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SUMMARY

This paper proposes a Cramér-von Mises (CM) test statistic to check the adequacy of weak
ARMA models. Without posing a martingale difference assumption on the error terms, the
asymptotic null distribution of the CM test is obtained. Moreover, this CM test is consistent,
and has nontrivial power against the local alternative of order n~'/2. Due to the unknown de-
pendence of error terms and the estimation effects, a new block-wise random weighting method
is constructed to bootstrap the critical values of the test statistic. The new method is easy to im-
plement and its validity is justified. The theory is illustrated by a small simulation study and an
application to S&P 500 stock index.

Some key words: Block-wise random weighting method; Diagnostic checking; Least squares estimation; Spectral test;
Weak ARMA models; Wild bootstrap.
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1. INTRODUCTION

After the seminal work of Box and Pierce (1970) and Ljung and Box (1978), diagnostic check-
ing has been an important step in the application of the following ARMA(p, ¢) model:

p q
Yt = Z Piyr—i + Z pict—i + €t 6]
i=1 =1

where ¢; are error terms with mean zero. As usual, we say that model (1) is weak when {;} is
an uncorrelated sequence, and that model (1) is strong when {e;} is an iid sequence; see, e.g.,
Francq and Zakoian (1998). Up to now, the most famous diagnostic checking tools for model (1)
are the portmanteau tests in Box and Pierce (1970) and Ljung and Box (1978). However, their
asymptotic null distributions are only valid for strong ARMA models; see, e.g., Romano and
Thombs (1996) and Francq, Roy, and Zakoian (2005). Moreover, empirical studies in Franses
and Van Dijk (1996) and Tsay (2005) demonstrated that many economic and financial series
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follow an ARMA model with uncorrelated errors (e.g., ARCH-type errors). In addition, Francq
and Zakoian (1998) and Francq, Roy, and Zakoian (2005) indicated that many nonlinear models
admit a weak ARMA representation. Thus, it is meaningful to consider diagnostic checking for
weak ARMA models.

Based on either observable series (i.e., p = ¢ = 0) or residual series, a huge literature so far
has been focused on testing model adequacy in weak ARMA models. These existing tests are
roughly categorized into two types: time domain correlation-based tests and frequency domain
periodogram-based tests. The tests in the first category usually use the autocorrelations up to
lag m (a user-chosen integer), so they are unable to detect serial correlations beyond lag m;
see, e.g., Romano and Thombs (1996), Lobato (2001), and Horowitz, Lobato, Nankervis, and
Savin (2006) for observable series, or Francq, Roy, and Zakoian (2005) and Delgado and Velasco
(2011) for residual series. To avoid selecting m, Escanciano and Lobato (2009) and Escanciano,
Lobato, and Zhu (2013) derived a data-driven portmanteau test under the assumption that €; is a
martingale difference sequence (MDS). However, it is unclear whether their tests are applicable
if 4 is not an MDS.

Since the correlation-based tests are inconsistent, the periodogram-based tests in the second
category have drawn more attention in the literature; see, e.g., Durlauf (1991) and Deo (2000)
for earlier works. Under the assumption that ¢; admits a linear process of iid innovations, the
smoothing rescaled periodogram test in Paparoditis (2000, 2001) and generalised likelihood ratio
test in Fan and Zhang (2004) can be used to check the whiteness of residual series; see, e.g., Fan
and Jiang (2007) for more works on smoothed tests. However, the two aforementioned smoothed
tests are not applicable when &; follows some often used non-linear models (e.g., ARCH-type
models). Under the assumption that ¢; is an MDS, many spectral tests have been constructed by
Delgado, Hidalgo, and Velasco (2005), Escanciano (2006, 2007), and Escanciano and Velasco
(2006). Recently, Shao (2011a) proposed a spectral test for observable series without the MDS
assumption on the error terms. A natural but important extension is to construct spectral tests
for residual series when ¢, is not an MDS. Under the assumption that £; is GMC(8) (a condition
weaker than MDS), Shao (2011b) proved the validation of the kernel-based spectral test in Hong
(1996), where the definition of GMC is given in Remark 3 below, and the lag m as a bandwidth
grows slowly with the sample size.

This paper proposes a Cramér-von Mises (CM) spectral test statistic to check the adequacy of
weak ARMA models. Under certain conditions allowing for non-MDS error terms, the asymp-
totic null distribution of the CM test is obtained. Moreover, this CM test is consistent, and has
nontrivial power against local alternatives of order n~'/2. Due to the unknown dependence struc-
ture of error terms and the estimation effects, our null distribution is no longer asymptotically
pivotal. This is also the main challenge for other spectral tests in weak ARMA models. To over-
come it, a new block-wise random weighting (BRW) method is constructed to bootstrap critical
values of the CM test. The new method is easy to implement and its validity is justified. The
theory is illustrated by a small simulation study and an application to S&P 500 stock index.

This paper is organized as follows. Section 2 gives our test statistic and establishes its asymp-
totic theory. Section 3 proposes a BRW method and proves its validation. Simulation results are
reported in Section 4. A real example is provided in Section 5. Concluding remarks are offered in
Section 6. All of the proofs are given in the Appendix. Throughout the paper, A’ is the transpose
of matrix A, |A| = (tr(A’A))'/? is the Euclidean norm of a matrix A, || A||s = (E|A|*)"/* is the
L?-norm (s > 1) of a random matrix, 0, (1)(O,(1)) denotes a sequence of random numbers con-
verging to zero (bounded) in probability, “—,” denotes convergence in distribution, and “—”
denotes convergence in probability.



2. TEST STATISTIC AND ASYMPTOTIC THEORY
Denote by v(j) = cov(e, er45). Let

o)

1

2
j=—00

—ijw

fw)

v(j)e forw € [—m, 7]

and F'(\) = fo)\ f(w)dw for X € [0, 7] be the spectral density function and spectral distribution
function of ey, respectively. Note that F'(\) = 372 v(j)%; (), where

oy L [ smGN) T i £ 0
11}]()\)_{/\/27r ifj=0"
Then, following Shao (2011a), the sample spectral distribution function of &; is

n—1

Fu(N) =Y 30w (N,

=0

where 7(j) =n~1 Y}, +|j| €¢€t—|;| is the sample autocovariance function of ¢ at lag j. Since
F(X) = 7v(0)1po(\) under the null hypothesis

Hy : y; admits a weak ARMA (p, ¢) model representation as in (1),

the sample spectral distribution £}, (\) becomes 7(0)to(A) in this case. Thus, as in Shao (201 1a),
we consider the following Cramér von-Mises statistic

CM,, = / S2(N)dA
0
to detect Hy, where the process

n—1
Su(A) = Vi {Fa(A) =F(0)do(N)} = Y Viar(j)u;(\)

=1

measures the distance between F,(A) and 7(0)o(\). However, the statistic CM,, is not feasible &
because ¢; is unobservable.

Next, let 6 = (¢1,--- , dp, p1,- -+ ,@q)" € © be the unknown parameter of model (1). Then,
given the observations {yi,- -, y,}, we can calculate the least squares estimator (LSE) 6,, de-
fined by

~ ~ 1 <A 1 e~
O = argmin Ly (6) where L(0) = — > &) = - > (o), "
t=1 t=1
and £;(6) is calculated recursively by
P q
E0) =y — > b — > picr-i(6) 2)
i=1 i=1

with £g(0) =e_1(#) = =¢c_g11(0) =vo=y-1 =--- =y_p41 = 0. Now, by using the
residual €, = £4(6,,), we can propose a feasible Cramér von-Mises statistic as follows:

CM,, = / S2(N)dA, o5
0
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where S, (\) = Zn_l VA ()i (A) and 5(j) = n~t Y1 1+|]|Et€t ViR

In order to obtain the limiting distribution of CMn, we regard Sp (A) as a random element in
the Hilbert space Lo[0, ] of all square integrable functions with the inner product

- /0 " P (M)A

where g¢(\) denotes the complex conjugate of g(\). Here, L2[0, 7] is endowed with the natural
Borel o-field induced by the norm || f|| = (f, f)/?; see Parthasarathy (1967). Since the || - ||”

functional is a continuous mapping from L[0, 7| to R, the limiting distribution of CNMn follows
directly from the weak convergence of S,,()\) in Ly[0, 7]; see, e.g., Politis and Romano (1994),
Escanciano (2006), Shao (2011a), and many others.

Let £,(0) be the parametric model (1), i.e., given initial values {yo, y_1, - - - } and observations
{y1,- - ,yn}, () is iteratively constructed from

p q
0) =y —> diy—i— Y pict—i(0)
i=1 i=1

To obtain the weak convergence of S,,(\) in L[0, 7], we make the following three assumptions:

Assumption 1. (i) The parametric space © C RPTY is compact, and the true parameter 6y of
model (1) belongs to the interior of ©.

(ii) Foreach§ € ©, ¢(2) :=1— >0 | ¢;z" #0and p(z) :== 1+ 3L | ;2° # 0 when |z| <
1, and ¢(2) and ¢(z) have no common root with ¢, # 0 or ¢, # 0.

|4+2V

Assumption 2. {y;} is strictly stationary with F|y, < oo and

Z{a }V/(2+1/) < 00

for some v > 0, where {a, (k) } is the sequence of strong mixing coefficients of {y;};

[e.9]

(’LZ) Z ‘Cum(y(]ayslayszayss)‘ < 0.

§1,52,53=—00

Assumption 3. (i) There exists a unique interior point 6y € © such that [|6,, — 6| = op(1).
(ii) The matrix ¥ = F [8%(50) /06006’ ] exists and is positive definite, where I;(0) = £7(6).

Assumption 1(i) is a basic set-up for model (1), and Assumption 1(ii) is the condition for the
stationarity, invertibility and identifiability of model (1); see, e.g., Brockwell and Davis (1991)
and Zhu and Ling (2012). Assumption 2(i) from Francq and Zakoian (1998) is a technical condi-
tion for proving the asymptotic theory of 6,,. In addition, the mixing condition on y; is valid for
large classes of processes; see, e.g., Pham (1986) and Carrasco and Chen (2002). Assumption
2(ii) from Shao (2011a) is a cumulant summability condition, and a sufficient condition is given
in Doukhan and Le6n (1989), that is, there exists a vy € (0, 1] such that

> (k+ 1) oy (k) }o/0H0) < oo for s =1, 4.
k=0
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Assumption 3(i) from Escanciano (2006) guarantees the weak convergence of 6,,. Assumption
3(ii) ensures that the inverse of X exists. According to Theorem 1 in Francq and Zakoian (1998),
we know that 50 = Oy under Hy. However, if H fails, 50 and 6y may be different.

