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Abstract

In this article, we provide a systematic study on effectively approximating the
Gerber-Shiu functions, which is a hardly touched topic in the current literature,
by incorporating the recently popular Fourier-cosine method. Fourier-cosine
method has been a prevailing numerical method in option pricing theory since

the work of [Fang and Qgsierlggl (IZ@}J) Our approximant of Gerber-Shiu func-

tions under Lévy subordinator model has O(n) computational complexity in
comparison with that of O(nlogn) via the fast Fourier transform algorithm.
Also, for Gerber-Shiu functions within our proposed refined Sobolev space, we

introduce an explicit error bound, which seems to be absent from the litera-

ture. In contrast with our previous work , ), this error bound
is more conservative without making heavy assumptions on the Fourier trans-
form of the Gerber-Shiu function. The effectiveness of our result will be further
demonstrated in the numerical studies.
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1. Introduction

Ever since its introduction in |Q_eLber_a.nd_S_huJ (IJ_Q%J), Gerber-Shiu theory

has motivated numerous research with diverse applications. The time of ruin,

the surplus before ruin, and the deficit at ruin are the three quantities that have
received enormous attention in actuarial science. Incorporating these three val-
ues into a single function, Gerber-Shiu function is used to assess the effect
and the impact to an insurance company at the time of bankruptcy. Over
the decades, the importance of Gerber-Shiu risk theory has advanced rapidly,
attracting a massive number of research. Most of the existing literature has fo-
cused on exploring the explicit solutions of Gerber-Shiu functions under differ-

ent models, see, for example, IQeLbeLalLd_SMJ (|L9_9A), ILAMDAMDQJJ (|L9_9_d,

) and bi-annual international workshops on the latest development of the

Gerber-Shiu theory.

However, there are some limits in the existing literature. Due to the inherent
complexity of the Gerber-Shiu functions, explicit expression can only been found
in a limited number of classical models with exponential or Erlangs—distributed
claims. Finding an expression for the Gerber-Shiu functions often involves solv-
ing the defective renewal equation, see Il.@yj_mmm_ﬂhimmjj (IZDDA) and the
references therein, or transforming the problem into the boundary value prob-

lem, see |A]_bmg_h_e_r_ej_a.lj (IZDJ_d) and the references therein. However, the cal-

culation involved is often intractable. Another popular approach of evaluating

the Gerber-Shiu functions is done via their Laplace transforms. The popular-
ity of the Laplace-transformed approach stems from the fact that the Laplace

transforms of the Gerber-Shiu functions admit much simpler forms, see, for ex-

ample, i (IZDDA) Nevertheless, calculating the Gerber-Shiu
functions via their Laplace transforms still involves some fundamental difficul-
ties. The possibility of explicitly inverting the Laplace transform is normally
rare for practical models, if not impossible. Moreover, even if explicit solution

could be obtained, such expression is often tedious with possibly infinitely many

terms that practically prohibits accurate computation (Li il , ).
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Therefore, finding an effective and accurate method to numerically approximate
the Gerber-Shiu functions under general model is of utmost importance in the
field of actuarial science.

Despite the importance of this topic, research on the efficient estimation of
the Gerber-Shiu functions remains rare in the existing literature. One excep-

tion is the recent work of |Pitts and PQliLiJ (IZDD_ZI) with the tools in functional

analysis. They approximated the Gerber-Shiu functions for the general claim

sizes by the non-linear transformations of the linear combinations of exponen-
tially or Erlang-distributed claim size functions with their explicit Gerber-Shiu
functions. Indeed, they regarded the Gerber-Shiu functions as functional of
the claim size density functions in the classical model, and constructed a corre-
sponding normed space U. They claimed that when the norm is small between
two claim size functions, the functional operations of the Gerber-Shiu functions
will be closed with respect to the functional norm in U. Therefore, this allowed
them to construct the approximations for the general claim sizes based on the
claim size distributions that is close in U and admit explicit Gerber-Shiu func-
tions. However, the calculations in their method are still challenging and the

rationale on choosing an appropriate class for approximation remains ad hoc.

In this paper, we take a drastically different approach on estimating the
Gerber-Shiu functions. We shall further extend our previous work ,

) and adopt the recently developed Fourier-cosine method to the Gerber-

Shiu functions. Fourier-cosine method, first proposed by

), is a linear estimation method with an explicit error bound. It is proven
to be effective and easy to implement. We propose two slightly different error
bounds for the Fourier-cosine method by adopting two different derivation pro-
cesses for the method. While this change does not affect the approximant, it
does affect the two parts of the total error (e; and ey in [B0) and I respec-
tively) as shown in Section @l The derivation in this paper is mostly adopted

from the [Ean.g_and@s_t_ed_&g (IZD_O_&J), while the alternative has been covered ex-

tensively in our previous paper. Therefore, we will only list the key result for the

alternative error bound in Sectiondl Readers are refereed to 1 15)



for further explanations and proofs. The error bound in our former work de-
pends on the algebraic index of convergence of Fj, which is tighter but requires

extra assumption on the Fourier transform of V', which will be defined in Section

6 The error bound in the present work depends on the Fourier transform of V
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satisfying certain integral condition. Although it provides with a weaker result
but it is far more robust.

