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Abstract. Stellar magnetic activities such as the 11-year sunspot cycle are the manifestation
of magnetohydrodynamic dynamo processes taking place in the deep interiors of stars. This paper
is concerned with the mathematical theory and finite element approximation of mean-field spherical
dynamos and their astrophysical application. We first investigate the existence, uniqueness, and
stability of the dynamo system governed by a set of nonlinear PDEs with discontinuous physical
coefficients in spherical geometry, and characterize the system by a saddle-point type variational
form. Then we propose a fully discrete finite element approximation to the dynamo system and
study its convergence and stability. For the astrophysical application, we perform some fully three-
dimensional numerical simulations of a solar interface dynamo using the proposed algorithm, which
successfully generates the equatorially propagating dynamo wave with a period of about 11 years
similar to that of the Sun.
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1. Introduction. Many astrophysical bodies possess intrinsic magnetic fields.
The radio signals in connection with Jupiter’s magnetic field were first observed more
than a half century ago [8] and Jupiter’s magnetic field was later measured by the
Pioneer spacecraft [1]; the Sun’s magnetic field has been observed for a long time [31]
and undergone nearly periodic variations with a period of about 11 years. It has been
widely accepted that large-scale planetary and stellar magnetic activities represent the
manifestation of magnetohydrodynamic dynamo processes taking place in the deep
interiors of planets and stars [23, 34, 36, 4]. Though significant progress has been
made toward the understanding of quantitative features of stellar magnetic activities,
more realistic dynamo simulations in the parameter regime pertaining to stars and
planets remain a tough challenge.

Nearly all current stellar and planetary numerical dynamo models employ spec-
tral methods with spherical harmonic functions [35, 19, 22, 7]. The slow Legendre
transform and its global nature are computationally inefficient and severely limit the
application of spectral methods to general dynamo models, especially to the mod-
els with variable physical parameters of space and time. It is becoming increasingly
clear that, in order to simulate astrophysical and planetary dynamos using more re-
alistic physical parameters [36], developing other numerically more efficient methods
is necessary. The first attempt using finite element methods for numerical dynamo
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simulations was made in [11] and proved to be very promising. The current work
presents the first mathematical theory and numerical analysis for mean-field spherical
dynamos and their application to astrophysical and planetary problems.

Many stars and planets like the Sun and Jupiter are convectively unstable, which
drive small-scale turbulent flows as well as large-scale global circulations in their
interiors. The small-scale turbulent convective flows are capable of generating large-
scale magnetic fields by the complex dynamo processes [24, 9]. A widely accepted
theory for the generation of large-scale magnetic fields through the effect of small-
scale turbulence in a conducting fluid is called the mean-field dynamo theory [23], in
which a key quantity is the turbulent electromotive force defined as

(1.1) £ =<uxB>~aB,

where < . > indicates an average in the dynamo domain, B is the large-scale mean
field, @ and B denote the fluctuating small-scale velocity and magnetic fields, and « is
typically a tensor describing how the small-scale flows generate the large-scale mean
field. Furthermore, the small-scale dynamo simulations suggest that the turbulent
electromotive force obeys the following relation [9]:

B
(1.2) £ = 20 :
1+ (Rn)"B|?/Bg,

where ag is constant, 0 < n < 2 and B, is the stellar equipartition field and ]A%m
is the magnetic Reynolds number measuring the magnitude of the small-scale flow.
The factor (1 + (R,,)"|B/Beg|?) represents the nonlinear process of alpha quenching
(the catastrophic quenching) which saturates the growing magnetic field. It should be
noted that the Rm—dependent quenching expression should be regarded as a simplified
steady state expression for the nonlinear dynamo [4]. On the basis of the quenching
relation (1.2), one can investigate the dynamo process of large-scale stellar magnetic
fields without being complicated by the dynamic effect such as Lorentz forces. In
consequence, (1.2) has been frequently used in the numerical study of astrophysical
dynamos [26].

In the present study, we consider a general nonlinear kinematic dynamo for stars
and planets consisting of three major zones in spherical geometry; see Figure 1.
An inner radiative sphere € of radius 71, with magnetic diffusivity A\;(x), rotates
uniformly. Magnetic field B; cannot be generated in the radiative region by dynamo
action. On the top of the radiative core, there exists a turbulent convection zone €5,
r1 < r < ry, in which thermal instabilities drive global circulations u and small-scale
turbulent flows G. Note that the effect of the small-scale turbulence in the convec-
tion zone is described by «. In the current mean-field dynamo model, we shall use
a conventional quenching formula by ignoring the f%m—dependence in the quenching
expression. The magnetic diffusivity in the convection zone is denoted by Ao while
the nonlinear alpha quenching is assumed to be of the form

aof(x,t

(1.3) o= —C0fx1) 3
1+ 0|B/Beg|

where f(x,t) is a model-oriented function, ap and o are constant parameters, and B

is the generated large-scale magnetic field in the convection zone. The outer region

Q3, 1o < 1 < r3, exterior to the convection zone is assumed to be nearly electrically
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Fic. 1. Domain 2, with its inner core 1, convection zone a2, and exterior region 3.

insulating. We nondimensionalize length by the thickness of the convection zone
d = (rq — r1), the magnetic field by the equipartition field B.,, and time by the
magnetic diffusion time d?/As of the convection zone. This leads to the three sets of
dimensionless equations for the three zones in a magnetic star. For the convection
fluid shell zone, we have

9B, - £(x,1)
(1.4) —2 4V X (V% By) = RaV (1 - J|B2|ZBQ)

+ R,V x(uxBy) in Q9 x(0,7T)
(1.5) V:By=0 in Qyx(0,7T),
where R, is a dynamo parameter in connection with the generation process of small-
scale turbulence u and R,, is the magnetic Reynolds number associated with the global
circulation. For dynamo action to occur, either R, or R,, must be sufficiently large.

The diffusion of the magnetic field B; in the inner radiative core with a magnetic
diffusivity 81 can be described by

(1.6) % +Vx(51(x)VxBy)=0 in Q x(0,7),

(1.7) V-Bi=0 in Q x(0,7).
The outer exterior region is usually nearly electrically insulating and governed by

(18) % + V x (63(X)v X Bg) =0 in Qg X (O,T),

(1.9) V-B3=0 in Q5x(0,7),

where (3(x) is the magnetic diffusivity of the zone.
The above model system will be complemented with the initial conditions

(1.10) B(x,0) =By(x) in Q
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and the boundary conditions
(1.11) (B3(x)VxB3)xn=0, B3-n=0 on 092 x(0,7),

here and in what follows, n stands for the unit outward normal to the boundary 052
of the entire physical domain €2, which consists of the inner core 21, the convection
zone (2o, and the outer exterior region 23. It should be mentioned that the shear near
the solar surface, the effect of which is neglected in our interface solar dynamo model
in section 6, may play an important role [3].

We shall use I'; and I's to denote, respectively, the interface between the inner core
and outer convection zone and between the convection zone and the outer exterior; see
Figure 1. Since the magnetic diffusivity 5(x) has jumps across the interfaces I'y and
I’y the magnetic field must fulfill some physical interface conditions. We shall take
the following standard physical jump conditions adopted in the geodynamo modelling
across the interfaces:

(1.12) [(B(x)V xB)xn]=0, [B]=0 on (I'yUTy)x (0,T),

here and in what follows we use [A] to denote the quantity of jumps of A across the
interfaces, and n is the outward normal of 0.

