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Using nonlinear dynamical systems theory, we analytically studied a spin-torque device in which the

magnetization of the polarizer (the fixed layer) is tilted at an arbitrary angle out of the thin-film plane.

While the analytical theory can determine the major features of the system, macrospin simulations

were employed to demonstrate the unique characteristics of the system, such as the hysteretic

switching between bistable states. Material dependencies of the dynamic and static state diagrams

were also studied in the framework of the macrospin model. Full-scale micromagnetics simulations

were finally performed to reveal more subtle features of the dynamics of such tilted polarizer

systems. Both the macrospin and micromagnetics simulations gave quantitatively the same results as

our analytical theory. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4752265]

I. INTRODUCTION

A spin-torque nano-oscillator (STNO) is a nanosized

device capable of microwave generation in almost the entire

Gigahertz range.1–6 STNOs have the advantages of a wide

tunability range,7 very high modulation rates,3,8–10 compact

device size, and the same high compatibility with standard

CMOS process as magnetoresistive random access memory

(MRAM),11,12 making the device very promising for poten-

tial microwave generation and wireless communication

applications.1–6 However, some challenges need to be solved

before this technology can find practical application. The

two most important roadblocks are low output power (on the

order of 1 lW for a single device) and the need for an

applied magnetic field for operation. To solve the power li-

mitation problem, two solutions have been proposed,

namely, (a) improving the magnetoresistance (MR) of a sin-

gle device by optimizing the material properties and device

fabrication,13,14 and (b) synchronizing a series of STNOs to

produce enhanced phase-coherent microwave oscilla-

tion.5,15–21 Additionally, various efforts have been made to

remove the applied magnetic field, which typically ranges

from a few hundred Oersteds to over 1 T. The most widely

adopted zero-field operation approaches include STNOs with

a perpendicularly magnetized fixed22 or free layer,23,24 vor-

tex oscillators,25–30 wavy-torque spin-torque oscillators,31

and tilted-polarizer STNOs (TP-STNOs).32–37

A TP-STNO is a nanosized spintronic device, where the

magnetization of the fixed layer is tilted with respect to the

film plane.32,33 In such a structure, the tilted spin polarization

has both an in-plane component and an out-of-plane compo-

nent. This can either be achieved using materials with a strong

tilted magnetocrystalline anisotropy38–40 or exchange springs

where the competition between a layer with perpendicular

magnetic anisotropy and another with in-plane anisotropy

allows for a tunable magnetization angle.41,42 The out-of-plane

component of the spin-polarized current can drive the free layer

into steady precession under zero applied magnetic field, while

the in-plane component of the fixed-layer magnetization gener-

ates a large MR without the need for an additional read-out

layer. Since our first report on TP-STNOs, intense interest has

been generated in studying such TP-STNO-based devi-

ces.36,37,43–46 The tilted polarizer of the fixed-layer magnetiza-

tion brings a new degree of freedom into the system. While the

design of such a TP device and its initial experimental fabrica-

tion have been studied in our earlier work,32,33,39,40 a detailed

study—especially a full-scale micromagnetics study—of the

effects of the tilted polarizer on the dynamics of the TP device

is still lacking.

In this work, we first constructed the phase diagram of the

TP-STNO as a function of the applied current and tilt angle,

using both the analytical theory and the macrospin approach.

Full scale micromagnetic simulations were then performed for

comparison with the analytical theory. We believe such a mul-

tiscale study to be important in understanding the unique phys-

ical characteristics of this type of device, and may provide

useful guidelines to optimize the output of such TP devices.

The paper is organized as follows: In Sec. II, a theoreti-

cal model is developed to construct the phase diagram of the

TP device. Macrospin simulations are performed to study the

dependence of the phase diagram on various material param-

eters. In Sec. III, we perform micromagnetics simulations of

a TP-STNO and compare our results with analytical theory

and macrospin model. Finally, a brief summary of the main

results is given in Sec. IV.

II. EIGENVALUE ANALYSIS AND THE MACROSPIN
MODEL

The schematic structure of the TP device is illustrated in

Fig. 1. In the framework of the macrospin model, the time

evolution of the unit vector of the free-layer magnetizationa)Electronic address: yanzhou@hku.hk.
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m̂ follows the Landau-Lifshitz-Gilbert-Slonczewski (LLGS)

equation,47,48

dm̂

dt
¼ �jcjm̂ �Heff þ am̂ � dm̂

dt
þ jcjaJm̂ � ðm̂ � M̂Þ; (1)

and the last term is the Slonczewski spin torque with magnitude

aJ ¼
�hnð1þ vÞJ

edl0Ms½2þ vð1þ cosuÞ� ; (2)

where c is the gyromagnetic ratio, a is the Gilbert damping pa-

rameter, l0 is the magnetic vacuum permeability, Ms is the

free-layer saturation magnetization, �h is the reduced Planck

constant, d the free-layer thickness, e the electron charge, and

J the electric current density. n is the spin-polarization effi-

ciency constant. v is the giant magnetoresistance (GMR)

asymmetry parameter, describing the deviation from sinusoi-

dal angular dependence. u is the angle between m̂ and M̂.