This paper is organized as follows. We first introduce the model and review
the definition of the Gerber-Shiu functions in Section We then explain the
Fourier-cosine method in Section In Section @l we derive both the explicit
error bound under the Fourier-cosine method and the mild technical condition
under which our method is applicable. In the course of arguments, we shall
apply some results from the modified version of the classical Sobolev space
theory. We present some numerical examples in Section [B] that demonstrate the
effectiveness and the convergence of error in our method. Finally, we summarize

our findings in Section

2. Review on the Gerber-Shiu Functions

2.1. Model Setting

Throughout the paper, let R; be the surplus process of an insurance com-
pany.
Rt 3:U+Ct*Lt, (1)

where u > 0 is the initial reserve of the company. Premium rate charged by the
company is denoted by ¢ > 0, and L; is a Lévy subordinator used to model the
accumulation of claims. Define Ly = 0 and its characteristic function is given
by
61, () = Elexp(iwLs)] = exp(ibuwt-+t / (€7 —1)u(da)) = exp(tAW)). (2)
(0100)
Here, b is a fixed real number, v is the Lévy measure on (0, c0), which means that

it is a positive Borel measure with fooo(|:c|2 A1)v(dr) < oo and A(w) represents
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the characteristic component of L;. For further details, one may check the

relevant textbook such as Applgband (IZDD}J)

Without any loss of generality, we assume that b = 0 throughout this article,
which means that L; is now a pure jump Lévy process with only positive jumps.
The reason behind this assumption is that whenever we have a model with non-
zero b, we can consider a new model with ¢/ = ¢—b and L} be the pure jump part
of L; and the two models will agree with each other. Here v is also assumed to
satisfy pq := f(O,oo) av(dr) < co. Moreover, the safety loading condition ¢ >

is assumed for avoiding almost sure ruin.

2.2. Gerber-Shiu Functions

Expected discounted penalty functions, otherwise known as the Gerber-Shiu
functions, are used to study the distribution of surplus at time of ruin, surplus
prior to ruin, as well as the time of ruin at a time. Gerber-Shiu function, denoted

by ¢, is defined as:
p(u) = Ele ™" K(Rr—, |Rr|)Ljo,00) (T)| Ro = ul, (3)

where 7 := inf{t > O|R; < 0} is the time of bankruptcy, R,_ is the surplus
right before 7, |R;| is the deficit at the time of ruin and k(z,y) represents a
non-negative penalty for the company that has bankrupted. Here 1 denotes an
indicator function and § is a given positive constant standing for interest rate.

When |Q_a‘_bar_a.nd_ShuJ (IJ_Q%J) introduced the Gerber-Shiu functions, they

also showed that ¢(u) can be written as an infinite sum of convolutions under the

classical ruin theory. Their result has been generalized to other risk processes,

with the following infinite series representation as shown in
): N
p(u) =Y by hs(w), (4)
k=0

for some functions h; and hs depend on the surplus process and v** denotes

the k—th order convolutions for a function v, i.e.

o () = / 00D (@ — yyu(y)dy, for j > 1, (5)



s with f*v*0 = f by convention. Under the model in (), h; and hy are given by
ma = [ [ s, oz0. ()
m) = [ ey a0, ™)

where ( is the density for the Lévy measure v(dy) = ((y)dy, and the constant

p is the non-negative solution of the equation in A,

§—eh+A@N) = 0. 8)

For detailed derivation of this formula, readers are referred tolGarri n ral

(IZDD_A) and |Gerber and Shi]J (IL%)A)

Now, consider

M = ¢ [ eence s [T et e s
= ph(z) — ho(), )

where hz(x) := %fooo k(z,y)¢(z + y)dy. Therefore, by using (@),
p(u)

= S b = ) + S / * (= )3 )y
k=0 k=170

MmOk + [ e y)h;’f(y)dy) ds

k=170

= h(0) —i—/ouh’l(x)d:v +y

= O+ [ (hi(e) ~ hafe)is
+/Ou§:(h1 0)hz* +p/ hi(x — y)h3k )dy—/ozhz(x—y)hék(y)dy) dx

= h(0)+ | V(z)dx, (10)

w  where V(z) := h1(0) Y pe; h3"(2) +p > pey ha*hi3F(z) = 372, ha x h3F(x). The

interchange of summation and integration in the second last equality can be
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justified by Fubini’s theorem because Y- h1(0)h3"(x), 3= p [ ha(z — y)h3*(y)dy
and Y fox hs(z — y)h3F(y)dy are all monotone series. We shall assume that
V € L'(R) N L?(R) in this paper.

3. Fourier-cosine Expansion Method

In this section, we derive an approximation for the Gerber-Shiu functions

based on the Fourier-cosine series, which was first proposed in/Fang and ( zgszgrlggj

). We shall consider the integral in (I0) by replacing V with its Fourier-

cosine series. We first provide a self-contained introduction of the Fourier-cosine
method.
For any function g defined on [0, 7], there is a natural extension for trans-

forming this function into an even function on [—, 7]. Define g as

o) = gla), w20 (1)
g(—x), <0

Every even function can be expressed as a Fourier-cosine series (|BQ_;m|, M),
indeed

g(x) = ' Ag cos(ku), (12)
k=0
where
A = %/_ g(z) cos(kx)dx = %/0 g(x) cos(kx)dx. (13)

The notation ' denotes a summation with its first terms weighted by half.
Since g is a part of g, the expansion is also valid for g itself. Fourier-cosine series
expansion for the function supported on [0, a] can be obtained through a simple
change of variable y = Z.