Let&; = Et((\g/o) and €tj = gtgt—j + 25, where

8(&&;’)] s-1

3

o0y’

a =k [ 20

azt(éo)]

We are now ready to give our first main result:
THEOREM 1. Assume that Assumptions 1-3 hold. Then, as n — oo,
where “=-" stands for weak convergence in L2[0, 7| endowed with the norm metric,
n—1 n
Sa(N) = D VA (N with 7(7) =n~h Y &,
J=1 t=1+]j]
and S(\) is a Gaussian process in C[0, | with mean zero and covariance function

cov{S(A), SN} =D">" D" covlery, erar)b(Ner(N).

j=1k=1d=—o0

COROLLARY 1. Assume that Assumptions 1-3 hold. Then, as n — oo,
o ™
(i) CM,, —4 / S%(\)dX\ under Hy;

M,
n

(i)

0
- 3 Et1—j 2 [ 2 .
> 1BEE ) /0 G2(N)dA

j=1

Remark 1. When p = g = 0, the Gaussian process S(A) is the same as the one in Theorem
2.1 of Shao (2011a). When some p or ¢ is nonzero, the Gaussian process S(A) depends on z;,
which is caused by the estimation effect. This phenomenon happens not only in our case but in
most specification tests.

Remark 2. When ¢, follows a GARCH model, Ling (2007) showed that a finite fourth moment
of y; is necessary to prove the asymptotic normality of the LSE in ARMA-GARCH models. In
view of this, our moment assumption on g is not restrictive.

Remark 3. In the proof of Theorem 1, we use a mixing condition of y; to ensure the asymp-
totic normality theory; see Rosenblatt (1985). Recently, an alternative way for this is to use the
physical dependence condition of y; in Wu (2005) as done by Shao (2011a, b) and many others.
In general, the physical dependence condition is implied by the geometric-moment contraction
(GMC) condition defined as follows:

Definition [Wu (2005)]: Assume that y, = G(--- ,e4-1,€), where G is a measurable func-
tion. Let {€} }xcz be an iid copy of {ej}recz, and y; = G(--- ,¢"|,€(,€1,- - , ) be a coupled
version of y;. Then, y; is GMC(«) for av > 0, if there exist C > 0 and p = p(«a) € (0, 1) such
that B (y; — y;|*) < Cpl fort € Z.
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The GMC condition indicates that the process {y; } forgets its past exponentially fast, and this
can not be implied from the a-mixing condition. Shao and Wu (2007) and Shao (2011b) have
verified the GMC condition for many nonlinear time series models such as GARCH models,
all-pass ARMA models, bilinear models, to name a few. Particularly, if y; satisfies the GMC(4)
condition, Assumption 2(ii) holds according to Proposition 2 in Wu and Shao (2004). Needless to
say, the concepts of a-mixing and GMC are two parallel tools to depict the dependence structure
of y;. In this paper, we mainly focus on the a-mixing condition, and our results could be obtained
similarly in the GMC context.

Remark 4. Let ro = so = 2+ 2v/(4 + v)(< 4). Under Assumption 2(i), the Davydov’s in-
equality in Davydov (1968) implies that

lcov (e, ye—r)| < O |yellrollyt—rllso [y (k)] /0150

for any k > 0. Thus, it follows that

oo oo
Z’COU(yt,yt k Z )Y ) < oo,
k=0 k=0

So, we know that 3°7° _ [y(k)]* < oo, and hence 372 |y(k)| < oo, i.e., y; is a short mem-
ory process under Assumption 2(i).

In practice, since 6 is generally unknown, one may focus on the following alternative hypoth-
esis Hy, where

H; : y; does not admit a weak ARMA (p, ¢) model representation as in (1) with parameter bo.

Since at least one E/(£;&;—;) # 0 under H;, the test statistic 61\71n is consistent in detecting H
by Corollary 1(ii).
In the end, as in Shao (2011a), we consider a Pitman’s local alternative as follows:

v o) = 50 (1422,

where w € [—m, 7], g is a symmetric and 2m-periodic function that satisfies ["_g(w)dw = 0.
Clearly, f,, is a valid spectral density function, and under Hy,,

71(0) )i dw if j £ 0

() = § i e 770 )
7(0) ifj=0

As in Escanciano (2006), we need one more assumption as follows:

0, — 0o = 0,(1) (ie.. 8o = bp).

Assumption 4. Under H{,,

COROLLARY 2. Assume that Assumptions 1-4 hold. Then, under H,, as n — oo,
o T
M, —, / (SO + T2 dA,
0

where TI(A fo

Corollary 2 shows that if the value of II(\) deviates from zero, EMH has nontrivial power
against the local alternative of order n~'/2. Note that the kernel-based spectral test 7}, in
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Hong (1996) and Shao (2011b) only has nontrivial power against the local alternative of order
(n/m1/2) 1/2 where

T (1) 70, ®

7j=1

with p(j) = 7(j)/7(0) being the residual autocorrelation at lag j, K (-) being the kernel func-
tion satisfying Assumption 2.1 in Shao (2011b), and m,, being the bandwidth such that logn =
o(my) and m,, = o(n'/?). However, this does not guarantee that CM,, is always more powerful
than 7;, under Hy,,. To see the reason, on one hand, by (A20) in the Appendix, we have

~ 3 Vi) (A Zf ),

J=1

from which we know that the impact of 7,,(j) to H()\) is proportional to j~!. So, it implies that
if v (j) is only significantly different from zero at large lag j, the value of II(A) may not deviate

significantly from zero, and hence this will cause a low local power of CM On the other hand,

the local power of T}, tends to be proportional to ||g/ my/ || under H,, (see Theorem 4 in Hong
(1996)). From (4), we know that the value of ||g|| becomes large when the value of 7, (j) is
significantly different from zero at any lag j. Thus, if the value of m,, is not big enough, 7;, will
not be deficient in local power even when 7, (j) is only significantly different from zero at large
lag j. Generally speaking, under Hy,, 61\71n may be locally more (or less) powerful than 7;,,
when 7, () is significantly different from zero at small (or large) lag j; see, e.g., the simulation
results for Examples 1 and 2 in Section 4 below. Similar phenomenon has been well documented
by Eubank and LaRiccia (1992) and Paparoditis (2001). Moreover, if we consider Rosenblatt’s
(1975) sharp peak local alternative, the asymptotic theory of CM,, and T, is still unclear. The
pioneering work in Ghosh and Huang (1991) and Paparoditis (2001) may be extended to both
tests, and we leave it for future study.

3. BOOTSTRAPPED CRITICAL VALUES

Since the limiting distribution of (fj\//ln depends on the unknown model parameters and un-
known structure of dependent innovation, we use a block-wise random weighting (BRW) method
to bootstrap its critical values. The detailed steps are as follows:

1. Set a block size by, such that 1 < b, < n. Denote the blocks by By = {(s — 1)b, +
1,---,sby} fors=1,---, L,, where L, =n/b, is assumed to be an integer for the conve-
nience of presentation.

2. Generate a sequence of positive i.i.d. random variables {d1,--- ,dr, }, independent of the
data, from a common distribution W, where E(W) = 1 and var(W) = 1. Define the random
weights w; = d,,ift € B, fort = 1,--- ,n. Calculate 6}, via

~ ~ 1 B
0y, = argmin Ly (0), where L7, (6) = — > wiEr () =
3.Letef =&4(0;;) fort =1,--- ,n, with £,(0) being defined as in (2), and

n—1
= VG Wit 7 () = S wiEE,
j=1
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Define the bootstrapped process A, (A) = S*(A) — Sp(A) — Z,(\), where

n—1 n

Zo) = 34 = 7 l(wi — DA {950, ©

4. Compute the bootstrapped test statistic EK/I = [o {An( A2 dA.
5. Repeat steps 2-4 J times and denote by CMTW the emplrlcal 100(1 — )% sample per-

centile of 61\71’; based on J bootstrapped values. Then we reject H at the significance level « if
CM, > CM., .

We now offer some remarks on the BRW method. First, when p = ¢ = 0, we set&; = &} = y;
for all ¢ in step 2, and our BRW method reduces to the wild bootstrap method in Shao (2011a).
The novel feature of our BRW method is that it takes into account the estimation effect of the
unknown model parameters in step 2. Second, the BRW method as a natural extension of the
RW method in Jin, Ying, and Wei (2001) is related to the wild dependent bootstrap in Wu (1986)
and Liu (1988), and the original RW method has been widely used for statistical inference in
regression based on the least absolute deviation estimation; see, e.g., Chen, Ying, Zhang, and
Zhao (2008) and Chen, Guo, Lin, and Ying (2010). Third, the BRW method has no need to
generate the bootstrap pseudo series. Fourth, the terms [S%(A) — Sp(A\)] and Z, () involved in
A, (X) are used to mimic S,,(\) and E{S,,(\)} in Theorem 1, respectively; see Lemma A7 and
(A40) in the Appendix. Thus, Zn()\) is a centering factor as in Shao (2011a). Without the use
of Zn()\), our BRW bootstrap method is invalid under the alternative, because the term E'e; ;
involved in the covariance function of S(\) can not be captured in this case.

Let d,, be any metric that metricizes weak convergence in L2 [0, 7], and £(&,,|x») be the distri-
bution of any random variable &,, given the sample x,, := {y1,-- - ,yn}; see Politis and Romano
(1994). Denote by P*, E* and var* the probability, expectation and variance conditional on x.,;
by 0;,(1)(O;(1)) a sequence of random variables converging to zero (bounded) in probability
conditional on y,. We are now ready to present our second main result:

THEOREM 2. Assume that (a) Assumptions 1-3 hold; (b) E|y;|3** < oo for some v > 0 and
limy, o0 k2 [0y (K)]Y/CH) = 0; (¢) b ' = o(1) and by, = o(n'/3); (d) E(w})* < co. Then, as
n — 0o,

() do [L{An(A)[xXn}, LLS(N)}] =5 0;

(ii) consequently,

CM,, —4 / S2(N\)d\ in probability.
0

Remark 5. An exponentially fast decaying oy, (k) is sufficient for the condition on oy, (k) in
Theorem 2 to hold.

