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Abstract

Free convection with velocity slip and temperature jump in a vertical polygonal duct

with a heated circular core is semi-analytically solved by the methods of eigenfunction

expansion and point match. The conditions of the core wall being at uniform wall tem-

perature or uniform heat flux are considered. It is shown that the temperature and flow

fields can be very different from those without the velocity slip and temperature jump.

The optimum core radius and the corresponding maximum flow rate are numerically

determined for some values of the slip length, temperature jump coefficient, and the

number of sides of the polygon.
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Nomenclature

An = coefficients

b = normalized core radius

boptm = normalized optimum core radius

Bn = coefficients

Cn = coefficients

Dn = coefficients

En = coefficients

Fn = coefficients

g = acceleration due to gravity (m/s2)

k = thermal conductivity (W/m K)

M = number of sides of the polygonal outer wall

n = 1, 2, 3, · · ·

q = heat flux (W/m2)

Q = normalized flow rate

Qmax = normalized maximum flow rate

r = normalized radial coordinate

r̃ = radial coordinate (m)

R = radius of the inscribed circle (m)

T = temperature (K)

T0 = ambient temperature (K)

T1 = heated wall temperature (K)

w = normalized axial velocity

w̃ = axial velocity (m/s)

W = velocity scale (m/s)

(x, y) = normalized rectangular coordinates

(x̃, ỹ) = rectangular coordinates (m)

αn = nM

β = π/M

βt = thermal expansion coefficient (1/K)

γ = normalized temperature jump coefficient
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γ̃ = temperature jump coefficient (m)

θ = angular coordinate

λ = normalized slip length

λ̃ = slip length (m)

ν = kinematic viscosity (m2/s)

τ = normalized temperature

1 Introduction

It is often essential to consider flow in a micro-duct where the no-slip boundary condition is

partially relaxed, or flow with partial slip on boundaries. Rarefied gas flow and flow of a liquid

over a superhydrophobic surface in microchannels are typical examples of slip flow. When

the flow involves heat transfer, there is a slip not only in velocity, but also in temperature,

so-called temperature jump, on a fluid–solid boundary.

Convective heat transfer with velocity slip and temperature jump has been studied by

several authors. Free convective gas microflow in a vertical asymmetrically heated slit channel

was analytically studied by Chen and Weng [1] for walls at uniform wall temperature (UWT),

and by Weng and Chen [2] for walls at uniform heat flux (UHF). Similar problems but for

mixed convection were solved by Avci and Aydin [3] and Panda and Moulic [4]. Numerical

studies were performed by Buonomo and Manca [5, 6] on steady-state or transient natural

convection in a vertical microchannel that is asymmetrically or symmetrically heated at UHF.

A numerical study on slip-flow forced convection in a micro-duct of semicircular cross-section

with temperature jump boundary condition was presented by Languri and Hooman [7].

Recently, Wang and Ng [8] looked into fully-developed free convection in a vertical parallel-

plate microchannel, which has one wall exhibiting superhydrophobic slip and temperature

jump, while the other wall is a normal no-slip surface, and the heating is applied to only

one of the two walls. They found that there exists a critical value of the temperature jump

coefficient, which is a function of the slip length, above which the flow rate will be larger

by heating the no-slip surface than by heating the superhydrophobic surface, whether the

heated surface is at UWT or at UHF. Ng and Wang [9] further examined free convection in a
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vertical micro-annulus with superhydrophobic slip and temperature jump. They determined

the optimum core radius for maximum flow rate, and investigated the singular increase of the

flow rate for very small core radius, as functions of the velocity slip and temperature jump.

This paper aims to develop analytical solutions for fully-developed natural convection in

a vertical polygonal duct with a heated circular core under the effect of velocity slip and

temperature jump on the inner and outer walls. Heating by either UWT or UHF at the core

wall is considered. Polygonal cross sections such as the square and hexagonal shapes can

facilitate stacking, and thereby space utilization.

Convection (natural or forced) in polygonal ducts has been previously studied by Wang [10–

12], but velocity and thermal slip was not considered in these works. Slip flow with thermal

jump arising from natural convection in a polygonal duct with a heated core has not been

studied thus far. This has motivated the present study.