Next, we formulate the Gerber-Shiu functions in terms of the Fourier-cosine

representation. The first step is to rewrite (I0) into the following form:
e(u) = h1(0) +/ Liz<uyV(x)dz, for a > u. (14)
0

While V' is defined on [0, 00) in Section [2] hereafter we restrict V' as a function

defined on [0, a], where a is some fixed number greater than the initial capital .
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The method of determining an appropriate a will be deferred to Section @l The
reason for such restriction is that Fourier series expansion can only be applied
to the functions over the finite domain. Yet, this restriction would not pose
any error as the original integration is only up to u < a. Moreover, it will be
shown later that the total estimation error of the Fourier-cosine method can be
controlled by a judicious, if not immediate, choice of a.

Applying Fourier-cosine expansion on function V' € L*(R) N L2(R),

[e )

x
Vie)=">» ' Z
() => Ay cos(km ), (15)
k=0
where
2 [ T
A =— | V(x)cos(kr—)dx, (16)
a Jo a
and substitute V' in ([[d]) by its Fourier-cosine expansion (I3,
a oo
@(u) = h1(0) + / Lip<u Z'Ak cos(lm‘i)ds. (17)
0 k=0

Interchanging the order of integration and summation in (7)), we get

o(u) )+ Z Ak/ cos( kﬂ )d:L' = h1(0) + Z'Aka(O,U)v (18)

k=0
where
sin(krd) — sin(kn<)]&, k#0
(e d) = [sin(kmg) (kmi)lgm, k# | 19)
d—c, k=0

which follows from basic calculus. Next, we truncate the series by only including

the first IV terms, and it arrives with

N—-1

p(u) = ha(0) + Y " Axi(0,w). (20)
k=0

Finally, we should note that each A; can be rewritten as:

:—%{/V e d } (21)

We can compare the integral in (2I]) with the characteristic function of V.

/OV ’“”de/ V(z ’“”d:c—qﬁv(kﬂ) (22)



where ¢y is the Fourier transform of V. Due to ([22]), one can adopt ¢y in place

of the original integral in (2I). Defining

Fi = 2R{ov (D)), (23)

and replacing every Ay by Fj, one can get the approximation:

N—-1

() ~ hi(0) + Y "Fixa(0,w). (24)
k=0

There are two key advantages with this Fourier-cosine approach. The first
s one is that instead of computing convolution directly, which is usually computa-
tionally complex, we here only need to have the Fourier transform of V' to apply
the Fourier-cosine method. Indeed, we shall examine the Fourier transform of
V and demonstrate that it is easy to calculate.

We first consider ¢p, (w),

o) = 1 / i) / e PYC(y)dyde
0 x

&
_1 o0 1 o0 .
- —pPY (tw+p)x ,—px
c(iw + p) /0 e Pely)dy + c(iw + p) /0 ‘ e le)dn

= m /Ooo(eiw — e ) ((x)dw. (25)

Remark 3.1. It is clear that [e" — e=?%| < |iw + p|x for z € [0, c0),

1 o0
o)l < ¢ |

10 As a consequence, the following three formulae are well-defined. Using F to

eiwz — e PT

1 o0
Wt ((x)dx < E/o z((x)dx < 1.

denote the Fourier transform,

- *k W) = - k w) = ¢h2(w)
f(;hﬂ )( )_;(bhz( )_ 17¢h2(w), (26)

F <Z hy * h§k> (@) = b (w)eh, (W) = 1 qb}:;iw()w) (27)
= k=0 2
> L N
k=0 k=0 2
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The Fourier transform of V' follows as a linear combination of (26])- [28]).

i 0)na ) + P () — B1s()
1- ¢h2 (w)

The second advantage of the Fourier-cosine method is that despite the fact

ov(w)

. (29)

that our derivation of the approximation formula is done via Fourier transform,
our estimator only involves basic arithmetic operation, without any need of
taking inverse Fourier transform, which is normally computationally demanding.
Therefore, the numerical calculation is much faster, with the computational

order of O(N).

Remark 3.2. Comparing the derivations and arguments used here with that

in Section 3 of our previous paper (IQh_a,u_e:u_alJ, 20_1_5), there is a substantial

difference. In this paper, we first truncate the infinite sum in (20), and then

replace Ay by Fj. The order of the procedure is reversed in our former work.

The differences between the two derivations will be further illustrated in Section

@

4. Error Estimate

After identifying the form of the proposed approximation formula, we now
establish that there is a reasonable bound for the error incurred in the Fourier-
cosine approximation. Following from our derivation, the total error of the

Fourier-cosine estimation consists of two parts:

1. The series truncation error for including only the first N terms:

o > aAy u
e =Y Axi0,u)| =1 k—ﬂk Sln(’”a)>v (30)
k=N k=N

2. The error in connection with replacing Ay by Fj, in (24):

N-1

% Z "Re {/aoo etk e V(x)dx} Xk (0, u)

k=0

€ =

. (31)

10
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The total error € is bounded by these two parts, i.e. € < €1 + €. In this section,
we shall consider the error bound for these two parts separately. For the error €1,
we shall show that if the even extended function V belongs to a revised Sobolev

space, €1 will converge with N. Also, we shall apply result from the previous

paper ,|2£)_]_§) so that e is bounded by the upper tail integral of [V].

