (s, 7) imply that
0= @ZEQU si-ev; defines a natural isomorphism from the identity functor 1gcp, ()
to the square S%. Moreover, for each representation U the identity S (Ou)oBgw) =
1y holds.

The above discussion shows that the triple (Repy(Q),S,©) is an example of
an abelian category with duality [2]. In this setting, a self-dual object is a pair
(M, ), or just M for short, consisting of an object M and an isomorphism
Y o M = S(M) satisfying S(¥n)Onr = ¥ar. An isomorphism ¢ : M = M’ of
self-dual objects is called an isometry if ¥pr = S(d)pr . We write M ~g M’ if
M and M’ are isometric. The group of self-isometries of M is denoted Autg(M).

Given a self-dual object M, the bilinear form (z,z") = ¥ (z)(2’) gives M the
structure of a self-dual representation. This defines an equivalence between the
groupoids of self-dual objects and self-dual representations, where the morphisms
in each category are the isometries. We will use this equivalence throughout the
paper.

Example. For any representation U, the hyperbolic representation on U is the
self-dual object H(U) = (U ®© S(U), Y w) = (eou 15(()”’ )) N
Let M be a self-dual representation with subrepresentation i : U < M. The

orthogonal U+ C M is defined to be the kernel of the composition

M son) 29 s,

The subrepresentation U is called isotropic if U C UL. In this case the self-dual
structure on M induces a canonical self-dual structure on the quotient UL /U,
denoted by M//U.

For any representation U and i > 0 the pair (S,0) gives Ext'(S(U),U) the
structure of a representation of Z,. Decompose this representation into its trivial
and sign subrepresentations,

Ext'(S(U),U) = Ext'(S(U),U)® @ Ext'(S(U),U) %,
and define
E(U) = dim Hom(S(U),U)™% — dim Ext*(S(U),U)>.

The function £ will play the role of the Euler form for the category with duality

(Repr(Q), S, ©).
It was shown in [41}, Proposition 3.3] that £(U) depends only on dim U and so
defines a function &€ : Ag — Z. Explicitly, from loc. cit. we have

e@=Y M S apd - Y HAERN S g,
i€Qg i€Qd o(i)3ieQg ijeQy
(2)

Here Qo = QS‘ UQF UQ, is a partition with Qf consisting of the nodes fixed by o
and o(QF) = Qy . The partition of Q; is analogous.
Below we will also use the function € : Ag — Z defined by £(d) = £(d) —E(a(d)).
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2. MODULI SPACES OF SELF-DUAL QUIVER REPRESENTATIONS

In this section we introduce a notion of stability for self-dual representations and
use geometric invariant theory to construct moduli spaces of self-dual representa-
tions.

2.1. o-Stability. Fix an element ¢ € Aj) = Homz(Aq,Z), called a stability. The
slope of a non-zero representation U with respect to 6 is

o(U)
dim U €Q

pU) =
Here 6(U) is shorthand for 6(dim U).

Definition ([2I]). A representation U is semistable if (V) < p(U) for all non-
zero subrepresentations V. C U. If this inequality is strict for all such V', then U is
called stable.

Let (Q,0) be a quiver with involution. Denote by ¢* the induced involution of
AY.
Q

Definition. A stability 6 € Aé is called o-compatible if 00 = —0.

If 0 is o-compatible, then u(S(U)) = —u(U) for all representations U. In par-
ticular, the slope of a self-dual representation is necessarily zero.

Lemma 2.1. Let 0 be a o-compatible stability. A representation U is semistable
(stable) if and only if S(U) is semistable (respectively, stable).

Proof. The representation U is semistable if and only if u(U) < u(W) for all quo-
tients U — W. Since the functor S defines a bijection between quotients of U and
subobjects of S(U), the o-compatibility of 8 implies the statement for semistability.
The argument for stability is identical. O

The following definition is motivated by the stability of principal bundles over a
curve with classical structure groups [31].

Definition. A self-dual representation M is o-semistable if u(V') < u(M) for all
non-zero isotropic subrepresentations V-.C M. If this inequality is strict for all such
V', then M is called o-stable.

A priori, o-semistability is strictly stronger than semistability. However, we
have the following result. See [30, Proposition 4.2] for the analogous statement for
G-bundles over curves.

Proposition 2.2. A self-dual representation is o-semistable if and only if it is
semistable as an ordinary representation.