The applied field Happ is set to zero throughout this work,

since we consider the spin-torque driven magnetization dynamics

only. By decomposing the demagnetizing tensor, the effective

field can be expressed as Heff ¼ ðHkêxmx � HdêzmzÞ=jmj,
where Hk is the positive shape anisotropy field along the x-axis

(the easy-axis), and Hd is the out-of-plane demagnetization field

(the easy-plane anisotropy) in the direction perpendicular to the

plane (the z-axis). The electric current is defined as positive

when it flows from the fixed to the free layer, and is normalized

by J0 ¼ 108 A=cm2. For the results presented here, jcj
¼ 1:9 � 1011 Hz=T; l0Hk ¼ 10�2 T; n ¼ 0:35, and v ¼ 0.25,33

The lateral dimension of the NiFe thin-film free layer is assumed

to be an elliptical shape of 130 nm� 70 nm, with a thickness of

3 nm. The thickness of the FePt fixed layer is 20 nm.

Equation (1) can be transformed into the following set

of differential equations in spherical coordinates:

C _h ¼ sinð2hÞHda
2

þ ½cos2/ sinð2hÞa� sinð2/ÞsinðhÞ�Hk

2

�ðMh � aM/ÞaJ ;

C _/ ¼ �cosðhÞHda� ½2cos2/cosðhÞ � asinð2/Þ�Hk

2

�cscðhÞðaMh þM/ÞaJ; (3)

with Mh¼Mðcosbcoshcos/�sinbsinhÞ;M/¼�Mcosbsin/,

and C�ð1þa2Þjcj�1
.

The equilibrium solutions of Eq. (3) are: �hi ¼ �hiðb; JÞ;
�/i ¼ �/iðb; JÞ, where i � it is the ith solution of the total it

solutions. However, only some of these it equilibrium states

are stable. Equation (3) can be linearized in the vicinity of

ð�hi; �/iÞ�
_h
_/

�
¼
"

Aðb; J; �hi; �/iÞ Bðb; J; �hi; �/iÞ
Cðb; J; �hi; �/iÞ Dðb; J; �hi; �/iÞ

#
�
�

ĥ
/̂

�
: (4)

Here A, B, C, and D are explicit functions of the variables b,

J, and the other material parameters. The stability of the sys-

tem can be determined by means of the eigenvalues of the

corresponding Jacobian,49 and can therefore be solved and

expressed as l1;2 ¼ Eðb; JÞ6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðb; JÞ

p
with E ¼ AþD

2
, and

F ¼ ½AþD�2�4BC
4

. A stable solution must satisfy <fl1;2g < 0.

For real eigenvalues and F > 0, the eigenvalue with larger

magnitude dominates, and defines the only eigenvector gov-

erning the approach towards the final state, in this case a

node (N). For F¼ 0, the two eigenvectors are identical and

again define a node. For F < 0, the complex conjugate

eigenvalues define two complex eigenvectors generating an

oscillatory trajectory towards equilibrium, characteristic of a

spiral-like (S) solution.50 In addition, in regions where there

are neither S nor N solutions, we can infer that steady preces-

sion (L) must take place according to the Poincare-

Bendixson theorem.51–55

An illustrative switching diagram is shown in Fig. 1(b).

Two important lines in the (b, J) parameter space are defined

by the equations Eðb; JÞ ¼ 0 and Fðb; JÞ ¼ 0. In the F < 0

domain, the eigenvalues are complex conjugate. Here, cross-

ing the E¼ 0 line means changing the nature of the focus

between stable and unstable. In the F > 0 region, both eigen-

values are real, and although the E¼ 0 line is here irrelevant,

two additional lines emerge: l1 ¼ Eþ
ffiffiffi
F
p
¼ 0 and

l2 ¼ E�
ffiffiffi
F
p
¼ 0. They divide the F > 0 domain of the pa-

rameter space into three regions in which the equilibrium is

a stable focus, an unstable focus, or a saddle.56

Following this procedure, we now construct the static

part of the phase diagram in Fig. 2 by finding all the eigen-

values in the parameter space 0� < b < 90� and jJ=J0j < 10.