Physically speaking, function f(x,t) and the convective flow u in (1.4) appear
only in the fluid shell region. We shall assume that the velocity u is nonslip on the
boundaries of the fluid shell, i.e., both f(x,t) and u vanish on I'; and T's. Then by
viewing f(x,t) and u to be extended by zero onto the whole physical domain Q, we
can unify (1.4)—(1.5), (1.6)—(1.7), and (1.8)—(1.9) in three regions Q;, Qo, and Q3 as
the following mean-field dynamo system:

OB _ f(x,1)
(1.13) S+ VX (BV x B) = RV x (WB>
+R,Vx(uxB) in Qx(0,7T)
(1.14) V-B=0 in Qx(0,7T),

where 3(x) represents the magnetic diffusivity £;1(x), G2(x), and F5(x) in Q1, 2, and
Q3,respectively, with 02(x) normalized to be 1, so 5(x) is piecewise smooth and may
have large jumps across the interfaces.

The rest of this paper is arranged as follows. Section 2 addresses the well-
posedness of the mean-field dynamo system, which is then characterized in terms
of a saddle-point type formulation in section 3 for the convenient approximation by
finite element methods. The existing convergence theory on saddle-point systems is
first generalized in section 4, and a fully discrete finite element method is then pro-
posed and the stability and unique existence are studied. The convergence of the fully
discrete scheme is established in section 5, for which the key steps are the introduction
of a discrete projection operator and a modification of the Scott—Zhang operator as
well as the derivations of their approximation error estimates for piecewise smooth
functions. The application of the proposed numerical method to a solar interface
dynamo is carried out in section 6. Finally some concluding remarks are given in
section 7 to summarize the main contributions of the paper.

2. Well-posedness of the mean-field dynamo system. In this section, we
shall investigate the existence, uniqueness, and stability of the solutions to the mean-
field dynamo system (1.13)—(1.14) with the initial-boundary conditions (1.10)—(1.11)
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and the interface conditions (1.12). Due to space limitations, some proof details may
be omitted from time to time throughout the paper but can be found in [10].

2.1. Preliminaries. The most frequently used spaces in the subsequent analysis
are the following two Sobolev spaces:

H(curl;Q) = {A € L2(Q)% curlA € L2(9)3} :
H(div; Q) = {A € L2(Q)3  divA € L2(Q)}7
as well as their subspaces
Hy(curl; Q) = {A € L2(Q)% curlA € L*(Q)®, Axn=0on GQ} ,
Ho(div; Q) = {A € L2(Q)%, divA € L*(Q), A -n=0on aQ} :
equipped with the norms

1
2

Al euro) = {IAI2+ 19 x AP} Ao = {IAI2+ V- A}

In the case that the magnetic field is continuous across the interfaces, the inter-
section of the spaces H(curl;Q) and H(div; Q) is the natural Sobolev space to be
adopted:

H(curl, div; Q) = {A € L2()% curlA € L2(Q)®, divA € LQ(Q)},

Hy(curl, div; Q) = {A € H(curl,div;Q); A-n=0on 89},

both equipped with the norm

1
Al s eurtanso = {IAIZ + 19 x A2+ [V - A2}

As the spaces H(curl, div; Q) and Hy(curl, div; Q) will be frequently used, we shall
write

H = H(curl div;2), Hy= Hy(curl,div; Q).

To treat the constraint equation V - B = 0, we shall need the following subspace
of Hy(curl,div;2):

V= {A € Ho(curl,div;Q); V-A=0in Q}

Due to the smoothness of the spherical domain €, it is known that the space Hy(curl,
div; Q) is equivalent to the usual Sobolev space H'(Q2)? (see, e.g., [18]). Therefore the
Sobolev space V' can also be written equivalently as

(2.1) V:{AeHl(Q)S; v-A:omQ,A-n:oOnaQ},
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and the following equivalence holds:
(2.2) 1Al = [IAI* + IV x Al + |V - A Z AT VA€ H.

In the previous statement and what follows, || - ||s,0 are always used to stand for
the norm in Sobolev space H*(O) or H*(0)3 for any real number s > 0 and open
bounded domain O. We will simply write |- || when O = Q and ||- || when s = 0. The
notation (-, -) is used for the scalar product in L?(Q) or L?(Q)3, while (-, -) is used to
denote the dual pairing between any two Hilbert spaces, and it is the extension of the
scalar product (-,-). For a nonnegative function §(x), we will often use the notation
I-llg = (B, -)*/2. We may also write Q7 = Q2 x (0, T) sometimes. In various estimates,
we shall frequently use C to stand for a generic constant that is independent of the
mesh size h, time stepsize 7, and relevant functions involved.

We end this subsection with a collection of some auxiliary results and formulae
for later use.

(1) The space V in (2.1) is a closed subspace of H!(Q)3; see [10].

(2) Young’s inequality:

1
ab§5a2+4—6b2 Va,bERl and € > 0.

(3) Integration by parts formula which hold for B € H(curl;2), A € H'(Q)?
and ¢ € H'(Q):

(2.3) /Q(VxB)-Adx:/ﬂB-(VxA)dx—/m(Bxn)-Ads,

(2.4) /Q(V-B)qu: —/QB-qux+/m(B-n)qu.

(4) Compact embedding lemma [32]. Suppose that X, B, and Y are Banach
spaces satisfying X C B C Y with compact embedding X — B. Then for any ¢ > 1,
each set bounded both in L4(0,T; X) and W19(0,T;Y) is relatively compact in the
space L9(0,T; B).

(5) Gronwall’s inequality. Suppose h(t), g(t) are two nonnegative and square
integrable functions on [a, b], ¢(¢) is nondecreasing, and

o) < e(t) + / h(s) g(s)ds Vi€ [ab)],

then the following holds

g(t) < e(t) exp(/: h(s)ds) Vt € [a,b].

2.2. Well-posedness of the mean-field dynamo system. This section is
mainly devoted to the well-posedness of the dynamo system (1.4)—(1.12). Due to
the jumps in the coefficients, it is not desirable for the system to have classical type
solutions. Instead, we shall seek the weak solutions to the mean-field system.

Let us first derive the variational formulation. By multiplying both sides of (1.13)
by an A € V| integrating over 2 and making use of formula (2.3) we obtain
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Aﬁ+§:/ (BV x B) - VXAJX—Z;/ (BV x B) x n, - Ads
f
_RQZ/_(I—FUBP B) (¥ x A)dx— Ro Z/ 1+a|B\2ani)'AdS
+Rm2/ (uxB)-(VxA)dx — mZ/ (ux B) xn;-Ads.

Using the boundary and interface conditions (1.11) and (1.12), we deduce the varia-
tional formulation for the dynamo system (1.10)—(1.14).
Find B(t) € V such that B(0) = By and for almost all ¢ € (0,7,

(B'(),A) + (BV x B(t),V x A)

25 = Ra(%B(@,v x A)+ Rp(u(t) x B(t),Vx A) YA€V,

here and in what follows, functions of x and ¢ may be written as functions of ¢ only
for simplicity.
The following theorem summarizes the well-posedness of the system (2.5).
THEOREM 2.1. Assume that Bo € V, f € H*0,T;L>*(Q)) and u € H*(0,T;
L>(Q)). Then there exists a unique solution B to the system (2.5) with the regularity

(2.6) B < L>(0,T;V)n H(0,T; L*(Q)),
and the solution B is stable with the following stability estimate:

(2.7) IBllzoe(0,75v) + 1Bl 0,7:22(2)3)
< C(|IV xBO)[> + [B(0)? ) Jmax ([|F(t M7y + )17 ()

T
exp (C / {171 =0 + ||f’(t)||ioo<m () e ) + 10 (Dl e ),

where the constant C' depends only on the magnetic diffusivity coefficient B(x).
Proof. We shall only outline the proof and refer to [10] for the details. As H({2)
is separable, we know that V' is separable. Let {wy}7°, be a base of V', and

Vin ={wi,Wa,..., Wy}, m=1,23....