From what has been found by Wang [12,13] and Ng and Wang [9], there always exists an

optimum core size for maximum flow in natural convection in a duct with a heated core. This

paper aims to determine the optimum core size as a function of the following: (i) slip length,

(ii) temperature jump coefficient, (iii) number of sides of the polygon, and (iv) whether

the heated core is at UWT or UHF. We shall look into how the temperature and velocity

distributions are affected by the velocity slip and temperature jump. We shall also show

that the temperature jump can have opposite effects on the flow rate, depending on whether

the core wall is at UWT or UHF. Following Wang [10–12], we solve the present problem

semi-analytically by the methods of eigenfunction expansion and boundary collocation.

2 Case I: Heating by Uniform Wall Temperature (UWT)

Consider steady fully-developed free convection in a long open vertical polygonal duct, com-

posed of a heated circular core of radius bR and an outer wall having the shape of an M-sided

regular polygon, where M ≥ 3, R is the radius of the inscribed circle of the polygon (i.e., dis-

tance from the center of the duct to the mid-point of an edge of the polygon), and 0 < b < 1

is a numerical factor representing the size of the inner core relative to R. Upon normalization
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by R, the non-dimensional core radius is b; see below. The outer wall is maintained at ambi-

ent temperature T0, and the inner wall is uniformly heated to a higher temperature T1. See

Fig. 1 for a definition sketch of the problem. We assume that the inner and outer walls are

surfaces with the same effective slip length λ̃ and temperature jump coefficient γ̃. For rarefied

gas flow, the slip and temperature jump are known to depend on the Knudsen number and

the thermal and tangential momentum accommodation coefficients, representing the effects

of rarefaction and fluid–wall interaction [14]. For convection over a superhydrophobic surface,

the slip and temperature jump depend mainly on the micro-texture of the surface [15].

Given long enough length of the channel, a thermally fully-developed region is established,

where the temperature T (r̃, θ) is independent of vertical position. The flow is fully developed

as well, with an upward velocity w̃(r̃, θ), where (r̃, θ) are the radial and azimuthal coordinates.

By periodicity and symmetry, it will be sufficient to develop solutions for one half of a sector

of the polygon enclosed by the radii at θ = 0 and θ = β, where β = π/M ; see Fig. 1(b).

The inner boundary is a circle of radius r̃ = bR, while the outer boundary is a straight line

segment given by x̃ = R, 0 < ỹ < R tanβ, where (x̃, ỹ) = r̃(cos θ, sin θ).

In the absence of forced convection, the dynamic pressure gradient is zero. Using the

Boussinesq approximation, the energy and momentum equations are as follows:

∇̃2T = 0, (1)

gβt(T − T0) + ν∇̃2w̃ = 0, (2)

where

∇̃
2 =

1

r̃

∂

∂r̃

(

r̃
∂

∂r̃

)

+
1

r̃2

∂2

∂θ2
(3)

and g is the acceleration due to gravity, βt is the thermal expansion coefficient, and ν is the

kinematic viscosity of the fluid.

Let us introduce the following dimensionless variables:

w = w̃/W, τ = (T − T0)/(T1 − T0), (r, x, y, λ, γ) = (r̃, x̃, ỹ, λ̃, γ̃)/R, (4)

where W = gβt(T1 − T0)R
2/ν is the characteristic velocity for the flow, and λ and γ are

respectively the normalized slip length and normalized temperature jump coefficient. In
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terms of these dimensionless variables, the energy and momentum equations become

∇2τ = 0, (5)

∇2w + τ = 0, (6)

where ∇2 = R2∇̃2.

On the inner wall (r = b), the temperature jump condition is
(

1 − τ + γ
∂τ

∂r

)

r=b

= 0, (7)

and the partial-slip condition for the flow is
(

w − λ
∂w

∂r

)

r=b

= 0. (8)

On the outer wall (x = 1, 0 < y < tan β), the temperature jump condition is
(

τ + γ
∂τ

∂x

)

x=1

= 0, (9)

and the partial slip condition is
(

w + λ
∂w

∂r

)

x=1

= 0 (10)

By symmetry, the temperature and velocity gradients are zero azimuthally along the two

bounding radii:
∂τ

∂θ

∣

∣

∣

∣

∣

θ=0

=
∂τ

∂θ

∣

∣

∣

∣

∣

θ=β

= 0, (11)

∂w

∂θ

∣

∣

∣

∣

∣

θ=0

=
∂w

∂θ

∣

∣

∣

∣

∣

θ=β

= 0. (12)

