STORM: A Nonlinear Model Order Reduction
Method via Symmetric Tensor Decomposition

Abstract—Nonlinear model order reduction has always been a
challenging but important task in various science and engineering
fields. In this paper, a novel symmetric tensor-based order-
reduction method (STORM) is presented for simulating large-
scale nonlinear systems. The multidimensional data structure
of symmetric tensors, as the higher order generalization of
symmetric matrices, is utilized for the effective capture of high-
order nonlinearities and efficient generation of compact models.
Compared to the recent tensor-based nonlinear model order
reduction (TNMOR) algorithm [1], STORM shows advantages in
two aspects. First, STORM avoids the assumption of the existence
of a low-rank tensor approximation. Second, with the use of
the symmetric tensor decomposition, STORM allows significantly
faster computation and less storage complexity than TNMOR.
Numerical experiments demonstrate the superior computational
efficiency and accuracy of STORM against existing nonlinear
model order reduction methods.

I. INTRODUCTION

To facilitate efficient modeling and simulation of large-scale
dynamical systems, model order reduction has been intensively
studied in the past decades [2]. The principle of model
order reduction is to extract a compact reduced-order model
(ROM) which approximates the input-output relationship of
the original system accurately, so that efficient simulation
and reliable system-level verification can be achieved. The
effectiveness and robustness of model order reduction have
been proved in various domains, e.g., circuit design [3]-[5],
mechanical systems [6] and chemical engineering [7].

Since model order reduction for linear time-invariant (LTT)
systems is by now mature, large amounts of research effort
are being devoted to nonlinear cases, which are also more
practical for real-world problems [8]. For instance, simula-
tions of radio-frequency integrated circuits (RFIC) are highly
time-consuming due to their intrinsic nonlinearities and large
problem sizes [9]. However, nonlinear model order reduction is
much more challenging: the behaviors of nonlinear dynamical
systems are much more complex than linear systems, and
there is a lack of a universal and efficient way to extract the
nonlinear ROM [10].

Several projection-based nonlinear model order reduction
methods [9], [11], [12] have been derived from linear model
order reduction approaches. In [9], a method called NORM
is proposed to match the moments of high-order transfer
functions explicitly. NORM shows a great advantage in com-
parison with the methods in [11], [12], since the lower order
approximation is skipped. However, NORM builds the ROM
whose matrix form tends to be very dense and whose size
grows exponentially as the order increases. This fact limits

the practicality of NORM for large sparse systems as well as
strongly nonlinear systems.

In fact, existing high-order nonlinear model order reduction
problems are always doomed by an explosion of matrix
dimensions. To overcome such curse of dimensionality, the
data structure of tensors [13], as higher order generalizations
of matrices, is introduced to effectively capture the high-
order nonlinearities and generate highly compact models. The
recent work [1] proposed a tensor-based nonlinear model
order reduction method named TNMOR. It relies on the
CANDECOMP/PARAFAC (CP) decomposition [14], [15] to
find a low-rank rank approximation of the original system.
Based on the assumption of the existence of a low-rank
approximation, TNMOR allows faster simulation and smaller
memory requirement than previous nonlinear model order
reduction methods.

In this paper, a symmetric tensor-based order-reduction
method called STORM is presented. Comparing to TNMOR,
STORM avoids the premise that a low-rank approximation of
the original system exists, which is a limitation of TNMOR.
Meanwhile, via the symmetric tensor structure and the pro-
posed decomposition algorithm, STORM provides significant
improvements of computational performance and storage re-
quirement, for both the order-reduction stage and the ROM
simulation stage.

In the rest of this paper, Section II reviews the theoretical
backgrounds of STORM, including Volterra series, symmetric
tensor decomposition, as well as the existing projection-based
nonlinear model order reduction methods. The details of
STORM are discussed in Section III. In Section IV, numerical
examples are given to verify the validity and advantages of
STORM. Finally, Section V concludes this paper.

II. BACKGROUND

The theory on Volterra systems, symmetric tensors and their
symmetric rank-1 decomposition are first briefly reviewed.
Then, we show the principles and limitations of the existing
projection-based nonlinear model order reduction methods
such as NORM and TNMOR.