Choose ¥, € V,, such that ¢, — Bg in V. Then we consider the following approx-
imation of the problem (2.5): Find B,,(t) € V,, such that B,,(0) = ¢, and for any
AeV,,

(B, (t),A) + (BV x B, (t),V x A)

(2.8) =R, ( /

mBﬂ’L(t),v X A) + Rm(u X Bm(t)7v X A) .

We claim that the sequence {B,,,(¢)} is well defined. To see this, we write

m m
= m®W, Ym =D VimW;
j=1 j=1
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and substitute into (2.8) to get

(2.9) ME — Glag 1) with @ (0) =0

where M = (m;;) with m;; = (w;,w;), G(am,t) is a vector-valued function of ay,
and t, and

f}/m(t) = (71,m7 Y2,my - 77m,m)ta am(t) = (al,m, a2 m, .- - ;O‘m,m)t'

As {w,,} is linearly independent, the matrix M is symmetric and positive definite,
so it is invertible. Then using the Lipschitz continuity of G(w,,t) with respect to
ayy, and our subsequent a priori estimates on the solutions to the system (2.8) that
ensures the boundedness of B,,(¢) independent of m, one can show (cf. [10]) that the
solutions {B,,(t)} of the system (2.8) is well defined in [0, T7].

Next, we derive some a priori estimates on the solution to (2.8). By taking
A = B,,(¢) in (2.8), then integrating over (0,¢) and using the Cauchy-Schwartz and
Gronwall inequality, one can obtain

HBMH%W(O,T;LZ(Q)S) + IV x BmH%?(o,T;L?(Q))
T
(210) < [Bu(0)]3 exp(C / {IF O + ) et -

On the other hand, letting A = B/ (¢) in (2.8), then integrating over (0,t), applying
the integration by parts and the Gronwall’s inequality, we have

1B l172(00) + IV X Bl oo (0,722 002
(2.11)

< IBO)I exp ({11~ @ + 1B gy })
T
~exp(C / {IFONZ ) + 17 Oy + IO ) + 0 By Jlt)

Using the estimates (2.10)—(2.11), we can extract a subsequence {B,} from {B,,}
such that

(2.12) B,, — B weakly star in L>(0,T;V); B! — B weakly in L2(0,T; L*(Q)®).

By the compact embedding lemma of subsection 2.1, we know that H'(0,T;V’) N
L?(0,T;V) is compactly embedded in L?(0,T; L?(2)3), so we have

(2.13) B, — B in L*(0,T; L*(22)%).

We can show that this B(¢) solves the system (2.5). Therefore (2.5) has at least one
solution B, which has the regularity (2.6). O

3. Characterization of the dynamo system in terms of a saddle-point
type problem. The Sobolev space V' in the weak formulation (2.5) involves the
solenoidal functions, and it is well known that the solenoidal conditions are difficult to
enforce in finite element spaces, especially in three dimensions. Hence the variational
formulation (2.5) is inconvenient and ineffective for the use in a fully discrete finite
element approximation. Instead, we shall transform the variational problem (2.5)
into an equivalent saddle-point type system, which can be more easily adopted for its
approximations by finite element methods.
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3.1. Characterization of solenoidal functions. Let D(Q2) be the set of all
infinitely differentiable functions with compact supports in 2, and V be the subspace
of D with all solenoidal functions:

V= {W € D(7); divw =01in Q}

We start with the characterization of the gradient of a distribution. For any
distribution function p in Q, written as p € D'(Q), it is easy to verify that

n n

(Vp,w) = (Oepwi) == (p.Oswi) = (p,V-W) =0 YweV.

i=1 i=1

That is, Vp lies in the polar set of V. The following lemma indicates that the converse
of this property is also true (cf. [18]).

LEMMA 3.1. Let Q be a bounded Lipschitz domain in R™ and £ = (f1, fa, .-+, fu)t
with f; € D'(Q). Then £ = Vp for some p € D'(Q) if and only if

(f,w)=0 Vwe.
If 0.,p € H1(Q), then p € L*(Q2) and
IPllL2(2)/r < CQIVDllH-1(9)-
Moreover, if 0,,p € L?(Q2), then p,Vp € L*(Q) and
1Pll22)/r < CQIIVPlL2(0)-
3.2. Saddle-point formulation of the mean-field dynamo system. In this

subsection, we are going to show that the solution B(t) of the system (2.5) also solves
the following saddle-point type problem for some p € L?(0, T; L*()):

%+Vx (B(x)V xB)+Vp
(3.1) = R,V x (mB) 4 RV x (uxB) inQx(0,T);

(32)  V-B=0 in Qx(0,7T),

where a pressure-like term, namely a Lagrange multiplier p, is introduced in (3.1) to
ensure that the divergence condition (3.2) is satisfied. This formulation is done purely
for the convenience of the subsequent construction of some stable and convergent finite
element approximations; the approach is widely employed in numerical solutions of
Maxwell equations (see, e.g., [2]).

To do so, we introduce

B(t):/o B(t)dt, F(t)z/o 1+Uf|B|ZB(t)dt, fJ(t):/O u(t) x B(t)dt

Using the regularity of B(t) from Theorem 2.1 we have

B(t) € HY(0,T;V), F(t)e H'(0,T;L*(Q)%), U(t)e H(0,T;V).
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Clearly, both B(t) and F(t) are absolutely continuous with respect to ¢ as B(t) and
fB(t)/(1 + o|BJ?) are integrable in L' (0,7, and we have

B'(t) =B(t), F(t)= 1+Uf|B|2B(t), U'(t) = u x B(t).

Now, integrating both sides of (2.5), we obtain for all ¢ € [0,7] and A € V that
(3.3) (B(t) =By, A) + (BV x B(t),V x A) = Ra(F(t),V x A) + Ry (U,V x A).

We remark that this equation is defined for every t € [0,T] as B(t), B(t), and F(t)
are all continuous with respect to ¢. This is why we do not treat the system (2.5)
directly but instead its integrated form.

For all t € [0,T7], (3.3) can be written as

(B(t) —Bo+ V x (BV x B(t)) = RaV X F(t) — R,V x U(t),A) =0 YA€V,
this with Lemma 3.1 indicates that there exists a P(t) € L%(f), for every t € [0,T],
such that
(3.4)  B(t)—Bo+ V x (BV x B(t)) + VP(t) = R,V x F(t) + R,V x U(t),
or we can write
(3.5)  VP(t)=By—B(t) = V x (BV x B(t)) + RoV x F(t) + R,,V x U(t).
Noting the right-hand side of (3.5) lies in (Hp(curl, div;Q?))’, we have
(3.6) VP(t) € HY(0,T; Hy(curl,div; Q)") ¢ H'(0,T; H*(Q)),
then by Lemma 3.1 we obtain

1PO)r2)/r < CIVPE) |l H-10) YVt e€[0,T],

this proves P(t) € H(0,T; L*(2)).

Now (3.1) follows immediately by letting p(t) =
with respect to ¢, and p(t) € L(0,T; L(2)).