While some steps or techniques used is similar to [Fang an rl ),

the whole establishment of the error bound has been significantly modified in

comparison with that in Section 4 inwsm]_ei] (IZDDA) in order to cater

for our current consideration.

4.1. Refined Sobolev Space
Define H* as a subspace of L? space, so that for any f € H*, the norm
2 L[~ 2 2\k
1B = 5= [ 165@PQ+ oo < oc.
a — 00
Also define an inner product < f,g >.= 5= [~ ¢5(w)dg(w)(1l + |w|?)*dw on
H*. In fact, this norm || - ||+ has been used to define an extended Sobolev

space, and the Hilbert space H* boils down to the classical Sobolev space when

k is a positive integer; see E‘QSMJ (IM) for more details.

We shall establish that when V € HF, €, can be shown to be bounded by

a suitable function of N. We shall apply the celebrated Sobolev Embedding
Theorem to derive an error bound for €;; however, the derivation of this em-
bedding theorem needs to be modified as the arguments we needed seem to be
far from immediate in the existing literature. In this subsection, we provide
some basic properties for H*. To begin with, we establish some results on the
differentiability of functions in H*. Define C2°(R) as the set of all smooth test

functions defined on compact domain in R.

Lemma 4.1. Let g € H, there exists a weak derivative g'(x) such that [~ g(z)¢' (x)dx

— 2. g (@)p(x)dx for any p(z) € CE(R).

PRrOOF. By the Plancherel theorem , there exists ® 7 (z) := - fin bg(w)e™ " dw

2

11
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such that ||®a — g||2 — 0 as M — oo. Next,

q) (Z+h) 71&3&) 71hw*1
) -2 / e Tl @
Since Jim 6, (w)e™ ™ 1 — g, (w)e and [gyw)e i1
lncehl_% gwe A = ngwe an gwe n ~

|weg(w)| for all w and h in R, for any fixed M > 0,

= /_Ji|w¢g<w>|dw < %(/_ng(wn?dw)
e ([ a+ |w|2>|¢g<w>|2dw)% < co.

The first inequality follows from Hoélder’s inequality. Then by Dominated Con-

2

A

A

vergence Theorem, we have

. (I)M(x-i-h)—q)M(I) . 1 M _eTthw
1 — 1 _ 1TwW
B0 I a0 27 /_M 9g(w)e R
i M
= 5/ wog(w)e ¥ dw
Define @}, (x) := —5= f_ wog(w)e @ dw. As ®,(x) is the classical derivative
of (I)M(I),

/ " @, (@) p(e)dz = — / " @)y (@)de, (33)

— 0 —o00

for all p € C2°(R). Since g € H! and —iwg,(w) € L?,

.,(1) = __/ w¢g ucwdx

is well defined by the Plancherel theorem, and ®’,, converges to ¢ in L? sense
when M goes to infinity. Also note that g € L2 (R). What remains is to show

that §V) is the weak derivative of g. Consider the following,
o0 o0 o0
' | iW@eteds - [ ey @i - \ / (§D (x) — @y (@) ple)d
[ 0@ - e @lew)is
—o0

IN

IN

12

1

0 2
15D = Byl ( / |so<x>|2dx)
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from the Cauchy-Schwarz inequality. Note that the L? norm of any test function

must be finite and bounded by some constant C. So

< Cllgt) — ®y|l2 = 0, as M — co.

‘/Z 9 @) - [ O; @ (@)p(z)da

Therefore, N}im &, () p(x)de = / gV (x)p(z)dz. Similarly, we have
X J 0 —00
(o) o0
‘/ g(z)¢' (z)dx — / Dy (z)dz| — 0as M — oo.
—o0 —o0
Finally,
| d@etds = tin [ ay@pd
s M —oc0 s
oo o0
= — lim 0 (z)dx 7/ g(x)¢ (z)da.
M— o0 oo o
This deduces our claim and ¢’ = §. O

Given that g € H!, we have

bgr (w) [ g'(x)e™"dx

= lim O (z)e™ " dx
M— o0 oo

o0
= A}im <<I>M(:E)eiw‘iooo — / @M(x)iweiwxdm>

— 00 — 0o
oo .
= — lim D (z)iwe™ da
— 00

oo .
= f/ g(z)iwe™*dx
— 00

= —iwdy(w). (34)
The limit convergences in the second and fourth equalities are justified by the
Plancherel theorem and the first term in the third equality vanishes because of
Riemann-Lebesgue Lemma. Moreover, since |w|2(*~D|(1 4 |w|?) < (14 |w]?)® <
(14 |w|?)¥ for any integer s and real number k > s, the following corollary can

be proven by applying an induction on s.

Corollary 4.2. If g € H*, then g is weakly differentiable up to order s < k.

13
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As a result, Ve HE implies that V is weakly differentiable up to order k],
where |-] denotes the integer part of a real number. This result is consistence
with identifying H* as an extended Sobolev space. Next, we find a dense subset

of H*. In particular, we consider the set of all Schwartz functions.
Definition 4.3. A Schwartz function is a smooth function f € C*°(R) so that
B f(a)
sup |z” {19 (x)] < o0 (35)
z€R
for all integer v and (. Intuitively, it means that f and all its derivatives

decrease rapidly when = goes to infinity. Define the linear space of all Schwartz

functions as S(R).