Proof. Suppose that M is o-semistable but not semistable. Let i : U < M be the
strongly contradicting semistability subrepresentation, that is, the subrepresenta-

tion with maximal slope and maximal dimension among such subrepresentations.
Then U, and by Lemma also S(U), is semistable with

u(S(U)) < (M) < p(U).
This implies that the composition
UL o2 son) 29 s

vanishes, being a map between semistable representations of strictly decreasing
slope. But then U is isotropic, contradicting the supposed o-semistability of M.
The converse is immediate. (]

From now on we will refer to o-semistability simply as semistability.
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Proposition 2.3. Every self-dual representation M has a unique filtration
0=UycU,cCc---CcU.CM

by isotropic subrepresentations such that the subquotients Uy /Uy, ...,U,./U._1 are
semistable, the self-dual quotient M //U, is zero or semistable and the slopes satisfy

M(UI/UO) > /.L(UQ/Ul) > > /,L(UT/UT_l) > 0.

Proof. If M is semistable, then 0 C M is the desired filtration. So assume that
M is not semistable and proceed by induction on dim M. The case dim M =1 is
vacuous since M is semistable. Let Uy C M be the (non-zero) strongly contradict-
ing semistability subrepresentation, which is isotropic by the proof of Proposition
The inductive hypothesis implies that M//U; has a unique filtration with the
required properties. Pulling this back by the quotient morphism Ui~ — M //U;
gives the desired filtration of M. Uniqueness follows from the uniqueness of the
strongly contradicting semistability subrepresentation. O

The filtration given in Proposition is called the o-Harder-Narasimhan (HN)
of M. In fact, the o-HN filtration coincides with the positive half (according to
slope) of the HN filtration of M, viewed as an ordinary representation.

We now turn to o-stability. Recall that a stable k-representation U is called
absolutely stable if its base change U ®y, k is a stable k-representation. Absolutely
o-stable representations are defined analogously. A o-stable representation is called
regular if it is also stable as an ordinary representation.

Lemma 2.4. Any o-stable self-dual representation is isometric to an orthogonal
direct sum of regular o-stable self-dual representations.

Proof. The proof of [30, Proposition 4.2, Remark 4.3(ii)] can be applied without
change in the quiver setting with no restriction on the ground field. O

Let M be a polystable k-representation, that is, a direct sum of stable represen-
tations of the same slope. Then M ® k is polystable and Aut(M ®y, k) is a product
of general linear groups. If M admits a self-dual structure, then Autg(M ®, k)
is a product general linear, symplectic and orthogonal groups; suppose there are
r orthogonal factors. If the field k is finite, then the Galois cohomology of the
isometry group is

HY(k, Auts(M @y, k)) ~ Zj,
each factor being identified with the choice of discriminant &; € k* /k*? ~ Zs of the
corresponding orthogonal form. It follows that there are 2" k-forms of the self-dual
representation M ®j, k. The k-form associated to ¢ € H*(k, Auts(M ®4 k)) will be
denoted M¢. See [34, Chapter III] for background results on Galois cohomology.

Proposition 2.5. Assume that k is finite or algebraically closed. A self-dual rep-
resentation is o-stable if and only if it is isometric to an orthogonal direct sum
of the form @, Ml@m“sl, where M are pairwise non-isomorphic reqular o-stable
representations and m; = 1 or (if k is finite) m; = 2 and Ml®2’51 18 mon-hyperbolic.

Proof. Suppose first that k is finite. Let M be o-stable. Note that M has no
hyperbolic summands. By Lemma there are pairwise non-isomorphic regular
o-stable representations M, such that M = @, M,"™"". If m; > 3 for some [, then
there exists a discriminant €] so that

M[@ml,al ~g H(Ml) ® M[@(Tﬂz72),sg,

contradicting o-stability of M. It follows that m; = 1 or m; = 2 and Ml®2’al is
non-hyperbolic.
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Conversely, consider M = @, Ml@ml’sl as in the statement of the proposition.
A slope zero subrepresentation U C M is necessarily a direct sum of copies of the
M;. The assumptions on my; and ¢; imply that M; does not appear as an isotropic
subrepresentation of Ml@m“sl. Hence U is not isotropic and M is o-stable.

When k = k the same proof applies. In this case the isometry MZ@Q ~¢ H(M)
implies that m; = 1 for all [. O

Proposition 2.6. Assume that k is finite or algebraically closed.

(1) A o-stable representation M is absolutely o-stable if and only if, in the
notation of Proposition each M is absolutely stable and m; = 1.

(2) If M is an absolutely o-stable representation with r reqular summands, then
Autg(M) ~ 7.

Proof. When k = k the first statement is Proposition So assume that k is
finite and, in the notation of Proposition [2.5] write a o-stable representation as
M =@, M"™*". Then

M @y k ~g @(Mz @ k)P
.