The details of the construction of Fig. 2(a) have been pub-

lished in our earlier paper.34 In addition to the analytical

theory, we also performed a macrospin simulation. As shown

in the inset of Fig. 2(a), if the initial configuration of the

free-layer magnetization starts within the brown-colored

region on the unit sphere, then it will relax in a direct way to

N, as delineated by the green curve (three examples are

shown here). In contrast, if the initial state of free-layer mag-

netization falls within the blue region, it will develop a spiral

trajectory toward the final state, labeled S, as denoted by the

yellow curve. This clearly shows that the evolution of the

trajectory and the final static state of the magnetization

depend on the initial condition for the same set of parame-

ters. This is a typical feature of nonlinear systems, and such

dependence cannot be solved by means of analytical theory.

Instead, numerical simulations must be performed in order to

completely reveal all the eigenstates of the system.18–20 This

also facilitates our understanding of the coexisting regions,

FIG. 1. (a) The proposed tilted-polarizer device structure. m and M are the

magnetization vectors of the free and fixed layers, respectively. M lies in the

x-z, plane with angle b with respect to the x-axis. Here, the x-y plane is the

easy plane (the film plane), with the x-axis being the easy axis. (b) Sche-

matic representation of the device’s switching phase diagram.
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such as L/N and S/N, which appear in the analytical phase

diagram. These bistable regions correspond to hysteretic

switching between different static states and between static

and dynamic states. For example, if the initial magnetization

state starts with b ¼ 3� and J ¼ �10� 108 A=cm2 in the N

region, then that N state will extend all the way to the L/N-L

boundary as J increases. However, if we start from an initial

L state with b ¼ 3� and J ¼ �0:8� 108 A=cm2, then the L

state will extend down to the boundaries of S/N and L/N,

and will develop into the S state until it reaches the boundary

of the S/N-N regions, as the current decreases. While Fig.

2(a) shows the state diagram for the moderate-J region of the

experimentally accessible range, the S/N boundary for the

extremely high-J regime (jJ=J0j < 2000) is shown only for

completeness. By means of macrospin simulations, we can

also study the dependence of the state diagram on the various

material parameters. Fig. 2(c) illustrates the impact of differ-

ent saturation magnetizations of the free layer (Ms) on the

boundary of the S/N coexistence regime in the calculated

phase diagram shown in Fig. 2(a). The dashed line delineates

the onset of the coexistence region as b increases for a given

J. It can be seen that the boundary shifts to the larger J value

as Ms gradually increases. This is due to the counterbalanc-

ing of the demagnetization torque (proportional to Ms) with

the spin-transfer torque (proportional to J). The effect of the

damping constant a on the precessional regime of the TP de-

vice is shown in Fig. 2(d). Here, it can be seen that a affects

the precessional states of the device, and the boundary of the

limit cycle will shift to a larger J value with increasing a.

Interestingly, if we plot the oscillatory region as a function

of b and J=J0=a, then the three curves almost overlap (see

the inset of Fig. 2). This can be easily understood since the

limit cycle can only be sustained when the spin transfer tor-

que, which is proportional to current density J=J0 as denoted

by the last term in the right hand side of Eq. (1), counterbal-

ances the damping torque (the second term in the RHS of

Eq. (1)) which is proportional to a. Thus, the three curves

almost fall on one another. In addition, we have checked the

effect of a on the equilibrium states of the device, and

observed that the boundary of the N/S region does not

change with a. This can be understood by examining the

LLGS equation, Eq. (1). The system will be independent of

a when dm̂=dt is set to zero.

III. MICROMAGNETICS SIMULATIONS

In order to verify our theory and the macrospin simula-

tions, we also carried out micromagnetic simulations capable

of providing detailed information on the dynamics of the mag-

netization precession. The micromagnetics package was devel-

oped in-house by the co-authors, and includes the spin-transfer

torque terms.57,58 Fig. 3 shows the two typical precessions of

the averaged magnetization for S and N states at electric cur-

rent values of J ¼ 0:2� 108 A=cm2 and 2� 108 A=cm2 for

b ¼ 10�. The current density and tilt angle are taken from the

regime of the S state and the N state, respectively, as shown in

Fig. 2. The initial magnetization configuration is along the þx

direction. In Fig. 3(a), after applying the current, the spin tor-

que first drives the magnetization spiral away from the initial

þx, with an increasing angle of precession. The precession

state is unstable and eventually switches to the �x direction.

For a large current of 2� 108 A=cm2, the magnetization

directly switches from the þx to the �x direction without any

spiral precession, on account of the strong in-plane spin torque:

see Fig. 3(b).

Fig. 4(a) shows a typical L steady precession state at

J ¼ 0:7� 108 A=cm2 and a tilt angle of b ¼ 10�. In this

case, a large-angle precession state of magnetization along

the þz axis is excited, in which the out-of-plane component

of the spin torque plays a dominant role. The spin torque is

balanced by the damping torque, leading to a stable cycle of

precession states. The corresponding frequency spectrum

shows a sharp peak with a linewidth of 400 MHz—see Fig.