Adding a term (V- B,V - A) for some constant v > 0 in (2.5), an important
stabilization term in the subsequent numerical approximation, we are then led to the
following theorem.

THEOREM 3.1. The system (2.5) is equivalent to the following variational prob-

lem:
Find B(t) € Hy = Hy(curl, div; Q) and p(t) € L3(Q) such that B(0) = By and
(B'(t), A) + (BV x B(t),V x A) +~(V-B(t),V-A) + (p, V- A)
(3.7) :Ra(ﬁB(t),V><A)+Rm(u><B(t),V % A) VA€ H,
(V-B,q)=0 VYqeLi(Q)

aP(t)
ot

and differentiating (3.4)

for a.e. t € (0,T). Moreover, we have the following stability estimates for the solution
(B,p):
(3.8) 1Bl zoe0,73vy + [IBll &1 (0,7502(0)3) + ||pHL2(o,T;Lg(Q))

< C([V xB(O)[? +[IB(0)[1*) max (|| () + [la(t)[[7 (o))

0<t<T

T
exp(C [ {1~y + 15 Oy + 19O ey + 10O )
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Proof. From the previous derivations, we know the solution (B,p) to (2.5) also
satisfies (3.1)—(3.2). Then using the interface conditions (1.12), we can directly derive
(3.7) from (3.1)—(3.2) by integration by parts. On the other hand, one can readily
check by integration by parts that a solution (B, p) of (3.7) is a solution of (3.1)—(3.2)
or (2.5). This proves the equivalence of (2.5) and (3.7).

The uniqueness of the solutions to (3.7) can be done similarly to the proof of
Theorem 2.1 (cf. [10]).

The estimates of the first two terms on the left-hand side of (3.8) follow from
Theorem 2.1. We next derive the estimate of the last term on the left of (3.8) for p.
For this, we introduce a ¢ € H(2) N L3(2) which satisfies

¢
On
Then it is easy to see by Poincare’s inequality that

IVel* < llgllllpll < Clipll 1Vl

Ap=p in =0 on 9.

which gives
Vol < Cllpll.

Letting b(A, q) = [, ¢V - Adx for any A € Hy and g € L§(€2), then we take a special
A = V. It is easy to verify that A € Hy, and

(3.9) Al eurtaivie) = (IV6I2 + I2I2) " < Clpll,
b(A,p) _ (p,p)
3.10 = > C|pll.
(310) 1A, ~ AT, = 7
But we know from (3.7) that
_ f
b(A, p) = RQ<WB(t)7V x A) 4 Ry(uxB(t),V x A)

- (B/(t)7A) - (Bv X B(t)7v X A)a
from which and the Cauchy—Schwarz inequality, we obtain
b(A,p) < Ral[f ()L B@)I IV X Al + Rm[lu x B(#)|[ |V x Al
+IB'OAL+1IV xB@)ls IV x Allg
< C(If Ol BOI + [[u@®)l =) BE)] + B (O] + IV x BE) ) Al ,-

Now the estimate for p follows from this, (3.10), and the estimates of first two terms
in (3.8). ]

4. Finite element approximations. In this section we shall address the fi-
nite element approximation of the nonlinear dynamo system (1.4)—(1.12), based on
its saddle-point type variational formulation (3.7). As we know, the so-called edge
element methods are widely used in numerical solutions of the Maxwell systems
[12, 13, 14]. Their main advantages lie in the convenience to incorporate the diver-
gence constraints implicitly and the easy satisfaction of the usual interface conditions
which involve tangential components of the fields. But the nonlinear geodynamo
system of our current interest requires the continuity of all the components of the
magnetic field across the interfaces (see (1.12)), not just the tangential components
as in other nondynamo modelling systems. This fact makes the edge element methods
inconvenient for the approximation of the geodynamo system (1.4)—(1.12). Instead
we shall make use of the standard Lagrange nodal finite element methods.
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4.1. Saddle-point system and its approximation. We first recall some ex-
isting well-posedness about the general saddle-point system and its approximation.
Let X and M be two Hilbert spaces, with scalar products (-,-)x and (-,-)as, respec-
tively, and a(v,w) and b(v, ¢) be two continuous bilinear forms on X x X and X x M,
i.e., there exist two positive constants ||a|| and ||b|| such that

(4.1) la(v,w)| < lal vl x[[wllx  Vo,we X,
(4.2) b(v, @)l < [[bll l[vllxllgllar Vv e X,qe M.

We shall need the kernel space V associated with b(-,-) and the polar set of V:
V={weX; bwq) =0 Vge M}, V'={gecX’; (gv)=0 VYoecX}.
Consider the saddle-point system: Find (u,p) € X x M such that

(4.3) a(u,v) +b(v,p) = f(v) VveX,
(4.4) b(u,q) =g(q) Vqe M,
where f € X' and g € M’'. The following well-posedness results about this saddle-

point system can be found in [6, 18].
LEMMA 4.1. Assume (4.1) and (4.2), and

(4.5) p A0 S bl Vo eV
wev [[wllx
(4.6) supa(v,w) >0 YweV, w#0,
veV
(4.7) supMZﬂ Yge M, q#0.

vex [[ollxllgllm

Then there exists a unique solution (u,p) € X x M to the saddle-point problem (4.3)—
(4.4).

Now we discuss the approximation of the saddle-point system (4.3)—(4.4). Let
X, € X and M, C M be two finite dimensional spaces, and define

Vi ={wn € Xp; b(wn,qn) =0 Vau € Mp}.
We then introduce a bilinear form ap(-,-) defined on X, x M}, satisfying

(48) ah(vh,vh) > Oé*H’UhH%( Yoy, € V}“

(4.9) lan (vn, wi)| < lan| lvallx wnllx Vo, wn € Xp

for two positive constants a* and ||lay||. In our later applications, ay(,-) comes from
some approximation of a(-,-) and is formed from a(-,-) in such a way that numerical
integrations on polyhedra with curved faces are replaced by much easier integrations
on polyhedra with planar faces.
Then we introduce the approximation of the saddle-point system (4.3)—(4.4).
Find (up,pr) € X X My, such that

(4.10) ah(uh,vh) + b(’l)h,ph) = f(’Uh) Yo, € Xy,
(4.11) b(un,qn) = g(gn) Vqn € My .
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We have the following convergence theorem (cf. [6]), whose detailed proof can be
found in [10].

THEOREM 4.1. In addition to the assumptions (4.8)—(4.9), we assume that the
inf-sup condition

b
(4.12) sup OO s gy e ML g £0.

oneXy [|vnllxllgnllar

is also satisfied. Then the system (4.10)—(4.11) has a unique solution (up,pp) €
Xy x My, and the following error estimate holds:

a b . .
=l < (120 (o By ine ol 0l s
h

a* B* /) vneXy , €M},
1 _
(4.13) + — sup alu, vn) = an(u, vi)
A" v, eVy HUhHX

4.2. A fully discrete finite element method and its stability. In this
section, we will propose a fully discrete finite element method for the variational
system (3.7). For this purpose, we have to approximate the problem in both time
and space. We shall use the backward Euler scheme for time discretization and the
popular Hood-Taylor finite elements (cf. [20]) for space discretization.

