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We develop a gauge-invariant linear response theory for relativistic Bardeen-Cooper-Schrieffer (BCS)

superfluids based on a consistent fluctuation of the order-parameter (CFOP) approach. The response

functions from the CFOP approach satisfy important generalized Ward identities. The gauge invariance of

the CFOP theory is a consequence of treating the gauge transformation and the fluctuations of the order

parameter on equal footing so collective-mode effects are properly included. We demonstrate that the pole

of the response functions is associated with the massless Goldstone boson. Important physical quantities

such as the compressibility and superfluid density of relativistic BCS superfluids can also be inferred from

our approach. We argue that the contribution from the massless Goldstone boson is crucial in obtaining a

consistent expression for the compressibility.
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I. INTRODUCTION

The Bardeen-Cooper-Schrieffer theory of fermionic
superfluids (see [1] for a review on its application to
conventional superconductors) has provided not only an
explanation for conventional superconductors and other
fermionic superfluids but also a paradigm for studying
macroscopic quantum coherence due to interactions.
Soon after its discovery, the challenge of how to cast its
formalism in a gauge-invariant form when a charged sys-
tem is interacting with an electromagnetic (EM) field has
drawn broad interest. At the linear-response-theory level,
there have been two major approaches. Nambu in his
seminal paper [2] formulated this challenge in terms of
generalized Ward identities (GWIs) and proposed an ap-
proach based on a set of integral equations for finding a
gauge-invariant EM vertex which governs the kernels of
response functions. This approach has been reviewed in
Schrieffer’s book on superconductivity [1] and also finds
applications in other branches of physics such as nuclear
matter interacting with neutrinos [3].

There is another approach based on consistent fluctua-
tions of the order parameter (CFOP), which is the main
theme of this paper. In this approach, the effects of gauge
transformation from the gauge field are balanced by the
fluctuations of the order parameter in a consistent fashion.
This is made possible by treating the terms induced by the
gauge field as well as the fluctuations of the order parame-
ter equally in the perturbative Hamiltonian. Although the
kernels of response functions from this approach are not a
solution of Nambu’s integral equations, the CFOP formal-
ism is manifestly gauge invariant and we will show that

GWIs are satisfied. This is because being a solution of
Nambu’s integral equations is only a sufficient condition
for satisfying the GWIs, but not a necessary condition.
Importantly, this approach reproduces the compressibility
correctly as that from the equations of state and this
demonstrates self-consistency of the CFOP approach.
The theory of CFOP has an interesting history. Kadanoff

and Martin [4] first proposed this approach in a less com-
plete form by considering only the phase fluctuations of the
order parameter. Their idea is to decompose the three-
particle Green’s function in a way that can respect gauge
invariance. Betbeder Matibet and Nozieres [5] and Kulik
et al. [6] independently formulated this approach in more
complete forms with both phase and amplitude fluctuations
later on. This approach has also been formulated by the
Keldysh formalism with time-ordered Green’s functions in
Ref. [7]. After its successful application to conventional
superconductors, a generalization of this approach to non-
relativistic fermionic superfluids satisfies important sum
rules and has been applied to ultracold atomic systems
[8–10]. It has also been discussed in the physics of neutron
stars [11]. Here we base on our formalism of a relativistic
version of the BCS theory [12] with Kulik’s approach to
CFOP and develop a gauge-invariant linear response the-
ory of relativistic fermionic BCS superfluids. To demon-
strate the versatility of this approach, we will address the
collective mode associated with the massless Goldstone
boson in the symmetry-broken phase, the density suscep-
tibility which governs the compressibility, and the super-
fluid density.
To further contrast these two approaches, we also

present the relativistic version of Nambu’s integral equa-
tions for the EM vertex. There have been attempts to find
an iterated solution based on the random phase approxi-
mation (RPA) [3]. In nonrelativistic BCS superfluids it is
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possible to argue that the RPA-based theory satisfies the
corresponding GWI. To our knowledge, neither a relativ-
istic version of Nambu’s integral equations nor a complete
proof of the gauge invariance of the RPA-based linear
response theory for relativistic BCS superfluids has been
explicitly presented. Since a major goal of this paper is to
advocate the CFOP theory of relativistic Fermi superfluids,
we will limit our discussions on Nambu’s integral-equation
approach.

This paper is organized as the following. Section II
briefly reviews a microscopic theory for relativistic BCS
superfluids that will be the foundation of this work.
Section III presents the CFOP formalism and we explain
in more detail how our theory respects gauge invariance in
Sec. IV. Section V gives the explicit expressions of the
response functions from our CFOP approach. Sections VI,
VII, and VIII show some applications of the CFOP theory
to the collective modes, compressibility, and the Meissner
effect for a relativistic BCS superfluid. We briefly discuss a
relativistic version of Nambu’s integral-equation approach
and its associated GWIs in Sec. IX. Section X concludes
our work. Some details and conventions are given in the
Appendix.

II. MICROSCOPIC THEORY OF RELATIVISTIC
FERMI SUPERFLUIDS

Several relativistic models of two-component BCS
superfluids have been formulated in Refs. [12–17] and
we briefly review the model following the BCS-Leggett
mean-field theory [12,15] without any external gauge field
here. The Lagrangian density is

L ðxÞ ¼ X
�¼";#

�c �ði��@� �mþ��0Þc � þLIðxÞ; (1)

where c , �c are Dirac spinors which denote the fermion
fields with mass m and chemical potential �. The repre-
sentation of the � matrix and some useful properties are
given in Appendix A. Throughout this paper, we take the
convention e ¼ c ¼ ℏ ¼ 1 and use � to denote the pseu-
dospin " and # with "¼ � # and �� ¼ ��. The pseudospin
may refer to some internal degrees of freedom such as the
color indices in quantum chromodynamics. LI describes
the attractive pairing interactions between particles with
different pseudospins and it takes the form [13]

L IðxÞ ¼ gðc T
" Ci�5c #Þð �c #i�5C �c T

" Þ; (2)

where g is the attractive coupling constant, and the charge
conjugation matrix C is defined as C ¼ i�0�2. The gap
function that is also the order parameter is given by�ðxÞ ¼
ghc T

" Ci�5c #i. The standard BCS approximation then gives

LBCSðxÞ ¼
X
�¼";#

�c �ði��@� �mþ��0Þc �

þ ��ðc T
" Ci�5c #Þ þ �ð �c #i�5C �c T

" Þ: (3)

The corresponding form of the Hamiltonian density is then
given by

H BCSðxÞ ¼
X
�¼";#

�c �ð�i ~� � r þm���0Þc �

� ��ðc T
" Ci�5c #Þ � �ð �c #i�5C �c T

" Þ: (4)

In the broken-symmetry phase the order parameter may be
chosen to be real. Here we present our theory in Matsubara
formalism, which is applicable to both zero and finite
temperature T. We will focus on T ¼ 0 results and a gen-
eralization to finite T within the BCS approximation is
straightforward. To simplify the notation, we group the
imaginary time � ¼ it and x as a four-vector x ¼ ð�;xÞ
and define

O ðxÞ ¼ eHBCS�OðxÞe�HBCS�; (5)

whereHBCS ¼ R
d3xH BCSðxÞ. The single particle Green’s

function and anomalous Green’s function are given by

Gðx; x0Þ ¼ �hT�½c "ðxÞ �c "ðx0Þ�i;
Fðx; x0Þ ¼ �hT�½c "ðxÞc T

# ðx0ÞC�i; (6)

where T� denotes the � order of operators. When HBCS is
time independent, G and F depend only on the difference
�� �0. Let xþ ¼ ð�þ 0þ;xÞ. The gap function can be
expressed as

�ðxÞ ¼ gTr½i�5Fðx; xþÞ�: (7)

The number density for each species is defined by n�ðxÞ ¼
h �c �ðxÞ�0c �ðxÞi ¼ hc y

�ðxÞc �ðxÞi. It can be also calcu-
lated from the single particle Green’s function n�ðxÞ ¼
Tr½�0Gðx; xþÞ�. Therefore, the total fermion number is
given by

n ¼
Z

d3xðn"ðxÞ þ n#ðxÞÞ ¼ 2
Z

d3xTr½�0Gðx; xþÞ�:
(8)

It can be shown that the Green’s function and anomalous
Green’s function satisfy the following equations of motion:

½��0@� þ i ~� � r � ðm���0Þ�Gðx; x0Þ þ i��5
~Fðx; x0Þ

¼ �ðx� x0Þ14�4; (9)

½��0@� þ i ~� � r � ðm���0Þ�Fðx; x0Þ þ i��5
~Gðx; x0Þ

¼ 0; (10)

where ~Gðx; x0Þ ¼ CGTðx0; xÞC, ~Fðx; x0Þ ¼ �0Fyðx0; xÞ�0,
14�4 is the four-dimensional identity matrix, and �ðx�
x0Þ ¼ �ð�� �0Þ�ðx� x0Þ. Here we define the fermion
four-momentum at finite temperature as P ¼ ði!n;pÞ,
where !n is the fermionic Matsubara frequency given by
!n ¼ ð2nþ 1Þ�kBT, where kB is the Boltzmann constant.