Compared to the conditions in Shao (2011a), our conditions in Theorem 2 are stronger. This
is a price we pay for not assuming a stronger cumulant summability condition:

o0

Z |Sk||cum(y07y81"' aySK)‘ <OO, kzl) 7K7 (7)

S1, ;S K=—00
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for K =1,---,7. Although (7) is implied by the GMC(8) condition of y; according to Proposi-
tion 2 of Wu and Shao (2004), a sufficient condition for (7) in the context of a-mixing condition
is still unknown. If (7) holds, following a similar proof in Shao (2011a, p.221-222), we can eas-
ily show that Theorem 2 holds under some weaker conditions. We summarize it in the following
theorem:

THEOREM 3. Assume that (a) Assumptions 1-3 and (7) hold; (b) Eyf < ooy (c) bt = o(1)
and (logn)b, = o(n); (d) E(w})* < co. Then, the conclusions in Theorem 2 hold.

Remark 6. Theorems 2-3 guarantee that when J is large, our bootstrapped critical values from
the BRW method are valid for CM,, under the null or the alternative hypothesis. The reason why
our bootstrap method works is probably because the conditional distribution of /n(6; — 6,,)
can always well mimic the distribution of \/n(6,, — 50), and this guarantees that we can handle
the estimation effect successfully without generating any pseudo series. To see it clearly, from
Lemma A3(ii) in the Appendix, we have

V(0 — o) =4 N(0,V) as n — oo, ®)
where V = 210X~ and

Q= nh—>nolo var [f Z alt ] )

is well defined by Lemma 3 in Francq and Zakoian (1998). By (A39) in the Appendix, it is not
hard to see that under the conditions of Theorem 2 or 3, we have

L{v/n(0}; — 6,)|xn} —a N(0,V) in probability as n — ooc. (10)

By (8) and (10), it follows that we can estimate V' by 17n even when model (1) is misspecified
(i.e., B9 # 6p) under the alternative hypothesis, where

V, := sample variance-covariance matrix of {/n(0, — 0,),--- ,v/n(0%, —6,)}, (A1)

and 07 fori =1,---,J is calculated from step 2 in our BRW procedure. Particularly, by using
V), the classical Wald test is now applicable for model (1).

Remark 7. Since € is unobservable with unknown dependent structure beyond MDS, another
intuitive way to bootstrap the null distribution of CM,, is using the residual-based block bootstrap
in Paparoditis and Politis (2003) or the residual-based stationary bootstrap in Parker, Paparoditis,
and Politis (2006). Both methods have been used for unit root testing. Their ideas are to generate
pseudo series {y;*} from model (1) with parameter 6,,, where the error sequence is obtained by
sampling blocks of the residual series {£;} randomly with replacement. Then, we can calculate
the bootstrapped samples {CMm}z , from the bootstrapped residuals {€;*(6*)}, where 0* =
argming n~' Y7 [E7*()])% and

q
& (0) = y;* Z@y = wiE(0)
i=1

However, y;* may not well mimic y;, because the residual series {&;} is correlated under the
alternative hypothesis; see also Jentsch, Politis, and Paparoditis (2014) on a similar phenomenon

for integrated processes. Based on this concern, the empirical distribution of {CM } can not
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properly mimic the null distribution, and hence we do not follow the residual-based block meth-
ods in this paper.

Remark 8. In order to implement a\//In in practice, we need to first select the orders p and gq.
When {e;} is an iid sequence, this can be done by many well-known information criteria such
as AIC, BIC, or EACF, see, e.g., Tsay and Tiao (1984). When {&;} is an MDS, Chen, Min, and
Chen (2013) proposed some order determination schemes based on the ACF and PACF of ;.
When {&;} is an uncorrelated sequence, there is no valid method to select the orders so far, and
we suggest using a Wald test =, to choose the orders by detecting the hypothesis Féo = Osx1,
where I is a s X (p + ¢) constant matrix with rank s, and

=, = n(T6,) (DV,,I')~1(T6,,)

with V,, being defined as in (11). By using =,,, it is now possible to reduce the orders from a vast
fitted model, and this could enhance the power of our test.

Remark 9. By a repetitive but even simpler proof as in the Appendix, we can show that Theo-
rems 2-3 hold if b,, = 1 when ¢; is an MDS. However, when ¢; is not an MDS, we need a block
technique (i.e., b, # 1) to capture the dependence of ¢; beyond MDS; see, e.g., Romano and
Thombs (1996), Horowitz, Lobato, Nankervis, and Savin (2006), and Shao (2011a). Compared
to the proof of Theorem 1 in the unconditional case, the proofs of Theorems 2-3 in the conditional
case follow the same idea but with more nontrivial proofs caused by the block technique.

Finally, it is worth noting that Theorem 2 requires a stronger condition for b,, than Theorem
3. This demonstrates that if we allow for a more general structure of y;, we may suffer from
a smaller valid range of b,. Hence, there is a tradeoff between the dependence structure of
and the theoretical valid range of b,,. Also, we should highlight that the often used block-wise
wild bootstrap method applies the random weight w; to the residual €; directly, but this method
may fail in some cases as shown in Section 4.3 of Briiggemann, Jentsch, and Trenkler (2014).
Our BRW method essentially applies the random weight w; to the product of the residual ;£
( > 1), and so it is different from the often used one. As one referee pointed out, this feature of
our BRW method may lead to a robust size performance in terms of b,,, especially when the de-
pendence structure of €,644;(j > 1) is weak; see, e.g., Figure 1 in Section 4 below. Nevertheless,
how to select the optimal b,, under certain “criterion” is unknown up to now. This is a familiar
problem with all blocking methods. The heuristic work in Hall, Horowitz, and Jing (1995) and
Politis, Romano, and Wolf (1999) may be extended in this case, and we leave it for future study.

4. SIMULATION STUDIES

In this section, we examine the finite-sample performance of éﬁn for several weak ARMA
models. As a comparison, we also consider the kernel-based test 7}, in (5). Under Hy and certain
conditions, Shao (2011b) showed that

nT, — m,C(K)

2m, D(K)
where C(K) = [ K*(x)dz and D(K) = [;° K*(z)dz with the kernel function K(-) and
the bandwidth m,, being chosen as in (5). So, we reject Hy at the significance level «, if
nTy, > \/2mpD(K)cq + myC(K), where ¢, is the (1 — «)-th percentile of N (0, 1). Under H;

and certain conditions, Shao (201 1b) proved that P(nT}, > /2m, D(K)cq + m,C(K)) = las
n — 00, and hence this spectral test is consistent (see also Hong (1996)).

—q4 N(0,1) asn — oo,
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Next, we introduce our basic set-up. In all calculations, we generate 1000 replications of sam-
ple size n = 400 and 1000 from each specified model in Examples 1-4 below, and choose the sig-
nificance level o = 1%, 5% or 10%. For CM,,, we use 500 bootstrap samples in each replication
with block size b, = n'/5,2n/5,\/n/2, \/n or 2y/n to obtain its corresponding critical value for
every aforementioned significance level .. These choices of set-up deliver b, = 3,6, 10, 20, 40
forn = 400 and 3, 7, 15, 31, 63 for n = 1000. Here, §; is employed from the following Bernoulli
distribution:

25 2 25

although other choices like the standard exponential distribution are also suitable for d;. For T;,,
we use the Parzen kernel K (x) defined as

1 — 622 +6|z)® for0< |z <1/2,
K(z) = ¢ 2(1—|z|)3 for1/2 < |z| <1,
0 otherwise.

In general, since there is no clear objective procedure for optimally choosing the bandwidth m,,,
we carry out the calculation for m, = 1,--- ,20 whenn =400 and 1, - - - , 32 when n = 1000.
In most cases of m,, we find that the sizes of 7,, are distorted (see Figure 1 below). Hence,
only the results in which the sizes are close to their nominal ones are reported, although the
corresponding choices of m,, may not be optimal in some sense.

Example 1. Consider the following weak ARMA(1, 1) model:
Yt = kY1 + 0.85—1 +&¢ and g = nimy—1, (12)

where 7, is a sequence of iid N(0, 1) random variables, and x € {0.0,0.1,0.2,0.3,0.4}. Clearly,

€ in (12) are uncorrelated but non-MDS. Next, we use CM,, and T;, to detect whether a weak
MA(1) model is adequate to fit the data sample generated from model (12). The empirical power
and sizes of both tests are reported in Table 1, and the sizes correspond to the cases where
x = 0.0.

Example 2. Consider the following weak AR(2) model:
ye = 0.5y 1 + kY2 + e and & = nim_1, (13)

where 7, is a sequence of iid N(0, 1) random variables, and « € {0.0,0.1,0.2,0.3,0.4}. We use
61\71” and T}, to detect whether a weak AR(1) model is adequate to fit the data sample generated
from model (13). The empirical power and sizes of both tests are reported in Table 2, and the
sizes correspond to the cases where k = 0.0.

Example 3. Consider the following switching-regime Markov model (see, e.g., Hamilton
(1994)):

Yt = KYe—1 + 0t + (0.2 + 0.3A¢)m—1, (14)

where A, is a sequence of Bernoulli random variables with P(A; = 0) = 1/3and P(A; = 1) =
2/3, n; is a sequence of iid N(0, 1) random variables, and ~ € {0.0,0.05,0.1,0.15,0.2}. Here,
we assume that A; and 7, are independent. When « = 0.0, Francq and Zakoian (1998) showed
that model (14) admits a weak MA(1) representation: y; = € + e_1, where €; are uncorrelated

but non-MDS. Thus, we can use 6\1\7[” and 7T;, to detect whether a weak MA(1) model is adequate
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to fit the data sample generated from model (14). The empirical power and sizes of both tests are
reported in Table 3, and the sizes correspond to the cases where x = 0.0.