A. Volterra System

Volterra series is an important mathematical tool for nonlin-
ear analysis [16]. It decomposes the original nonlinear system
into a series of homogeneous nonlinear systems. In this work,
we consider a nonlinear multi-input multi-output (MIMO)



time-invariant system modeled by the differential-algebraic
equation (DAE)

d

1 @O + £ (2(8)) = Bu(?),
where z € R”™ and u € R! are the state and input vectors,
respectively; B and D are the input and output matrices, re-
spectively; ¢(-) and f(-) are smooth nonlinear vector functions
of the state vector z.

According to the Volterra theorem and variational analy-
sis [17], the system response = can be written as a summation
of the responses z; of the ith-order homogeneous nonlinear
system, namely z(t) = Y=, z;(t). Therefore, the response
of (1) to the inputs au(t) becomes

%[q(w(t))] +f (2(t)) = Bau(t), z(t) =Y a'zi(t). ()
i=1

y(t) = DTx(t), (1)

The Taylor series expansion of the nonlinear system (1) can
be obtained around its equilibrium point g, that is

d
E[Clx+c2($®x)+03(33®x®x)+...]+G1x

+Go(z @)+ G3(r@r@x) + - = Bu, (3)
where G, = %g%{ Nor= %g%g € R™"* and

® denotes the Kroneclzer0 product, here we u%e the shorthand
2@ = z@x®- - -®@z for d-time repeated Kronecker product ®.
Merging (3) and (2), we get
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By matching the coefficients of the monomials o, we have
the following Volterra subsystems
d
U [Ciz1] + G1z1 = Bu, (5a)
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and so on, where (z;, ® Z;,)5 = 1 ® T2 + 2 ® Ty, Or
generally (7, ® @ T, )k = D 4oyi —pTiy @+ @
Ti,, Z.17~-- ;in € Z+‘

B. Symmetric tensor decomposition

Tensors are high-order generalizations of matrices. Follow-
ing the conventional terminology used by the tensor commu-
nity, a dth-order tensor is a d-way array defined as!

AeRanTLzXH-XTLd' (6)

For example, Fig. 1(a) shows a 3rd-order 3 x 4 x 2 tensor.
In particular, scalars, vectors and matrices can be regarded
as Oth-order, 1st-order and 2nd-order tensors, respectively. A
high-order tensor can be unfolded into a 2nd-order matrix

ITensors are denoted by calligraphic letters, e.g., A and G.
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Fig. 1. (a) A tensor A € R3X4X2_(b) A symmetric tensor A € R2X2%2,

by the “matricization” process. The k-mode matricization is
aligning each kth-direction “vector fiber” to be the columns
of the matrix.

1) Symmetric tensor: A tensor X is called cubical if every
mode has the same size, for example, X € RIXIx:xI
A € Rm>xnd s symmetric if A;...;; = Ax(i,...i,) Where
(i1 ---1q) is any permutations of the indices iy - --i4 [18].
Therefore, a symmetric tensor is also a cubical tensor, which
means ny = --- = ng = I. An example of a 3rd-order
symmetric tensor .4 is shown Fig. 1(b). In addition, tensors can
be partially symmetric in two or more modes. For example,
a 3rd-order tensor X € RI*I*K jg partially symmetric in the
first and second mode if its frontal slices are all symmetric,
namely X, = X' (k=1,...,K).

2) Symmetric tensor decomposition: A rank-1 tensor of

order d can be written as the outer product of d vectors
.A:a(l) Oa(z) O~'~Oa(d), a(k) GRnle, (7)

where o denotes the outer product. Its element A; ;,..., =

agll)az(-f) . -~a§d), where agf) is the ixth entry of vector a(*).
When ¢ = a® = ... = oD Ais a symmetric rank-1

tensor. A symmetric rank-1 tensor decomposition expresses
a symmetric tensor A as a linear combination of symmetric
rank-1 tensors

R
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where A\, € R and R € Z". The CP decomposition drops the
symmetry requirement of the rank-1 terms. Here we introduce
d . .
vec(A) € R™ X! to denote the vectorization of a d-way
symmetric tensor 4 by aligning all entries of A into a single
vector. Using vec(.A), (8) can be rewritten as
vec(A) = WL, )
where W = [wl@,...,wg] and L = [A\,..., g7 €
REX1 The inverse vectorization operation is defined as A =
. d .
unvec(a), which reshapes a vector a € R™ into a tensor
A e Rm>Xxm,

The rank of a symmetric tensor A, rank(.A), is the minimum
value of R needed for the approximation (8). A symmetric
tensor decomposition, or a rank-R approximation of a 3rd-
order symmetric tensor is shown in Fig. 2. From now on, all
tensors will be assumed symmetric unless otherwise stated.