By Proposition M ®y, k is o-stable if and only if m; = 1 and the summands are
pairwise non-isomorphic regular o-stable representations. By Hilbert’s Theorem
90, the summands M; ®; k are pairwise non-isomorphic if and only if the M, are.
Also, M; ®y, k is regular o-stable if and only if M is absolutely stable. This proves
the first part of the proposition.

For the second statement, writing M = @{:1 M, as above (omitting ¢; from
the notation), Schur’s lemma gives End(M) = €,_,; End(M;). Hence Autg(M) =
P, Auts(M;). Since each M; is absolutely stable, End(M;) ~ k and Autg(M;) ~
Zs. The statement follows. O

2.2. GIT stability and moduli spaces. The affine variety of k-representations
of @ of dimension vector d € A is Rq = @, o H omy (k% k%). The algebraic
k-group GLy = Hier GLg4, acts by simultaneous base change on Ry and its orbits
are in bijection with the set of isomorphism classes of representations of dimension
vector d.

Assume that k is algebraically closed. Fix d € Angr and assume that d; is even if
i € QF with s; = —1. Up to isometry, there is a unique self-dual structure (-,-) on
the trivial representation of dimension vector d. Denote by R§ C Ry the subspace
of structure maps satisfying equation with respect to (-, -). Explicitly,

Ri~ @ Homp(k" k%o € Bl k).
i—jeQt o (i)€QT
Here Bil°(V) denotes the vector space of symmetric (e = 1) or skew-symmetric
(e = —1) bilinear forms on a vector space V. The isometry group of (-,-) is the
reductive k-group G = [[;cq+ GLa; X [Licqq Gg, where G is an orthogonal or
symplectic group:
Si ) 7
Gdi o { Spdi, if s; = —1.

The group G acts on RJ through the embedding G9 — GLg4 given on factors by
Gy = GLg, for i € QF and

GLg4, — GLg, X GLda(i)’ gi = (9is (gi_l)T)

for i € QF. Isometry classes of self-dual representations of dimension vector d are
in bijection with the G7-orbits of RJ.
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If k is finite, the bilinear form (-,-) need not be uniquely defined. Indeed, for
each i € Qf with s; = 1 there are two inequivalent choices for the restriction of (-, -)
to M;, labelled by a discriminant €; € Zs. Fixing a choice € of these discriminants,
there is an associated algebraic group G5° and a G °-representation Rj°. As a
vector space R° is independent of e. Isometry classes of self-dual representations
of dimension vector d are in bijection with the G5 *-orbits of R“ as e varies over
all choices.

Each stability 6 Aé defines a character

Xo:GLa— k", ({giticq,) = [] (detgi)™*
1€Qo

and by restriction also a character of GJ. Note that o-symmetric stabilities, 0*0 =
6, restrict to the trivial character of the identity component of G and so are not
interesting from the point of view of GIT with respect to G7. In fact up to a factor
of one half, which is irrelevant for GIT, the characters of the identity component
can be identified with the o-compatible stabilities.

Recall the definition of stability in GIT [29], [21]. Assume that k = k and let V
be a representation of a (not necessarily connected) reductive group G with kernel
A C G. Fix a character x : G — k*.

Definition. A point v € V is x-semistable if there exists n > 1 and

€ kVIS = {h e kV] | h(g-v") = x(9)"h(v)), ¥g € G, v € V}
such that f(v) # 0. If, in addition, the stabilizer Stabg A (v) is finite and the action
of G on {v € V| f(v') # 0} is closed, then v is called x-stable.

The x-(semi)stable points for the action of G and its identity component coincide
[29, Proposition 1.15]. In particular, we can apply the usual Hilbert-Mumford
criterion to test stability, regardless of the connectivity of G.

Theorem 2.7. Assume that k = k and let @ be a o-compatible stability. A self-dual
representation M € RY is o-(semi)stable if and only if it is xo-(semi)stable.

Proof. We follow the strategy of |21} §3] where the analogous statement for ordinary
representations is proven. We will prove the statement for stability. The argument
for semistability is the same.

Given M € R7 and a cocharacter A : k* — G define

M} ={zeM;|\z)-z=z2", Vzek*}, a€lZ, icQ.
For each arrow i = j the structure map m, decomposes into a collection of linear
maps m%® : M® — Mjl? satisfying A(2) - m%® = 2=4m%® Then lir% A(z) - M exists
z—r

if and only if m%® =0 for all a > b and a € Q. The latter condition is equivalent

to the direct sum
M) = D P M

1€EQp a>w

being a subrepresentation of M for each w € Z. Then {M(y)}wez is a decreasing
filtration of M stabilizing at 0 for w > 0 and at M for w < 0.
Let z € M and 2’ € Mf;(i). Since A acts by isometries we have

(x,2") = (M2)z, \(2)z') = 2970 (x,2).