Table 1. Empirical sizes and power (x100) for 5]\71n and T, in model (12).

xk=0.0 k=0.1 k=0.2 k=0.3 k=04

Tests n  ba(myn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
E\Mn 400 3 1.3 6.8 12,5 39 14.1 26.0 22.0 49.0 644 549 80.2 89.1 80.1 93.7 96.8
6 1.1 55 11.5 3.3 140 265 199 44.1 59.7 502 77.8 87.3 73.2 91.2 955

10 1.6 55 109 42 153 27.1 220 473 60.7 49.6 75.6 87.1 68.6 88.0 95.6

20 1.3 6.6 133 54 17.1 262 21.8 46.8 59.7 479 724 827 649 85.7 93.7

40 32 7.8 133 84 168 250 25.1 443 564 485 68.4 80.1 63.8 80.5 89.9

T 3 14 20 38 89 129 16.6 374 46.5 52.1 80.2 86.0 89.3 97.1 98.3 98.6
4 3.1 6.6 82 155 20.7 24.6 53.8 614 658 884 91.2 929 98.1 99.0 99.5

6\1\7171 1000 3 1.2 5.1 11.6 13.2 35.6 48.1 63.8 82.7 88.8 944 984 99.2 99.1 99.8 99.9
7 1.0 43 93 139 319 46.0 60.1 82.1 89.6 93.5 97.8 99.2 98.9 99.8 99.9

15 1.2 53 11.8 13.8 334 448 62.6 82.7 90.5 91.5 97.8 99.0 97.9 99.7 99.8

31 09 6.2 125 132 343 479 629 839 91.1 90.2 98.7 99.7 946 99.2 99.8

63 2.1 63 11.7 17.1 31.6 462 657 823 88.4 86.5 958 979 88.5 96.6 99.0

Tn 3 29 49 6.2 21.5 302 355 793 84.1 86.7 98.9 99.5 99.7 100 100 100
4 54 82 11.1 33.0 41.2 462 873 91.2 92.6 99.9 100 100 100 100 100

Table 2. Empirical sizes and power (x100) for CM,, and T}, in model (13).
xk=0.0 k=0.1 k=0.2 k=0.3 k=04

Tests n  ba(myn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
Eﬁn 400 3 05 46 99 19.5 359 46.8 63.7 809 86.2 89.6 952 969 97.0 98.7 99.2
6 2.0 44 10.1 18.0 352 46.0 61.4 79.0 86.0 86.2 933 959 944 98.5 99.3

10 1.1 48 104 20.0 39.8 51.5 66.3 83.4 88.6 86.7 951 97.1 95.6 98.5 99.0

20 1.6 6.1 12.7 22.6 414 52.1 656 81.5 87.8 87.4 96.1 97.5 94.1 98.5 99.1

40 26 64 13.1 254 377 473 642 787 849 854 948 974 924 98.3 98.8

Tn 10 19 34 49 151 23.6 285 722 782 82.5 97.0 97.7 98.0 999 99.9 99.9
15 24 43 6.8 169 24.6 304 725 79.5 827 96.8 984 98.7 99.9 99.9 100

(’:1\71,1 1000 3 1.3 5.6 11.1 452 657 753 93.8 98.2 98.6 99.6 999 100 100 100 100
7 1.1 63 10.8 48.7 67.9 74.7 93.2 97.1 98.4 99.7 99.9 999 999 100 100

15 1.2 64 122 483 67.1 759 924 97.6 98.7 99.7 999 100 99.7 100 100

31 1.2 52 11.7 48.1 66.6 749 92.6 96.6 98.0 99.3 999 99.9 99.8 100 100

63 1.6 64 11.5 499 66.7 755 946 97.8 98.8 994 99.8 100 99.8 100 100

T 9 20 37 56 447 56.0 625 97.8 989 994 100 100 100 100 100 100
13 29 54 7.5 51.0 60.3 649 98.1 99.0 99.3 100 100 100 100 100 100

Example 4. Consider the following bilinear model (see, e.g., Granger and Andersen (1978)

and Pham (1986)):

Yr = Kng—1 + e + 0.2y, 1m—2,

15)
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where 7, is a sequence of iid N(0, 1) random variables, and x € {0.0,0.05,0.1,0.15, 0.2}. When
x = 0.0, Francq and Zakoian (1998) showed that model (15) admits a weak MA(3)ArEpresenta—
tion: y; = &4 + @e¢—3, where €; are uncorrelated but non-MDS. Thus, we can use CM,, and T},
to detect whether a weak MA(3) model is adequate to fit the data sample generated from model
(15). The empirical power and sizes of both tests are reported in Table 4, and the sizes correspond
to the cases where k = 0.0.

Table 3. Empirical sizes and power (x100) for E]VIn and T, in model (14).

x=0.0 k = 0.05 k=0.1 k =0.15 k=0.2
Tests n bp(mn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

CM,, 400 3 1.1 54 104 19 81 139 42 142 224 127 327 441 295 53.8 65.6
6 1.7 57 124 20 7.3 144 3.7 135 222 148 325 455 31.6 552 679
10 1.7 69 118 20 7.6 13.6 48 13.7 215 150 32.0 434 31.8 554 66.8
20 24 7.1 121 3.1 9.0 152 6.7 148 239 169 323 434 339 533 653
40 36 7.8 130 4.6 10.6 18.6 9.8 19.1 289 219 369 47.7 40.0 57.6 69.5

T, 19 07 19 33 04 24 37 14 36 61 63 113 163 198 28.7 355
20 09 21 34 08 23 44 22 48 83 72 137 17.6 167 28.0 34.7

CM,, 1000 3 09 58 108 27 95 173 152 334 449 396 63.1 752 79.7 91.6 94.9
7 1.6 51 105 4.6 109 17.5 145 29.8 421 409 63.6 751 79.2 913 957
15 1.3 47 101 39 112 184 147 325 443 438 657 74.8 79.2 90.8 95.1
31 1.7 6.1 106 42 114 173 165 339 451 474 694 79.5 79.1 90.5 94.7
63 37 89 136 40 115 18.6 203 36.1 46.7 485 67.1 754 81.4 919 955

T, 21 09 24 40 19 40 65 7.7 127 172 244 37.0 445 61.7 748 179.6
22 1.1 25 49 16 39 57 6.0 11.3 154 242 359 447 60.6 73.8 80.6

Table 4. Empirical sizes and power (x100) for E‘]\v4n and T, in model (15).

k=0.0 k= 0.05 k=0.1 x =0.15 k=0.2
Tests n  ba(myn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%

CM,, 400 3 1.0 44 9.1 57 172 251 20.6 434 539 519 775 85.0 839 944 97.1
6 24 79 127 49 156 240 21.8 433 553 53.8 76.3 83.5 82.5 952 979
10 14 58 106 5.6 163 258 215 43.6 552 52.1 762 843 829 943 96.9
20 29 8.6 159 52 140 22.6 264 46.6 57.5 58.7 789 86.7 822 93.7 97.1
40 3.6 104 167 94 183 259 269 449 577 61.0 764 86.2 858 95.1 979

T, 16 1.1 32 59 49 7.7 1077 19.6 30.0 358 482 619 68.0 76.2 855 89.2
17 1.1 35 52 30 79 107 19.1 285 333 46.2 58.7 65.1 75.8 84.6 88.7

CM,, 1000 3 1.0 50 89 12.8 30.1 414 60.9 81.3 88.1 94.6 994 99.7 100 100 100
7 0.8 55 109 132 31.7 442 585 80.6 88.0 94.7 98.5 993 100 100 100
15 1.2 6.7 120 143 294 392 615 81.5 887 952 989 99.5 99.8 100 100
31 23 73 11.8 15.1 305 42.6 62.2 81.7 89.2 94.8 98.6 99.6 99.7 999 99.9
63 33 82 133 20.1 349 45.1 63.7 819 89.6 94.7 98.1 99.3 99.7 100 100

T, 29 14 45 62 7.7 142 193 4211 545 635 889 93.1 952 99.2 99.6 99.7
30 1.5 42 69 84 151 198 43.7 57.1 649 87.6 93.0 953 99.2 99.7 99.8
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(a) Model (12), n = 400 (b) Model (12), n = 1000
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Fig. 1. In each panel, the dash (or dash-dot) lines from top to bottom are the sizes of 1, (or 61\71”) at the significance
level o = 10%, 5% and 1% for each model with x = 0.0, based on different values of m,, (or b,,), where the solid
lines from top to bottom are the nominal significance level o = 10%, 5% and 1%.

From Tables 1-4, we find that the sizes of CM are close to their nominal ones when b,, is
small (e.g., b, = nl/ 5 or 2n'/%). When b,, gets large, CM tends to be oversized in general, but
the size distortion becomes weaker as n increases. This finding is consistent with the one in Shao
(2011a). For T;,, we find that its size performance is very sensitive to the choice of m,, in models
(12) and (13). A visual understanding of this phenomenon can be obtained in Figure 1(a)-(d),
where we plot all the empirical sizes of 7T;, for different choices of m,,. As a comparison, the
empirical sizes of a\//In for different choices of b,, are also plotted in Figure 1(a)-(d). It is clear
that when m,, is larger, the sizes of 7T,, are seriously distorted at each significance level «, and
when m,, is small, T,, tends to be seriously undersized at significance levels o« = 5% and 10%.
This drawback of T}, is unchanged even when n becomes larger. By using other kernels (e.g., the
Bartlett kernel and the quadratic spectral kernel), similar result holds for 77, and hence they are
not reported. Compared to 75, the sizes of CM,, are much more robust at each significance level
especially when b,, is small.