2.1 Temperature Field

The solution to Eq. (5) that satisfies the boundary conditions at r = b, θ = 0 and θ = β is

obtainable after some algebra as follows:

τ (r, θ) = 1 + A0

[

ln
(

r

b

)

+
γ

b

]

+
∞
∑

n=1

An cos(αnθ)τn(r), (13)

where αn = nM , A0,1, 2, ··· are undetermined coefficients, and

τn(r) =
(

γαn

b
+ 1

)(

r

b

)αn

+
(

γαn

b
− 1

)

(

b

r

)αn

for n = 1, 2, · · · . (14)
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The remaining boundary condition to be satisfied is the temperature jump condition at the

outer wall: Eq. (9), which in terms of the polar coordinates is written as

τ + γ

(

cos θ
∂τ

∂r
−

sin θ

r

∂τ

∂θ

)

= 0 on r = sec θ, 0 < θ < β. (15)

The infinite series in Eq. (13) is truncated to N−1 terms. The N unknown coefficients A0, A1,

· · ·, AN−1 are determined by the method of point collocation. The above boundary condition

is satisfied at N discrete points evenly distributed on the outer wall (x = 1, 0 < y < tan β).

This results in N linear algebraic equations, which can be solved for the N unknowns.

2.2 Flow Field

With Eq. (13), the momentum equation (6) becomes

1

r

∂

∂r

(

r
∂w

∂r

)

+
1

r2

∂2w

∂θ2
= −1 −A0

[

ln
(

r

b

)

+
γ

b

]

−

∞
∑

n=1

An cos(αnθ)τn(r). (16)

Let us expand the velocity as follows:

w(r, θ) = w0(r) +
∞
∑

n=1

cos(αnθ)wn(r), (17)

such that
1

r

d

dr

(

r
dw0

dr

)

= −1 −A0

[

ln
(

r

b

)

+
γ

b

]

, (18)

and
1

r

d

dr

(

r
dwn

dr

)

−
α2

n

r2
wn = −Anτn(r), (19)

where τn is given in Eq. (14).

Upon integrating Eq. (18) twice with respect to r and using the slip condition (8) at r = b,

we get the following solution for w0:

w0(r) =
(

A0 − 1 −A0

γ

b

)

(r2 − b2)

4
− A0

r2

4
ln
(

r

b

)

+ B0 ln
(

r

b

)

− λ

[

b

2
+ A0

(

γ

2
−

b

4

)

−
B0

b

]

, (20)

where B0 is an unknown constant to be determined.
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With τn given by Eq. (14), the general solution to Eq. (19) is readily found to be

wn(r) = Cn

(

r

b

)αn

+ Bn

(

b

r

)αn

+ An

b(γαn + b)

α2
n − (αn + 2)2

(

r

b

)αn+2

+ An

b(γαn − b)

α2
n − (αn − 2)2

(

b

r

)αn−2

, (21)

where the first two terms are the complementary solution, and the last two terms are the

particular solution to Eq. (19). Applying the inner-wall slip condition (8), we may obtain

Cn = −Bn

(

1 + λαn/b

1 − λαn/b

)

− An

[b − λ(αn + 2)](γαn + b)

[α2
n − (αn + 2)2](1 − λαn/b)

− An

[b + λ(αn − 2)](γαn − b)

[α2
n − (αn − 2)2](1 − λαn/b)

, (22)

where Bn (n = 1, 2, · · ·) are unknown coefficients yet to be determined. Putting Cn back into

Eq. (21), we may write

wn(r) = Bn

{

−

(

1 + λαn/b

1 − λαn/b

)

(

r

b

)αn

+

(

b

r

)αn

}

+ An

{

b(γαn + b)

α2
n − (αn + 2)2

(

r

b

)αn+2

+
b(γαn − b)

α2
n − (αn − 2)2

(

b

r

)αn−2

−

(

[b− λ(αn + 2)](γαn + b)

[α2
n − (αn + 2)2](1 − λαn/b)

+
[b + λ(αn − 2)](γαn − b)

[α2
n − (αn − 2)2](1 − λαn/b)

)

(

r

b

)αn

}

for n = 1, 2, · · · . (23)

The series in Eq. (17) being truncated to N − 1 terms, the N unknown coefficients B0,

B1, · · ·, BN−1 can be determined using the method of point collocation again. The partial-

slip condition (10) is to be satisfied at N equally spaced points on the outer wall (x = 1,

0 < y < tan β). This generates N linear algebraic equations, which can be solved for the N

unknowns.

