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Brownian motion (Wiener process)

v

X(t) = pt +oW(t)

v

{W(t)}: standard Wiener process
> notation: D =%
> running minimum:  m(t) = ming<s<¢ X(s)

> running maximum:  M(t) = maxo<s<¢ X(s)
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2 Exponential stopping of Brownian motion

» 7: exponential random variable
independent of {X(t)}
f(t)=Xe ™, t>0

» We are interested in X(7), M(7), ...

» §: force of interest used for discounting
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Three discounted density functions

> f6 fO e fX(t) )f( )dt
> fl\(sﬂ(f)(m) = fooo e_‘stf,\/,(t)(m)ﬁr(t)dt

> i) = Jo~ e (e mey(x, m)E(t)dt
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a < 0 and 3 > 0 solutions of the quadratic equation
D&+ ué —(A+6)=0

e—ox—(B—a)m _ %ea(m—x)—ﬁm’
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—co<x<m m>0

—ax if x<0,
if x>0.
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A x—(B8—a)z
f)?(T)7M(T)—X(T)(X72) = Be Px=(B=e) ’ z2> max(—x, 0)
)\ - az
f/\é/l(TLM(T)—X(T)(va) = Be Byt ) y > 0) z2> 0.
)\ oz )\ az
f/\il(T)—X(T)(Z) = 5796 = m(—a)e ; z>0.
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() mr) (5 Y) = %efﬁxﬂﬁ*a)y’ y < min(x,0),
) X(r)-m(r)(X:2) = %e’“’“’“)za z > max(x, 0),
fn(r) X(r)-m(n) ¥, 2) = ge*W*ﬂz, y<0,z>0,
Bl = pe ™ = Tslwe® y<o
FR(r)—m(r)(2) = $ = Aiéﬁeﬁz, z>0
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Factorization formula

If 7 is exponential with mean 1/X , then the following factorization
formula holds,

Ele™"Tg-(X)] = E[e™"] x Elgr+(X)],

where 7* is an exponential random variable with mean 1/(\ + 0)
and independent of X.

Remarks (i) E[e™°7] = )\%ﬂ;.
(ii) The condition 0 > 0 can be replaced by the condition § > —A\.
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3. Financial applications

» S(t):  stock price
> S(t) = S(0)eX(t) = S(0)erttoW(t) >0
» a contingent option provides a payoff at time 7

» Example: 7:  time of death
GMDB (Guaranteed Minimum Death Benefits)
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3. Lookback options

» Many equity-indexed annuities credit interest using a high
water mark method or a low water mark method
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Out-of-the-money fixed strike lookback call option
> Payoff:
[5(0)e™) — K]
» Time-0 value

o0 A —(B-1)k
| 150 = Kty = 51507 ke

s

» Another expression for the option value
A K 5(0)1”
D=aBB-D| K |
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In-the-money fixed strike lookback call option

» Payoff
max(H, 5(0)eM(™)) — K.
» Rewriting as
H— K +[5(0)eM™) — H],

» Time-0 value
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Floating strike lookback put option

» Payoff

max(H, max S(t)) — S(7), (1)

0<t<

where H > 5(0).

» Time-0 value

)\ié{H+ 57 1 [Sﬁ?)r} — E[e™"S(7)].
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Floating strike lookback put option

» Special case: H = 5(0), the time-0 value

A B g
5(;j52;:f15(0)—‘E[e TS(7)]
= L ts(r) - Ele (7))

—

1 —O0T
= —E[e7S(7)]. (2)
«o
» This result can be reformulated as

E[e %" max S(t)] = (_1& + 1)E[e575(7')].