The quasiparticle energies are given by E�
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2
p þ �2

q
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with ��
p ¼ �p �� and �p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
p

. With the help of

the energy projectors

��ðpÞ ¼ 1

2

�
1� �0ð ~� � pþmÞ

�p

�
; (11)

the solution of G and F in momentum space are

GðP;�Þ ¼
�
u�2
p �þðpÞ

i!n � E�
p

þ v�2
p �þðpÞ

i!n þ E�
p

þ uþ2
p ��ðpÞ

i!n þ Eþ
p

þ vþ2
p ��ðpÞ

i!n � Eþ
p

�
�0; (12)

FðP;�Þ ¼
�
u�p v�

p �þðpÞ
i!n � E�

p

� u�p v�
p �þðpÞ

i!n þ E�
p

þ uþp vþ
p ��ðpÞ

i!n � Eþ
p

� uþp vþ
p ��ðpÞ

i!n þ Eþ
p

�
i�5; (13)

where u�2
p ¼ 1

2 ð1þ
��
p

E�
p
Þ and v�2

p ¼ 1
2 ð1�

��
p

E�
p
Þ. The energy

projectors �þðpÞ and ��ðpÞ project out the contributions
from the fermion and antifermion, respectively. In the
nonrelativistic limit where jpj � m, j��mj � m, and
� � m, one gets�þðpÞ ’ 1 and��ðpÞ ’ 0 so our expres-
sions reduce to the well-known nonrelativistic results. By
taking the Fourier transform of Eq. (8), the fermion number
is given by n ¼ 2

P
PTr½�0GðP;�Þ�, which is the number

difference between the fermions and antifermions,

n ¼ nþ � n�
¼ 4

X
p

½u�2
p fðE�

p Þ þ v�2
p fð�E�

p Þ�

� 4
X
p

½ðuþ2
p fðEþ

p Þ þ vþ2
p fð�Eþ

p ÞÞ�; (14)

where n� denotes the density of fermion and antifermion.
The Fermimomentum kF is defined by n ¼ 2k3F=ð3�2Þ, and
the Fermi energy is �F ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2F þm2

q
. The Fourier transform

of Eq. (7) gives � ¼ g
P

P Tr½i�5FðP;�Þ�, which leads to
the gap equation,

1

g
¼ X

p

�
1� 2fðE�

p Þ
E�
p

þ 1� 2fðEþ
p Þ

Eþ
p

�
: (15)

In the nonrelativistic limit, the number equation (14) and
gap equation (15) reduce to the well-known nonrelativistic
results except a factor of 2 on both right-hand sides.
This factor of 2 comes from the fact that we have introduced
the pseudospin, which brings 2 times more degrees of
freedom.
Since the model is not renormalizable in 3þ 1 dimen-

sions, a regularization or a momentum cutoff � is needed.
The relativistic limit of the BCS state depends on the
Compton wavelength 	c ¼ m�1 [15]. If kF � 1=	c ¼
m, the system evolves into the relativistic regime. It has
been shown that this model can be generalized to describe
the BCS-Bose-Einstein condensation (BEC)-relativistic
BEC crossover [15] of Fermi gases.
To further compactify our expressions, we reformulate

the relativistic BCS theory in the Nambu formalism [1,2].
This is more convenient for the discussions on the linear
response to an external electromagnetic field. We introduce
the Nambu-Gorkov spinors

�ðxÞ ¼ c "ðxÞ
C �c T

# ðxÞ
 !

; ��ðxÞ ¼ ð �c "ðxÞ; c T
# ðxÞCÞ:

Moreover, we define

�þ ¼ 1
2ð�1 þ i�2Þ; �� ¼ 1

2ð�1 � i�2Þ;
��þ ¼ 1

2ð�0 þ �3Þ; ��� ¼ 1
2ð�0 � �3Þ

(16)

in Nambu space. One can show that � ¼ gh ��i�5���i
and its Fourier transform is �q ¼ g

P
ph ��pi�5���pþqi.

Similarly one can show that

LBCS ¼ ��ði��@� �mþ��0�3Þ�
þ ��ð�i�5�þ þ ��i�5��Þ�: (17)

The Lagrangian density can be written as LBCS ¼
��Ĝ�1�, where the inverse propagator in momentum
space is given by

Ĝ�1ðP;�Þ ¼ �hT�½�p
��p�i

¼ ði!n þ��3Þ�0 � ~� � p�mþ �i�5�1:

(18)

After evaluating the inverse of the right-hand side, one
gets the expression of the propagator (see Appendix B),

ĜðP;�Þ ¼
��

u�2
p

i!n � E�
p

þ v�2
p

i!n þ E�
p

�
�þðpÞ þ

�
uþ2
p

i!n þ Eþ
p

þ vþ2
p

i!n � Eþ
p

�
��ðpÞ

�
�0 ��þ

þ
��

uþ2
p

i!n � Eþ
p

þ vþ2
p

i!n þ Eþ
p

�
�þðpÞ þ

�
u�2
p

i!n þ E�
p

þ v�2
p

i!n � E�
p

�
��ðpÞ��0 ���

þ
�

�þðpÞ�
ði!nÞ2 � E�2

p

þ ��ðpÞ�
ði!nÞ2 � Eþ2

p

�
i�5�þ þ

�
�þðpÞ�

ði!nÞ2 � Eþ2
p

þ ��ðpÞ�
ði!nÞ2 � E�2

p

�
i�5��: (19)
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From Eqs. (12) and (13), one finds that

ĜðP;�Þ ¼ GðP;�Þ FðP;�Þ
FðP;��Þ GðP;��Þ

� �
: (20)

Moreover, the number equation (14) and gap equation (7)
can also be rewritten in Nambu space as

n ¼ X
P

Tr½�3�
0ĜðP;�Þ�;

� ¼ g

2

X
P

Tr½�1i�5ĜðP;�Þ�: (21)

The expression (19) of the propagator in Nambu space can
be further simplified to a more instructive form. We define
the operator Êp ¼ �0ð ~� � pþmÞ ���3 � ��0i�5�1 in
Nambu space and also introduce the projectors,

�̂þðpÞ 	
�þðpÞ 0

0 ��ðpÞ

" #
;

�̂�ðpÞ 	 1� �̂þðpÞ ¼
��ðpÞ 0

0 �þðpÞ

" #
: (22)

Then the propagator becomes (see Appendix C)

ĜðP;�Þ ¼
�

û�2
p

i!n � E�
p

þ v̂�2
p

i!n þ E�
p

þ ûþ2
p

i!n þ Eþ
p

þ v̂þ2
p

i!n � Eþ
p

�
�0; (23)

where the coefficients are given by

û�
p ¼ ðE�

p 
 ÊpÞ�̂
ðpÞ
2E�

p

; v̂�
p ¼ ðE�

p � ÊpÞ�̂
ðpÞ
2E�

p

:

(24)

Those coefficients are the counterparts (in Nambu space)
of the coefficients u�p and v�

p .

III. GAUGE-INVARIANT LINEAR RESPONSE
THEORY

We consider fermions and antifermions coupled to a
weak external EM field A�ðxÞ. The derivative @� in the

Lagrangian density (1) should be replaced by the covariant
derivative D� ¼ @� þ iA�ðxÞ, which results in the inter-

acting term LAðxÞ ¼ �P�¼";# �c ��
�c �A� ¼ �J�A�. In

Nambu space, one can show that LA ¼ � �����3�A�.

The corresponding Hamiltonian density is H AðxÞ ¼
�LAðxÞ. Gauge invariance of a microscopic linear re-
sponse theory with respect to an external EM field is
made possible by considering the perturbations due to the
fluctuations of the order parameter in a consistent fashion.
The nonrelativistic version of the CFOP method has been
extensively studied [6,18,19] and here we will develop a
relativistic version of this method.

In equilibrium, the order parameter is given by �. We
assume that the deviation of the order parameter from its
equilibrium is small and denote the small perturbation by

�0ðxÞ. Therefore, � in Eq. (17) is replaced by � ! �þ
�0. Then the Hamiltonian density splits into two parts: the
equilibrium expression and the part containing the devia-
tion. Explicitly, H BCS ¼ H BCS0 þH 0 where

H BCS0 ¼ ��ð�i ~� � r þm���0�3 ��i�5�1Þ�
(25)

and

H 0 ¼ ��ð�1i�5�1 þ �2i�5�2 þ 6A�3Þ�: (26)

Here �0 ¼ �ð�1 � i�2Þ and �0� ¼ �ð�1 þ i�2Þ. �1 and
�2 are the negative real and imaginary parts of the fluctua-
tions of the order parameter. The Hamiltonian HBCS

becomes

HBCS ¼ HBCS0 þH0

¼ X
p

��pð ~� � pþm���0�3 ��i�5�1Þ�p

þX
pq

��pþqð�1qi�5�1 þ �2qi�5�2 þ 6Aq�3Þ�p:

(27)

The interaction term may be considered as a scalar product

�̂T
q � �̂, where

�̂q ¼ ð�1q;�2q; A�qÞT;
�̂ ¼ ð�1i�5; �2i�5; �3�

�ÞT (28)

are the generalized external potential and the generalized
vertex function. To calculate the linear response of a
relativistic Fermi superfluid to the perturbation H0, we
introduce the response-function vector ~
:

~
ð�;qÞ ¼X
p

h ��pð�Þ�̂�pþqð�Þi; (29)

where 

�
3 	 J� corresponds to the current due to the

external field and 
1;2 denote the perturbations due to the

fluctuations of the gap function. The covariant index �
should not be confused with the chemical potential. The
linear response theory is then written in a matrix form

~
ð�;qÞ ¼ Q
$ð�;qÞ � �̂q

¼
Q11ð�;qÞ Q12ð�;qÞ Q�

13ð�;qÞ
Q21ð�;qÞ Q22ð�;qÞ Q�

23ð�;qÞ
Q�

31ð�;qÞ Q�
32ð�;qÞ Q��

33 ð�;qÞ

0
@

1
A �1q

�2q

A�q

0
B@

1
CA:

(30)

The response functions Qij are

Qijð�� �0;qÞ ¼ �X
pp0

hT�½ ��pð�Þ�̂i�pþqð�Þ ��p0þqð�0Þ

� �̂j�p0 ð�0Þ�i: (31)

Using a Fourier transform and making use of Wick’s
theorem, we obtain
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Qijði�l;qÞ ¼ TrT
X
i!n

X
pp0

�̂iĜpþq;p0þqði!n

þ i�lÞ�̂jĜp;p0 ði!nÞ
¼ TrT

X
i!n

X
p

�̂iĜðPþQ;�Þ�̂jĜðP;�Þ;