We start with the partition of the time interval [0, T| and the triangulation of
the physical spherical domain Q. We divide the time interval [0, T] into M equally
spaced subintervals using the following nodal points:

O=tg<ti<to<---<tpyy =T,

where t,, = n7 for n = 0,1,...,M and 7 = T/M. For any given discrete time
sequence {u"}M | with each u" lying in L?(Q) or L?(Q)?, we define the first order

backward finite differences and the averages as follows:

—1 t
u” —u” _ 1 [
ou"'=———, W'=- u(-, s)ds.
T TJ

n—1

If u(x,t) is a function which is continuous with respect to ¢, we shall often write
u™(+) = u(-,t,) for n = 0,1,..., M. For the ease of exposition, we may also use the
function values for ¢ < 0, by assuming the convention that u(x,t) = u(x,0) for all
t <0.

We now introduce the triangulation of the domain €2, consisting of the inner core
Q4, the outer core 29, and the exterior zone Q3. For the sake of technical treatments,
we shall assume that the outer boundary of the exterior zone Q3 is a closed convex
polygon; the actual curved boundary case can be treated in the same manner as we
handle in this and next section the curved interfaces I'y and I's; see Figure 1.

We first triangulate the inner core €); using a quasi-uniform triangulation ’];Ll with
tetrahedral elements of mesh size h, which form a polyhedral domain Q} C ;. The
triangulation is done such that the boundary vertices of Q}L all lie on the boundary
of Ql.

Then we triangulate the exterior zone {3 using a triangulation 7,3 with tetrahedral
elements, which form a polyhedral domain Q‘i The triangulation is done such that
all the vertices on the outer polygonal boundary 92 are also vertices of 3, and the
inner boundary vertices of (23 all lie on the inner boundary of Q3.
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Finally we triangulate the outer core )5 using a triangulation 7,? with tetrahedral
elements, which form a polyhedral domain Q,Zl The triangulation is done such that all
the vertices on the outer boundary of Q% match those vertices on the inner boundary
of 23, while all the vertices on the inner boundary of Q7 match the boundary vertices
of QF .

Now the three individual triangulations 7;!, 7,2, and 7,2 form a global triangula-
tion 7y of Q. By N}, we shall denote the set of all the nodal points of the triangulation
7Th, and by Fj, the set of all faces of elements in 7j,.

For convenience, any element K of 7; whose interior has nonempty intersection
with the interface I'y and I's will be called an interface element. The set of all interface
elements is denoted by 7,*. Let us introduce some notation needed in the subsequent
error estimates. For each interface element K € 7%, we know that K must lie either
in Q% or Q% according to the construction of the triangulation 7;,. And each interface
element K is divided by the interface into two parts, written as Ky and KCs. Since the
interfaces I'; and T’y are smooth spheric surfaces, one can show (cf. [17]) that one of
the two parts K1 and Ka, denoted always by K, has a volume of order hf, that is,

(4.14) K| = hi .

Here and in what follows, we shall often use the symbols < and =, and = < y means
that x < Cy for some generic constant C, and = = y means x < y and y < x.

Also we may absorb in the generic constant C' the upper and lower bounds f,,,
B, far, and upy of the functions (%), f(x,t), and u(x,t) over  x (0,7):

B <Bx) < Bar;  FOGO] i) < furs o Julx, D), Jug(x, 0] <

Noting the coefficient G(x) in (1.13) has large jumps across the interfaces I'; and
I'y, hence it may be strongly discontinuous inside each interface element K € 7,7,
namely when crossing the (curved) common face of two curved polyhedra parts Ky
and Ko of K. To avoid numerical integrations on polyhedra with curved faces in
forming the finite element stiffness matrix, we introduce the following approximations
of the coefficients 8(x), f(x,t), and u(x,t):

Bu(x) = B(x), x e K € T\ T Bu(x) = fi(x), xe K € T, N Q! (i=20r3),
_ 0, x€ K e TN, _ 0, x€KeT Nk
Fn(x,1) = { f(x,1), otherwise un (X,1) = u(x,t), otherwise ‘

We shall use the Hood-Taylor finite elements (cf. [18, 15, 33]) to approximate
the system (3.7), namely the piecewise quadratic polynomials for the magnetic field
B and the piecewise linear polynomials for the Lagrange multiplier p. These spaces
can be defined as follows:

Hy, = {WGC(Q): Wik € Po(K)? KeTh},
HOhZ{WEHh; W~nF:OVF6.7:hOGQ},
Qn= {Qh €C(Q); qulx € PL(K) V KeTh}7

where ng is the unit normal vector of a face F' € Fj,. And the following subspaces of
Hyp, and @), will be also needed:

Hop, = {Wh € Hop; wp =0on 59}7 Qon = {Qh € Qn; /Qthaf = 0}~
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Now, we are ready to propose the fully discrete finite element approximation of
the variational problem (3.7) using the approximate functions Gy, fr, and uy.
Find B} € Hop, pj € Qon for n =1,2,..., M such that B?L = 5,Bp and

(4.15)
(0:B, AR+ (B V X BE,V X Ap) +9(V B V- Ay) + (p21,V - Ap)
- RQ(HUG;WB;;,V x Ah> + Ry (0} x B}V x Ah> VA, € Hop;
(V-Blgn) =0 Yaqn € Qon,

where S}, is the modified Scott-Zhang interpolation to be defined in section 5. One
may replace S here by the computationally less expensive standard interpolation
operator I, induced by the finite element space Hy, but as it will be seen in the
subsequent analysis, with II; one requires a stronger regularity on the initial data By.

We remark that the discrete system (4.15) cannot ensure V - B = 0, different
from the continuous case. The next lemma verifies the well-posedness of the fully
discrete scheme (4.15).

LEMMA 4.2. There exists a unique solution (B}, p}) to the discrete system (4.15)
for each fivzed n (1 < n < M) and the sequence {BR}M. ) has the following stability
estimates:

M
(4.16)  max [BR|* +7 > (V= B|? + V- BiI*) < BRI

n=1

Proof. Inequality (4.16) follows by taking Aj = 7B} in (4.15) and the discrete
Gronwall’s inequality.

We now verify the existence of solutions to (4.15) for each fixed n = T//M and
h by applying the Brouwer fixed point theorem. To this aim, we define a mapping
Fy 2 (By,pr) — (Bh,pn) by

{ an(Bh, Ap) + b(An,pn) = §(Bn, An) VA, € Hop,

417
(4.17) b(Br.) =0 Yan € Qon,

where @y, b and g are given by

an(B,A) = (B,A)+7(B,VXB,VXA)+~7(V-B,V-A), b(A,q) =7(q,V-A),
fh

§(B,A)=(B" ' A+ 7Ry —
g( ) ( h ) T (1+J|B271|2

B,VxA) 7Ry, (U x B,V x A).

By applying Theorem 4.1 one can show that the mapping Fj, is well defined; see [10]
for details.

We next show that Fj maps a bounded subset of Hgp, X Qo into itself. In fact,
taking Ay, = By, in the first equation of (4.17), using the second equation and Young’s
inequality we can obtain

2 2 2 n—iy2 , 27T
IBrll” + 71V x Buyl[[5, +7(V - Ball” < B~ [" + 5

Thus for any By lying in the ball B(0,79) = {Ap; ||Anllg, < 7o} with rg =
V2||BY Y|, we have

(Rafir + 4R5,ui )| B

IBrl* + 7lIV x Byll3, + 7V Byl <7
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when 7 is appropriately small such that 47(R2 f3, + 4R%u%;) < (. Next we show
that pp, lies in the ball B(0,7) with

VA +VBum
\/7_

To see this, for any Ay € Hyp, we obtain from (4.17) using the Cauchy—Schwarz
inequality that

2
Fongl(;—i— +Ran—‘r2RmuM)7“0.

(V- Anpn) < (IBAl+ 78521V x Bulls + 7V - By

+BL T + TR far [ Ball + 2Tmewl\Bh\l) [ Ay -

This, combined with the inf-sup condition for b(-,-) (cf. [10]), leads to the conclusion
that pp, lies in the ball B(0,7y). Thus we have proved that Fj, maps the bounded
subset B(0,79) x B(0,7) of Hop X Qop, into itself. Therefore by the Brouwer fixed
point theorem, F}, has a fixed point (By,pp) € B(0,7) x B(0,7g). This proves the
existence of solutions to the system (4.15).