Furthermore, it is worth noting that unlike models (12) and (13), 75, is always undersized for
different choices of m,, in models (14)-(15). This problem becomes extremely serious when m,,
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is small. However, like models (12) and (13), the size performance of CAl\//[n is much more robust
in those cases; see also Figure 1(e)-(h) for more visual evidence. From Figure 1, we find that the
size performance of ém is more satisfactory when b,, = 1 or b,, =~ 1. This is probably because
our 61\7[” test applies the random weight w} to £.£445, not to &, and the dependence structure
of €4€¢.p for h > 1 in models (12)-(15) is very weak (e.g., the autocovariance of €641, at each
lag j(> 0) is zero in models (12)-(13)). This feature of our éf/ln test may help us to explain its
robust size performance, and a rigorous justification on this conjecture is an interesting topic for
future study. Overall, we know that the sizes of 61\7[” are precise especially when b, is small,
while the sizes of T}, could be seriously undersized or oversized in most cases of m,,. It means
that the performance of 7, is heavily relied on whether we can obtain an optimal m,,, but this is
not the case for CM,,. Considering the difficulty of selecting the optimal bandwidth in most of
the nonparametric methods for practitioners, (fj\//ln has a size advantage over T}, in this direction.

Next, we consider the power performances for CM,, and T},, and the conclusion is generally
as expected. First, all the powers become large as n increases. Second, 61\71n is generally more
powerful than T, for all examined alternatives in models (14)-(15), while T}, has a power ad-
vantage over EK/ITL in model (12) and model (13) with a large . The power advantage of T,,
over 61\71n in model (12) is probably because the residuals of a fitted MA(1) model exhibit cer-
tain autocorrelations at some large lags. The power advantage of T}, over (f?K/In in model (13) is
quite reasonable, since the sample autocovariance of the residuals from the fitted AR(1) model
becomes more significantly different from zero when  is larger. Overall, although 61\7171 does
not have a consistent power advantage over 7, it is reasonable to recommend EK/IH in practice
since it has a very robust size performance especially when the block size is small.

5. APPLICATION TO S&P 500 STOCK INDEX

In this section, we revisit the real example on S&P 500 stock index in Escanciano and Velasco
(2006). We consider two sample periods for the S&P 500 stock index. The first period is from
3 January 1994 until 31 December 1997 with a total of 1011 observations. The second period
is from 2 January 1998 until 28 August 2002 with a total of 1170 observations. Denote the log-
return of both series (after mean-adjusted) by y1+ and yo;, respectively. The generalized spectral
tests in Escanciano and Velasco (2006, p.172) indicate that y;; is non-MDS at the significance
level o = 5%, while yo; is non-MDS at the significance level & = 10%. Thus, we are of interest
to test whether g1 or yo; is a weak white noise (i.e., an uncorrelated sequence) by using 61\71n As
in Section 4, we choose b, = n'/®,2n'/> \/n/2, \/n or 2/n, and it delivers b, = 3, 7,15, 31 for
y1¢ and 4, 8,16, 32 for ;. The corresponding results for 61\71n are listed in Table 5, from which
we can not reject the hypothesis that y1; or yo; is a weak white noise at the 5% significance
level, and this conclusion is unchanged for all choices of b,,. Thus, a weak but non-MDS process
should be suitablg@ fit y14 or yor.

Next, we use CM,, to check whether a weak MA(3) model defined as y; = ¢4 + pe;_3 for
|p| < 1, is adequate to fit 1, or yo;. Based on LS estimation, the fitted weak MA(3) models for
y1¢ and yo; are as follows:

Y1t = €1¢ — 0.0482e1;_3, (16)
yor = €2t — 0.0423e9;_3, (17)
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Table 5. p-values of 6\1\7171 for testing the adequacy of a weak white noise on two S&P 500 stock
indexes

bn

Series nt/5 2t /m/2  n 2yn
y1e  p-value’ 0.6900 0.6537 0.5050 0.6257 0.5637

yo¢r  p-value 0.5110 0.5180 0.4017 0.4157 0.2783

t p-values bootstrapped by the BRW method with J = 3000.

where the estimated values of 02 = 6.2 x 107° and ¢, = 1.8 x 10~*. The p-values of CM,,

a0 in Table 6 indicate that models (16)-(17) are adequate at the 5% significance level, while the p-
values of the Ljung-Box test statistics (M) and Li-Mak test statistics Q?(M) in Table 7 imply
that models (16)-(17) are not strong at the same significance level. Note that a Bilinear model
like (15) with x = 0 has a weak MA(3) representation. Thus, it motivates us to fit y;; or yo; by
the following Bilinear-GARCH model:

o Yt = Nt + UYs—_1Mt—2, (18)
e =vVhy and hy = w4+ an? 4 + Bhi1,
where |u| < 1,w > 0, , 8 > 0 and 14 is an iid re-scaled error sequence. For each series, model
(18) is estimated by using the QMLE method (see, e.g., Ling (2007) and Francq and Zakoian
(2010)). The related results are summarized in Table 8, from which we know that model (18) is
adequate to fit y9;, while a marginal autocorrelation up to lag 6 is detected in the fitted conditional
s0  mean model for ;. Based on this, we re-fit y;; by another Bilinear-GARCH model:
Yt = UN—1 + Nt + UYt—1Mt—2, (19)
e =vVhy and hy = w + o + Bhe_y,

where |v| < 1,|u| <1, w >0, a, 3 > 0 and 14 is an iid re-scaled error sequence. The related
results for the fitted model (19) are given in Table 8, from which we know that model (19) is
adequate in fitting ;.

Table 6. p-values of EM,L for testing the adequacy of a weak MA(3) model on two S&P 500 stock
indexes

bn

Series nt/s 2t /m/2  n 2yn
y1e  p-value’ 0.9087 0.8923 0.8637 0.9707 0.9627

yo¢r  p-value 0.8420 0.8630 0.6720 0.5560 0.4940

f p-values bootstrapped by the BRW method with J = 3000.
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Table 7. p-values of Q(M) and Q*(M) for testing the adequacy of a strong MA(3) model on
two S&P 500 stock indexes

Series Q6) Q(12) Q(24) Q*6) Q°(12) Q*(24)

y1¢  p-value 0.3453 0.0106 0.0588 0.0000 0.0000 0.0000

y2¢  p-value 0.2756 0.1774 0.2689 0.0000 0.0000 0.0000

Table 8. QMLE-fitted model and its corresponding portmanteau tests on two S&P 500 stock
indexes

QMLE

Series  vn Un, wn n Bn ol Q(6) Q(24) Q%*(6) Q*(24)1
Model (18) y1: — — — 0.9961 0.0000 0.1045 0.8686 0.9984 0.0461 0.2591 0.9517 0.9945
y2e — — — 0.8004 0.0000 0.1129 0.8213 0.9984 0.4106 0.3525 0.2549 0.6193

Model (19) yi¢ 0.0703 0.8001 0.0000 0.1083 0.8650 0.9971 0.4310 0.6353 0.9614 0.9951

t p-values for the Ljung-Box test statistics Q(6) and Q(24), and the Li-Mak test statistics Q> (6) and Q> (24).

6. CONCLUDING REMARKS

In this paper, we study the asymptotic property of a CM-type spectral test statistic él\v/In for
checking the adequacy of an ARMA model with uncorrelated errors. By releasing the martingale
difference assumption on the error terms, CM,, is applicable to a large class of uncorrelated
nonlinear processes. Since we do not specify the form of error terms, the limiting distribution of
6;1\:/[71 is not pivotal, and so a novel BRW method is necessary to bootstrap the critical values of
CM,,. Simulation studies show that the size and power performances of CM,, are robust to the
selection of block size b,, in BRW method especially when the sample size is large, while the size
of kernel-based test 7}, in Shao (2011b) is always sensitive to the choice of the bandwidth m,,.
In addition, a\//ln has a power advantage over 7), under most of the examined alternatives. By
revisiting two S&P 500 stock index series in Escanciano and Velasco (2006), CM,, suggests that
the Bilinear-GARCH models are adequate to fit both series. This empirical example illustrates
that although some economic or financial series is not a martingale difference sequence, it is
still very likely to be an uncorrelated sequence. Our test statistic (fﬁ\//ln now gives us a way to
check for the adequacy of ARMA models driven by an uncorrelated error sequence. Moreover,
once a weak ARMA model is found to be adequate in fitting the given series, some non-linear
processes with a weak ARMA representation may also be considered to fit this series adequately.
This point of view should be important for practitioners.
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APPENDIX: PROOFS
Denote by W, (j) = [o h A)dA for any b € L[0,7); by P; = [ ¢2(X)dA for j € Nby C a
positive generlc constant Wthh may vary from place to place. Note that P; < C j_2 uniformly in j € N,
and fo 1 (AN)r(X)dX = 0 when j # k and j, k € N. In order to prove Theorem 1, we rewrite

§n()‘) = [5;”(/\) - S'no‘)} + 5%0\)
- [En(x) - énm} + [SH(A) —5,(N] + 8.0
= Iln()‘) + Ipn(N) + gn()‘) say. (A1)

where S,(\) = 2;2—11 V(G (N) with 5(j) =n~t 350 5 &) and & = 4(0). Then, we
need the following five lemmas:

LEMMA Al. Suppose that Assumption 1 holds. Then, there exist C > 0 and p € (0, 1) such that

0%e,(0)

. Oe (6
() Sgp|5t( )| < C&pt, Sup ‘ aé )H < C&y_1, and SUP || =0 997 ‘ < Cépi—1;
.. ~ t Oe¢ (0 88:&
(i) suple;(0) —€(0)] < O(p")&40, sup 80 P)épo;
e 6
828t( ) 82gt(9) t
<
and bup 9000' 2000 || = O(p")&po,
where E5p = 14372 p'lye—il-
Proof. The proof follows directly from Lemmas A.1 and A.4 in Ling (2007). O
LEMMA A2. Suppose that Assumptions 1-2 hold. Then, (V]2 = 0p(1).