(32)

where Q ¼ ði�l;qÞ,�l is the boson Matsubara frequency,

Ĝp;p0 ði!nÞ ¼ Ĝpði!nÞ�p;p0 , and Ĝpði!nÞ 	 ĜðP;�Þ ¼
1

i!n�Êp
�0. Inserting the above relations into Eq. (32), the

linear response matrix is given by

Qijði�l;qÞ ¼ T
X
i!n

X
p

Tr

�
�̂i

1

i!n þ i�l � Êpþq

�0

� �̂j

1

i!n � Êp

�0

�
: (33)

Next we show that if the fluctuations of the order pa-
rameter are formulated as shown in Eq. (26), our micro-
scopic linear response theory is explicitly gauge invariant.
Applying the condition 
1;2 ¼ � 2

g�1;2 consistent with the

gap equation to Eqs. (30), we find

�1 ¼ �Q�
13
~Q22 �Q�

23Q12

~Q11
~Q22 �Q12Q21

A�;

�2 ¼ �Q�
23
~Q11 �Q�

13Q21

~Q11
~Q22 �Q12Q21

A�;

(34)

where ~Q11 	 2
g þQ11 and ~Q22 	 2

g þQ22. After substitut-

ing the results into

J� 	 
3 ¼ Q�
31�1 þQ�

32�2 þQ��
33 A�; (35)

we get J� ¼ K��A� ¼ ðK��
0 þ �K��ÞA�. Here K��

0 ¼
Q��

33 and

�K�� ¼ �
~Q11Q

�
32Q

�
23 þ ~Q22Q

�
31Q

�
13 �Q12Q

�
31Q

�
23 �Q21Q

�
32Q

�
13

~Q11
~Q22 �Q12Q21

: (36)

The gauge-invariance condition q�J
� ¼ 0 leads to q�K

��ðQÞ ¼ 0, where q� 	 Q ¼ ði�l;qÞ is the covariant form of the
four-momentum. This condition is explicitly satisfied if the response functions satisfy the generalized Ward identities:

q�Q
�
31 ¼ �2i�Q21; q�Q

�
32 ¼ �2i� ~Q22; q�Q

��
33 ¼ �2i�Q�

23: (37)

The derivations of these GWIs will be given in a moment. First, we show that the response functions indeed satisfy those
GWIs. We observe that

q�K
�� ¼ �2i�Q�

23 þ 2i�
~Q11

~Q22Q
�
23 þ ~Q22Q21Q

�
13 �Q12Q21Q

�
23 �Q21

~Q22Q
�
13

~Q11
~Q22 �Q12Q21

¼ �2i�Q�
23 þ 2i�Q�

23 ¼ 0: (38)

The proof of the GWIs (37) is sketched here. Our starting
point is the expression (32). In what follows we will use the
covariant form of the four-momentum p� 	 P ¼ ði!n;pÞ
and P interchangeably. Moreover,

P
P 	 T

P
i!n

P
p . If we

apply the analytical continuation i!n ! !þ i�, thenP
P ¼ R

d4P
ð2�Þ4 . By using the notation 6p ¼ �0i!n � ~� � p

we can express the bare and full propagators in Nambu
space as

Ĝ�1
0 ðP;�Þ ¼ 6p�mþ �3��0;

Ĝ�1ðP;�Þ ¼ Ĝ�1
0 ðP;�Þ � �̂; (39)

where the self-energy in Nambu space is �̂ ¼ ���1i�5

and should not be confused with the effective vertex func-
tion �̂. Those expressions give

�3Ĝ
�1ðPþQ;�Þ � Ĝ�1ðP;�Þ�3 ¼ 6q�3 þ 2i��2i�5:

(40)

Equation (40) will lead to the GWI (37). One can show that

q�Q
�
31 þ 2i�Q21 ¼ Tr

X
P

½�3ðĜ�1ðPþQ;�Þ

� Ĝ�1ðP;�Þ�3ÞĜðP
þQ;�Þ�1i�5ĜðP;�Þ�

¼ �2Tr
X
P

½�2�5ĜðP;�Þ� ¼ 0; (41)

where Eq. (E1) has been used. Similarly, for the second
GWI we can show that

q�Q
�
32 þ 2i�Q22 ¼ Tr

X
P

½�3�2i�5ĜðP;�Þ�

� Tr
X
P

½ĜðPþQ;�Þi�5�2�3�

¼ �2iTr
X
P

½�1i�5ĜðP;�Þ� ¼ � 4i

g
�;

(42)
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where in the last line we have used Eq. (21). Therefore we
get the second GWI q�Q

�
32 ¼ �2i�ðQ22 þ 2

g�Þ ¼�2i� ~Q22. For the last GWI of Eq. (37), we have

q�Q
��
33 þ 2i�Q�

23 ¼ Tr
X
P

½��ĜðP;�Þ�

� Tr
X
P

½ĜðPþQ;�Þ���

¼ 0: (43)

This completes the proof.

IV. MORE ABOUT GAUGE INVARIANCE

We have seen how the gauge-invariance condition is
satisfied by our response functions. Here we will clarify
some subtleties from a generalized interaction picture. In
our linear response theory, the Lagrangian density after the
BCS approximation is given by

L BCS ¼ LBCS0 þL0

¼ ��ði��@� �mþ��0�3 þ�i�5�1Þ�
� ��ð�1i�5�1 þ �2i�5�2 þ 6A�3Þ�: (44)

One can show that it is invariant under the generalized
infinitesimal gauge transformation

� ! ð1þ i�3�Þ�; �� ! ��ð1� i�3�Þ;
� ! �; A� ! A� � @��; �1 ! �1;

�2 ! �2 þ 2��:

(45)

Under this transformation the two parts of the Lagrangian
density transform as

LBCS0 ! LBCS0 � ���3@��þ i� ���i�5½�1; �3��
¼ LBCS0 � ���3@��þ 2� ���i�5�2�;

L0 ! L0 � 2� ���i�5�2�þ ���3@��: (46)

Therefore LBCS is invariant under the generalized infini-
tesimal gauge transformation (45). Here we emphasize that
the transformation (45) only keeps terms linear in � in the
linear response theory.

The original mean-field Lagrangian density (17) with a
real � is not gauge invariant if the order parameter � is not
perturbed by the gauge transformation. To circumvent this
we assume that the effects are absorbed into the fluctua-
tions of the order parameter �0 while the equilibrium value
of � is unchanged. From �ðxÞ ¼ ghc T

" Ci�5c #i and �2 ¼
Im�0 we see that only the imaginary part of the order

parameter is perturbed by c "# ! ð1þ i�Þc "# while the

(negative) real part is not, Therefore the perturbations
from the gauge transformation are ��1 ¼ 0 and ��2 ¼
2i��. It is the gauge transformation of �2 that cancels the
term associated with � in the generalized gauge trans-
formation and leads to the gauge invariance of the
Lagrangian density.
As shown in Sec. III, the perturbative Lagrangian den-

sity can be written as ���̂T
q � �̂�, where �̂ and �̂ are

defined by Eq. (28). In fact �̂ may be viewed as the

generalized external gauge field and �̂ may be viewed as
the generalized vertex function. In our theory, there are
three different spaces: (i) the two-dimensional Nambu
space where the Pauli matrices live, (ii) the four-
dimensional representation space of the Clifford Algebra
in which the � matrices live, and (iii) a three-dimensional
space which we will define as the generalized gauge space,

where the generalized external potential �̂ and generalized

vertex function �̂ are defined. Thus, the transformation
(45) is the corresponding generalized gauge transformation
of the generalized external gauge field. Explicitly,

�̂ ! �̂þ
0

2��
�@��

0
B@

1
CA: (47)

In momentum space �@�� becomes �iq��. We define

the generalized external momentum as q̂ 	 ð0; 2i�; q�ÞT
in the generalized gauge space. Then the generalized gauge
transformation (47) can be written as

�̂ ! �̂� iq̂�: (48)

We saw that the Lagrangian density is invariant under the
generalized gauge transformation (45) and now we want to
find the corresponding GWI. By using the form of gener-
alized external momentum, Eq. (40) becomes

�3Ĝ
�1ðPþQ;�Þ � Ĝ�1ðP;�Þ�3 ¼ 6q�3 þ 2i��2i�5

¼ q̂T � �̂: (49)

This is the GWI associated with the generalized gauge
symmetry.
Next we address what the conserved generalized current

associated with this gauge transformation should be. Using
the self-consistent condition 
1;2 ¼ � 2

g�1;2, Eq. (30) can

be written as

0
0
J�

0
@

1
A ¼

~Q11 Q12 Q�
13

Q21
~Q22 Q�

23

Q
�
31 Q

�
32 Q

��
33

0
B@

1
CA �1

�2

A�

0
@

1
A: (50)

We then define the generalized current Ĵ 	 ð0; 0; J�ÞT and
three generalized response-function vectors

HAO GUO, CHIH-CHUN CHIEN, AND YAN HE PHYSICAL REVIEW D 85, 074025 (2012)

074025-6



Q̂ 1 ¼
~Q11

Q21

Q�
31

0
@

1
A; Q̂2 ¼

Q12
~Q22

Q�
32

0
@

1
A;

Q̂
�
3 ¼

Q
�
13

Q�
23

Q
��
33

0
B@

1
CA:

(51)

Then the generalized current (50) becomes

Ĵ ¼ ðQ̂1; Q̂2; Q̂
�
3 Þ � �̂; (52)

The GWIs (37) for the response functions can also be
written as

q̂ T � Q̂i ¼ 0 for i ¼ 1; 2; 3: (53)

Thus, the GWIs directly lead to the conservation of the
generalized current

q̂ T � Ĵ ¼ ðq̂T � Q̂1; q̂
T � Q̂2; q̂

T � Q̂�
3 Þ � �̂ ¼ 0: (54)

This gives

q�J
� ¼ 0: (55)

Therefore Ĵ is indeed the conserved current associated with
the generalized gauge transformation. We see that the
generalized gauge transformation leads to the usual
Uð1Þ gauge invariance of our linear response theory.
Importantly, the GWI (49) for the generalized vertex func-
tion is exact since there are no high order corrections to the
vertex in the linear response theory. Thus, we have proved
that our CFOP theory is indeed gauge invariant.