The uniqueness of the solutions can be shown in the same manner as in Theo-
rem 3.1. a

5. Convergence analysis of the fully discrete finite element method.
This section will be devoted to the convergence analysis on the fully discrete finite
element approximation (4.15) to the variational problem (3.7). As we shall see, one of
the crucial tools in the analysis relies on the following projection operator P which
maps functions from the space Hy x Qo = Hy(curl,div; Q) x L3(Q) into Hop X Qon:
for any (B,p) € Hy X Qo, (Bn,pn) = Pu(B,p) € Hon X Qon solves the following
saddle-point system:

(Bn, Ap) + an(Br, Ap) + (pn, V - Ay)
(51) = (B,Ah) + a(B,Ah) + (p7 V- Ah) YAy, € Hop,
(v : Bhth) =0 th S QO}L?

where for any B, A € Hy, a(B, A) and a,(B, A) are given by

a(B,A) = (3V x B,V x A) +~(V-B,V-A),
ah(BvA):(ﬂhVXBaVXA)+7(VBavA)

By taking A, = By, in (5.1) and using Young’s inequality and the bounds of 3(x)
and [ (x), we can directly establish the following stability estimates on the projection
Py, (cf. [10]):

LEMMA 5.1. For any B € Hy and p € Qq, let (Bp,pr) be the projection of (B, p)
defined by (5.1), then we have

Bl o (curt,divio) S 1Bl mo (curt,divie) + [|P] -

Considering the discontinuity of coefficient 3(x) across the interfaces I'y and TI's,
the solution (B, p) to the system (3.7) often has higher regularity locally inside each
medium subdomain €; (i = 1,2,3) than in the entire domain 2. To make full use of
the better local regularities of (B, p) to establish the error estimates of the projection
P, we can introduce a specially constructed interpolation operator by modifying the



Downloaded 03/24/14 to 147.8.204.164. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SPHERICAL INTERFACE DYNAMOS 1893

Scott—Zhang operator [29] such that it preserves the boundary condition in Hy: for
any B € Hy, we have S, B € Hpy, (see [10] for details); and Sy, has the following local
approximation property (cf. [29, 10]):

(5.2) [ = Swwllwmog) S B lwlwisise Yw e WH(SK),

where 0 < m < [ and Sk is the union of all elements in 75, whose closure has
nonempty intersection with K. We now establish the error estimates of form (5.2) in
the entire domain €2 for functions with higher regularities locally in each subdomain
O (k=1,2,3).

LEMMA 5.2. For any s >0, and u € X = H*(Q) N HT$(Qy) (k=1,2,3),

3 3

2s 2s

lu = Shull SHTF Y Nullieson s lu—Swuli ShT Y lulivss, -
k=1 k=1

Proof. For any u € X, let uy be the restriction of uw on Qi (k = 1,2,3). Noting
the interfaces I'y and I'y are smooth, one can extend (cf. [30]) ux, € H***(Q4) onto
the whole domain © such that the extended function @ € H'**(2) and

(5.3) likllivse S llukllivs, for k=1,2,3.

First, we consider the estimate on any noninterface element K ¢ 7,*. Since u has
H1*s_regularity in such element K, one can follow the standard error estimate in [29]
and make use of our construction of the face 7; associated with each node a; to derive

3

(54) = Snalluse S S Jullgsena, s p=0.1.
i=1

The tricky case happens to the interface elements. Without loss of generality, consider
an interface element K € 7, near the interface I'y. We analyze the errors in K; and
K2 separately. Clearly, K1 C Qq, Ko C Qa, |[K1| = hj; by (4.14). Then by Hélder’s
inequality, Sobolev embedding, and (5.2), we derive for any 2 < p < 6/(3 — 2s) and
w=0,1 that
9 4(p—2) 9
[ = Snully e, Shie ™ llv = Swulliyus i,
4(p—2) 6—2u—28
Shi” lu=Shulfyura She ™ " lulliynsy,) -

But on K9, by the choice of the face 7; associated with the node a; in the definition
of S, we know that

g = upy on Ko, Sptis =Sp,u on Ky.
Using this and (5.2), we derive
. _ N _ 2(14s—p) || ~
(5:5) [lu— Snullf x, < Iz — Sl i, < lliz = Sniizllf e < 0y 2l s
combined with the previous estimate on K; and (5.3) yields

3
_ . 6—2u—2
(5.6) > llu—Spull x SETTON i aa0+ Y b el s -
KeTy k=1 KeTy;
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Then by Holder’s inequality and the fact that the number of interface elements in
Ty Sh72,

Z HU_S}LUHMK Nh2(1+5 ) Z||u||1+s Qk h4 2H77( Z ||UHW1 P(SK))

KeTy: k=1 KeT;

Now the desired estimate follows by taking p = 6/(3 —2s) above and using (5.4). d
The following lemma provides a crucial observation needed in the subsequent
analysis.
LEMMA 5.3. Let K be the interface part of any interface element K € 1," such
that |K| < k% (cf. (4.14)), then the following estimates hold:

(5.7) IV x Anll§ «

S IALIG e S he |ARIIG VAl € Hop.

Proof. We prove only the first inequality in (5.7), the second is similar. Let K be
an interface element with 4 vertices, vy, vs, v3, and v4, and di be the largest distance
from the curved side of K to its opposite face of K. Since the interfaces I'y and I's
are C'*°-smooth, we can easily show that dx < C’hﬁ(. Then we can construct a cube
C(K) such that £ C C(K) and C(K) has a height dx and a rectangular base of length
a1hi and width ashy, where a; and o are two positive constants independent of
mesh size h. Then we divide C(K) into 6 small tetrahedra K!, ... K°.

By scaling arguments, one can easily verify the equivalence

4
(5-8) lgll5. = 1Al Z(q(ai))z Vqe Pi(A)

for any tetrahedron A with vertices a1, as, a3, and as. Let p be a component of
V x Ay, for some Aj, € Hyp, then p € Py(K). Clearly we also see p € P1(K), and p
can be naturally extended to p € P;(C(K)), thus

6
<D 1Bl -
i=1

But using (5.8) and the fact that the value p at any point in K¢ can be expressed as
a convex combination of the values of p at the 4 vertices of K, we obtain

4 4
IplS c < hic Z < hilK| Z(p(vj))

This proves the first estimate in (5.7). 0

Using the interpolation error estimates in Lemma 5.2 and the convergence theory
in Theorem 4.1, we can now derive the error estimate for the projection operator Py
defined in (5.1).