The volume flow rate through the duct is given by

Q = 2M
∫ β

0

∫ sec θ

b
wrdrdθ, (24)

which can be evaluated numerically by Simpson’s formula.

3 Case II: Heating by Uniform Heat Flux (UHF)

Consider the same problem as formulated in case I, except that the heating is now due to a

constant heat flux q applied to the inner wall, while the outer wall is maintained at ambient
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temperature T0. The dimensionless momentum and energy equations are still given by Eqs.

(6) and (5), but the normalization is now changed to

w = w̃/W, τ = (T − T0)/(qR/k), (25)

where W = gβtqR
3/νk is the characteristic velocity for the flow, and k is the thermal con-

ductivity of the fluid.

On the inner wall (r = b), the thermal boundary condition is now changed to

∂τ

∂r

∣

∣

∣

∣

∣

r=b

= −1, (26)

which is unaffected by the temperature jump. The other boundary conditions remain the

same as those in case (I), as given in Eqs. (8)–(12).

3.1 Temperature Field

In this case, the solution to Eq. (5) that satisfies the boundary conditions at r = b, θ = 0

and θ = β is obtainable as follows:

τ (r, θ) = D0 − b ln
(

r

b

)

+
∞
∑

n=1

Dn cos(αnθ)τn(r), (27)

where αn = nM , D0, 1,2, ··· are undetermined coefficients, and

τn(r) =
(

r

b

)αn

+

(

b

r

)αn

for n = 1, 2, · · · . (28)

Again, by truncating the series in Eq. (27) to N−1 terms, the N coefficients D0, D1, · · ·, DN−1

can be determined by the method of point collocation, as explained above. The boundary

condition at the outer wall is satisfied at N discrete points evenly distributed on the line:

x = 1, 0 < y < tanβ.

3.2 Flow Field

With Eq. (27), the momentum equation (6) becomes

1

r

∂

∂r

(

r
∂w

∂r

)

+
1

r2

∂2w

∂θ2
= −D0 + b ln

(

r

b

)

−

∞
∑

n=1

Dn cos(αnθ)τn(r). (29)
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Let us expand the velocity as follows:

w(r, θ) = w0(r) +
∞
∑

n=1

cos(αnθ)wn(r), (30)

such that
1

r

d

dr

(

r
dw0

dr

)

= −D0 + b ln
(

r

b

)

, (31)

and
1

r

d

dr

(

r
dwn

dr

)

−
α2

n

r2
wn = −Dnτn(r), (32)

where τn is given in Eq. (28).

Upon integrating Eq. (31) twice with respect to r and using the slip condition (8) at r = b,

we get the following solution for w0:

w0(r) = −(D0 + b)
(r2 − b2)

4
+ b

r2

4
ln
(

r

b

)

+ E0 ln
(

r

b

)

− λ

[

D0

b

2
+

b2

4
−

E0

b

]

, (33)

where E0 is an unknown constant to be determined.

With τn given by Eq. (28), the general solution to Eq. (32) is readily found to be

wn(r) = Fn

(

r

b

)αn

+ En

(

b

r

)αn

+ Dn

b2

α2
n − (αn + 2)2

(

r

b

)αn+2

+ Dn

b2

α2
n − (αn − 2)2

(

b

r

)αn−2

, (34)

where the first two terms are the complementary solution, and the last two terms are the

particular solution to Eq. (32). Applying the inner-wall slip condition (8), we may obtain

Fn = −En

(

1 + λαn/b

1 − λαn/b

)

− Dn

b2 − λb(αn + 2)

[α2
n − (αn + 2)2](1 − λαn/b)

− Dn

b2 + λb(αn − 2)

[α2
n − (αn − 2)2](1 − λαn/b)

, (35)

where En (n = 1, 2, · · ·) are unknown coefficients yet to be determined. Putting Fn back into

Eq. (34), we may write

wn(r) = En

{

−

(

1 + λαn/b

1 − λαn/b

)

(

r

b

)αn

+

(

b

r

)αn

}

+ Dn

{

b2

α2
n − (αn + 2)2

(

r

b

)αn+2

+
b2

α2
n − (αn − 2)2

(

b

r

)αn−2

−

(

b2 − λb(αn + 2)

[α2
n − (αn + 2)2](1 − λαn/b)

+
b2 + λb(αn − 2)

[α2
n − (αn − 2)2](1 − λαn/b)

)

(

r

b

)αn

}

for n = 1, 2, · · · . (36)
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As in case (I), with the series in Eq. (30) truncated to N−1 terms, the N unknown coefficients

E0, E1, · · ·, EN−1 can be determined numerically using the method of point collocation by

imposing the partial-slip condition (10) at N equally spaced points on the outer wall (x = 1,

0 < y < tan β).