Proof. By direct calculation, we have

E|L,(N)|? = ZE ( > bm‘(9n)) Py,

t=1+j

where by;(6) = €4(0)e—;(0) — €¢(8)e:—;(0). By Minkowski inequality, it follows that

S|

RIS ( > {E[btjwn)f}”) P,

j=1 \t=1+j
1 n—1 n 2 1/2
S ( 2. {E{sgpnbtj(a)} } ) P, (A2)

By Lemma A1, we know that there exists a constant p € (0, 1) such that
sup [|be; ()| < sup [ [e4(0) = £(0)] 15 (O) | + sup [[0(6) [1—5(0) — &5 (O]

O (Pt)prEPt—j + O(Ptfj V008 pt -
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Note that E|€ |* < oo by Assumption 2. Thus, from (A2), by Holder inequality, we can show that

2
n—1 n . /
E| I, (V)|* < %Z ( > {O(Pzt)E[fpofptfj]Z + O(Pz(t_'7))E[§p0§pt]2}l 2) P 435

j=1 \t=1+j

IA

inz:l ( 2": {O(Pgt) (E [5p0]4E[§ptfj]4)l/2
j=1 \t=1+;

+0(p* 7)) (E 2 [E,J‘) 1/2}1/2> P;

5 ( > {00 +o<p“‘>})2Pj -o(1).

=1 \t=1+j
which implies that ||I1,,(\)||* = 0,(1). O
LEMMA A3. Suppose that Assumptions 1-3 hold. Then, 440
Lokl |
(i) E 20 =0;
y - : . |1 oL,
(i) Vn(0n — 00) = Op(1) with v/n(0y, — o) = —% ' % ta(eo) + op(1),
t=1

where 1,(0) is defined as in Assumption 3(ii).

Proof. (i) By Lemma Al, it is not hard to show that

Al ( ol (0
T
9%1:(0)  9°14(6)
Z laoaof 0000

Then, since 8l~t(9n) /060 = 0, by Taylor’s expansion and (A3)-(A4), we have

sup

sup

H = 0,(1). (A4)

[T &L ] 1 & akb)

9"90[71 ~ 0606’ ﬁ; a0

T &L | |1 & al(by)
__[nt_l 2606 n <00 +op(1), (A5)

where ¢, lies between 6,, and 50. By Lemma A1(i) and Assumption 2, we know that

02%1,(0)
Ebup 5000 C’E(ﬁpt 1+ Eptépt— 1) o0
for some p € (0, 1). Thus, by Theorem 3.1 in Ling and McAleer (2003), we have 450

- Z 8211‘ Cn — |:82lt(Cn)

000 000 } *opll) =2+ op(1), (A0)
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where the last equality holds by the dominated convergence theorem and the fact that §,, —, 50 asn — oo
by Assumption 3. By (A5)-(A6) and the ergodic theorem, it follows that

1 zn: 0l (6o)
n a0

t=1

l; (o)

gy = _yn-1
b =00 90

+o0,(1)=-%"'F

+ 0,(1).

s Since 6, — 0y = 0, (1) by Assumption 3, it implies that (i) holds.
(i1) By (A3)-(AS), it is not hard to see that

3 1= 2] [ 1 & o)
ﬁ(en—mz—l ] [ ]“p(l-
D= | [ o )

Note that dl,(6y)/00 = 2&,(0%,/00). Thus, by Assumptions 1 and 2(i), Lemmas 3-4 in Francq and
Zakoian (1998) implies that n=1/2 3" | 9l,(69)/90 = O,(1). By (A6), it follows that (ii) holds. O

460 LEMMA A4. Suppose that Assumptions 1-3 hold. Then,
[120(A) = AL (N [V (0 — 00)]]1* = 0,(1),

where

a0y =5 B [PEED] )

=1

<.

Proof. By Taylor’s expansion, we have &; — & = (9¢+((,)/06")(0,, — 50), where (, lies between 6,
and 6. Then, it follows that

DR {,ll > [Ftlende, 15 2] wm)} V0, ~ o)l

j=1 t=1+j

45 which entails

Lan(3) = {15 (0 Gy 0) + I8 (0, Ga) + 15 (0 } VA6, — o)), (A7)
where
n—1 n
1 Oe (0 02
12(2)(/\91792) = Z {n Z {5(9,1)&—]'(92) - K <aet€t_j)] 1/’]0‘)} )
j=1 t=1+j
n—1 n
1 o Og—;(0 L 08—
B0 =Y {n > (a5 - p (2% )] wm} 7
j=1 t=1+j
n—1 . ~ ~
n—j 0&; o0&,
470 Iéi)()\) = Z { - |:E <89f€t_j> + E (Et 8;,j>:| fog()\)}
j=1
We first consider 1—2(711) (A, Cn, 05). By direct calculation, we have
n—1
B (N G 017 = (B Py, (A8)
j=1

where

1 = [0e(Cn 0€;
Cnj = > { 5(9/ )5t—j(9n) -E (aef&—j)} :

t=1+j
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As for (A6), by Assumptions 2 and 3(i) and Lemma A1(i), we can show that uniformlyinj € {1,--- ,n — s
1}, Ec,%j = 0(1). Thus, since Z;‘;l Pj < 00, by (AB), it is straightforward to see that
n—1
B3, (A G 00) 7 = 3~ 0 (Py) = o(1),
j=1

which implies that || IS (X, ¢, 0,)]12 = 0, (1). Similarly, [|I$2 (A, ¢u)|12 = 0,(1).
Next, we consider 12(2) (A). By direct calculation and the fact P; = O(j~2), we have

n—1 . 2
3) 7 0%¢ 02 o
B0 = AV = X 1 2 (Gas) +E (5552 )] =0
Now, the conclusion follows from (A7) and Lemma A3(ii). O

LEMMA AS. Suppose that Assumptions 1-3 hold. Then,
2

”z—: (\}5 i:%) YA = op(1),

j=1

where z; is defined as in (3).

Proof. First, by Lemma A3(i), we have Ez;; = 0. Then, as for (A6), by Assumptions 1-2, it is not hard
to show that

T b
*.5 251 — 0 as j — oo. 485
J =

Thus, Ve > 0, there exists a ng(¢) such that when j > ny,

=
- Ztj <e
J t=1

Next, by direct calculation, for n > max(ng + 1, [¢~!]), we have

E g( ZZU> ;A

2

I
SHES
g

u?

1 €
<O(=)+=> 5P
- n)+n, I o0

Thus, it follows that the conclusion holds. |

PROOF OF THEOREM 1. By (Al) and Lemmas A2, A4 and AS5, it suffices to show that S,,()\) —
E{S,(\)} = S()) as n — oo, where S, () = Y721 vaA(5)w;(A) with Xu(A) =n= 3501 e
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Here, we have used the fact that E{S,(\)} = E{S,(\)} by Lemma A3(i). For each fixed integer K €
{1,--- ,n — 1}, we rewrite

K n—1
N) = D VIAGIG N £ DD VARG () = () + REOY).

j=K+1

Then, as in Shao (2011a), the conclusion holds from the following three claims:

(a). For any h € L2[0, 7], the finite dimensional distributions of Gi{ —-F (gf ), h) converge to those
s of (SE(N),h), where S ()\) is a Gaussian process with zero mean and asymptotic projected variances

K K e}
aﬁ,K*var SK. h ZZ Z cov(exj, er—ak) Wi (j)Wh(k).

j=1k=1d

(b). The sequence {Ff()\)} is tight.
(¢). For Ve > 0, lim g o0 limy, e P (|[RE(X) — E{RE(N)}|| > €) = 0. QE.D.

500 PROOF OF CLAIM (a). By a direct calculation, we can show that

n

K
(55— pEE jﬁz 3 fers = B W0
J=lt=j+
1 K+1t—1
=7 Z{et,j — Ees,)}Wh(4)
o,
ﬁt_ZHZ;{em (e5) YW (), (A9)

where the first summand above is 0, (1) since K is finite. Rewrite

K ~ \/
. . . 0€
505 }/t = Z et,jWh(]) = 1/K+1 X <5t5t—1W}L(1)7 B ,€t€t_KWh( ) Kfjt aef)
=1
=: 1’KJrl X Vg, (A10)
where 1gy 1 = (1,---,1) € REFDXT and g = —2 ZK,l E[0(£&—;)/00" Wi (7). By the finiteness

of Wp,(j) and x and the same argument as in Francq, Roy, and Zakotan (2005, page 543), we have

n n
Z (v — Evy) —4 N (0,Q%) asn — oo, where Q" = lim var l Z vt] < oo0.
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Hence, it follows that for the second summand, n~'/2 Z?:K—&Q (Y; — EY;) —a N(O, f) as n — oo,

where
I=1i ! zn: Y,
= lim var | —= f
e vn t=K+2
L
SR 9 3B vl o) FATTAT
j=1k=1 \t=K+4+2t'=K+2
1 K K n—K-—2 n+min(0,d)
= lim - Z Z Z cov(erj, et—dk) | Wh(d)Wh(k)
j=1k=1 \d=K+42—n t=K+2+max(0,d)
K K n—K—2
. n—K-—-2—|d .
- 3 2 M) WG9
j=1k=1 \d=K+2—n
= J%VK, (A11)
Thus, it follows that claim (a) holds. Q.E.D.

PROOF OF CLAIM (b). First, as for (A9), we have

§7I1<_ Sn IZ Z {er; — E(er;) (V)

j=1t=j+1

K+4+1t—1

S Hers — Elewy) (A Z GE (A12)
\F t=2 j=1 \Ft K42

where the first term in (A12) is tight since each summand is tight, and

Gff = Z{etj — E(er ;)i (A).

Next, we use Theorem 2.1 in Politis and Romano (1994) to prove the tightness of the second term in
(A12). Note that G¥ is independent of n. We only need to verify that

(i) BIGE|* < oo

(ii) lim Z E[(GRiy,GF)] = Z E [(Gf 1y, GF)] < oo, and the last series
T K2 t=K+2

converges absolutely;
(i) lim var [(SK — E(SEK),h)] = o} .
n— 00 ’

The proof of (i) is trivial, and the proof of (iii) is directly from the one as for (A11). We now consider the
proof of (ii). Note that

0o [ K
Y E[GK GOl = Y D covlenj exsz,)Pil. (A13)
t=K+2 t=K+2 |j=1

Using the same argument as for Lemma 3 in Francq and Zakoian (1998), it is not hard to show that for
each j € {1,---, K}, there exists a p € (0, 1) such that

. /(24v)
T et [ el S

515

520

525

530
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By (A13)-(A14), it follows that

i |E[(Gk42.GO)]| < C ipj i{psl/er{ay<{|;|J>r/(2+u)}<oo,

t=K+2 j=1 s=0

which implies that (ii) holds. This completes the proof of claim (b). Q.E.D.