Therefore (z,z') = 0 whenever a # —b, implying M(J;U) = M(_y+1)- In particular,
M) is isotropic if w > 0.
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Writing (-, ) for the canonical pairing between characters and cocharacters, we
compute

(X6, A) > 0(M)

wEZ

= Y 0(M_win) + Y 0(M,)
w>0 w>0
= 7 (OO M) + 0(M)) + > 0(Mi)
w>0 w>0
= 23 0(Mw))
w>0
In the last line we used that 6 vanishes on Ag,.

If M is o-stable, from the previous calculation we see that (xg,A) < 0 for all
cocharacters A. By the Hilbert-Mumford criterion (in the form of [2I] Proposition
2.5]) M is xp-stable. Conversely, suppose that M is yg-stable. A non-zero isotropic
subrepresentation U C M defines a filtration

UcU*+c M. (3)

There exists a cocharacter A : k* — G9 whose limit lim, ,o A(z) - M exists and
whose associated filtration is ; take A\ to have weight —1 on U, weight zero on
a vector space complement of U in U~, and weight 1 on a complement of U-L.
The Hilbert-Mumford criterion implies 20(U) = (xg,A) < 0, proving that M is
o-stable. O

For each o-compatible stability # and dimension vector d € AUQ’+, define the
moduli space of semistable self-dual representations as the GIT quotient

07" = Proj | (P KR
n>0
It is an irreducible normal quasi-projective variety parameterizing S-equivalence

classes of semistable self-dual representations. More precisely, each semistable self-
dual representation M has a o-Jordan-Holder filtration

0=UycU,---CcU,.CM,

with subquotients Uy /Uy, ...,U,/U,._1 stable of slope zero and self-dual quotient
M//U, zero or o-stable. The associated graded self-dual representation is

T
Grs(M) = @ H(U;/Ui_1) & M//U,.
i=1
Two semistable self-dual representations M7 and My are S-equivalent if Grg(M;) ~g
Grs(Ms). Using this and the self-dual generalization of [9, Theorem 2.6] we con-
clude that the forgetful map Dﬁg’g — MY to the moduli space of ordinary represen-
tations is injective.

There is an open subvariety Sﬁg’G'St C Sﬁg’e parameterizing isometry classes of
o-stable representations. While S)JTZ’G“” in general has orbifold singularities (see
Proposition the regular o-stable representations are smooth points. If non-
empty, DJTZ’G'St is of dimension —&(d). This can be seen either by direct calculation

or by identifying the tangent space of the moduli stack of self-dual representations at
M with Ext'(M, M)® and the infinitesimal isometries of M with Hom (M, M)~>.

Example. Let @ be the following orientation of the A5, Dynkin diagram:
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o 0—> —o—>—o—> 9 - -0
-n -2 -1 1 2 n

The involution swaps nodes i and —i, fixes the middle arrow and swaps the remain-
ing arrows. If a representation is orthogonal (symplectic) then, along with other
conditions, the map assigned to the middle arrow is skew-symmetric (respectively,
symmetric).

For stability 6; = —i the stable representations coincide with the indecompos-
able representations, which are in bijection with the positive roots of As,. There
are no o-stable orthogonal representations. The semistable orthogonal representa-
tions are hyperbolic sums of o-symmetric indecomposables. The symplectic case
depends on the ground field. When k = k the regular o-stable symplectic repre-
sentations are precisely the o-symmetric indecomposables. When k is finite each
o-symmetric indecomposable admits two distinct symplectic structures and this
give all the regular o-stables. There is also a unique o-stable symplectic structure
on the twofold direct sum of each o-symmetric indecomposable. After base change
to k this representation is hyperbolic and so is not absolutely o-stable. <

Example. Let K,, be the n-Kronecker quiver
-1 I 1

with the involution that swaps the nodes and fixes the arrows. Symplectic repre-
sentations have symmetric structure maps. Fix the stability §; = —i and identify

9 with GLg,. A symplectic representation of dimension vector (1,1) is semistable
if and only if it is o-stable if and only if not all of its structure maps are zero. Hence

Sﬁff’f) ~ Pn~1 arising as the coarse moduli space of a Zj-gerbe over P"~!. For

n > 2, ing ’g) is in general singular.
Moduli spaces of Ks-representations can be described explicitly. For each d > 1,
using Jordan-Holder filtrations and taking symmetric products gives isomorphisms

0 d 0 md
szg,d) ~ Sym szf’l) ~ [P%, (4)
From Proposition Dﬁ?sg;“ is the complement of the big diagonal in . This
contrasts the situation for ordinary representations, where E)ﬁ?fé) is empty if d >

1. N

3. ORIENTIFOLD DONALDSON-THOMAS THEORY OF A QUIVER

In this section we introduce the orientifold Donaldson-Thomas series of a quiver
with duality structure. We use Hall algebras and their representations to study the
basic properties of these series, including their wall-crossing.