It is well-known that S(R) is dense in L?(R), and Fourier transform is

an automorphism for S(R). We shall show that it is also dense in H*, see

) for more details.
Lemma 4.4. S(R) is dense in H".

PROOF. It is clear that S(R) is a subset of H¥; indeed, let N be an integer

strictly greater than k + %,

[ @R )
1 [~ N 21+ |w)
< ﬁi/m<3£u+|w>|%@»0 s

DY )
(st -+ ¥l 5 [~ e <o (30)

The first term in the last equality is bounded because of the definition of
Schwartz functions and ¢, is a Schwartz function. The integration term is
bounded because 2k — 2N < —1. Therefore, S(R) C HE.

The density result can be derived through the inner product of H*. We

assume that u € H¥ and < u, g >;= 0 for all g € S(R). It means that

[%mw%wm+MWma

14
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for all g € S(R) and this implies that ¢, (w)(1 + |w|?)¥, and hence ¢, (w) both
vanish almost everywhere on R. Since Fourier transform is an isometry of L?(R),
we have ||u|l2 = ||¢u||l2 = 0. This shows that « = 0 almost everywhere, and
therefore the orthogonal complement of S(R) in H* is just the trivial subspace.

As a result, S(R) is dense in H*.

4.2. Series Truncation Error

Following the idea developed in [Fang and Ooster gfj (IZDD}J), we shall derive

the error bound for €; by taking into account of the algebraic index of conver-

gence of Ag. The algebraic index of convergence is defined by:

Definition 4.5. (@ (IM) Definition 2 in Section 2.3) Ay, has an algebraic
index of convergence of s if s is the greatest number such that

lim sup |Ag|k* < oc. (37)

k—o00

This also implies that |Ax| ~ O (7).

We aim at establishing that for any function Ve HE, V has some algebraic
index of convergence 5 € R. As it turns out, the algebraic index of convergence
of a function is closely related to its smoothness. In this subsection, we first
show some smoothness properties of the functions in the space H*. The first
half of the proof in Theorem is adopted from Theorem 1.20 of

), so that it is regarded as an extension of the latter theorem. Theorem

is also an alternative version of Sobolev Embedding Theorem.

Theorem 4.6. g € H* = g € C*7(R) for

s=|k— 5] ’y<k757% whenk7%>0isn0tanmteger,

%—1 0<y<l1 whenk:—%>0isaninteger.

PROOF. For the sake of convenience, C' will denote a general constant in the

rest of this proof and its exact value may vary from line to line. Firstly, we show

15



that g € C°(R) when g € H* and k > 1.

1 [
ol = |5z [ e ogad

1

2

< L([uvnrrra) ([T ora )

< o[ s ppra) (39)

[t o) by

— 00

»s  implying that ||g||oc < C||g||3. Since any g € H* can be written as a H* limit
of Schwartz functions due to Lemma 4] ¢ is the uniform limit of continuous
functions and is therefore continuous.

Next, for any r < s, let D" g denote the rth weak derivative of g,

1
o

N %\[m(|w|r|¢g(w)|)2(1+|w|2)k77~dw

10" gll35 - |¢Drg| (1 + Jw])* " du

since |w|*" (1 + |w|?)*~" < C(1 + |w|?)*. This implies that D" : HF — H*~ " is
20 continuous. By the first part of the proof, we conclude that D"g € C° for r < s
and g € C*. Also, we have ||[D%g||2,_. = 5= [* 2(1 4 |w?)*~*dw < oo.

Then, for x # y,

|D*g(x) — D*g(y)|

—z:cw _ e—zyw
/ ¢D g dw‘

|z —y[? 2m |z —y[?
B sm( sin(*7%w)
- / e P

where ¢ is a unit complex number. The second equality follows from the sum

to product identity. There are two possible cases.

16



x»fase 1: Forr = |z —y| <1,

‘/ b sm( Qyw)dw

Iﬂc—yl7
- o
|51H(TW)|
S B
o 1 (Je — yllwl)’
< solW —7(&.«} fOI' < <].
< [ lopelg e v< 8
< [ lopu@I0 P
—o0
> B—(k—s)
= [ a1+ o) (L )
[ee) % oo dw %
< s 21 2(k—s) /
< ([ opPasirow) ([ i) <o

fory<p<k—s— % < 1. The second inequality follows from the fact
that for any fixed 3 < 1, |w|® — | sin(w)| > 0 for all real number w; indeed,
it is obviously true for |w| > 1 and for w € (—1,1), |w|® > |w| > |sinw].
Note that |w|? — |sinw| is also an even function. Therefore, for any given
240 2y, |55 w|? — | sin(*:52w)] still holds.
Case 2: For r = |z —y| > 1,

‘/ by sm( w)dw

Ix - yl7

s/ (6 gld
= [ opel )T 4 )

CoNbepe }
< ([ wwapasirron) ([ grime) <=

Note that £ — s > %

In these two cases, the bounds we derived are independent of x and y. So we

can fix # in Case 1 according to our condition and pick the maximum of these
|D*g(x) — D*g(y)|
[z —yp