V. EXPRESSIONSOF THERESPONSE FUNCTIONS

It will greatly simplify our expressions of the response
functions from the CFOP approach if we sort out the
parities of them first. Here we list the main results and
leave the details in Appendix E. The parity of the
response functions about the four-momentum Q ¼
ði�l;qÞ is

Qijði�l;qÞ ¼ ð�1Þð�2iþ�2jÞQijð�i�l;�qÞ: (56)

The parity about the gauge indices i; j is given by

Qjiði�l;qÞ ¼ ð�1Þð�2iþ�2jÞQijði�l;qÞ: (57)

The parity about the boson Matsubara frequency i�l is
relatively complicated. For i ¼ j ¼ 1; 2 we have

Qiiði�l;qÞ ¼ Qiið�i�l;qÞ: (58)

For i ¼ j ¼ 3 we have

Q��
33 ði�l;qÞ ¼

�
Q��

33 ð�i�l;qÞ if � ¼ � ¼ 0 or � ¼ i; � ¼ j
�Q

��
33 ð�i�l;qÞ if � ¼ 0; � ¼ i or � ¼ i; � ¼ 0:

(59)

For i ¼ 1, j ¼ 2 we have

Q12ði�l;qÞ ¼ �Q12ð�i�l;qÞ: (60)

For i ¼ 1, j ¼ 3 we have

Q
�
13ði�l;qÞ ¼

�
Q

�
13ð�i�l;qÞ if � ¼ 0

�Q�
13ð�i�l;qÞ if � ¼ i:

(61)

For i ¼ 2, j ¼ 3 we have

Q
�
23ði�l;qÞ ¼

��Q�
23ð�i�l;qÞ if � ¼ 0

Q
�
23ð�i�l;qÞ if � ¼ i:

(62)

After sorting out the parities, the expressions of the
response functions can be derived. After summing the
Matsubara frequencies, Eq. (33) becomes

Qijði�l;qÞ ¼
X
p

Z
d�1

Z
d�2 Tr

�
fð�1Þ � fð�2Þ
�1 � �2 � i�l

�̂i�ð�1

� ÊpþqÞ�0�̂j�ð�2 � ÊpÞ�0

�
: (63)

The �-function operator can be decomposed as (see
Appendix C)

�ð�� ÊpÞ ¼ û�p �ð�� E�
p Þ þ v̂�

p �ð�þ E�
p Þ

þ ûþp �ð�þ Eþ
p Þ þ v̂þ

p �ð�� Eþ
p Þ: (64)

We define the coherence coefficients as

ðu�u�Þij ¼ Tr½�̂iû
�
pþq�

0�̂jû
�
p �

0�;
ðu
u�Þij ¼ Tr½�̂iû



pþq�

0�̂jû
�
p �

0�;
ðu�v�Þij ¼ Tr½�̂iû

�
pþq�

0�̂jv̂
�
p �

0�;
ðu
v�Þij ¼ Tr½�̂iû



pþq�

0�̂jv̂
�
p �

0�;
ðv�u�Þij ¼ Tr½�̂iv̂

�
pþq�

0�̂jû
�
p �

0�;
ðv
u�Þij ¼ Tr½�̂iv̂



pþq�

0�̂jû
�
p �

0�;
ðv�v�Þij ¼ Tr½�̂iv̂

�
pþq�

0�̂jv̂
�
p �

0�;
ðv
v�Þij ¼ Tr½�̂iv̂



pþq�

0�̂jv̂
�
p �

0�:

(65)

The response functions can be explicitly written down as
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Qijði�l;qÞ ¼
X
p

�ðfðE�
pþqÞ � fðE�

p ÞÞðu�u�Þij
E�
pþq � E�

p � i�l

� ð1� fðE�
pþqÞ � fðE�

p ÞÞðu�v�Þij
E�
pþq þ E�

p � i�l

� ð1� fðE�
pþqÞ � fðEþ

p ÞÞðu�uþÞij
E�
pþq þ Eþ

p � i�l

þ ðfðE�
pþqÞ � fðEþ

p ÞÞðu�vþÞij
E�
pþq � Eþ

p � i�l

� ð1� fðE�
pþqÞ � fðE�

p ÞÞðv�u�Þij
E�
pþq þ E�

p þ i�l

þ ðfðE�
pþqÞ � fðE�

p ÞÞðv�v�Þij
E�
pþq � E�

p þ i�l

þ ðfðE�
pþqÞ � fðEþ

p ÞÞðv�uþÞij
E�
pþq � Eþ

p þ i�l

� ð1� fðE�
pþqÞ � fðEþ

p ÞÞðv�vþÞij
E�
pþq þ Eþ

p þ i�l

� ð1� fðEþ
pþqÞ � fðE�

p ÞÞðuþu�Þij
Eþ
pþq þ E�

p þ i�l

þ ðfðEþ
pþqÞ � fðE�

p ÞÞðuþv�Þij
Eþ
pþq � E�

p þ i�l

þ ðfðEþ
pþqÞ � fðEþ

p ÞÞðuþuþÞij
Eþ
pþq � Eþ

p þ i�l

� ð1� fðEþ
pþqÞ � fðEþ

p ÞÞðuþvþÞij
Eþ
pþq þ Eþ

p þ i�l

þ ðfðEþ
pþqÞ � fðE�

p ÞÞðvþu�Þij
Eþ
pþq � E�

p � i�l

� ð1� fðEþ
pþqÞ � fðE�

p ÞÞðvþv�Þij
Eþ
pþq þ E�

p � i�l

� ð1� fðEþ
pþqÞ � fðEþ

p ÞÞðvþuþÞij
Eþ
pþq þ Eþ

p � i�l

þ ðfðEþ
pþqÞ � fðEþ

p ÞÞðvþvþÞij
Eþ
pþq � Eþ

p � i�l

�
: (66)

If Qij is an even function of i�l, the expression reduces to

Qijði�l;qÞ ¼
X
p

�ðfðE�
pþqÞ � fðE�

p ÞÞðE�
pþq � E�

p Þ
ðE�

pþq � E�
p Þ2 � ði�lÞ2

ððu�u�Þij þ ðv�v�ÞijÞ �
ð1� fðE�

pþqÞ � fðE�
p ÞÞðE�

pþq þ E�
p Þ

ðE�
pþq þ E�

p Þ2 � ði�lÞ2

� ððu�v�Þij þ ðv�u�ÞijÞ �
ð1� fðE�

pþqÞ � fðEþ
p ÞÞðE�

pþq þ Eþ
p Þ

ðE�
pþq þ Eþ

p Þ2 � ði�lÞ2
ððu�uþÞij þ ðv�vþÞijÞ

þ ðfðE�
pþqÞ � fðEþ

p ÞÞðE�
pþq � Eþ

p Þ
ðE�

pþq � Eþ
p Þ2 � ði�lÞ2

ððu�vþÞij þ ðv�uþÞijÞ þ terms with superindicesðþ $ �Þ
�
: (67)

If Qij is an odd function of i�l, the expression reduces to

Qijði�l;qÞ ¼ i�l

X
p

�
fðE�

pþqÞ � fðE�
p Þ

ðE�
pþq � E�

p Þ2 � ði�lÞ2
ððu�u�Þij � ðv�v�ÞijÞ �

1� fðE�
pþqÞ � fðE�

p Þ
ðE�

pþq þ E�
p Þ2 � ði�lÞ2

ððu�v�Þij � ðv�u�ÞijÞ

� 1� fðE�
pþqÞ � fðEþ

p Þ
ðE�

pþq þ Eþ
p Þ2 � ði�lÞ2

ððu�uþÞij � ðv�vþÞijÞ þ
fðE�

pþqÞ � fðEþ
p Þ

ðE�
pþq � Eþ

p Þ2 � ði�lÞ2
ððu�vþÞij � ðv�uþÞijÞ

� terms with superindicesðþ $ �Þ
�
: (68)

The coherence coefficients are listed in Appendix F.

VI. COLLECTIVE-MODE CONTRIBUTION TO
RESPONSE FUNCTIONS

In Sec. III one saw that the conservation of the induced
current q�J

� ¼ 0 requires q�K
0��ðQÞA0

� ¼ 0, where A0
�

and K0��ðQÞ are an external field and its corresponding
response kernel. In general, if one applies a gauge trans-
formation A� ¼ A0

� � iq��, the response kernel trans-

forms as K0��ðQÞ ! K��ðQÞ and the gauge-invariant
condition requires q�K

��ðQÞA� ¼ 0. From the gauge-

invariance condition q�K
0��
0 ðQÞA0

� ¼ 0, one obtains i� ¼
� q�K

0��A�

q
K
0
�q�

. Using the gauge-invariance condition again

one obtains

K�� ¼ K0�� � K0�	q	q�K
0��

q
K
0
�q�

: (69)

This is the general expression of how the response kernel
transforms under gauge transformations. Clearly, the zeros
of q�K

0��q� ¼ 0, if they exist, indicate the presence of

collective excitations. In the following we will show that
the massless Nambu-Goldstone boson indeed contributes.
We simplify the expression of K�� by the response func-
tions we obtained so far. Following the discussions in
Ref. [18], we rewrite K�� in a more compact form:

K�� ¼ K0��
0 þ �K0�� (70)

with

K0��
0 ¼ Q��

33 �Q
�
31Q

�
13

~Q11

; �K0�� ¼ �Q
0�
32Q

0�
23

~Q0
22

; (71)

where

Q0�
32 ¼ Q�

32 �
Q12

~Q11

Q�
31;

~Q0
22 ¼ ~Q22 �Q12Q21

~Q11

: (72)
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By using the GWI (37) and the symmetry (E9), one can
show that

�K0�� ¼ �K
0�	
0 q	q�K

0��
0

q
K
0
�
0 q�

: (73)

This implies that K�� can be thought of as a functional of
K

��
0 and the denominator of the second term is expressed

as q�K
0��
0 q� ¼ 4�2 ~Q0

22. This expression is useful in the

analysis of the dispersion of collective modes because an
expansion around a small four-momentum around the pole
of K�� gives the dispersion of the Goldstone boson. We
suggest that it is the contribution of the Goldstone boson
that leads the kernel to respect the gauge-invariance con-
dition. After making the analytical continuation i�l !
�þ i�, the dispersion of the collective mode at T ¼ 0 is
evaluated with � ! 0 and q ! 0. Note that q ! 0 does
not imply that the system is in the nonrelativistic limit. One
necessary condition for that limit is kF � m.