3.1. Quantum torus and coistropics. Fix a finite field k¥ = F, of odd charac-
teristic and let @ be a quiver. The quantum torus T attached to Repr, (Q) is the
Q(g'/?)-vector space with topological basis {4}, A and multiplication

d,d)

1
X Tgr = q2< Td+d - (5)

The algebra TQ, or rather the algebra generated by {z4}4er, with the same mul-
tiplication, is a quantization of the Poisson algebra of regular functions on the
algebraic torus Ty = A\é ®z C* with Poisson structure determined by the skew-
symmetrized Euler form (-,-) [22].
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In the self-dual setting, let SQ be the Q(ql/ 2)-vector space with topological basis
{€e}ocpe+- Define an action of Tq on Sg by the formula
Q

wa € = qaBITED ey (6)

Using the identity
Ed+d)=Ed)+E) + x(a(d),d).

it is verified that this gives Sg the structure of a Tg-module.

The module SQ has the following geometric interpretation The involution
0 : Ag = Ag induces an anti-Poisson involution ¢* : Ty — Ty whose fixed point
locus is a coisotropic subtorus 7§ C Tg. The algebra of regular functions on 135,
and more generally the space of sections of a vector bundle over T3, inherits the
structure of a C[Tg]-module. From this point of view, SQ is a quantization of the
C[Tg]-module of sections of the trivial vector bundle of rank 2#@¢ over 13-

3.2. Hall algebras, Hall modules and integration maps. Let Hg be the Hall
algebra of Repr, (Q) [33]. Its underlying Q-vector space is generated by symbols [U]
indexed by isomorphism classes of IF,-representations of ¢) and its multiplication is

U] VI=) FivIX]
X

with structure constants the Hall numbers
Ffy=#{UcCcX|U~U, X/U~V}
Then Hq is a Ag—graded associated algebra.
In [32] Lemma 6.1] (see also [27, Proposition 1]) Reineke showed that the map

. A x(dim Udim )
: 0 U 8
/H Ho = T, V1= FAut(U) L dimU

is a Q-algebra homomorphism. The map fH is a one dimensional version of the
(partially conjectural) integration maps central to the motivic DT theory of three
dimensional Calabi-Yau categories [22].

We want to construct a lift of the homomorphism fH to the self-dual setting.
To do this, we first recall the definition of the Hall module Mg associated to the
category Repr, (Q) with fixed duality structure [41]. It is the Q-vector space gen-
erated by symbols [M] indexed by isometry classes of self-dual F,-representations
of Q. The Hg-module structure on Mg, is defined by

U] % [M] = GYf yIN]

with structure constants self-dual versions of Hall numbers,
Gy = #{U c N|U~U, U is isotropic, N//U ~g M}.
The next result provides the desired lift of fH.
Theorem 3.1. The map

g€ (dimd)

/M : Mg — So [M] — #ATs(mﬁdimM

1Again, for this interpretation we should use the module generated by {fe}eEAg-
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s a / -morphism. More precisely, the diagram
H

Ho @ Mg — Mg

RIS J.

T S S
Q ®Q(q%) @ — 8¢
commutes, where the horizontal maps are the module structure maps.

Proof. By linearity it suffices to show that

[ qwrenn = ([ @)« ([ )

for all representations U and self-dual representations M. A direct calculation
shows that this is equivalent to the identity

qfx(dim M,dimU)—E(dimU)

Z GUM
#Auts(N)  #Aut(U) - #Auts(M)

Using [41, Lemma 2.2] this is in turn equivalent to the identity proven in [41],
Theorem 2.9]. O

Write 7:[Q for the completion of Hg with respect to its Aa—grading and MQ
for the corresponding completion of M. Both integration maps fH and [ v and
Theorem [3.1] extend to these completions.

Remark. Theorem (3.1 holds more generally if Repr, (Q) is replaced with an exact
subcategory of a hereditary finitary abelian category. The duality need only be
defined on the exact subcategory. An example of this type is the category of vector
bundles over a smooth projective curve over [, with its standard duality.