0<t<r
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Floating strike lookback put option

Milevsky and Posner (2001) have evaluated (1) with a risk-neutral
stock price process and H = 5(0). They also assume that the
stock pays dividends continuously at a rate proportional to its
price. With / denoting the dividend yield rate, § = r, and
w=r—D—1, the RHS of (2) is

2D
x $(0)——.
(r—=D—1)++/(r—D—124+4D(\+r) ()A+/

Although it seems rather different from formula (38) on page 117
of Milevsky and Posner (2001), they are the same.
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Fractional floating strike lookback put option

» Payoff

[y max S(£) = S(r)]+ = S(0)[7eM™) — X7,

0<t<r
» Notice
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Fractional floating strike lookback put option
» Hence

E[e—(STeM(T) [’Y o eX(T)—M(T)]+]

— /0 /0 ey — e_z]—i—fl\(il(r),M(q—)_x(T)(y,Z)dydz

-2 {/ eye_ﬁydy] {/ [y — e ?]+e**dz
Dl/Jo 0

A1 e
DB—1—-a(l—a)

_ l-a A /8

LA N Y

_ ,yl—aiE[e—cSTeX(T)]‘
—Q
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Fractional floating strike lookback put option

» This can be rewritten as
E[ef&—[,yeM(T) o eX(T)]+] — ,ylfaE[eféT(eM(T) o eX(T))].

» Time-0 value

11—«
Ele [y max S(t) — S(7)]+] = ——E[e " S(7)],

0<t<r —Q
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Out-of-the-money fixed strike lookback put option

» Payoff
[K — 5(0)e™ 7],

» Time-0 value

} -«
/_ [K—S(O)ey]fni(r)()’)dy:/\—)l\—élfa[sé(o)] '

Hailiang Yang hlyang@hku.hk

Valuing contingent exotic options: a discounted density approach



In-the-money fixed strike lookback put option

» Payoff
K — min(H, S(0)e™™) = K — H+ [H — S(0)e™™].,,

» Time-0 value

s alse)
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Floating strike lookback call option
» Payoff
S(r) — min(H7021ti275(t)),

where 0 < H < 5(0).
» Time-0 value

E[e=*"S(r)] + )\j_é{H + % [5';’0)] _a}.

> In the special case where H = 5(0), the time-0 value

E[e %" S(r)] - )\>\+5 2 5(0)
— Ele57S(r)] - © e 7 S(1)

= ;E[eSTS(T)].
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Fractional floating strike lookback call option

» Payoff
[S(r) =~ min SO+ = S(O)[X) — e,

= SO a1,
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Fractional floating strike lookback call option

> Its expected discounted value is S(0) times the following
expectation

E[ef(STem(T) [eX(‘r)fm(‘r) - 7]+]

A 0 00
= 5 [/ eye_aydy} [/ [ — 7] e P?dz
—00 0

Al =B
D1-ap(B-1)
1 A -«
VI (- a)@-1)
11
= 7ﬁilﬁE[e"sTeX(T)].
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Fractional floating strike lookback call option

» This can be rewritten as
E[e—ér[eX(T) N ’}/em(T)]Jr] _ 'y_(ﬂ_l)E[e_‘ST(eX(T) o em(T))].

» We have

EleTIS() ~ 1 gmin_ S())4] = -5 Ele 7S]
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High-low option
» Payoff
max(H, max S(t)) — min(H, min S(t)),

0<t<r 0<t<r

where 0 < H < 5(0) < H.
» Time-0 value

Aia{HJr 571 [S/(L?)F_HJF 1%04 [51(40)}?

> In the special case where H = S(0) = H, time-0 value

A ﬂ—Oé _ﬂ—Oé e—57’ T
OsEe A T e )

» This can be rewritten as

(—1(1 - ;) E[e~°7S(7)],
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Barrier options

» A barrier option is an option whose payoff depends on
whether or not the price of the underlying asset has reached a
predetermined level or barrier.

» Knock-out options are those which go out of existence if the
asset price reaches the barrier, and knock-in options are those
which come into existence if the barrier is reached.
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Parity relation

Knock-out option + Knock-in option = Ordinary option.