A. Nonrelativistic limit

In this limit, all contributions from the negative energy
states vanish since ��ðpÞ ’ 0. Therefore, we have

~Q 22ð!;qÞ ¼X
p

!2 � ð��
pþq � ��

p Þ2
E�
pþqE

�
p

� E�
pþq þ E�

p

!2 � ðE�
pþq þ E�

p Þ2
Bðp;qÞ
2�pþq�p

; (74)

where Bðp;qÞ ¼ �pþq�p þ �2p þ p � q is defined in

Appendix F and we have omitted the term proportional
to Aðp;qÞ since limq!0Aðp;qÞ ¼ 0. Because of the

particle-hole symmetry, Q12 vanishes identically.

Therefore ~Q0
22 ¼ ~Q22 so we only need to find a solution

to ~Q22 ¼ 0. As q ! 0, ��
p ’ p2

2m � ð��mÞ ¼ p2

2m ���,
where�� plays the role of the conventional nonrelativistic
chemical potential.
At zero temperature, we keep the lowest order terms of

! and q of ~Q22 and it becomes

~Q22ð!;qÞ ’ �Nð0Þ
2

Z þ1

�1
d��

p

Z 1

�1
d cos�

!2 � ðq2p2cos2�=m2Þ
E�2
p

1

2E�
p

¼ �Nð0Þ
2

Z þ1

�1
d��

p

�
!2

E�3
p

� 1

3

q2p2

m2

1

E�3
p

�

¼ �Nð0Þ
�2

�
!2 � 2

3

q2��

m

�
; (75)

where we have used p2 ¼ 2mð��
p þ��Þ and Nð0Þ is the

density of states near the Fermi surface. Note that �� ’
�F ¼ k2F

2m in BCS theory so we found

~Q 22ð!;qÞ ’ �Nð0Þ
�2

�
!2 � 1

3

q2k2F
m2

�

¼ �Nð0Þ
�2

ð!2 � c2sq
2Þ; (76)

where cs ¼ 1ffiffi
3

p kF
m ¼ 1ffiffi

3
p vF is the sound speed of a BCS su-

perfluid. Thus, ~Q22ð0; 0Þ ¼ 0 indeed and the expansion shows
the dispersion ! ¼ csq of the massless Goldstone boson.

B. Relativistic limit

Next we consider an ultrarelativistic BCS superfluid

which is characterized by kF � m and � � � ’ �F ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2F þm2

q
’ kF. Again the antifermion contribution can

be safely ignored and due to the particle-hole symmetry we
have Q12 ¼ 0. Note that ��

pþq ’ ��
p þ q � r��

p ¼
��
p þ q�p

�p
. Therefore we have

~Q22ð!;qÞ ’ � 1

4�2

Z þ1

0
dpp2

Z 1

�1
d cos�

!2 � ðq2p2cos2�=�2pÞ
E�2
p

1

2E�
p

¼ � 1

4�2

Z þ1

0
dpp2

�
!2

E�3
p

� 1

3

q2p2

�2p

1

E�3
p

�

¼ � 1

4�2

Z þ1

0
dpp2

�
1

E�3
p

�
!2 � q2

3

�
þ 1

3

q2m2

�2p

1

E�3
p

�
; (77)

where p2 ¼ �2p �m2 has been used. The second term
in the big bracket is at most of the leading order of m2

�3 .
Since m � kF ’ �, it can be ignored. Therefore
~Q22ð0; 0Þ ¼ 0 and the expansion of ~Q22ð!;qÞ leads to! ¼

1ffiffi
3

p q so the contribution from the massless Goldstone boson
is clearly demonstrated. The dispersion also implies cs ¼
1ffiffi
3

p , which is a well-known result for ultrarelativistic BCS
theory.
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VII. COMPRESSIBILITY FROM RESPONSE
FUNCTION

The isothermal compressibility is given by � 	
n�2ð@n=@�Þ. Here the density susceptibility can be in-
ferred from the response functions by [20]

@n

@�
¼ �K00ð! ¼ 0;q ! 0Þ: (78)

At T ¼ 0, the number equation (14) and the gap equation
(15) are

n ¼ 2
X
p

�
�þ
p

Eþ
p

� ��
p

E�
p

�
; (79)

1

g
¼ X

p

�
1

E�
p

þ 1

Eþ
p

�
: (80)

The density susceptibility can be obtained from these two
equations. We treat � as a function �ð�Þ of �.
Differentiating the gap equation with respect to �, one
obtains

@�

@�
¼

P
p
ð ��

p

E�3
p
� �þ

p

Eþ3
p
Þ

�
P
p
ð 1
E�3
p
þ 1

Eþ3
p
Þ : (81)

Differentiating the number equation with respect to � and
using the above result, one gets

@n

@�
¼ 2�2

X
p

�
1

E�3
p

þ 1

Eþ3
p

�
þ

2½P
p
ð ��

p

E�3
p
� �þ

p

Eþ3
p
Þ�2

P
p
ð 1
E�3
p
þ 1

Eþ3
p
Þ : (82)

Next we check if K00ð0;q ! 0Þ can give the same
density susceptibility. When ! ¼ 0, Q0

23 ¼ Q0
32 ¼ Q12 ¼

Q21 ¼ 0. Therefore from Eq. (36) we have

K00ð0;qÞ ¼ Q00
33ð0;qÞ �

Q0
13ð0;qÞQ0

31ð0;qÞ
~Q11ð0;qÞ

: (83)

In the limit q ! 0, one gets Bðp; 0Þ ¼ 2 and Aðp; 0Þ ¼ 0.
Then at T ¼ 0 one has

Q00
33ð0;q ! 0Þ ¼ �2�2

X
p

�
1

E�3
p

þ 1

Eþ3
p

�
;

Q0
13ð0;q ! 0Þ ¼ Q0

31ð0;q ! 0Þ ¼ �2�
X
p

�
��
p

E�3
p

� �þ
p

Eþ3
p

�
;

~Q11ð0;q ! 0Þ ¼ 2

g
þQ11ð0;q ! 0Þ

¼ 2
X
p

�
1

E�
p

þ 1

Eþ
p

�
� 2

X
p

�
��2
p

E�3
p

þ �þ3
p

Eþ3
p

�

¼ 2�2
X
p

�
1

E�3
p

þ 1

Eþ3
p

�
: (84)

After comparing this with Eq. (82), one finds that Eq. (78)
is indeed satisfied. This consistency implies that the ap-
proximation of the fermion propagator is compatible with
that of the response functions. Thus, we emphasize that the
collective-mode contribution is important in maintaining
the integrity of the CFOP formalism.

VIII. MEISSNER EFFECTAND SUPERFLUID
DENSITY

The Meissner effect can be demonstrated by examining

the behavior of the response kernel K
$ijð0;qÞ as q ! 0. In

the previous section, we have learned that K
$ij ¼

K
$ij

0 þ �K
$ij, where K

$ij
0 ¼ Q

$ij
33 and

�K
$ij ¼ �

~Q11Q
i
32Q

j
23 þ ~Q22Q

i
31Q

j
13 � 2Q12Q

i
31Q

j
23

~Q11
~Q22 �Q12Q21

(85)

denoting the contribution from collective modes. However,
in our model we found that collective-mode effects do not
contribute to the transverse components of the response
functions in this limit and should not affect the Meissner

effect. This is verified as the following. A tensor P
$ij can

always be decomposed into the longitudinal and the trans-

verse parts PL and PT , where PL ¼ q̂ � P$ � q̂ and PT ¼
ðPiP

$ii � PLÞ=2. Assuming that q is parallel to the z axis,
in the limit q ! 0 among all components of the response
functions only Qz

31 and Qz
32 do not vanish to the first order

of q. From this we conclude that limq!0Q3i �Q3j ¼
limq!0q̂ �Q3iQ3j � q̂. This means that the transverse com-

ponent of the tensor Q3iQ3j vanishes in the limit q ! 0.

Therefore the transverse part of K
$
receives no contribution

from the collective modes so we only need to consider

K
$ij

0 ¼ Q
$ij

33 in the study of the Meissner effect.

Defining p̂ 	 p=�p, the longitudinal and transverse

parts of the response functions are given by

lim
q!0

K
$ij

0Lð0;qÞ ¼ 4
Z d3p

ð2�Þ3 p̂
ip̂j

�
@fðE�

p Þ
@E�

p

þ @fðEþ
p Þ

@Eþ
p

�
;

(86)

lim
q!0

K
$ij

0Tð0;qÞ ¼ 4
Z d3p

ð2�Þ3 ð�
ij � p̂ip̂jÞ

��
1

þ �þ
p �

�
p ��2

Eþ
p E

�
p

�
fðE�

p Þ þ fðEþ
p Þ � 1

E�
p þ Eþ

p

þ
�
1� �þ

p �
�
p � �2

Eþ
p E

�
p

�
fðE�

p Þ � fðEþ
p Þ

E�
p � Eþ

p

�
:

(87)

Now we focus on the nonrelativistic BCS limit where �þ
p ’

Eþ
p ’ 2m (since � ’ m), �p ’ m and ��, � � m. Here a

suitable regularization is needed to give physical results.