PROOF OF CLAIM (c). First, by direct calculation, we have

E||RK(\) — BE{RE(\)}|? = Z Z cov(er j,ew j)P;. (A15)

7 K+4+1tt/'=5+1

Since e;; = £.£,—; + 2, there are four terms in cov(eq j, ey ;). For simplicity, we only prove the
conclusion for the term cov(ztj, 24 j), since the proofs for other terms are similar. Note that for any
m € {1,---,p+ ¢}, the m-th entry of z;; satisfies that

Z Cile— 1 [Z ck,myt_k] : (A16)
k=0

where ¢; = O(p?) and ¢; ., = O(p?) for some p € (0,1). Then, for any (m,m’) € {1, ,p+ q}?, we

6& 5
00,

ztj,m = O(1)&

1 n—1 n
_O(n> S>0 D leikmecicr el |covi—iyi—k, yo—iyr 1) | P

J=K+1t,t'=j+14,ki k'>0

n—1 n
1
<0(1) E |€iClm Cir Cler - | E — E |cov(Yoli—ts Y —tti—ir Yp' —t+i—k' )| p Pj.
ik,i k>0 J=K+1 =1

Furthermore, by Assumption 2, we can show that for any 4, k, ', k', 7,

n

1
. Z lcov(YoYi—k, Yt —t+i—ir Yt —t+i—k')|
tt/=j+1
1 n
- Z {|cum(y07yi7k7yt’7t+i7i’ayt’7t+i7k’)|
tt' =541
Hy(t —t+i— )y —t+ k=K + |y —t+i— K )y —t+k—4)|}
RS S R
< Z - . {leum(yo, yi—k, Yari—ir, Yari—r)|
d=—(n—1—j)

+y(d+i—iYy(d+k—K)| + |v(d+i—K)y(d+k—i)|}

o0 o0
2
< E ‘Cum(y07ys1vy827ys3)| +2 E [7(8)] < 0.
$1,82,83=—00 S§=—00

Thus, it follows that

n oo

Z Z cov(ztj,ms 2t/ j.me) < O(1) Z P; — 0as K — oo. (A17)

+1tt=j+1 j=K+1

3\*—‘



follows directly from Chebyshev’s inequality.

PROOF OF COROLLARY 1. Under Hy, we have 6y = éo and y(j) = O for j > 1. Then, it is straightfor-
ward to see that || E{S,,(\)}]| = o(1). Thus, (i) follows directly from continuous mapping theorem. For

(ii), since n /25, (\) — E {n’1/2§n()\)} = 01in L]0, 7] by Theorem 1, it follows that

R

=N [BEE_ )PP+ o(1),

j=1

Sn(X)
Jn

E

éﬁn_'

Su(N)
\/ﬁ

n

which entails that (ii) holds.
PROOF OF COROLLARY 2. Rewrite
S.(\) = 5 (\) + [§R(A) - Sn(x)]
= [8a(\) = E{S,(\)}] + E{S.(N)} + [S“H(A) - ?n(A)] :
On one hand, by Assumptions 1-3, from the proof of Theorem 1, we have
Sn(A) = E{S,(\)} = S(\) and E||§n()\) —5,N)|? =0 asn — oo.
On the other hand, since 50 = 6 by Assumption 4, we can show that under Hy,,
E{S,(N}=E {En(A)}

n—1

=B | > V)iV
= > VGO

n—1 T A

25

By (A15) and (A17), we know that limg . lim,, o E||RE()\) — E{RE()\)}||? = 0. Now, claim (c)
QE.D.

Q.E.D.

(A18)

(A19)

(A20)

as n — 0o, where 7, (j) is defined as in (5). Now, the conclusion holds from (A18)-(A20) and continuous

mapping theorem.

Next, in order to prove Theorem 2, we need three more lemmas:

LEMMA A6. Assume that Assumptions 1-3 hold and b;;* = o(1). Then,

(i) 1165, — Goll = oj(1);

(1) /(05— o) = O3(1) with /(0 — Ip) = 5~ ln/ > up Wﬂ +o

to0

Q.E.D.
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Proof. By the definition of 6}, we have

~ -1 ~ o~
P B o oA () 1 5~ 91 (%)
o= bo=- [n £ 0000 E; a9

~ —1 ~ ~ ~ ~
TG LG 1 <&, ., Ol (00) 1 <= 0l(H)
__[nzwt 8989’] [nz(“’t_l) 98t n2 o0 ]

585 = - [Sln]il [SZn + Ssn} ,

where ¢, lies between 6, and 50. First, by Lemma A1, it is straightforward to see that

L) 1L 021, (0

(O 15 ‘ 0(6)
nio ©

06000’ 0000’
which entails s1,, = O; (1). Next, by direct calculation and Lemma A1, we have

E¥||sinll < ~ ZE wy) sup

+ Op(l) = OP(1)7

Ly

0ly(6o) Al (fo)
B [s2n 0] = 22 2. o0 ow

s=1 |t,t'€B,

Ly

1 ol Oly

:72 > 3(9) ;;f +0p(1) =t 5140+ 0,(1); (Aa21)
s=1 |t,t'eB,

where B is defined in step 1 of the BRW procedure in Section 3. Moreover, since [;(#) is stationary and
so  E0l(0p)/00 = 0 by Lemma A3(i), it is straightforward to see that

y(Bo) | buln 1 aly(6o) 1
(S4n) = Zvarl\ﬁz 1_ [\ﬁz ]: (n> (A22)

teB

where the last equality holds due to the fact that b, e o(1) and (9). Then, by (A21)-(A22), we have
o = O (n~'/2). Note that s3,, = 0,(1) by the ergodic theorem and Lemmas A1 and A3(i). Thus, it
follows that (i) holds. Consequently, by Lemma A1, it is not hard to show that

8 lt Cn) * 8 lt Cn *
595 n Z aoar n Z aooer >+ orlh:
and hence s1, = ¥ + 0;(1). Note that \/nsa, = O, (1) and \/ns3, = O,(1) by Lemma A3(ii). Thus, it
follows that (ii) holds. O

LEMMA A7. Assume that Assumptions 1-3 hold, b;;* = o(1), and b,n= = o(1). Then, E*||Zn(v) —
Zn(V)|? = 0,(1), where Z,,(7) is defined in (6), and

n—1 n
1

600 Zn(’}/) = Z % Z (w: - I)E(et,j) %/fj()\)-
Jj=1 t=1+y
Proof. Note that
E*Za(7) = Zu(I? < 2B Z0(7) = Zn()I? + 2E* | Z(v) = Zu()], (A23)
where
n—1 n - -
ZACED Dl ) S U CERN) RTEY
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By direct calculation, we have 605

E*| Zn(3) = Zn()I* =

j=1 s=1 | teBsN[1+j,n]
n—1
Lnbn 2
S i
j=1
bn n—1 )
= (Vndy;)” P;, (A24)
j=1
where d,,; = n~! Z?’:l-{—j [EvEy—; — E(€p&p_;)]. By Lemma Al, it is straightforward to see that 610
Vind,; = f Z E(5:5-5)] + 0p(1). (A25)
t=1+j

Next, by Taylor’s expansion, we have

(&Ei—y)
06’

10%(e1(0)21—;(9)) %

Er€pj = & + (0, — 50) +(0n — 90) {2 szcn (0n —6o),

where (,, lies between 6,, and 0. Note that vn(6, — 50) = 0,(1) by Lemma A3(ii). Thus, by (A25) it
follows that for all j € {1,--- ,n — 1}, 615

n nj — \/» Z E1€i— i gtgtfj)]

t=1+j
1 < & o
2y %wen—ew%m
t=1+7
ft;-] —J D

As for (A17), we can show that forall j € {1,--- ,n — 1},

- 1 DIV
\F Z E&r—; — E(&&—5)]) p = — Z cov (£1&—j,EvEp ;) = O(1). 620

n .
t=1+j tt/ =147

Thus, by (A26), we know that /nd,,; = O,(1) for all j. Since b,n~" = o(1) and > 7, P; < 0o, by
(A24), it entails that

n—1

E*|Zn(y) = Zn(V)|? = ZO 7) = 0p(1). (A27)
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Next, since E(e; ;) = E(&:&;—;) and b,n~"' = o(1), it is straightforward to see that
2
o o n—1 ] n
625 E*Zn(y) = Zn()|I> = E* 3 > (wi = DE &) | ¢V
i=1 t=1+j
2
n—1 .72 n
=D gk > ‘(w ~DE(ZZ5-5)| P
Jj=1 t=14j
2
n—1 j2 L,
— 5 Z E(E&—;)| P

j=1 s=1 | teBsN[1+j,n]
n—1 .9
<3 ;%Lnbipj
j=1
=0 (byn™") = o(1). (A28)
s Now, the conclusion follows directly from (A23) and (A27)-(A28). O

LEMMA A8. Suppose that Assumptions 1-3 hold, b,,;* = o(1), and (logn)b,n~" = o(1). Then,

2

i — 1) Zt]] Pi(N)|| = op(1),

J

:‘H

gl

t=

where Zy; is defined in the same way as z; in (3) with 1:(Bo) replacing 1,(6o).

Proof. By direct calculation, we have

. 2 . 2
1 < N (g J N
z[ S _%]W S lp (zwz—%) r
=1 nt:l j:ln t=1
n—1 L, 2

es By Lemma Al, it is straightforward to see that

n—1 1 L, 2 n—1 1 Ly 2
n > A Bi=) o 2ty | Pyt op(1) = Hy +0p(1).
j=1 " s=1 \teB.n[1,j] j=1 " s=1 \teB,N[l,j]

Note that Z;L P; < o0. For Ve > 0, there exists a jo(¢) > 0 such that

i Pj<€.