3.3. Orientifold DT series. Define characteristic functions of (self-dual) repre-
sentations of a fixed dimension vector d in Aa or ASJF by

L= Y [Ul€Hq, 15=Y  [MeMq
dimU=d dim M=d
The sums run over the finitely many isomorphism (isometry) classes of (self-dual)
representations of dimension vector d. Given a (o-compatible) stability 6, there are
similarly defined characteristic functions of semistable representations with fixed
dimension vector d or slope pu:

19eHg, 19 €Hq, 17% e Mg, 179 € Mq.

As self-dual representations have zero slope we have written 179 for 1Z£0. Apply-
ing the appropriate integration map to each characteristic function gives a stack
generating function, denoted by A with the corresponding sub/superscripts. For

example,
(d)

470 / - ¥ + e = (7)
d ™ #Aut M) @

dim M=d
M 1S S.S

In analogy with [23] we call

Aa’o = Z AZ’G < SQ
deAg ™t
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the orientifold Donaldson-Thomas series of (Q, o) with its given duality structure
and stability.
Let n > 0 and put (y), = [[—, (1 — ¢"). For each d € AZS and e € A8+ define

Wa= ] ®a W2 =TT @15 < 1] W
i€Qo i€Qg i€Qy
where | 4 | is the greatest integer less than or equal to .

Proposition 3.2. Fizde A};, e € AUQ’Jr and let 6 be a o-compatible stability.
(1) The following identities hold:

(d,d) 3E(e)

qfi
CE—— ar=1" "¢
@D, @0z *

(2) The quantity A%Y is equal to q%‘g(e) times the number of Fy-points of the
stack of semistable self-dual representations of dimension vector e:

AZJ" = q%f(e) . #[Rg’sﬂ_ss/Gg’E](Fq)fe'

1
qfix
41d

Proof. The identity for A, is known [27]. In the self-dual case we have
o 1e(e) RS
A7=2 =% )#Gg,sie-

Denote the function on Ag given by the first two sums (last two sums) in equation
by & (respectively, ;). By direct inspection #R%¢ = q=1(¢), If i € Q¢ then
G7° = GL,, and

g

1 gSoelita(®))

#Go5 (g7,
If i € QF then G is an orthogonal or symplectic group. The cardinalities of the
finite classical groups are given by

v 2#G Ly (F 2 1 _ n

#0538 = L C0) s () = SHO5A () = € HOL(E,)
with €; € {—1,1}. See for example [39] §§3.5 and 3.7]. Using this we find
—&o(eid)

> e
0,€i —2) ..
— #Ge] (¢72) %)

These calculations together with Burnside’s lemma give the identity for AZ.

Turning to the second part of the proposition, the number of F,-points of the
stack [RZ59-55 /G7¢] is by definition

1
71 [RZ”E’e_SS/GZ-’E](Fq) = § : #A t( )
U
nelso[RS %% /GI°|(Fy) 1

The objects of the groupoid [RZ%-%5 /GZ](F,) are in bijection with the set
R7%**(Fq) x H' (Fq, GZ°(Fy)).

The cohomology H'(F,, G2¢(F,)) is identified with the set of inequivalent choices
of ¢ with & as the base point. Morphisms in the groupoid are the transporter
groups

Homggor,) ((r',€), (", €")) = 5Er,5//Tranng,E/(Fq)(r', ).

Hence the automorphisms of (r/,&’) are the stabilizers of ' € R<¢-55(F,) under

the action of GZ< (F,), or in other words, Autg(r'). The proposition follows after
using equation . O
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Our next goal is to describe the characteristic function 12’9 for a given o-
compatible stability . We will say that (d,...,d") € (Aa)” has strictly decreasing
slope if pu(d') > -+ > p(d™). Similarly, (d',...,d";d>®) € (Ag)” X A8+ has strictly
decreasing slope if (d',...,d") does and p(d™) > 0.

As iterated products in the Hall algebra count filtrations of representations, the
existence of unique HN filtrations implies the following identity in H¢g (see [32]):

Lg=>» 1010 (8)
d.

The sum is over all n > 1 and d* = (d',...,d") € (Ag)" with strictly decreasing

slope and weight d = Y"1 | d'. Equation gives a recursion for 13 in terms of 14

with dimd’ < dimd. This recursion was solved by Reineke [32, Theorem 5.1].
Using Proposition @ similar reasoning gives an identity in Mg:

15=> 1% 15 %172 (9)
(d®;d>)

The sum is now over all n > 0 and (d®;d>) € (Aa)" X AUQ’+ with strictly decreasing

slope and o-weight d = Y"1 | H(d") + d*. Note that d*° may be zero but that

d' # 0 if i # 0. We write I(d*) = n if d* € (Af)".