HAO GUO, CHIH-CHUN CHIEN, AND YAN HE PHYSICAL REVIEW D 85, 074025 (2012)

074025-10



This is done by subtracting the vacuum contribution from
Kij, i.e., KijðQÞ ! KijðQÞ � KijðQÞjT¼�¼0;�¼m. Finally,

we have

lim
q!0

K
$ij

0Lð0;qÞ ¼ 4
Z d3p

ð2�Þ3
pipj

m2

@fðE�
p Þ

@E�
p

þO

�
1

m3

�
;

(88)

lim
q!0

K
$ij

0Tð0;qÞ ¼ 4
�ij

m

Z d3p

ð2�Þ3
�
u�2
p fðE�

p Þ þv�2
p fð�E�

p Þ
�

þO

�
1

m3

�

¼ 2
�ij

m
nNR þO

�
1

m3

�
; (89)

where nNR is the fermion number in the nonrelativistic
limit. Therefore, from Ji ¼ KijAj we get the well-known

London equation

JðqÞ ¼ � 2

m

�
AðqÞnNR þ 2

m

Z d3p

ð2�Þ3 pðp �AðqÞÞ @fðE
�
p Þ

@E�
p

�

¼ � 2

m
AðqÞnNR

�
1þ 1

3�2mnNR

Z þ1

0
dpp4

@fðE�
p Þ

@E�
p

�

¼ � 2

m
AðqÞns; (90)

where

ns ¼ nNR � 1

3�2mnNR

Z þ1

0
dpp4

�
�@fðE�

p Þ
@E�

p

�
(91)

is the nonrelativistic superfluid density. Again the extra
factor 2 in the London equation comes from the fact that
we introduce the pseudospin � ¼" , # so there are 2 times
more degrees of freedom.

IX. NAMBU’S INTEGRAL EQUATION FOR
RELATIVISTIC BCS SUPERFLUIDS

Before closing our discussions on the CFOP theory of
relativistic BCS superfluids, we present a generalization of
Nambu’s integral-equation approach. For nonrelativistic
BCS superfluids, the spontaneously brokenUð1Þ symmetry
can be restored in the linear response theory by Nambu’s
approach [2]. In conventional BCS theory, the self-energy
of the fermion is approximated by an integral equation
which consists of a ladder approximation for the
electron-phonon interaction. Nambu proposed that the
EM vertex in the linear response theory should be cor-
rected in the same way as the self-energy. Hence, the EM
vertex function also follows the integral equation,

�̂NR
� ðPþQ;PÞ ¼ �̂NR

� ðPþQ;PÞ � gNR
X
K

�3Ĝ
NRðK

þQÞ�̂NR
� ðK þQ;KÞĜNRðKÞ�3; (92)

where the superscript ‘‘NR’’ denotes the corresponding
nonrelativistic quantities. Explicitly, the solution to this

equation should be an EM vertex that respects the GWIs.
For the relativistic BCS model, following similar argu-
ments we will derive the corresponding integral equation
for the EM vertex.
In Sec. III, we found that the bare polarization function

K��
0 ¼ Q��

33 does not satisfy the gauge-invariance condi-

tion q�K
��
0 ¼ 0. This is because the collective modes

which correspond to the fluctuations of the order parameter
also contribute to response functions. The EM vertex with-
out collective-mode effects in Nambu space is given by

�̂ � ¼ �3�
� ¼ �� 0

0 ���

� �
: (93)

Then the bare polarization function [see Eq. (33)] can be
written as

K
��
0 ðQÞ ¼ Tr

X
P

ð�̂�ĜðPþQ;�Þ�̂�ĜðP;�ÞÞ: (94)

The violation of the conservation law can be traced back to
the use of the full fermion propagator and the bare EM
vertex simultaneously [1,3] so the approximations of the
fermion propagator and EM vertex are not treated on equal
footing. In quantum electrodynamics, the gauge invari-
ance, or equivalently the Ward identity, can be maintained
order by order. However, the generalized Ward identity is
not respected even at the tree level for both relativistic and
nonrelativistic BCS models if the approximations for the
vertex and the self-energy are different.
For the bare EM vertex �̂� in the relativistic BCS theory,

one has

q��̂
�ðQÞ ¼ 6q�3 ¼ �3Ĝ

�1
0 ðPþQ;�Þ � Ĝ�1

0 ðP;�Þ�3:

(95)

Note that the bare propagator appears in the identity. Thus,
a gauge-invariant EM vertex must satisfy

q��̂
�ðQÞ ¼ �3Ĝ

�1ðPþQ;�Þ � Ĝ�1ðP;�Þ�3: (96)

If we define the correction of the EM vertex as �̂�ðQÞ �
�̂�ðQÞ ¼ ��̂�ðQÞ, then from the two equations above and
Eq. (39), one can get the GWI which is associated with the
self-energy:

q���̂
�ðQÞ ¼ �̂�3 � �3�̂ ¼ 2i��2i�5: (97)

One possible method to respect the GWI (96) or (97), as

pointed out by Nambu [2], is to treat the full EM vertex �̂�

in the same way as how the self-energy is approximated.
That is, the full EM vertex of relativistic BCS superfluids
should satisfy the integral equation

�̂�ðQÞ ¼ �̂�ðQÞ � 2g
X
P

�3½ĜðP;�Þ�̂�ðQÞĜðPþQ;�Þ

þ ĜðP;��Þ�̂�ðQÞĜðPþQ;��Þ��3

¼ �̂�ðQÞ � 2g
X
P

X
�¼�1

�3ĜðP;��Þ�̂�ðQÞ

� ĜðPþQ;��Þ�3: (98)
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To prove the gauge invariance of the above vertex �̂�ðQÞ,
we substitute Eq. (98) into the GWI (96). After rearranging
both sides, we only need to prove that

2i��2i�5 ¼ �2g
X
P

X
�¼�1

�3ĜðP;��Þq��̂�ðQÞĜðP

þQ;��Þ�3: (99)

Details of the proof of this equation are in Appendix D.
Therefore, the vertex given by the integral equation (98)
respects the GWI, or in other words, the theory is gauge
invariant. Moreover, from the proof in Appendix D we
conclude that any truncation of the integral equation can-
not produce a gauge-invariant vertex since terms of differ-
ent orders of g in Eq. (D4) cancel each other.

Interestingly, as pointed out also by Nambu [2], for the
nonrelativistic BCS theory, the integral equation is not only
consistent with the generalized Ward identity associated
with the EM vertex but also consist with the GWIs asso-
ciated with three other interaction vertices [as shown in
Eq. (4.4) of Ref. [2] ]. Moreover, the integral equation of
the EM vertex is a vector equation while the GWI is a
scalar equation, they have different degrees of freedom so
there is no strict one-to-one correspondence between the
solutions to the integral equation and the EM vertex re-
specting the GWI.

For the relativistic BCS theory, those conclusions should
remain the same. Hence, the integral equation (98) is not
equivalent to the GWI associated with the EM interaction.
What is equivalent to the GWI is the contracted integral
equation given by

q��̂
�ðQÞ ¼ q��̂

�ðQÞ � 2g
X
P

X
�¼�1

�3ĜðP;��Þq�

� �̂�ðQÞĜðPþQ;��Þ�3: (100)

Since Eq. (98) satisfies the GWI, we can also derive the
GWI from Eq. (100). Thus, any vertex obeying the GWI
(96) must satisfy Eq. (100) but not necessarily Eq. (98).
Substituting Eq. (96) into Eq. (100), the right-hand side
becomes

6q�3 � 2g
X
P

X
�¼�1

�3ĜðP;��Þð�3Ĝ
�1ðPþQ;��Þ

� Ĝ�1ðP;��Þ�3ÞĜðPþQ;��Þ�3

¼ 6q�3 � 2g
X
P

X
�¼�1

ð�3ĜðP;��Þ � ĜðP;��Þ�3Þ

¼ q��̂
�ðQÞðleft-hand sideÞ: (101)

Therefore it is the contracted integral equation (100) that is
equivalent to the GWI but not the integral equation (98). A

comparison with the vertex �̂� determined by the latter

shows that the vertex �̂0� determined by Eq. (100) may

differ by a gauge transformation �̂0� ¼ �̂� þ �̂�, where

�̂� satisfies the Lorentz equation q��̂
� ¼ 0. Such gauge

transformations correspond to, for example, �̂� ¼ @�f̂,

where f̂ is a matrix of harmonic functions in Nambu space.

In Sec. IV, we derived the generalized vertex function �̂
in the generalized gauge space. In Nambu space we would

like to investigate the vertex �̂0� and show that the GWI
(49) will reduce to Eq. (96). Equation (34) can be written as

�1 ¼ �

��������Q
�
13 Q12

Q�
23

~Q22

���������������� ~Q11 Q12

Q21
~Q22

��������
A� ¼ ��

�
1 A�;

�2 ¼

��������Q
�
13

~Q11

Q�
23 Q21

���������������� ~Q11 Q12

Q21
~Q22

��������
A� ¼ �

�
2 A�;

(102)

where �
�
1;2 satisfy q��

�
1 ¼ 0 and q��

�
2 ¼ �2i� by

noting Eq. (37). Therefore the gauge-invariant vertex �̂0�

is given by

�̂ 0� ¼ �̂� ���
1 �1i�5 ���

2 �2i�5; (103)

which obviously obeys the GWI

q��̂
0� ¼ 6q�3 � 2��2�5

¼ �3Ĝ
�1ðPþQ;�Þ � Ĝ�1ðP;�Þ�3: (104)

As we have discussed previously, since �̂0� satisfies the
GWI, it should obey Eq. (100). Hence, it can differ from

�̂� given by Eq. (98) by a matrix function �̂� at most.
Moreover, the EM response kernel is now expressed as

K��ðQÞ ¼ Tr
X
P

ð�̂0�ĜðPþQ;�Þ�̂�ĜðP;�ÞÞ; (105)

where Eq. (36) has been used. Compare to the bare
response kernel (94), the GWI (104) leads to the gauge-
invariance condition of the full response kernel
q�K

��ðQÞ ¼ 0.