The flow rate, given by the same integral as in Eq. (24), can then be found by evaluating

the integral numerically.

4 Circular Annular Duct

In the limit of a large number of edges, M → ∞, the polygonal duct will virtually become

a circular duct. In this limiting case, the problem becomes independent of θ, by which the

energy and momentum Eqs. (5) and (6) can be solved analytically. They are

τ (r) = C1 ln(r) + C2, (37)

w(r) = −
C1

4
r2 ln(r) + (C1 − C2)

r2

4
+ C3 ln(r) + C4, (38)

where C1, · · · , C4 are undetermined constants. The volume flow rate is then given by

Q = 2π
∫ 1

b
wrdr

= π
{

C1

32

[

1 + b4 (4 ln(b) − 1)
]

+
C1 − C2

8

(

1 − b4
)

−
C3

2

[

1 + b2(2 ln(b)− 1)
]

+ C4

(

1 − b2
)

}

. (39)

For case I (heating due to a uniform wall temperature at the inner wall), the boundary

conditions (7)–(10) give

C1 =
b

b ln(b) − γ(1 + b)
, (40)

C2 = −γC1, (41)

C3 =
bC1

4[b ln(b) − λ(1 + b)]

[

(1 + γ)
(

1 − b2
)

+ λ(1 + 2γ)(1 + b) + b(b− 2λ) ln(b)
]

, (42)

C4 = −λC3 −
C1

4
[1 + γ + λ(1 + 2γ)] . (43)

For case II (heating due to a uniform heat flux at the inner wall), the boundary condition

(26) gives C1 = −b. The other boundary conditions are the same as those in case (I), and

therefore C2, C3 and C4 are related to C1 by the same relationships as given above.
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5 Discussion

Let us first look into how the temperature jump and velocity slip will affect the temperature

and flow fields. For M = 4 (square duct), we compare the temperature distributions when

γ = 0 (i.e., no temperature jump), as shown in Fig. 2, with those when γ = 1 (i.e., a finite

temperature jump), as shown in Fig. 3. We choose to show the results for the specific values of

b = 0.5 and b = 0.9, as these results are illustrative of the limiting cases where the inner core

is sufficiently far from, or close to, the outer wall, respectively. The following observations

can be inferred from the figures. First, when the core wall is at UWT, the temperature jump

is to lower the temperature near the heated core, but is to raise the temperature near the

outer wall. This is because the jump will impede the input of heat from the hotter wall into

the fluid, but will on the other hand prevent the loss of heat from the fluid to the cooler wall.

As a result, the temperature is more uniformly distributed in the fluid under the presence of a

temperature jump on the walls. Second, if the core wall is at UHF, the temperature jump is to

increase the temperature everywhere in the fluid. This is owing to the fact the constant flux

condition is independent of the temperature jump. Hence, in this case, the temperature jump

serves only to prevent heat loss at the outer wall. This also suggests that the temperature

jump can have a more positive effect on the free convection when the core is heated by

uniform flux than by uniform wall temperature. Third, in the presence of temperature jump,

the temperature is more axisymmetrically distributed than that without temperature jump.

This is especially true for a small core, say b = 0.5, for which the temperature contours

remain nearly concentric circles throughout the fluid domain, despite the shape of the outer

wall. Fourth, for a larger core, say b = 0.9, the temperature becomes more nonuniformly

distributed on the inner wall, when the core wall is at UHF. It is interesting to note that the

maximum temperature on the inner wall occurs at θ = π/4 when there is no temperature

jump (Fig. 2(d)), but at θ = 0 or π/2 when there is a finite jump (Fig. 3(d)).