4(b). By keeping b ¼ 10� and increasing the electric current

FIG. 2. (a) Analytical phase diagram of the structure of

the TP device for small to medium electric current, i.e.,

jJj � 10 jJ0j. The inset shows the dependence of the

final static states on the initial condition. (b) Analytical

phase diagram for the TP device in the high-J region,

jJj � 2000 jJ0j. (c) Effect of the free-layer saturation

magnetization MS on the boundary of the S/N region of

the phase diagram from Fig. 2(a). (d) The effect of the

damping coefficient a on the oscillatory region (L) of

the phase diagram in (a). Here, for simplicity, only the

region of positive J is shown. Inset is the plot of the

oscillatory region dependence on b and J=J0=a.
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J, we find that the periodic precession of the L state loses sta-

bility and transforms into a spiral state along the �z direc-

tion. A typical precession trajectory of the transient state

between the L state and spiral state is given in Fig. 4(c). The

back-and-forth precession in the z direction of the averaged

magnetization is caused by the incoherent oscillations of the

local magnetization of the free layer, which cannot be

observed in the macrospin model. Correspondingly, some

small chaotic peaks appear in the frequency spectrum, as

shown in Fig. 4(d).

The dependence of the frequency on the current and tilt

angle (b � 30�) for the L precession state around the z-axis is

summarized in Fig. 5. An obvious feature is that the current-

dependence of the precession frequency is asymmetrical.

Another interesting feature in Fig. 5 is that the frequency for

the positive current increases from a few GHz to 20 GHz as

the current increases. The frequency region narrows slightly

when the tilt angle b of the polarizer increases. In contrast, for

the negative current the frequency of the precession state

barely changes, giving f 	 16 GHz, as shown in the left panel

of Fig. 5. We have compared the micromagnetic results in

Fig. 5 to the analytical results in Fig. 1 and macrospin simula-

tions in our earlier study.34 Some noticeable differences

will be: (1) the maximum oscillation frequency in single do-

main approximation is larger than that of micromagnetic sim-

ulations, and (2) micromagnetics simulations show strong

asymmetry in the bias current dependence of frequency and

the threshold current to excite the oscillation. These can be

qualitatively understood by considering the following possible

factors: (1) the micromagnetics simulations have taken the

FIG. 3. Micromagnetic simulation results

of the trajectories of the S and N states at

b ¼ 10
�

and (a) J ¼ 0:2� 108 A=cm2,

(b) J ¼ 2� 108 A=cm2.

FIG. 4. Average magnetization precession of the L states by micromagnetic simulation at (a) b ¼ 10
�
; J ¼ 0:7� 108 A=cm2, and (c) b ¼ 10

�
;

J ¼ 0:9� 108 A=cm2. The corresponding frequency spectra are shown in (b) and (d), respectively.
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spatial non-uniform distribution of magnetization into account.

The higher order magnetization dynamics may be important in

determining the effective anisotropy and thus the average mag-

netization precession frequencies.59 (2) The strong asymmetry

in the dependence of TP-STNO oscillation frequency on bias

current for different current polarity may be due to the differ-

ent spin-torque strength, which is strongly associated with the

current polarity for the TP-STNO. In the positive current case,

the spin torque enlarges the magnetization angle between the

free layer and the polarizing layer while in the case of negative

current, the magnetization angle between the two layers is rela-

tively small. Therefore, for the same damping torque the spin

torque requires larger current for the negative current direction

than for the positive current direction, in order to reach the

same frequency of steady-state precession. Furthermore,

micromagnetic simulations show that for the negative current

the averaged hmzi of L-precession state is almost independent

of current strength and b [not shown]. In contrast, for the posi-

tive current, the hmzi decreases with the increasing of the cur-

rent. Since the oscillation frequency is proportional to the z
component of magnetization, i.e., f 
 4pmz, the asymmetrical

hmzi for different current polarity will result in the asymmetry

in current dependence of frequency and can qualitatively

explain the blue-shift of the frequency for positive current.

IV. CONCLUSION

We have shown by means of eigenvalue calculations

and magnetodynamical simulations that a spintronic device

with a tilted fixed-layer magnetization possesses a surpris-

ingly rich phase diagram of static and dynamic states in a

zero magnetic field. We have also examined the effects of

the most important and most typical material parameters,

including the saturation magnetization Ms and the damping

coefficient a, on the phase diagram of the TP device. Such

systematic studies provide experimentalists with a much

deeper understanding of device characteristics and with use-

ful guidelines for determining the optimal experimental and

material parameter space for achieving the desired device

properties. More importantly, a full-scale micromagnetics

simulation has been performed for such system for the first

time here, and it gives results that are quantitatively similar

to those of our nonlinear theory and macrospin model, con-

firming the validity of our theory over a wide range of mate-

rial parameters.
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