Although a solution to the integral equation gives a
gauge-invariant vertex, it is a great challenge to find a
solution. We emphasize that the integral equation (98)
for the relativistic BCS theory should be implemented
when one seeks gauge-invariant response functions.
Previous work based on RPA approximations [3] imple-
mented an iterative method without explicitly showing the
complete integral equation for the relativistic BCS model.
Further investigations of Nambu’s integral-equation ap-
proach are needed for a better comparison between the
results from the two approaches.
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X. CONCLUSION

The CFOP approach to the linear response functions of
relativistic BCS superfluids restores the gauge invariance
of the response functions of an external EM field. The
manageable computability of this theory allows one to
explore several interesting phenomena including collective
modes, compressibility, and Meissner effect. Importantly,
this approach leads to a consistent expression for the
compressibility. When the pairing interaction is tunable,
a BCS superfluid may exhibit a BCS—Bose-Einstein con-
densation (BEC)—relativistic BEC crossover [12].
Interesting issues may be raised in the linear response
theory of a relativistic BCS superfluid in the crossover.
Our CFOP approach could provide some useful tools for
investigating those issues.
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APPENDIX A: SPINOR CONVENTIONS

Here we use the Weyl or chiral representation of the �
matrices,

�0 ¼ 0 I

I 0

 !
; �i ¼ ��i ¼

0 �i

��i 0

 !
;

�5 ¼
�I 0

0 I

 !
: (A1)

The metric is chosen as 
�� ¼ diagð1;�1;�1;�1Þ. The
charge conjugation matrix C is defined as C ¼ i�0�2,
which satisfies C2 ¼ �I, Cy ¼ CT ¼ �C, and ½�5; C� ¼
0. The � matrices satisfy ��� ¼ �0��T�0 and C��TC ¼
��. The energy projectors satisfies

�0��ðpÞ ¼ ��ð�pÞ�0;

i�5��ðpÞ ¼ �
ð�pÞi�5;

�0i�5��ðpÞ ¼ �
ðpÞ�0i�5; (A2)

and

��þ��ðpÞ þ �����ðpÞ þ ��þ�þðpÞ þ ��þ��ðpÞ ¼ 1:

(A3)

APPENDIX B: THE FERMION PROPAGATOR IN
NAMBU SPACE

From Eq. (18), the Fermion propagator in Nambu space
is

ĜðP;�Þ ¼ ½�0ði!n þ��3 � �0 ~� � p�m�0

þ �i�0�5�1Þ��1

¼ ½ði!nÞ2 � ðk2 þm2 þ�2 þ�2Þ
þ 2��0ðmþ ~� � pÞ�3��1ði!n ���3

þ �0 ~� � pþm�0 � �i�0�5�1Þ�0: (B1)

This can be written in a more compact form as

ĜðP;�Þ ¼ ½ði!nÞ2 � �2p ��2 ��2 � 2��0ðmþ ~� � pÞ�3�½i!n ���3 þ �0ðmþ ~� � pÞ � �i�0�5�1��0

ðði!nÞ2 � �2p � �2 ��2Þ2 � 4�2�2p
: (B2)

Note that �0ðmþ ~� � pÞ ¼ �pð�þðpÞ ���ðpÞÞ and �3 ¼
��þ � ���. The first part of the numerator can be evaluated
as

ði!nÞ2 � �2p � �2 ��2 � 2��0ðmþ ~� � pÞ�3

¼ ðði!nÞ2 � Eþ2
p Þð ��þ�þðpÞ þ �����ðpÞÞ

þ ðði!nÞ2 � E�2
p Þð ����þðpÞ þ ��þ��ðpÞÞ: (B3)

The second part of the numerator can be evaluated as

i!n ���3 þ �0ðmþ ~� � pÞ � �i�0�5�1

¼ ði!n þ ��
p Þ ��þ�þðpÞ þ ði!n þ �þ

p Þ ����þðpÞ
þ ði!n � �þ

p Þ ��þ��ðpÞ þ ði!n � ��
p Þ �����ðpÞ:

Note that ��
p ¼ ðu�2

p � v�2
p ÞE�

p and u�2
p þ v�2

p ¼ 1. One
has

i!n ���3 þ �0ðmþ ~� � pÞ � �i�0�5�1

¼ ½u�2
p ði!n þ E�

p Þ þ v�2
p ði!n � E�

p Þ� ��þ�þðpÞ
þ ½uþ2

p ði!n þ Eþ
p Þ þ vþ2

p ði!n � Eþ
p Þ� ����þðpÞ

þ ½uþ2
p ði!n � Eþ

p Þ þ vþ2
p ði!n þ Eþ

p Þ� ��þ��ðpÞ
þ ½u�2

p ði!n � E�
p Þ þ v�2

p ði!n þ E�
p Þ� �����ðpÞ:

(B4)

The denominator becomes

ðði!nÞ2 � �2p � �2 ��2Þ2 � 4�2�2p

¼ ðði!nÞ2 � E�2
p Þðði!nÞ2 � Eþ2

p Þ: (B5)

After substituting Eqs. (B3)–(B5) into the expression of
ĜðP;�Þ and using ��þ�1 ¼ �þ and ����1 ¼ ��, we have
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ĜðP;�Þ ¼
��

u�2
p

i!n � E�
p

þ v�2
p

i!n þ E�
p

�
�þðpÞ þ

�
uþ2
p

i!n þ Eþ
p

þ vþ2
p

i!n � Eþ
p

�
��ðpÞ

�
�0 ��þ

þ
��

uþ2
p

i!n � Eþ
p

þ vþ2
p

i!n þ Eþ
p

�
�þðpÞ þ

�
u�2
p

i!n þ E�
p

þ v�2
p

i!n � E�
p

�
��ðpÞ

�
�0 ���

þ
�

�þðpÞ�
ði!nÞ2 � E�2

p

þ ��ðpÞ�
ði!nÞ2 � Eþ2

p

�
i�5�þ þ

�
�þðpÞ�

ði!nÞ2 � Eþ2
p

þ ��ðpÞ�
ði!nÞ2 � E�2

p

�
i�5��: (B6)

APPENDIX C:�-FUNCTION OPERATOR AND GENERAL PROPERTIES OF FUNCTIONS OF �� Êp

We would like to evaluate an arbitrary function with the argument �� Êp, where Êp ¼ �0ð ~� � pþmÞ ���3 �
��0i�5�1. Following the derivation of Eq. (B4) [� ! �� ) Eþ

p $ E�
p and �0ð ~� � pþmÞ ! ��0ð ~� � pþmÞ )

�þðpÞ $ ��ðpÞ], we have
�� Êp ¼ ð�þ �þ

p Þ ��þ��ðpÞ þ ð�þ ��
p Þ �����ðpÞ þ ð�� ��

p Þ ��þ�þðpÞ þ ð�� �þ
p Þ ����þðpÞ þ ��0i�5�1

¼ ½uþ2
p ð�þ Eþ

p Þ þ vþ2
p ð�� Eþ

p Þ� ��þ��ðpÞ þ ½u�2
p ð�þ E�

p Þ þ v�2
p ð�� E�

p Þ� �����ðpÞ þ ½u�2
p ð�� E�

p Þ
þ v�2

p ð�þ E�
p Þ� ��þ�þðpÞ þ ½uþ2

p ð�� Eþ
p Þ þ vþ2

p ð�þ Eþ
p Þ� ����þðpÞ þ uþp vþ

p ðð�þ Eþ
p Þ � ð�� Eþ

p ÞÞ
� ð ��þ��ðpÞ þ ����þðpÞÞ�0i�5�1 þ u�p v�

p ðð�þ E�
p Þ � ð�� E�

p ÞÞð ��þ�þðpÞ þ �����ðpÞÞ�0i�5�1: (C1)

Explicitly, the four components of �� Êp in Nambu space are

�� Êp ¼ û�p ð�� E�
p Þ þ v̂�

p ð�þ E�
p Þ þ ûþp ð�þ Eþ

p Þ þ v̂þ
p ð�� Eþ

p Þ; (C2)

where

û�
p ¼ u�2

p �þðpÞ �u�p v�
p �þðpÞ�0i�5

�u�p v�
p ��ðpÞ�0i�5 v�2

p ��ðpÞ
" #

; (C3)

v̂�
p ¼ v�2

p �þðpÞ u�p v�
p �þðpÞ�0i�5

u�p v�
p ��ðpÞ�0i�5 u�2

p ��ðpÞ
" #

; (C4)

ûþ
p ¼ uþ2

p ��ðpÞ uþp vþ
p ��ðpÞ�0i�5

uþp vþ
p �þðpÞ�0i�5 vþ2

p �þðpÞ
" #

; (C5)

v̂þ
p ¼ vþ2

p ��ðpÞ �uþp vþ
p ��ðpÞ�0i�5

�uþp vþ
p �þðpÞ�0i�5 uþ2

p �þðpÞ
" #

: (C6)

The four components of Êp in Nambu space explicitly are

Ê p ¼ ðvþ2
p � uþ2

p ÞEþ
p �� þ ðu�2

p � v�2
p ÞE�

p �þ �2ðEþ
p u

þ
p v

þ
p �� þ E�

p u
�
p v

�
p �þÞ�0i�5

�2ðEþ
p u

þ
p v

þ
p �þ þ E�

p u
�
p v

�
p ��Þ�0i�5 ðuþ2

p � vþ2
p ÞEþ

p �þ þ ðv�2
p � u�2

p ÞE�
p ��

" #
: (C7)