25 two bounds. This finite number will be greater than for all

D? — D?
x # y. It means that sup |D°g(x) 9w)l
TH#Yy |:L' - y|’Y

is finite and our claim follows.
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Knowing that V € H* implies V € C %7(R), we shall derive a bound for the
error €; based on the smoothness of V. Parts of the calculation below, namely
applying integration by parts, is adopted froml]iQ_;ujl M) We shall show that

s Ay converges with respect to k and the algebraic index of convergence is related

to s and v, and we shall also discuss the cases with various values of s step by

step.
i.) For s =0,
1 /™.
A, = —/ V(z) cos(kx)dzx.
™ —T
Since cosine is a periodic function and cos(x + 7) = —cos(z), for any
interval [%T(, H_T27T] C [-m, 7|, where | = =k, —k+2,—k+4,...,k—2, we
255 have
L2,
/ V (z) cos(kx)da

LT(

k%w .
= / V(z) cos(kx)dx + / V (z) cos(kx)da

ES. Lo

i ' o

T T BT

= / 14 (ac + E) cos(kx + m)dx + / V(z) cos(kx)dx

. 1

kHTlﬂ k

y y T

= /}CW (V(m) -V ($ + E)) cos(kx)dzx.

Now consider the integration over the whole interval [—, 7],

|Ak] = % / V (2) cos(kx)dx
1 o o s
= = _ v x
- /I(V(:E) 14 (:L'+ k))cos(kx)daz
1 - v U
< = _ -
< w/;v(x) V(erk)‘d:c
T\
< Z
= CA(J d
c 1
I I+1 . . .
where [ = LlJ |:E7T, TTF:| with the union taking over | = —k,—k +

2 —k+4,.... k-2

18



ii.) When s = 1, we apply integration by parts and derive

1 (" ¢
A, = — / V(z) cos(kz)dx

™ —T
9 . k T 1 . 5

= W =y V'(z) sin(kz)dz

1 (", . 1
= T B V'(z) sin(kx)dx ~ O i |-
260 The expression on the right hand side is of order O () following from

the similar reasoning as in case i.

iii.) For s =2,
1 T, .
A = % V'(z) sin(kx)dx

T™J) -7

B V'(x) cos(kx) ! 1 /.,

= == O V() cos(kx)dx

B V'(r) cos(km)  V'(—m) cos(—k) 1 (",

= o — o - m/_WV (x) cos(kx)d.

Since V is even, V' is odd and cos(kw) = cos(—kn), we have

Ay = 27‘7/(”22‘;5(]”) +0( kjﬂ ).
iv.) For s > 3,
A, = 2% — % /_7; V" (z) cos(kx)dx
_ 217’(w)l€(2:c7>rs(k7r) 3 V"(:vl);;n(kx) 7: n %/_: 70 () sin(ka)da
= el o (L)),

We next use the convergence nature of Ay to derive a bound for the error
s €1. Again, we proceed on case by case. For the fixed number a € R, we have

the following.

a.) For s =0, 1,
ady . U 1
7o Sin (lmg) ~ 0 <7ks+7+1> .

19



270

k;i;\[ ak—? sin (k’ﬂ'%) < k;i;\[ ak_? sin (k’ﬂ'%)‘ ,

we have
aAy . U = P, P,
om0 (lmg)‘ = ];N A S (N1

o0
€1 < Z
k=N

The last inequality comes from approximating the summation as for usual

Maclaurin-Cauchy test. Here P, is a constant related to a and increases

with a.
For s > 2, we have

=\ ady u = cos(km)sin (kr¥) & 1
Z g sm(kﬂ'g) < Z Py(1) 3 + Z 0 (errl)
k=N k=N k=N

o~ sin [k (L +1)]
N i sin [k (% —1)] N P,(2)
= k3 (N—-1)""

where P,(1) and P,(2) are constant independent of N but may change
value from line to line and r = min{s + r,3}. Note that for u = a,

cos(km) sin(km) = 0, for all K € NU {0}. In this case, the summation is

20



bounded above by (ﬁﬁfgr. Otherwise, for z € (—m,27)\{0}, we have

k=N
= Z Z 5 3 sm(kz)}

Py L_k (Z (I+1)

o0 l

1 1 ) (

- 3 (5 ) (3 i)

= (z 7)) \ &

1 (1 1 1 1
= QSin% I:ZN (Z_?’ B (l + 1)3 (COS |:(N - §)Z:| — COS |:(l + §)$:|>
_ eonlV gl gn 1
- 2sin 5 = B (14+1)3
1 /1 1 1

_2sin% lzz]:v (1_3 Ut 1)3) cos [(l + 5)3@]
_oeos[(N-gla] 1 (1 1 1
~ T 2N3sinz QSmgl;V BT Usp )" (I+5)z|-(39)

275 The above derivation is well-defined since 1%3 — 0 as k — oo, and we can

rewrite 75 as Y o, (l% — ﬁ) Taking absolute value on both sides of

B2,

2. sin(kx
>
k=N

cos [(N — 3)z]

2N3sin §

+ 1 S l_# (l+l)
ofsing| & \BB ~ T+1p7) " 2"

- 1 N 1 i 1 1
~ 2N3|sin§|  2|sin |l:N B (1+1)3

—

3
1
Nosin] (40)
Finally,
2. ady u P, (1) P, (2) 1
k;v fr ST S Tt oy O\ vy (41)

We can summarize the result obtained as the next theorem.