LEMMA 5.4. Let B € Hy(curl,div;Q) and p € L3(2) be given such that B €
HF51(Qy) in each Q. (k= 1,2,3) for some 0 < s1 < 1 and p € H*2(2) for some
0 < s3 < 1. Then the following error estimates hold for the projection (Bp,ppn) of
(B,p) defined in (5.1):

3 R
51
E B — Bh”%{(curl,div;ﬂi) Shs E ||BH§+51,Q¢ + h252||p\|§279

i=1 i=1
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Proof. Let X = Hp(curl,div;Q) and M = L%(Q), X, = Hon, and My, = Qop,
then we can apply Theorem 4.1 to the system (5.1) to obtain

5.9 B-B < inf B-A + inf —
(5.9) [ il < A0 | nll e, ot P — anll
+ sup a(B,Ah) — ah(B,Ah)
ALEV) | An | o,

Noting that for B € Hy, we have S,B € Hop,. On the other hand, for p € L3(€2), let
mhp be its standard L? projection in Q. Clearly 7,p may not be in Qon. But if we
set pp, = 7mnp— TP, where g stands for the average of q over 2 for any ¢ € L?(2), then
we have p, € Qon, and the following estimates hold using the standard approximation
property of the L? projection:

lp = prll = l|(p — 7p) — (0 — TaD)|| < |lp — Trpll S P2 |Dllss,02 -

Using this and Lemma 5.2, we derive by taking A, = S;B and g, = py, in (5.9) that

3
(6:10)  inf 1B = Anll+ inf = anll SHE D IBlhess o+ A% Il 0
g3 g ’L=1

It remains to estimate the last term in (5.9). Let K be the same as in Lemma 5.3,
then by the definition of a(-,-) and ap(,-), we can write for any A}, € Hoy (cf. [10]),

0B AW - an(B.AY = Y [ (8l) 512V < BV x Apde.
KeTr 'K
Using the Cauchy—Schwarz inequality, we obtain
|a(B, A}L) - ah(B, Ah)|

S S {IvxsB

KeT;

0 IV X Anllox + [V % (B = SuB)lloc IV % Anllox }

By Lemmas 5.3 and 5.2, we deduce

|a(B,Ah) — ah(B,Ah)\ 5 Z hK ||V X ShBHO,K ||V X Ah

0,K
KeTy:
+ 3" mPIV x (B = 5uB) ok IV % Anllox
KeTy

S AV xSpBlloallV x Aplloo
+ A2V x (B = 8,B)[oq |V x Apllog

3
S (h4 p/2E2 /%) <Z B||1+sl,ﬂk> IV > Anllog
k=1

and this completes the proof of Lemma 5.4. ]

Now, the above preparations enable us to make full use of the better local regu-
larity of B in each subdomain € to derive the main results of this section, the finite
element convergence.
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THEOREM 5.1. Let (B,p) € H(0,T; Hy) x L*(0,T; L3(£2)) be the solution to the
variational problem (3.7) such that B € H(0,T; H*1(Qy)) in each Qi (k =1,2,3)
for some 0 < sy <1 andp € HY(0,T; H*2(Q)) for some 0 < sy < 1. And let (By, pp)
be the finite element solution to the fully discrete finite element approxzimation (4.15),
then we have the following error estimates:

M
max [|B; — B2+ 7> {IV x (Bj. = B")|? + |V - (B} - B")|2}
- n=1

3
251 s
5 h7s Z ‘|BH§—11(O,T;H1+SI(QI¢)) + h?s2 Hp”%l(O,T;H%(Q))

+ T2{||B||?{2(0,T;HU) + Hp||2L2(QT)}-

Proof. Our aim is to estimate the error (B” — B}). Using the relation
(5.11) B" - B} = (B"-B")+ (B" - P,B") + (P,B" — B}),
and the projection results from Lemma 5.4, it suffices to estimate the difference &' =

(P,B" — B}) in the specified norms. To do so, letting A = YA, € Hpy, and
q = qn € Qop, in (3.7), then integrating over [t,_1,t,] we obtain

(0-B",Ap) + (BV x B",V x Ap) +~(V -B", V- Ay) + (5", V - Ay)
(5.12) = Ro(fB.VxAp)+R,(uxB",VxA) YAy, € Ho;
(V-B",qn) =0 Van e Qon,

_ 1 [in f
2= ————B(t)dt.
B T/f’_11+J|B|2 (*)

ln

where

Subtracting (4.15) from (5.12) yields
(0:&1 Ap) + (BrV X &,V X Ap) +9(V - &, V- Ay)

= (8. (P,B" — B"),A;) + Ra (fg . V x Ah),

hL n
L+o[By 2"
+Rn(uxB" —u} x B}, V x Ay)

+ (BV x PyB" — BV x B",V x Ay) + (V- (P,B" —B"),V - Ay)
+ (Ppp"™ =",V - Ap) + (phy — Pup",V - Ap) V Ay € Hop -

Letting Ay, = 7€ € Hyp, above, then using the second equations in both (4.15) and
(5.12) and the definition of the projection Py, we come to (cf. [10])

7(87'5}7;7 ;zl) +T(ﬁhv X ggav X 5;;) +7T(v ' S;Llav . 5}7;)
_ Mmoo fn

= Rr (B

+7(0-(P,B" —B"), &) +7(B" — P,B", &)

ROé(fn _f?) n

+T(1+a|13;;*{|2 h

(5.13) = D1+ D2+ Ds+ D2+ D)s.

BV X G+ Rur(@x B —w" x BY,V x &)

+ Ry (u" — u}) x BY, V x g;;)
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Obviously, (I)4 can be estimated immediately by the projection property. Below,
we shall analyze (I)1, (I)2, (I)s, and (I)5 one by one. For the estimation of (I);, we
first consider
I" n

I, = fA — ————— B
( )1 B 1+U|BZ_1|2 h

By direct manipulations, we have (cf. [10])

L (=)ol (B P =B +o(f - f)IB
=2 (L1 oBE)(1+oB] ) Bl
]' b fn D" DN D" » Y n
+;/ m{(B(th )+ (B" ~ P,B") + (P,B" — B}) Jt,
trn—1 oDy,

which can be easily bounded by
(5.14)

2 tn B B B B
i < 2 [ B = B [RB -B 4 B B
1

1 tn 1 tn _ _ _
br [ - riB@de 2 [0 (BO) - B+ B - P+ )
tn—1 tn—1

By the standard error estimates [5, 14, 10], we obtain from (5.14) that

(5.15)

n

n
|(H)1|S5fM{\ﬁ||BHL2(t,L,1,t")+\E||Bt||L2(tn72,tn)+ PRI EESY |Pth—Bk|}~

k=n—1 k=n—1

Similarly, for the estimation of (I)a, we first analyze (Il) := u x B — u™ x By.
We write

(I)e = %/t ' {(u(t) —u") x B(t) + u" x (B(t) — B},) }dt,

this leads readily to (with I, = (t,—1,%5])
(5.16)  [(I)2] < urrvV7IIBlL2(z,) + 2un (V7[Bellz2(r,) + [B" = PuB"[ +[&;1) -
Next, we estimate the following term needed in (5.13):

()3 =: ,(P,B" — B") = 9.(P,B" — B") + P,0.(B" — B")

(5.17) = % / " (PuBy(s) — By(s))ds + P,d,(B" — B").