Jj=jo+1



Since b,, — oo as n — oo, we rewrite

) 2 2
0 1 &n bn, 1 &
Hy=)_ -~ 1Y w| P+ - > 2 | P
Jj=1 " s=1 \teB;N[1,j] j=jo+1 "~ s=1 \teB.N[1,j]
n—1 L 2
e P
+ E Z . zt] J

First, for H;,,, we know that as n is large enough,

joan I
EH, <Y =) 0@U)P=0(—"2 )
1 _;n; (Jo) P (n)<€

Next, for Hs,, direct calculation gives us that

2

b, 1 b 2
n 1 n 1
AR VRS ol [ V) VR ST oi I
Jj=jo+1 ~ s=1 \teB,N[1,j] Jj=Jjo+1 teB;
By Lemma 3 in Francq and Zakoian (1998), it follows that as 7 is large enough,
b b, 2 b
n bn 1 n n bn bn
EH,, = Z B (\/H ztj> P; = Z —O(P) <O <n€> <e.
j=jo+1 t=1 j=jo+1

Third, for Hs,,, we truncate it as

Ln Ln

Hs, = % Z Z Z Ztj Pj

s'=2jeB, s=1 \teBsN[1,j]
2

Y (TE)( X w)n

s'=2j€B s=s’ teBsN[1,j]

29

(A29)

(A30)

(A31)

(A32)

where the summand in the case of s > s’ is zero since Bs N [1, 7] = 0. As for (A31), by the stationarity

of z¢;, we can show that

2

ISy (s ) nl-iE e ye(ya)n

s'=2j€B, s<s’ \teB:N[1,j] s'=2je€B, s<s’ teBs

L,
=SS Yoy

s'=2j€B, s<s’

< bnnLn Z > o)

s'=2j€B,,

< i O(Pj)<€.

J=jo+1

(A33)
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Furthermore, since (logn)b,n =1 = o(1), it is not hard to see that

L, 2 Ly
Sy z( ) ) Pl =13 3 omd)p
s 1,7] j

'=2j€B, s=s'" \teB;N[l,j

1 gy 1
660 = E 4 Z O(bn)‘iz

J:
) <b" lzg”) <e. (A34)

Now, the conclusion follows from (A29)-(A34). O

PROOF OF THEOREM 2. By Taylor’s expansion we have

— O(EEt—j) , s . 1 9%(54(0)&— (0 .
o5 §E = &E— + %(en —0,)+ (05 —0,) [Q(t(ag);wb—cn} (07 — 6,,),
where (,, lies between 6, and 6,,. Then, it follows that
_ N n—1 1 n
SHOVERHCVEDY N D (wi = DEE 5| %N + I, N[V, — 6,)]
=1 t=1+j
+ [Vn(0;, = 0:)'115, (N [Vn(0;, — 6n)], (A35)
where
n—1 n ~
¥ 1 LO(EEe—
=30 3 w2y )

n— 1 n 1 aQ(gt(e)gt_j (0))
— il [28989'|9—cn} i (N).

By Lemma A4, we can easily show that

2

. — & _
E* |17, (A Z [ é et/ J } ;N[ =0y (ban™?). (A36)
On the other hand, it is straightforward to see that
E*||I5,(V)* = Op(n™). (A37)

Since \/n(0;, — 6,,) = O (1) by Lemma A3(ii) and Lemma A6(ii), under (A35)-(A37), we have

5 2:: = [Z _ 1)5@‘7] ey,

+
j=

€t€t —j

06’

L —
o
|—|

} V; ()\)} [v/n(0;, — 6,,)] + negligible terms. (A38)
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Moreover, by Lemma A3(ii), Lemma A6(ii) and (A3), we have

o 0o
(6]~ ,) = - [IZ AL TS
— ! l\f > (wy mt( 0) +03(1). (A39)
By (A38)-(A39) and Lemma A8, it follows that
SE(N) = Z Z (wf — 1)es ;| ¥;(\) + negligible terms, (A40)

t=1+j

where €; ; = €6, + Zi; and Z;; is defined as in Lemma AS.
Let *(j) = n= {32111, (wf — 1) [&,; — E(er,5)]}- By (A40) and Lemma A7, it follows that

=n Z ¥( ) + negligible terms =: S (\) + negligible terms.
Finally, for each fixed integer K € {1,--- ,n — 1}, we rewrite
va A)+vn Z =: SO + RE* (V).
j=K+1

Then, as in Shao (201 1a), the conclusion holds from the following three clflims:
(d). For any h € Ly[0,7], the finite dimensional distributions of (SX* h) converge to those of
(SE(X), h) in probability conditional on y,.

(e). For Ve > 0, limg _, o limy, 00 P (HR,IL(*()\) | > 5) = (0 in probability conditional on x,.

(f). The sequence {S7()\)} is tight in probability conditional on ,.
The proofs of claims (e) and (f) are similar to these of part (a,ii) and part (b) in Shao (2011a, p.222).
Thus, we only need to prove claim (d). Q.E.D.

PROOF OF CLAIM (d). Let GE* = ZjK:l(wz‘ —1)[er; — E(es;)] ¥;(N). As for (A9), it suffices to

show the asymptotic normality of .J/*, where

n

n K
JEx = Z L(Gf’ﬂh) — Z 1 Z(wf —1)[er; — E(er;)] Wi(4)

t=K+2 vn =k+2 V" j=1
Lo s 1 K
= S\/ﬁ Z [et,j - E(etd)] Wh(J)
s=1 teB;N[K+2,n] j=1
Ly,

I
[
=
3

Note that conditional on ., {HZ,} is a sequence of independent random variables. Thus, we only need
to verify that

(i) lim var* (JE*) —, ofl K

n—oo

sn

(#4) hm ZE*{| H: PI(|HL,| > ¢€)} —, 0.

680

685

690

695

700



705

710

715

720

32

Without loss of generality, we assume that K + 2 < b,,. For (i), by Lemma A1, Taylor’s expansion, and
Lemma A3(ii), it is not hard to show that

Ly

K
var* (J5*) —EZ Z Zetj Eer;)] Wa(j)

s=1 | te BsN[K+2,n] j=1

3

~
3
=

\/1’7 SN e — E(er )] W) ¢ +op(1)
" teB, j=1

I
=
i\

2

K
=3 Yl = Bl W) | +0, () +a0)

teB;s j=1

&

1
Ly,

w

||

N
3

=7

3
—+
)
i)
—~
—_
~—

where &; ; = £1&;_; + 21;. As for (A1), we have EZ,, — o7, as n — oo. Thus, we only need to prove
that var(Z,) — 0 as n — oo. By direct calculation, we have

Lo, K K
var(Zn):ni Zl Z Z Z Z C(t1,t2, 81, t5, 1, J2, 41: J3)

t1,to€Bg t/ t EB 7 J1,j2=1 j{,jé:l

Wi (51)Wh (52) W (1) Wh (j2)
1 L,
- 5
where ,ye(j) = E(et,j) and C(tlatQﬂtllvt/27j17j27jivjé) equals to

cov {[(ethjl - ’Ye(jl)) (etz,jz - ’76(.7'2))]’ [(et’l,ji - 'Ve(ji)) (et/27jé - Ve(]é))]} .

Rewrite

1 Ly Ly
RRCARED S DERTRIRIES Sl RN a4

s=1]s'—s|<1 s=1|s"'—s|>1

Fort the first summand in (A41), since b,, = o(n'/3), it is straightforward to see that

1 Lb4 b3
—~ > > as,8)=0 ( nQ”) =0 (;) =o(1). (A42)

s=1|s'—s|<1

Next, for the second summand in (A41), C(t1,ta,t],t5, j1, j2, 1, j5) can be divided into 16 terms, since
et,j = 14— + zj. We only consider the proof for the term cov (ztulzth,ztlj/zt/ /) because the
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proofs for other terms are similar. In view of (A16), for any (my, ma, m}, mb) € {1,p + ¢}*, we have

|COU [Zt1j17m1 Ztaga,mas At 1 ,m} Zt'gjéymlg] |

_ . . NN
= E Ciy Chy iy Cin Chia s Cil kY, City Chty myy M (81, K1y 12, k2, 07, kY, 15, k)

i1,k1,i2,ka,1 k] 5 k)

DD N D DRI LD RS

i1>bn /4 k1>bn /4 i2>bn /4 ka>bp /4 i>bn/4 K[ >bn/4 iL>bn /4 kh>bn/4

IN

. . -/ / -/ /
E ’cilckl,ml Cin Chyms Cil, C, ., Cit, Chly oty M (i1, o1, 2, Ko, 14, kY, i, k) ’

. . I o
i1,k1,12,ko,4] k] ,ih k5 <bn /4

9
: Z.%’v
i=1

. . N
where M (iy, k1,2, k2,14, Ky, 15, k) = cov (yt1*i1ytl*k1yt2*i2yt2*k27yt/lfi’lyt/lfkiyt/zfi/zytéfké)- By

Cauchy-Schwarz inequality, we can show that

. . . . 2
‘M(thlaz%k?vzllv 1132127k12)| < \/E (yt1—i1yt1—k1ytz—izytz—kz) E (yt'l—i’lytll—k’lyté—igyté—ké)

< EyiS < o0.
Since ¢; = O(p") and ¢; ,,, = O(p*) for some p € (0, 1), it is straightforward to see that
g; < Cpbr/t forl <i<S8.

Furthermore, the Davydov’s inequality in Davydov (1968) implies that

2

go < C Z Y2 —i2 Yts — ko1 Yta—i2Yto ks ||2+u||yt’17i’1yt’lfkiytgfi’zyt’szg ll2+v

; ; o/ VA ’
i1,k1,42,k 4],k ,ih, k5 <by /4

b v/(24v)
n
<o ([3])] T enenmecmesen s

< C (Eyt™) [% (BLD]D/(HW

X g |ci1 ckl s Cig Ck:g,’r)’LQ cill Ckll 7Tr’l/1 C’Zé Cké,mé
i1,k1,92,k2,47 kY 15,k <bn /4

S

Therefore, since limy_, o k%[, (k)]*/3+¥) = 0, it follows that

5 sz o (8]

s=1|s"—s|>1

By (A41)-(A43), we know that (i) holds.

(A43)
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For (ii), since E(w})* < oo, by Holder’s inequality and the fact that b,, = o(n'/3), we have

L, L
S E{E (| HL P, > o))} < O B (B, [")
s=1

s=1
4

1\ e K

0 () LB S Ylens - e
s=1 teBs j=1
L,bt
i.e., (ii) holds. This completes the proof of claim (d). Q.E.D.
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