Theorem 4.7. If V € C*7(R), then ¢, ~ O (7) where r = min{s + v, 3}.
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285

290

Since the Fourier transform of V is

) / ' TV (—x)dx + /0 h eV (z)dx

o0

— by(—w) + by (@)
= 2Py (). (12)

We can combine Theorem and Theorem (.71

Theorem 4.8. For any V € L*(R), and k > & such that

2 [ v @)+ P o < ox, (4

T J—0

we have €1 < (Nfi—‘lly for some constant P,, where r = min{s + ~,3}. s and v

are defined as in Theorem [{.6

4.8. Approximating Error for replacing Ay by Fy

Next, we show that ey is bounded by an upper tail integration of |V|. Since
V' is a real-valued function in our setting, we have

N-1

IS

"k (0, 1) /OO cos(lm%)V(z)dz

k=

g o
=2

—1

/ "k (0, u) cos(knrg)V(x)dx

r

We shall achieve our desired result if ‘% ch\];ol "Xx(0,u) cos(kmZ)

SN

=
Il
=]

2

IN
SN

"xk(0,u) COS(kT(%)
0

|V (x)| dx.

k

is bounded

uniformly for all 2 and such a bound is also independent of N. This result has

been established in our previous paper , ).

s

Proposition 4.9. ‘%ZZ:O "k (0,u) cos(km2)| < 1+ 2 [T 2Lt which holds

independent of x,a and n.

With the assumption that V is a L' function, e; will converge to zero for large

enough a. As a result, given that V satisfies the condition in Theorem g the
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300

305

310

total error of Fourier-cosine approximation is bounded by

e < -

< ﬁ + <1 + % /OW %dt) /:O V()| dz. (44)

The second term on the right hand side can be made as small as possible by
increasing the value of a and is independent of IV; while the first term depends
on both a and N. It increases with a but decreases with N. When applying
our approximation, one should first pick a large enough value of a to control
€o and then pick a IV to control €;. In practice, e diminishes fast when a just
modestly increases for commonly-used models. As a folklore, one should pick
an as small as possible a from the acceptable range of €5 so that an accurate
result can be obtained by a modest size of N.

In our previous work (IQb_au_ej_alJ, |2£)_1_A), we assume extra structure on the

Fourier transform of the density V', namely the algebraic index of convergence

of the Fourier transform of V. This assumption is stronger in the sense that it
requires the Fourier transform of V' converges to zero at a certain rate, whereas
we only assume its overall integrability in the present article. As a result, the
error bound is tighter in our previous paper and can cover models with slower

convergent properties, see, for instance, Example [5.4] in the next section.

Theorem 4.10. For the total error of applying Fourier-cosine method, we have:

1. When the real part of the Fourier transform of V' has an algebraic index of
convergence of 3 > 0, the total error for applying Fourier-cosine method

in approximating Gerber-Shiu function is

¢ < (1+%/OW %dt) /aoo|V(x)|d:v+(NL1)ﬁ, (45)

for some constant C > 0 that depends on a.
2. Foru € [0,a—0] and any 0 > 0, the real part of the Fourier transform of
V, R(ov), satisfies:
(a) R(¢pv) has algebraic index of convergence > 0, so that R(¢y) — 0

as k — oo.
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(b) There exists a large enough X such that R(pv)(x) is monotonously
increasing or decreasing for all x > X.

Then the total error:

2 [T sint > Coy
€ S (1 + ;/0 Tdt) /a |V($)|d$ + W, (46)

for some constant Cy (depending on both 6 and a) and N > %

PROOF. It can be analogously shown by following the argument as inm
boud)

5. Numerical Studies

We now conduct some numerical studies of using Fourier-cosine method to
common examples arising in risk theory. Note that the graph may be of different

scale for demonstration purpose and a is set at 200 in all the following examples.

Example 5.1 (Compound Poisson-Exponential Claim Distribution). Let

L; be a compound Poisson process whose arrival intensity is 1.5 with exponen-
tially distributed claim size with mean 1—70. The Lévy measure for such process
is v(dr) = 1.5¢%7®dz. The premium rate is set as 3. The penalty function
k(z,y) = y* and the discounted factor § = 0.04. The explicit solution of this

type of model is given in the original paper of |Gerber and Shi]J (IM) The

numerical approximation result is shown in Figure [Tal

One can check that V € H3~" for some small positive constant 7, so our
error bound can be applied. Theorem suggests that e; will converge at
a rate of 1 — n with respect to N. However, the numerical result, shown in
Figure [[bl suggests that the convergence rate of error with respect to N is
approximately 2.9031579842. Since the real part of the Fourier transform of V'
also has an algebraic index of convergence of 2 and is monotone for large enough
x, Theorem suggests that the error will converge with order O(N?), This

result corresponds well with our numerical study.
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Example 5.2 (Compound Poisson-Mixtures of Erlangs). Let L; be a com-
pound Poisson process whose arrival intensity is 1.1 with the claim size distri-

bution density function being a mixture of Erlangs:

T r)k—1le—0z
f(I):ZQk%NﬂUZQ (47)
k=1 ’

where {q1,...,q,} is a probability distribution and > 0. The premium rate is
set at 8. The penalty function k(z,y) = y and the discounted factor 6 = 0.01.
For illustration, we take 7 = 2 and also set {q1,¢2} = {0.05,0.95} and 6 = 0.5.