Definition (c¢f. [32, Definition 5.2]). Let (d*;d>) € (Ag)" x Ag+.

(1) For a possibly empty subset I = {s1 < --- < s} C{1,...,n}, the I-coarsening

of (d®;d>) is the element of (Ag)#l X A8+ given by

cr(d®;d™) = (d1 4o dB e dS T +dsk;H(dSk+1 4o d™) +d™).

(2) The I-coarsening cy(d®; d>) is called o-admissible if
(a) it has strictly decreasing slope,
(b) foreachi=1,... )k and j' = 8,1 +1,...,8; — 1 the inequality

Si

OB SEROEVTED SRND

Jj=si—1+1 Jj=si—1+1
holds, and
(c) for each j' = sk +1,...,n — 1 the inequality (3 77_,, |, d’) > 0 holds.
We now solve the recursion @D for 1;"9.

Theorem 3.3. For each d € A8+, equation @D is solved by
179 = 3" (1)L 1ge * 15
(d*;d>)
where the sum is over all n > 0 and (d*;d*>) € (AZS)” X A8+ which are equal to
(@;d) or satisfy p( 5:1 d)) >0 for j =1,...,n and have o-weight d.

Proof. Using the resolution of the HN recursion from [32] and substituting the
claimed expression for lg’e into equation @ gives for 17 the expression

w1
> 5 commes ([ )i w
(d.;doo) (dL‘,--- 7dn,o;dm,o) i=175=1

The outer sum is over all (d®;d*) with strictly decreasing slope and o-weight d
while the inner sum is over all (d>*®,---,d™®;d>>*) with d** € (A})* of weight
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d* satisfying
l
p(d d) > p(dh),  1=1,.. 0 -1
i=1

and d*® € (Ag)loo X A‘TQ’Jr of o-weight d°° satisfying

l
p(d d>) >0, I=1,... .

i=1
Let (e®;€e>) be the concatenation of d\®,...,d™* and d°*,
(e%5e) = (dM', ... d™n, d>t, L dPole a2

Then (d®;d*) is a o-admissible coarsening of (e®;e>). Since
S (1) + oo = 1) — 1(d*)
i=1

the order of summation in can be swapped to give for 17 the expression

D DM S (=) I L ey % 1
(e%;e%) (d®,d>)
The range of the outer sum is as in the statement of the theorem while the inner
sum is over all o-admissible coarsenings of (e®;e>).
To complete the proof it suffices to show that for fixed (e®;e>) equal to (&;d)
or satisfying the inequality in the statement of the theorem we have

Z (_l)l(d°) :{ 17 if (eo;eoo) - (@;d) ) (11)

0, otherwise
(d*;d>)

the sum being over all g-admissible coarsenings of (e®;e¢°). This is a self-dual
analogue of [32] Lemma 5.4]. If [(e®) = 0, then (e*;e*) = (&;d) and equation
is trivially true. For I(e®) > 1 we proceed by induction. If [(e®) = 1, then
(e®;e) = (e';e) with u(e!) > 0. This has o-admissible coarsenings [ = & and

= {1} and equation again holds. For [(e®*) > 2 we can follow the proof of
[32, Lemma 5.4], distinguishing the cases p(e!) < p(e?) and p(e') > u(e?). This
allows to complete the induction step. O

For d°® € (Ag)" and e € A”Q’Jr introduce the notation

n

@)= 3 @ d) xled) =Y xled), Ed) =€ d).

1<i<j<n i=1

By applying the Hall module integration map to the expression for 1;’9 from The-
orem [3.3] and then using Theorem [3.1] and Proposition [3.2] we obtain the following
result.

Theorem 3.4. For any d € A‘TQ’+ and o-compatible stability 0, the coefficient of &4

in Ag’a is equal to

1 o . oo e Y l(d.) q_X(divdi)
q§5(d) Z (_1)l(d )q—x(d )= x(d™,d*)—E(d®) H
(d®;d=) i=1

g €@

(Ve | (@)’

where the range of summation is as in Theorem [3.3
In particular, there exists a rational function ag’e (t) € Z(t2) that specializes to
Ag’e (F,) at every odd prime power q.
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For an acyclic quiver @ and a sufficiently generic stability 6, the ordinary moduli
space zmg, over k = C say, is a smooth projective variety. In [32] the Weil conjec-
tures are used to show that the function afl, specializing to Ag at each prime power,
satisfies

af(v?) = D (02 = 1) Py (),

giving an effective way to the compute the Poincaré polynomial ng (v). In the self-
dual case, the requirement that 6 be o-compatible means that it cannot be chosen
generically, except in some low dimensional examples. This leads to the existence of

strictly semistable self-dual representations so that a;,e is not obviously related to

the Poincaré polynomial of 93?;‘9. Instead, ag’e can be interpreted as the Poincaré

series of the moduli stack [Rg’a /GY]. For similar interpretations in the case of
G-bundles over curves and ordinary quiver representations see [I], [25] and [10]
respectively.