Fig. 2. A symmetric tensor decomposition of a 3rd-order symmetric tensor.

C. Existing projection-based nonlinear model order reduction
methods

In this section we briefly introduce both the NORM and
TNMOR methods. NORM [9] first derives frequency-domain
high-order nonlinear Volterra transfer functions Hs(s1, s2),
Hj;(s1, 89, 83), etc. associated with the subsystems in (5).
Then, these high-order transfer functions are expanded into
multivariate polynomials of si, se, etc. via Taylor expansion,
such that the coefficients (moments) can be explicitly matched.
In NORM, the size of an Nth-order ROM is O(kN 1Y)
supposing up to kth-order moments of each Volterra transfer
function are matched.

The final step in NORM is the replacement of the original
nonlinear system (3) by a smaller system (the ROM) via the
transformations

i= B=VTB, D=VT"D,
Gi=VTe,v®), ¢, =vTo,(vD),

where ¢ = 1,...,N and V = orth[Vi,, Vk,, Vs, .. .] is the
orthogonal pI’OJCCthIl matrix of the ROM. Suppose ¢ is the
size of the reduced state, G; and C; will be dense matrices
with O(g**!) entries, despite the sparsity of G; and C;. To
store these dense matrices, the memory space required grows
exponentially.

TNMOR [1] gives the equivalent tensor models G; and
C; for G; and C; respectively, and applies a CP decompo-
sition [15] to find low-rank approximations

Tg,i
_ § : (1)
- gi,r
r=1
Te,i

Z Do oD,

wherei = 2,..., N, ry; and 7. ; are the tensor ranks of G; and
Ci, respectively, gl(kr),cz(-ﬁ,) e R”, G(k) [gz(kl),...,gz(lz e
R0t and CF = [, ... cf’j) 1€ R™Tes, for k =
1,...,i+ 1. Then it follows the same routine in [1 1] [12] to
derlve the projection matrix V. Finally, the ROM of TNMOR
is given by

(10)

o gv(l:,-l)7

G ~[G",...,.GI"Y]
(1

c~[cl,... clitY] =

i=VTz, B=V'B, D=VTD,
Gi=VTa,v, C,=vTo,v,
=[GV, G = vTe®, . . vTGitY], (12)
=[cM,... eI =vTch, ... vTclithy,
i=2,...,N.

The size of an Nth-order ROM of TNMOR is in O(kil +
ko(rgo 4 1Te2) +k3(rgs +res) + -+ kn(rgn +7en)) =
O(Nkr), where k = max{k1,...,ky} and r = max{l, 742+
T2y -sTg,N + Te, ~ - Therefore, the advantage of TNMOR
depends explicitly on the existence of low-rank approxima-
tions of the tensor-based models.

III. STORM

In this section, the STORM algorithm is developed. We
first explain how we use symmetric tensors to represent
multivariate polynomial systems. Then, we briefly explain
the STEROID algorithm [19] to compute a symmetric rank-
1 decomposition of a symmetric tensor as given in (8).
Finally, we describe the projection-based steps in STORM for
extracting the ROM from the original system.

A. Symmetric tensor model for multivariate polynomial sys-
tems

Given the definitions of G; and C; in (3), these coefficient
matrices can be treated respectively as the 1-mode matriciza-
tions of (i 4 1)th-order tensors G; and C;,

i+1
/_H

Gi, C; e RV X X1 (13)

where the elements (G; ), j,--.;; and (C;) o, .5, are coefficients
of the H};lejk term in G; and C;, respectively. For instance,
G5 is an n X n? matrix while G is a 3rd-order n X n X n
tensor, i.e., G2 is the 1-mode matricization of G,.