340 |Lm_a.nd_“hllm&t| (IZDDd) have established an explicit expression for the Gerber-

Shiu function in this case. Figure 2al displays the numerical result of Fourier-

cosine approximation.
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N =16
101 o
L - N=32
N
N -~ N=64
\
oL N -- N=128
.. — Reference

Figure la: Comparison of Fourier-cosine approximation with reference curve when a com-
pound Poisson process with exponential claim size is the underlying model. (Example [ET])

Truncation range N is set to be 16,32,64 and 128

Figure 1b: The graph of —log(|¢e (3, N) — ¢(3)]) against log N in Example [5]]
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Again, the V of this example is within our refined Sobolev space of order

3 _
2

convergence with respect to N is approximately 2.5681198702 in Figure2hl The

7 for some small positive constant 1. However the actual algebraic index of

order of convergence is higher than what Theorem suggests, that is 1 — 7.
However, the real part of the Fourier transform of V' also has an algebraic index
of convergence of 2 and is monotone for great enough x, the numerical result

corresponds well with Theorem [4.10

Example 5.3 (Compound Poisson-Gamma). [Pitts and PQlitiJ (IZDD_A) have

illustrated numerically a Gerber-Shiu function in the case that the claim process

L, is a compound Poisson model with Gamma (%, %) when the density function

is
o) = 20—

and penalty function is 1. The parameters used in their work are § =1, A =1

(48)

and ¢ = 2. Here we use our method to estimate the same function. The

numerical result can be seen from Figure Bal

The algebraic index of convergence of € with respect to NV is approximately
2.4815744159 in Figure Bl Comparing with the fact that the V of this Gerber-
Shiu function is within the refined Sobolev space of order % —n for some positive
7, the actual result is higher than the theoretical result (1 — ) in our proposed
error bound in Theorem Nevertheless, $(¢v) has an algebraic index of
convergence of 2 and is monotone when x is large. Theorem suggests
that the error will converge with order O(N?), which is in agreement with our

numerical study.
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Figure 2a: Comparison of Fourier-cosine approximation with reference curve when a com-
pound Poisson process with mixtures of Erlangs claim size is the underlying model. (Example

[E2) Truncation range N is set to be 16, 32,64 and 128

15F

Figure 2b: The graph of —log(|¢e(2, N) — ¢(2)]) against log N in Example [£.2]
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N =16
- N=32
-- N=64
-- N=128

— Reference

Figure 3a: Comparison of Fourier-cosine approximation with reference curve when a com-
pound Poisson process with Gamma claim size is the underlying model. (Example [53)) Trun-

cation range N is set to be 16, 32,64 and 128

15

Figure 3b: The graph of —log(|pe(3, N) — ¢(3)|) against log N in Example
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Example 5.4 (Lévy—Gamma Process). Let L; be Lévy—-Gamma process. The

—0.5z

Lévy measure for such a process is v(dz) = 209——dz. Note that this model

is not covered in the classical compound Poisson setting since fooo v(dz) = .
The premium rate is set at 50. The penalty function x(z,y) = 1 and the dis-
counted factor 6 = 1. This model has been used in (IZD_‘LQJ)

as the underlying model for approximating ruin probabilities. We approximate
this Gerber-Shiu function with the proposed Fourier-cosine method and the

numerical result can be seen in Figure Fal

In this example, V is within the Sobolev space of order % — n for some
positive 17. Therefore, Theorem cannot be applied here. Luckily, the real
part of the Fourier transform of V' has an algebraic index of convergent of 1 and
it satisfies the condition in part two of Theorem LI0l Therefore, Fourier-cosine
can be applied with an error bound. The error converges with N at a rate of
approximately 1.7463387854 in Figure [45l

In all the examples above, since the algebraic indices of convergence of their
Fourier transforms are explicitly known, Theorem can provide a more ac-
curate error bound for the Fourier-cosine method. However, Theorem [4.§] is
required when the converge rate of R(¢y ) is ambiguous or even unknown, for

example, when the Fourier transform of V' is derived from empirical data.

6. Conclusion

In this paper, we have provided a comprehensive study of using Fourier-
cosine approximation for the Gerber-Shiu functions. This method has the ad-
vantage of having linear computational complexity and can be easily imple-
mented. Moreover, a sufficient condition for applying the Fourier-cosine method
is given by using our refined Sobolev theory as elaborated in detail. We showed
that for the functions within a refined Sobolev space at a certain order, the error

bound of our approximation will converge with the number N.
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N=32
- N=64
-~ N=128
-+ N=256

Reference

Figure 4a: Comparison of Fourier-cosine approximation with reference curve when a Lévy—
Gamma Process is the underlying model. (Example [5.4) Truncation range N is set to be

32,64, 128 and 256

Figure 4b: The graph of —log(|¢e (3, N) — ¢(3)]) against log N in Example [54]
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Further research on enhancing the convergence rate of the Fourier-cosine
methods remains open. Our method can also be further enhanced by adopting

it to the general risk models or by giving a more accurate error bound.
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