» Notation: L denotes the barrier and ¢ = In[L/S(0)]
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Up-and-out and up-and-in options (L > 5(0) (¢ > 0))

» Payoffs

Himaxocees S(O1<L)P(S(T)) = lim(r)<0yb(5(0)X(M)

Kimaxoceer Se1=0)P(S(T)) = )= b(5(0)X)
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The expected discounted values
» Up-and-out

= / [ / b(5(0)e¥)e —ade] e (B=alvqy
» Up-and-in

00 y
A / [ / b(5(0)eX)e—&de]e—<ﬂ—a>yo|y;
D l —00

/°° [/y (y<0)b(S(0)€) i 7y iy (X5 Y)dX} dy
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Down-and-out and down-and-in options
(0 < L<5(0)(¢£<0))

» Payoffs

minocec, s@1>0DS(T)) = [m(r)>0b(S(0)e*()

(ming< <., S(1<L)D(S(T)) = lim(r)<e) (S(0)e* (7))
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The expected discounted values

Hailiang Yang hlyang@hku.hk

Valuing contingent exotic options: a discounted density approach



Notation
o= Ao s@n
Al = B a)G=n)
A L" 5(0) ’
Ax(n) = D(n—a)(,@—”)[ L ] ’
A L1
Al = BTG [5(0)] ’
A K" K1 _ sk [ K"
Ay = D(n—a)(B - a) 5(0)] _n_a[S(O)} |
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Notation
A KoL [5(0)]1° kKeLe[5(0)]17
As = Dn—a)B—-a)| L |  n—a [ L }
A - A K" S(0)17 kK" [5(0)]5
T DB-mB-a) K| “B-nl K|~
PR K—(B=n) 5 L 17" sk=G=mpsr 17«
T T D@B-nB-a)[S(O)] ~  B-n [5(0)} ’
A K K 1@ KK K 17
o = D—a(l—a)(ﬁ—a)[S(oJ —a(l—a>[5(o>] |
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Notation
= 3—a<1K—1;(L;—a> {S(LO)F
_ kKoL [5(0)]5
—a(l — «) ]
o - St - ]
A K-8 L] @
¥ Ry )[5(0)]

)
rK-B-DBT | 77
BB —1) [5(0)} '
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Up-and-out all-or-nothing call option

The option value is

if L<K,
[7 S(0)"e™e~*dx]e~(F=¥dy, if L > K and S(0) > K
[7 S(0)"e™e~xdx]e=(b=Wdy, if L > K and S(0) < K

0,
A
D
A
D
{0, if L<K,

—_— —

A1(n) — Ax(n) — Aq + As, if L> K and S(0) > K

Ae — A2(n) + As, if L> K and 5(0) <K
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Up-and-out all-or-nothing put option

The option value is

5 fo[fy 5(0)"e™ e~ **dx]e~(B-)vdy, if L<K,
A j 5(0 nenxg=oxdyle=(A=alydy  if L > K&S(0) > K
D{fo [fi/oo 0)"e™e~**dx]e~ (B=evdy

+ [T1E . S(0)ne™ e xdx]e~(F-@dy}, if L > K&S(0) < K

Al(n) — Ag(n), if L<K,
—{ As— As, if L> K and S(0) > K,
A1(n) — As — As, if L> K and S(0) < K
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up-and-out option with payoff S(7)”

AT
D/o {/ 5(0)"e™ e dx |e~F=dy = A;(n) — Ax(n).

This is the sum of the value of the up-and-out all-or-nothing put
option and the value of the up-and-out all-or-nothing call option.
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Up-and-out call option

The value is

0, if L<K,
A1(1) — Ax(1) — A (0)K
+A2(0)K + Ag — A, if L>K and S(0) > K,

Ay (0)K + Ajg — Ax(1) — Ag, if L> K and S(0) < K.
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Up-and-out put option

The value is

A1(0)K — Ay(0)K — Ay(1) + Ax(1), if L <K,
Ag — A, if L>KandS(0)> K,
A1(0)K — Ay(1) + A1 — Ao, if L> K and S(0) < K.
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Double barrier option