Each row vector G;(j,:) € R'™" of G; can be taken as
the transpose of the vectorization of the ith-order symmetric
tensor G; ;, namely G;(j,:) = vec(G; ;). It also works for
C;, while C;(j,:) = vec(C; ;)T. Based on (9), for i > 1, G;
and C; can be transformed into

G; = blkdiag(L§, ..., Lg, )Wa, -, Wg, |7, 04
Ci = blkdiag(L¢, ;... Lé, JWe,,r-- - We, 7

where blkdiag(-) outputs a block diagonal matrix.

Let X; = a©. Then the ith degree terms of
the jth multivariate polynomial is vec(G;;)TX; =
LaJngz ‘le-, where from (9) we have that Wg, , =
[w g'i,jvl"."wg@i,ngi)j]' We can prove by induction, that

Wg Xi = [(wgi,jxlx)i7

V)

- (wg, , gy @)']". In order to re-
i.5:Re;

duce the computational complexity of computing WQT J_Xi we

[wgm,’l, .. ,wg'ivj’Rgi,ij then Wg;,in =

o' Ug ,@). The operator ©" stands for the i times’ repeated

introduce Ug, , £

Hadamard product ©. Let Lg, = blkdiag(Lg, |, .. La )
Mg, (x) £ [(@' (U, ,©)T),..., (@"((Ug,  «)")]" .The same

goes for C; when 7 > 1. Then the system (3) can be
transformed into
d
Py [01.13 + Lc,Mc, (z) + Lc,Mc, () +-- }
+Gix + Lg, Mg, (Z‘) + LG3MG3 (SC) + .-+ = Bu. (15)

The computational complexity and storage cost of (15) are
much smaller than (3), because we can utilize the form



of Mg, (z) and Mg, (x) in (15) to accurately compute the
high-order nonlinearities. It is worth mentioning that G; ; =
unvec(G;(J, 1)) and C; ; = unvec(C;(J, :)) may not necessarily
be symmetric. However, we can always symmetrize G; ; and
C;,; before we apply the symmetric tensor decomposition,
which does not change the inner product of vec(G; ;)7 X;.

B. Symmetric rank-1 tensor decomposition algorithm

We demonstrate a symmetric tensor eigen-rank-one iterative
decomposition (STEROID) algorithm [19] to obtain (9). In
each iteration, the first step is a reshaping of a symmetric
tensor into a square symmetric matrix. Given a symmetric dth-
order symmetrig tendsor A, we can reshape it into a symmetric

matrix A € R">*"? when d is an even number. Otherwise we
need to embed A into a (d+1)th-order symmetric tensor B be-
fore the reshaping. The details of the embedding step is given
in [19]. After the reshaping, the ei%envalue decompositiodn of
A can be computed as A = > Ajw; wl,w; € RP?XL
It is shown in [19] that each eigenvectors w; can be reshaped
into another %-Way symmetric tensor W;. Therefore the above
iteration will continue until the dimension of w; becomes
R7X 1 .

The last step of STEROID is to collect all w; into the matrix
W, and get the vector L in (9) by solving the following least-
square problem

argmin || vec (A) — W L||F. (16)
L

C. ROM construction

According to [16], we can obtain the matrix transfer func-
tion for (3). For example, the first three transfer functions are

Hi(s) = (sC1 +G1)"'B, (17a)

1 .
Hj(s1,82) = —5(501 + G1)"H(EC2 + G2)(Hi(s1) ® Hi(s2)),
(17b)

1
H3(s1,582,83) = _6(501 +G1)7H[(5Cs + G3)

< (Hi(s1) @ Hi(s2) ® Hi(s3)) + (8C2 + G2)(Hi(s1) ® H2(5275£(i1))]7)
Tc

where
5=s51+ 52,5 =151+ 82+ 53,
Hi(s1) ® Hi(s2) = (Hi(s1) ® Hi(s2) + Hi(s2) ® Hi(s1)),
Hi(s1) ® Hi(s2) ® Hi(s3) =
Z(i1’i2’i3):ﬂ1’2’3) Hi(siy) @ Hi(siy) @ H1(843),
Hi(s1) ® Ha(s2,s3) =

(Hl(sh) ® H2(3i2’ 5743) + H2(si2’ Si3) ® Hl(sil))~
(i1,i2,i3)=m(1,2,3)

(18)
If we define
A=—-G'Ci, R = G'B, Ry = Ry @ Ry, Ry = R”,
Alem@en — Alg Am @ ... @ A",
Alom = %(A’@’m + AmEn),
(19)

then based on (17), the Taylor expansion of these transfer
functions can be derived as