We then show the corresponding convection velocity distributions in Figs. 4 and 5, for

γ = λ = 0 (zero jump and slip) and γ = λ = 1 (finite jump and slip), respectively. As

expected, the slip at the walls is to increase the velocity across the entire channel. On

comparing these two figures, one can see that the maximum velocity, which occurs somewhere

in the middle of the widest part of the channel, is substantially increased owing to a finite
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velocity slip and temperature jump. The percentage increase depends on the type of heating

and the core radius. For b = 0.5, the maximum velocity is approximately 5 times that

without slip and jump when the core is heated under UWT, but is 24 times when the heating

is by UHF. For b = 0.9, these two factors increase dramatically to 9 times and 70 times,

respectively. These values suggest that the temperature jump and velocity slip will have a

greater impact on the convection when the heating is by constant heat flux, and for a larger

core radius. In addition, the flow is virtually stagnant near the corner of the outer wall (and

also near the narrowest part of the channel for b = 0.9) when the walls are non-slip. In the

presence of slip, such stagnant zones no longer exist; fluid can flow through readily even the

narrowest passage.

Qualitatively similar temperature and velocity distributions have been found for polygons

of different numbers of sides (M = 3, 6, 8), but in the interest of space, the results are not

shown here.

To further illustrate the effect of the temperature jump and the velocity slip on the flow,

we show in Fig. 6 the flow rate Q as a function of γ and λ, where M = 4 and b = 0.5. Under

the condition of UWT, the flow rate increases with a larger slip length, but decreases with

a larger temperature jump coefficient. As explained above, the jump will in this case hinder

the transfer of heat from the heated core to the fluid, and will result in an overall negative

effect on the flow. From Fig. 6(a), one can infer that this negative effect is rather mild for a

small slip length, but will be enhanced by a larger slip length. In contrast, when it is under

the condition of UHF, the flow rate increases with either a larger slip length or a larger jump

coefficient. Hence, under the combined effect of velocity slip and temperature jump, the flow

rate can increase more appreciably when the heating is due to UHF than when it is due to

UWT.

The flow rates for six types of polygons: M = 3, 4, 5, 6, 8, ∞, as functions of the core

radius b are shown in Fig. 7, where λ = γ = 1. In the lower limit b = 0, the flow rates

are zero because of the vanishing strength of the heat source. In the upper limit b = 1, the

flow rates also diminish to a small value because of the dwindling sectional area between the

polygon and the core. There exists for each case an intermediate value of b, which is referred

to as the optimum core radius boptm, at which the flow rate is the maximum. One can see

13



from Fig. 7 that as M increases, both the maximum flow rate Qmax and the corresponding

optimum core radius boptm will decrease. For future reference, we provide in Table 1 the

values of the maximum flow rate Qmax and the corresponding optimum core radius boptm for

the cases shown in Fig. 7. These optimum values, which are determined either with the aid

of Mathematica (for M = ∞ only) or by searching the maximum numerically, can serve as

benchmarks for approximate or numerical methods solving similar problems in the future.

The maximum flow rate and the corresponding optimum core radius will change as the slip

coefficients change. Figure 8 shows Qmax and boptm as functions of γ and λ, where γ = λ, and

M = 3, 4, 6, ∞. The values of Qmax and boptm for the no-slip limit (γ = λ = 0) agree exactly

with those obtained previously by Wang [12]. In all cases shown in this figure, both Qmax

and boptm increase monotonically with increasing γ and λ, for either UWT or UHF. Under

the condition of UWT, Qmax increases nearly linearly with the slip and jump coefficients.

Under the condition of UHF, Qmax is subject to a more dramatic nonlinear increase with

these coefficients. Consistent with our observation above, the flow is more sensitively affected

by the velocity slip and temperature jump when the heating is due to UHF than when it is

due to UWT. Also, for the same channel properties, the optimum core radius is always higher

when the core wall is at UHF than when it is at UWT.

6 Conclusions

Fully-developed natural convection under the combined effect of velocity slip and temperature

jump in an open vertical polygonal duct with a heated circular core has been solved by the

methods of eigenfunction expansion and point match. The core is heated with its wall either

at uniform wall temperature (UWT) or uniform heat flux (UHF). The present problem applies

to both superhydrophobic slip or rarefied gas slip flows. We have shown that the temperature

jump will have a positive effect on the flow when the core wall is at UHF. In contrast, when

the core wall is at UWT, the flow rate is decreased by the temperature jump; such a negative

effect is enhanced by a velocity slip. We have also determined in particular the optimum core

radius for maximum flow rate as a function of the slip coefficients and the number of sides of

the polygon. Our results presented in Table 1 and Fig. 8 are the key findings of this study,

14



and should serve as a benchmark for future studies.