The functions az also have string theoretic importance, regardless of whether
0 is generic or not. In [26] it was proposed that the functions a determine the
Higgs branch expression for the index of multi-centred BPS black holes in N' = 2
supergravity. Using the explicit computation of afl from [32] this proposal was
tested in a number of examples. It would be interesting to test a similar relationship
between ag’e and a Coulomb branch formula for indices of BPS black holes in the
presence of an orientifold [7].

Example. For the n-Kronecker quiver with stability §; = —i we have
t—1

1—n
T3 =tz [n].

,0 _ 4t

aiiy () = 20D

Indeed, there are 2[n], isometry classes of semistable symplectic F,-representations

of dimension vector (1,1), each having isometry group Z,. These representations

are absolutely o-stable. The moduli space is szf ’19) ~ P"~! and we recover its
Poincaré polynomial via

p,0 2\ _ . E(1,1
agyy(v?) =v ( )mef,’f) (v).

$E(d,d).

In general af% is rational, even after multiplication by ¢~ For example,

using Theorem [3.4] we compute

n—1
a0 o ,ree2) " [2n]e — [n]
Ay () =12 —r1

When n = 2 this is azg’g) (t) = t262 (43 4+ ¢ — 1) while after multiplication by

t=2€(2.2) g polynomial but fails to recover the Poincaré polynomial of 9t
because of strictly semistable symplectic representations.

s5p,0 o o2
(22) =P

We now describe a class of quivers with involution whose ordinary and self-
dual representation theories differ rather mildly. This is partially motivated by [8]
§5.2.1]. Let @ be an acyclic quiver and let Q" be the disjoint union of Q with
its opposite Q°P. Then Q" has a canonical involution ¢ that swaps the nodes and
arrows of @ and Q°?. Let Q' be a quiver obtained from Q" by adjoining arrows
from Q°P to Q in such a way that o can be extended to Q’. The o-compatible
stabilities of Q' are of the form ¢’ = 6 — o*6 with § € Aj. Given d € Aa pick
stabilities 6, 0 € A¢) satisfying 6y(d) = 0 and 6_(d) < 0. Assume that € and 6
are generic in the sense that all semistable representations of ) of dimension vector
d are stable.
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Fix a duality structure on @’. Any self-dual representation of dimension vector
d' = H(d) can be written uniquely as a Lagrangian extension

0-U—-N-—=SU)—0 (12)

with U a representation of @) of dimension vector d.

The representation N is 6)-semistable if and only if U is fp-semistable. In this
case the o-Jordan-Hoélder filtration of N coincides with the Jordan-Holder filtration
of U. This implies that the map

Mmo(Q) —» MP(Q), N U

is an isomorphism. It is straightforward to verify that the Lagrangian extensions
are parameterized by the vector space Ext!(S(U),U)?. Since Hom(S(U),U)
is trivial, we have dim Ezt*(S(U),U)® = —&(d). Using this we compute

/ _25(d)
0';0() 2 — E(d/) v P ,
aa ) =TT Py

(v).
On the other hand, in some examples 93?2,9‘ (') is a fibration over 93?2,’%(@’)
with fibres weighted projective spaces of dimension —&(d) — 1.

Example. As an example of the previous discussion, let () be the n-Kronecker
quiver on nodes {—2,—1} and let Q' be the quiver

-2 -1 1 2
A symplectic representation of @’ of dimension vector d’ = (dz, d;,d1,ds) is a tuple
(A, B) € Hom(k%, k4)®" @ (Sym? k4 ) o™,

Suppose that d; = 1. For stability 8y = (d2, —1) the representation (A4, B) is
semistable if and only if A # 0. From the discussion above

Mm% (Q') ~ my

(d271)(Q) ~ Gr(dp, C")

and

2m
sp,05 (. 2 gy v n
ay o (v?) = ¥l )U2—1[d2] .
v

For §_ = (d2 + 1, —1) the representation (A, B) is semist