Hy(s) =Y Mgst =) AFRysk, (20a)
k=0 k=0
o k
Hy(s1,80) = > > shss ™' Moy, (20b)
k=0 1=0
oo k k-l
H;(s1, 89, 83) = ZZ Z sllsglslg_l_mMg,kJm. (20¢)

k=0 1=0 m=0
From (20a), it is seen that the kth-order moment M
of the first-order transfer function H;(s) is equal to A*R;.
Therefore, we can compute a Krylov subspace to match up to
k1th-order moments of H7, which is

. 7U1,k1] = orth(leH(/L Rl))

where Kr41(A,r) returns the first £+ 1 vectors of the Krylov
subspace spanned by A.

By substituting (20a) into (17b), the kth-order moment
My 1, of the second-order transfer function Hs(s) can be
expressed as

Vi = [v1,0,01,1, .- (21)

k p

My g = — Z APl Z <p> G710y - Al-a)®(k—I-pta) R,
p=1 q=0q<t 1
p—q<k—l
k p
- Z AP Z <p>G;1G2 - Al—)@(k—l-p+a) R, (22)
p=0 q=0,q<l! q
p—q<k-—1

Here we avoid the explicit computation of A%i € Z¥
when deriving the starting vectors for each Krylov subspace,
which can lead to numerical stability problems [8]. Instead,
we replace AMm®"Ry by (v1,, ® v1,), where v, and
v1,, are column vectors from V; in (21). And it can be
proved by induction that this replacement will not change
the subspace. If we define Ng, £ [Ug, ,,...,Ug, )", then
we utilize the symmetric tensor model of C5 and Ga,
namely Co(v1m ® v1n) = Lo, (Neyvim) © (Neyvin))
and GQ(UI,m 29 Ul,n) = LGQ((NGQU1,77l) © (NG2U1,7L))’ to
avoid the complexity to compute the Kronecker products. As a
result, in the computation of the starting vectors of the Krylov
subspaces, the computation of both A’ and the Kronecker
products A™®" Ry are avoided. To match up to koth-order
moments of Hy, we get the projection matrix V5, as

Va = orth({[Kky —m—n (A, G7 ' Lay (Neyvim) © (Noyvion))),
Ky —m-nt1(4,GT ' Lay (Nayvim) © (Nayvin)),

m>0,n>0m<nm+n<k}). (23)

Similar procedure can be applied to generate V; when
j > 2, which matches up to the kth-order moments of the
jth-order transfer function H;. In the end, the projection
matrix for reducing the nonlinear system is denoted by V,, =
orth([V1, V4, .. .]). A general procedure to obtain the projection
matrix V), for an expansion around the DC operating points is
given in Algorithm 1. The proof of the validity of the V), can
be found in [9].



Algorithm 1 Generation of projection matrix for STORM

Input: ]\[7 Gi7 C’i,B7 ]{Ii, kN < kN—l <. < kl
Output: the projection matrix V,
1 A= -G7'C,,Ri =G{'B
2: Generate matrix V3 =

Kry+1(4, Ry)
3: for i =2 to N do
4: G; = blkdiag(ng IERRE Lgi.n)[ng»l’ ceey ngm]T
5
6

[V1,0,V1,15---,V1,k,] for

C; = blkdiag(LL ,...,LE YWe,,,.... We,,]”
Build the starting vector set v, based on the moment
expression and the symmetric tensor model

7. Get the projection matrix V; = orth(Ky,1+1(4,vs,))
which matches up to k;th-order moments of H;

8: end for

9: V, = orth([V4, Va, ..., Vn]);
TABLE 1
ROM sI1ZES AND CPU TIMES OF MODEL ORDER REDUCTION FOR THE
MIXER

Method ki1 | ko | ks | CPU time (s) | size of ROM
NORM 2 2 | — 3533 48
TNMOR 2 2 | — 9.53 36
STORM 2 2 2 16.31 49