The present problem is for fully-developed flow, which applies to an infinitely long duct.

It is desirable if the present problem is extended to developing free convection slip flow in the

entrance region of a duct of finite length.
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Captions

Table 1 The maximum flow rate Qmax and the corresponding optimum core radius boptm

for the cases shown in Fig. 7.
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Figure 1 (a) Fully-developed natural convection in an open-ended, vertical, regular polyg-

onal duct with a circular core, the wall of which is either at uniform wall temperature (UWT)

or uniform heat flux (UHF), and the polygonal wall is maintained at ambient temperature.

(b) The domain of analysis, which is bounded by the radii at θ = 0 and θ = β = π/M , the

inner wall at r = b, and the outer wall at x = 1, where M is the number of sides of the

polygon, and the lengths are normalized by the radius of the inscribed circle of the polygon.

Figure 2 Temperature distribution τ (x, y) for M = 4 (square), γ = 0 (i.e., no temperature

jump), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d) b = 0.9, UHF.

Figure 3 Temperature distribution τ (x, y) for M = 4 (square), γ = 1 (i.e., finite tem-

perature jump), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d) b = 0.9,

UHF.

Figure 4 Velocity distribution w(x, y) for M = 4 (square), γ = λ = 0 (i.e., no temperature

jump and velocity slip), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d)

b = 0.9, UHF.

Figure 5 Velocity distribution w(x, y) for M = 4 (square), γ = λ = 1 (i.e., finite

temperature jump and velocity slip), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9,

UWT; (d) b = 0.9, UHF.

Figure 6 Flow rate Q as a function of the temperature jump coefficient γ and the slip

length λ, for M = 4 (square), b = 0.5, and the core wall is at (a) UWT; (b) UHF.

Figure 7 Flow rate Q as a function of the core radius b, for M = 3, 4, 5, 6, 8,∞, γ = λ = 1,

and the core wall is at (a) UWT; (b) UHF. Values of the curve peaks, which are marked by

the open circles, are given in Table 1.

Figure 8 The maximum flow rate Qmax and the corresponding optimum core radius boptm

as functions of the temperate jump coefficient γ and the slip length λ, where γ = λ, for

M = 3, 4, 6,∞, and the core wall at (a) UWT; (b) UHF.
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Table 1: The maximum flow rate Qmax and the corresponding optimum core radius boptm for

the cases shown in Fig. 7.

UWT UHF

M Qmax(boptm) Qmax(boptm)

3 0.5597(0.385) 0.8246(0.416)

4 0.3900(0.333) 0.6167(0.378)

5 0.3428(0.315) 0.5554(0.363)

6 0.3220(0.307) 0.5281(0.356)

8 0.3040(0.300) 0.5041(0.349)

∞ 0.2841(0.291) 0.4773(0.341)
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Figure 1: (a) Fully-developed natural convection in an open-ended, vertical, regular polygonal

duct with a circular core, the wall of which is either at uniform wall temperature (UWT) or

uniform heat flux (UHF), and the polygonal wall is maintained at ambient temperature. (b)

The domain of analysis, which is bounded by the radii at θ = 0 and θ = β = π/M , the inner

wall at r = b, and the outer wall at x = 1, where M is the number of sides of the polygon,

and the lengths are normalized by the radius of the inscribed circle of the polygon.
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Figure 2: Temperature distribution τ (x, y) for M = 4 (square), γ = 0 (i.e., no temperature

jump), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d) b = 0.9, UHF.
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Figure 3: Temperature distribution τ (x, y) for M = 4 (square), γ = 1 (i.e., finite temperature

jump), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d) b = 0.9, UHF.
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Figure 4: Velocity distribution w(x, y) for M = 4 (square), γ = λ = 0 (i.e., no temperature

jump and velocity slip), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d)

b = 0.9, UHF.
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Figure 5: Velocity distribution w(x, y) for M = 4 (square), γ = λ = 1 (i.e., finite temperature

jump and velocity slip), and (a) b = 0.5, UWT; (b) b = 0.5, UHF; (c) b = 0.9, UWT; (d)

b = 0.9, UHF.
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Figure 6: Flow rate Q as a function of the temperature jump coefficient γ and the slip length

λ, for M = 4 (square), b = 0.5, and the core wall is at (a) UWT; (b) UHF.
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