Payoff:

7(S(m))l{a < m(7), M(7) < b}
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Double barrier option

Using a formula from B & S (2002), we have

E[b(S5(0)eX(1{a < m(7), M(7) < b}]

K

== [E /30 b(5(0)e*)e *dz + =71 /30 b(5(0)e?)e P dz

b b
4= / b(S(0)e?)eP2dz 4+ =1 / b(S(0)e?)e%dz

-T- / e?)e “*dz — T/ ﬂzdz}

where = — e3(b=3)(5=a) ynd T — e3(a+b)(B-a)
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Double barrier option

When § > 0, we have
E[e 97 b(S5(0)eX™)1{a < m(), M(7) < b}]
= A/OO ~O)tp(5(0)eX () 1{a < m(t), M(t) < b|}dt

= = _1[ /b azdz+__1/ b(5(0)e?)e "?dz

b
= e?)e Prdz + =71 e?)e **dz
4= /0 b(S(0)e)e 2 dz + /O b(S(0)e?)e—%d

! / * b(S(0)e?)e % dz — T / ’ b(S(O)eZ)e_ﬂzdz}
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Several stocks

X(t) = (Xa(t), Xa(t), -+, Xa(1))

n-dimensional Brownian motion.
> L the mean vector
» C the covariance matrix of X(1)

>

gt(X)

a real-valued functional of the process up to time t.

» h an n-dimensional vector of real numbers
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Ele """ g, (X)] = E[e ™. (X); b, 3
where

5(h)

& — In[Mx(1)(h)]
= 6—hpu-— %h’Ch.
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Proof of (3)
» Conditioning on 7 = t, the LHS (3) is
/ e "t E[" (Mg (X)]F (£)dt.
0
» By the factorization formula in the method of Esscher
transforms, the expectation inside the integrand can be
written as the product of two expectations,
E[e"*(] x E[ge(X);h]
= [Mx(1)(h)]" x E[ge(X); h].

» Hence
[ee] , (e e}
/ e V[ X0 g (X)) £ (2)dt = / e *(MTE[g.(X); h]£(t)dt.
0 0
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Application of (3)

» k n-dimensional vector of real numbers
» g:(k’X)  real-valued functional of the process up to time t
>

E[e—(STeh/X(T)qT(k/X)] _ E[e—ﬁ(h)TqT(k/X); h]
» The quadratic equation becomes

3Var[k'’X(1); h]¢? + E[K'X(1); h]¢ — [A + 6(h)]
= 1K'Cké? + K/ (1 + Ch)é — (A + 5 — h'y — 1h'Ch)
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Special case: n =2

> Si(t) = 51(0)eX(8) and Sy(t) = S,(0)e*e(®)

> = (p1, p2)’
»

C— a% pPO102
poO102 a%
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Margrabe option

Payoff:

[51(7) = Sa(7)]+- (4)
If we rewrite (4) as

X [51(0)e " = 5(0)]+,
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K* s
Ele”[S1(r) ~ Sar)]+151(0) < (0] = 57 5;3(3)1) [228;] _
Here,
/{* = #
- DB —ar)
D* = $Var[Xi(1) — Xa(1)] = (07 + 05 — 2p0102),

and a® < 0 and B* > 0 are the zeros of

D*& + (11 — p2 + po102 — 03)& — (A + 3 — p2 — 303)
= In[Mx1)((£,1 — €))] = (A + ).
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> If we write (4) as

eX(7[5;(0) — 5,(0)e2(M =Xl

Ele™""[S1(7) — S2(7)]+151(0) < S>(0)]
_ K7Si(0) [51(0)]-0**‘
—a**(1 — a**) [ S2(0)
Here,
e A

D* = 3iVar[Xy(1) — Xi(1)] = D*,

and o™ < 0 and §** > 0 are the zeros of
In[Mx1y((1 = &,€))] — (A +9).
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Hence

and

ok

Thus, K* =k
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