The size of an Nth-order ROM is O(kyl + kol + ksl +

-+ knl) = O(NEKl). Comparing with O(k2N=1N) in
the standard projection approach and O(kN+1/") in NORM,
a slimmer ROM can be achieved. Moreover, it avoids the
limitation of the existence of a low-rank tensor decomposition
in TNMOR. Finally, the symmetric tensor-based ROM is given
by the following projection

i=VSz, B=V)B, D=V/D,
Le, =V, Le,, Le, =V, La,,

]\fci = NCi * Vp, ]VNGi = NGi * Vp,

~ ~ . ~ T ~ ~ . ~
Ci = Lo, (+'(Ne, )", Gi = La, (' (Ne,

(24)

N
)
where #° denotes the 4 times’ repeated Khatri-Rao product®.
By utilizing this structure, only the LNCI.,LE;I.,NNQ and NNGI.
matrices need to be stored. Thus in the simulation stage,
significant speedup is achieved as shown in the next section.

IV. NUMERICAL EXAMPLES

In this section, the proposed STORM method is demon-
strated and compared with two existing projection-based non-
linear model order reduction methods, NORM and TNMOR.
All three approaches are implemented in Matlab [20], and
the time-domain transient analysis is solved by the built-in
ordinary differential equation solver in Matlab. Two numerical
experiments are performed on an Intel Core 17 desktop PC
with 2.6GHz CPU and 8GB RAM.

The first example is a double-balanced mixer circuit in
Fig. 3(a), where Vif(= Viry — Vir.) and Vio(= Vier — Vio.) are

2Khatri-Rao product is a column-wise Kronecker Product of two matrix.

Vif+ e~ Vif-

Vlio+ Vlo-

vrf+ o-w—]| o vit-

bsa vl

28

Fig. 3. (a) A double-balanced mixer. (b) A nonlinear transmission line.

‘\H%
‘\H%
‘\H%
l——
I —L

TABLE II
CPU TIMES AND ERRORS OF TRANSIENT SIMULATIONS FOR THE MIXER
Transient full model | NORM | TNMOR | STORM
size 93 48 30 49
CPU time (s) 991.51 172.73 16.86 3.23
speedup — 6x 60x 300x
error — 5.05% 3.24% 4.06%

the RF and local oscillator (LO) inputs, respectively. Three
transient simulations of the ROMs generated by different
nonlinear model order reduction methods are performed from
T = Ons to T = 40ns with the time step AT = lps.
The reduction time and generated ROM size are recorded in
Table I. The transient simulation time and relative error of
different methods are listed in Table II. The error is calcu-
lated by the output difference between ROM and full model,
(IIVRom— Vzunll2) /1| Vaun||2- According to the result, we find that
STORM shows a better computational efficiency of transient
analysis comparing to NORM and TNMOR. Moreover, the
reduction scheme of STORM can match higher order moments
while the other two methods cannot.

The second example is a nonlinear transmission line circuit
shown in Fig. 3(b). It is a common benchmark for testing
nonlinear model order reduction methods. The transient sim-
ulation is executed to 7" = 400ns with a step size AT = 1ps.
TNMOR is not suitable for this case because the low-rank
approximation does not exist. However, STORM still works
and outperforms NORM in terms of the simulation time.
Moreover, the NORM fails when the the size of the original
system exceed 1000 because of shortage of memory, while
STORM still works well.



TABLE III

ROM SI1ZES AND CPU TIMES OF MODEL ORDER REDUCTION FOR THE

NONLINEAR TRANSMISSION LINE

Method k1 ko | CPU time | size of ROM

NORM 2 4 0.5s 15

STORM 2 4 0.4s 15
TABLE IV

CPU TIMES AND ERRORS OF TRANSIENT SIMULATIONS FOR THE
NONLINEAR TRANSMISSION LINE

Transient full model | NORM | STORM
size 80 15 15
CPU time (s) 33.61 16.38 7.18
speedup — 2x 4x
error — 0.03% 0.03%

V. CONCLUSION

This paper presented a symmetric tensor based order-
reduction method called STORM. The key feature of STORM
is to build symmetric tensor models for high-order polynomial
nonlinear systems. By utilizing the symmetric tensor decom-
position and the new projection-based reduction scheme under
the symmetric tensor framework, faster ways of model order
reduction and transient analysis are available. The advantage
of STORM has been proved by comparing with existing
nonlinear model order reduction methods on some benchmark
circuits. STORM has shown the potential of the symmetric
tensor structure for efficient simulation of high-order nonlinear
large-scale systems.
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