For the second term above, we can write after some manipulations [10] that

_ 1 tn s i
0:(B" —B") = - /t / / By, (\)dA\duds,
n—1Js—7T4Js

this enables us to rewrite (II)3 as

tn

()3 = 1/ " (PyBi(s) — By(s))ds + %/

T Jtn_1 tn—1

s Iz
/ / P,By (N dA\dpuds,
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and so,
(5.18) ‘(H)g,| < \f”PhBt BtHLZ(In) + \E”PhBttHL%In)-

For the last term (I)5 in (5.13), by Lemma 5.3 and Young’s inequality there exists
some constant C' independent of 7 and h such that [10]

|(Ds| < 2r hC(Rafar + 2Rmunr) D IBRlox IV x & llo.x
KeT;

(5.19) < P g2 + or® IBRP

Now, we obtain from (5.13) and (5.19) and Young’s inequality that
(5.20) IER1Z = 1R~ I+ 7BmlIV x €112 + 71V - 117 < (D),
where the term (IIT); is given by
()1 = 7 {0 + A2 + D3] + B = PB™I* + [I€7 1% + h2|IBR %} -

Using the estimates for (II)q, (II)2, and (II)3 in (5.15)—(5.18), we can further estimate
(II); by

tn tn
15 [ IPBi) - Bio)Pds + 77 [ [PaBa(olPde+ (I + 1)

tn71 tnfl

n tn
+T{ > IPB* —B|? +T/ (IB@®]* + 1B (1)l )dt} +7 h?|| B,
tn—2

k=n—1

Summing both sides of (5.20) over n =1,2,...,k < M yields

k k
IERI7 + B D NIV X &R + 27 Y IV - €711
n=1 n=1

k

k
SN + 1PaB(0) = B(O)II* + 7 Y Il 1> + 4% Y By

n=1 n=1

T T
+/ ||PhBt(t)—Bt(t)||2dt+72/ | PnBy ()| 2dt
0 0
k

_ B T
(5.21) 1Y IPB =B 7 [ (B + B}

n=1

Finally using Lemmas 5.1, 5.2, and 5.4, and applying the discrete Gronwall inequality,
we are led to the error estimates in Theorem 5.1. 0

6. Application to a solar interface dynamo. For the astrophysical applica-
tion of the mathematical theory, we shall concentrate on the numerical modelling of
solar interface dynamos. Helioseismology reveals the existence of a highly differen-
tially rotating transition zone at the bottom of the convection zone, which is usually
referred to as the solar tachocline [28]. It is thought that the tachocline offers an ideal
location for the generation and storage of the Sun’s strong toroidal magnetic fields.
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In other words, the large-scale solar surface magnetic activities can be interpreted
as a result of the rising and emerging of tachocline-seated, strong toroidal magnetic
fields driven by magnetic buoyancy [34]. The existence of the tachocline leads to
development of the solar interface dynamo first proposed by Parker [25], in which
the generation of a weak poloidal magnetic field and a strong toroidal magnetic field
takes place in separate fluid regions. Parker’s interface dynamo concept depicts an
attractive picture of generating a strong toroidal magnetic field within the tachocline
while avoiding the dilemma relating to the strong alpha quenching in the convection
zone. We shall apply the finite element dynamo theory and algorithm discussed in
the previous sections to the problem of solar interface dynamo modelling.

In the solar interface dynamo model, we shall take u as the solar-like internal
differential rotation profile, a result of the helioseismic inversion (e.g., [28]) while the
function f is assumed to be given by

where (7,0, ¢) is the spherical polar coordinates. Similar forms have been used in the
previous solar dynamo simulations [27, 21, 16]. Furthermore, the weaker pole-equator
differential rotation in the convection zone is neglected and the amplification of the
toroidal magnetic field only occurs in the tachocline. It follows that the two magnetic
induction sources, the generation of a poloidal field in the convection zone, and the
amplification of the toroidal field in the tachocline, is spatially separated, as suggested
by Parker [25].

We have simulated three nonlinear finite element dynamos at R, = 30 for differ-
ent magnetic Reynolds numbers, R,, = 100, 200, and 500. Figure 2 displays magnetic
energies of the three nonlinear dynamo solutions as a function of time. The corre-
sponding butterfly diagram, contours of the azimuthal magnetic field evaluated at
the bottom of the convection zone plotted against time, is also shown in Figure 2
for the case with R, = 200. In Figure 3, we illustrate the time-dependent spatial
structure of the generated magnetic field in a meridional plane for R,, = 200, showing
an equatorially propagating dynamo wave similar to that of the solar cycle.

(/2 - 6)

25 R =200 1
- = Z
20 ] — —
10 /\_/\/\/\_; -6
R =100 L il
m L L L L L

% 04 08 12 16 2 1 1.2 1.4 1.6 1.8 2
t t

F1a. 2. The left panel shows magnetic energy En, of the dynamo as a function of time with a
steady tachocline for different values of Ry at Ro = 30 with 81 = 1, B2 = 1, and B3 = 150. The
right panel displays “a butterfly diagram” for the solution R, = 200 with the azimuthal magnetic
field evaluated at the bottom of the convection zone.
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D)
213

F1G. 3. Contours of the azimuthal field By in a meridional plane plotted at siz different instants
fort=1.0,1.2,1.4,1.6,1.8,2.0 (from top left to right and then from lower left to right) for Ry, = 200,
B1=1, B2 =1, and B3 = 150.
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There are a number of important features shown in our finite element dynamo
solutions. First, the effect of the large-scale differential rotation u in the tachocline
always gives rise to an oscillatory dynamo with a period of about one magnetic dif-
fusion unit, which is about 10 years if we adopt A; = 108m?s~!, approximate to
what has been observed in the solar magnetic field. Second, the interface dynamo
solutions always select dipolar symmetry and propagate equator ward though the
numerical simulation is fully three-dimensional, which is again consistent with the
observed feature of the solar magnetic field. Finally, the generated magnetic field
mainly concentrates in the vicinity of the interface between the tachocline and the
convection zone. A strong toroidal magnetic field in the tachocline is likely to be
susceptible to magnetic buoyancy instabilities leading to a quick eruption of the field
into the surface of the Sun in the form of sunspots.

7. Concluding remarks. Modelling stellar and planetary dynamos represents
an important, highly active research front in astrophysics and planetary physics.
Nearly all current stellar dynamo models are based on spectral methods in terms
of spherical harmonic expansions, which are computationally inefficient on modern
parallel computers and limit the application to general dynamo models, especially to
the models with variable physical coefficients of space and time. The finite element
method discussed in this paper offers an attractive alternative for simulating dynamos
in spherical geometry.

The first attempt at using finite element methods for numerical simulations of
spherical dynamos was made in [11]. The current work presents the first mathe-
matical theory and numerical analysis for mean-field spherical dynamos, and it has
made contributions in the following aspects: (1) The well-posedness of the mean-field
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dynamo system is rigorously demonstrated; the dynamo system is characterized in
terms of a saddle-point type formulation which can be conveniently approximated by
finite element methods. (2) The existing convergence theory on saddle-point systems
is improved and generalized so that the symmetric part of the bilinear form allows the
approximations of curved interfaces by straight polygons and numerical integrations
on polyhedra with curved faces are replaced by much easier integrations on polyhe-
dra with planar faces; and this is the first work of such type on saddle-point systems.
(3) A fully discrete finite element method is proposed for the interface dynamo system
with discontinuous coefficients, and error estimates are established under very weak
global and local regularity assumptions on the solutions, and this work seems to be the
first in achieving error estimates of numerical methods for three-dimensional interface
PDEs with curved interfaces, especially for nonlinear PDEs. (4) The application of
the proposed numerical method to a solar interface dynamo verifies some important
physical observations.

We believe that the mathematical theory and finite element methods for spherical
dynamos and their successful application to the solar interface dynamo presented in
this paper open up an exciting opportunity for future numerical simulation of stellar
dynamos. We also believe that the finite element theory and method developed in the
paper would also benefit other research communities in geophysics, planetary physics,
and astrophysics where the magnetic field and spherical geometry play an essential
role.
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