We have omitted the argument p of ��. After comparing
those expressions, one finds that

û�
p ¼ ðE�

p þ ÊpÞ�̂þðpÞ
2E�

p

; v̂�
p ¼ ðE�

p � ÊpÞ�̂þðpÞ
2E�

p

;

(C8)

ûþ
p ¼ ðEþ

p � ÊpÞ�̂�ðpÞ
2Eþ

p

; v̂þ
p ¼ ðEþ

p þ ÊpÞ�̂�ðpÞ
2Eþ

p

:

(C9)

It can be verified that the operators û and v̂ also satisfy the
following properties:

û�2
p ¼ û�p ; v̂�2

p ¼ v̂�
p ; (C10)

û�
p v̂

�
p ¼ v̂�

p û
�
p ¼ û�p û
p ¼ û�p v̂


p ¼ v̂�
p û



p ¼ v̂�

p v̂


p ¼0:

(C11)

After multiplying �� Êp by itself, one gets
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ð�� ÊpÞn ¼ û�p ð�� E�
p Þn þ v̂�

p ð�þ E�
p Þn

þ ûþp ð�þ Eþ
p Þn þ v̂þ

p ð�� Eþ
p Þn; (C12)

where n is a positive integer. One can find that Eq. (C12)
holds for n ¼ 0, too. Interestingly, from Eq. (B6) one can
see that the case n ¼ �1 is also valid by inspecting the
expression of GðP;�Þ�0:

ð�� ÊpÞ�1 ¼ û�p ð�� E�
p Þ�1 þ v̂�

p ð�þ E�
p Þ�1

þ ûþp ð�þ Eþ
p Þ�1 þ v̂þ

p ð�� Eþ
p Þ�1: (C13)

Following the same argument,

ð�� ÊpÞ�n ¼ û�p ð�� E�
p Þ�n þ v̂�

p ð�þ E�
p Þ�n

þ ûþp ð�þ Eþ
p Þ�n þ v̂þ

p ð�� Eþ
p Þ�n: (C14)

That means that Eq. (C12) holds for any integer n. For any
function Fð�� ÊpÞ, we have the expansion
Fð�� ÊpÞ ¼ û�p Fð�� E�

p Þ þ v̂�
p Fð�þ E�

p Þ
þ ûþp Fð�þ Eþ

p Þ þ v̂þ
p Fð�� Eþ

p Þ: (C15)

Thus,

e�ið��ÊpÞt ¼ û�p e�ið��E�
p Þt þ v̂�

p e
�ið�þE�

p Þt þ ûþp e�ið�þEþ
p Þt

þ v̂þ
p e

�ið��Eþ
p Þt: (C16)

By Fourier transform we get

�ð�� ÊpÞ ¼ û�p �ð�� E�
p Þ þ v̂�

p �ð�þ E�
p Þ

þ ûþp �ð�þ Eþ
p Þ þ v̂þ

p �ð�� Eþ
p Þ: (C17)

APPENDIX D: INTEGRAL EQUATION OF EM
VERTEX AND GWI

Before proving that a vertex determined by the integral
equation (98) must obey the Ward identity (41), or equiv-
alently, verifying Eq. (99), we prove the following identity:

2g
X
P

X
�¼�1

ð�3ĜðP;��Þ � ĜðP;��Þ�3Þ ¼ �2i��2i�5

¼ �̂�3 � �3�̂:

(D1)

The left-hand side of (D1) is

¼ 4g

0
P
P
ðFðP;�Þ þ FðP;��ÞÞ

�P
P
ðFðP;�Þ þ FðP;��ÞÞ 0

0
B@

1
CA ¼ 4i�g

�
0

P
p

�
1�2fðE�

p Þ
2E�

p
þ 1�2fðEþ

p Þ
2Eþ

p

�
�5

�P
p

�
1�2fðE�

p Þ
2E�

p
þ 1�2fðEþ

p Þ
2Eþ

p

�
�5 0

0
BBBB@

1
CCCCA ¼ �2i��2i�5; (D2)

where the gap equation (15) has been used. From �̂ ¼ Ĝ�1
0 ðP;�Þ � Ĝ�1ðP;�Þ, one concludes that

ĜðP;�ÞĜ�1
0 ðP;�Þ ¼ 1þ ĜðP;�Þ�̂; Ĝ�1

0 ðP;�ÞĜðP;�Þ ¼ 1þ �̂ ĜðP;�Þ: (D3)

Now we turn to the proof of Eq. (99) by considering the right-hand side. By substituting Eq. (98) into the right-hand side
and repeating the process, we get an iterative equation rhs of Eq. (99):

rhs of Eq: ð99Þ ¼ �2g
X
P�

�3Ĝ�ðPÞq���ðQÞĜ�ðPþQÞ�3 þ ð2gÞ2 X
P1P2�

�3Ĝ�ðP1Þ�3Ĝ�ðP2Þq���ðQÞĜ�ðP2

þQÞ�3Ĝ�ðP1 þQÞ�3 þ � � �

¼ X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPiÞq���Ĝ�ðPi þQÞ�3 � � � Ĝ�ðP1 þQÞ�3

¼ X1
i¼1

ð�2gÞi X
P1...Pi�

Yi
k¼1

½�3Ĝ�ðPkÞ�q���ðQÞYi
k¼1

½Ĝ�ðPiþ1�kÞ�3�; (D4)

where we have defined Ĝ�ðPÞ ¼ ĜðP;��Þ to shorten the expression. After inserting the Ward identity (95) for the bare
EM vertex and using Eq. (D3), we get
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rhs of Eq: ð99Þ ¼ X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPiÞ�3Ĝ
�1
0� ðPi þQÞĜ�ðPi þQÞ�3 � � � Ĝ�ðP1 þQÞ�3

�X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPiÞĜ�1
0� ðPiÞ�3Ĝ�ðPi þQÞ�3 � � � Ĝ�ðP1 þQÞ�3

¼ �2g
X
P�

ð�3Ĝ�ðPÞ � Ĝ�ðPÞ�3Þ þ
X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPiÞĜ�ðPi�1 þQÞ�3 � � � Ĝ�ðP1

þQÞ�3 þ
X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPiÞ�3�̂Ĝ�ðPi þQÞ�3 � � � Ĝ�ðP1 þQÞ�3

�X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPi�1ÞĜ�ðPi þQÞ�3 � � � Ĝ�ðP1 þQÞ�3

�X1
i¼1

ð�2gÞi X
P1...Pi�

�3Ĝ�ðP1Þ � � ��3Ĝ�ðPiÞ�̂�3Ĝ�ðPi þQÞ�3 � � � Ĝ�ðP1 þQÞ�3: (D5)

By changing the dummy index i ! iþ 1 for the second and fourth summations, we get

rhs of Eq: ð99Þ ¼ 2i��2i�5 �
X1
i¼1

ð�2gÞi X
P1...Pi�

Yi
k¼1

½�3Ĝ�ðPkÞ�2g
X
piþ1

½�3Ĝ�ðPiþ1Þ � Ĝ�ðPiþ1Þ�3�
Yi
k¼1

½Ĝ�ðPiþ1�kÞ�3�

þX1
i¼1

ð�2gÞi X
P1...Pi�

Yi
k¼1

½�3Ĝ�ðPkÞ�½�3�̂� �̂�3�
Yi
k¼1

½Ĝ�ðPiþ1�kÞ�3�

¼ 2i��2i�5 ¼ left-hand side of Eq: ð99Þ; (D6)

where Eq. (D1) has been used. Therefore we have proved
that any vertex that satisfies the integral equation must also
satisfy theWard identity and hencemust be gauge invariant.

APPENDIX E: THE PARITIES AND SYMMETRIES
OF THE RESPONSE FUNCTIONS

Since the energy projectors satisfy �5��ðpÞ ¼
�
ð�pÞ�5, we have [see Eqs. (12) and (13)]

�5GðP;��Þ ¼ Gð�P;�Þ�5;

�5FðP;��Þ ¼ Fð�P;�Þ�5:
(E1)

The energy projectors also satisfy �0��ðpÞ ¼ ��ð�pÞ�0

so we can conclude that

�0GðP;�Þ ¼ Gð �P;�Þ�0; �0FðP;�Þ ¼ �Fð �P;�Þ�0;

(E2)

where �P 	 ði!n;�pÞ. The propagator in Nambu space
(B6) can be written as

ĜðP;�Þ ¼ GðP;�Þ ��þ þGðP;��Þ ��� þ FðP;�Þ�þ
þ FðP;��Þ��: (E3)

Using Eq. (E1), �2�� ¼ ��
�2, and �2 ��� ¼ ��
�2,
one can show that

�2�5ĜðP;�Þ ¼ �3Ĝð�P;�Þ�3�2�5: (E4)

Similarly, using Eq. (E2), �3�� ¼ ����3, and �3 ��� ¼
����3, we have

�3�
0ĜðP;�Þ ¼ Ĝð �P;�Þ�3�

0: (E5)

Thus, we can analyze the parity of the response functions
of the four-momentum. Explicitly,

Qijði�l;qÞ ¼
X
P

Tr½ð�2�5Þ2�̂iĜðPþQ;�Þ�̂jĜðP;�Þ�

¼ ð�1Þð2�1iþ2�1jþ�2iþ�2jÞX
P

Tr½�̂iĜð�P

�Q;�Þ�̂jĜð�P;�Þ�
¼ ð�1Þð�2iþ�2jÞX

P

Tr½�̂iĜð�P

�Q;�Þ�̂jĜð�P;�Þ�: (E6)

Changing variables by P ! �P, one gets

Qijði�l;qÞ ¼ ð�1Þð�2iþ�2jÞX
P

Tr½�̂iĜðP

�Q;�Þ�̂jĜðP;�Þ�: (E7)

Therefore,

Qijði�l;qÞ 	 QijðQÞ ¼ ð�1Þð�2iþ�2jÞQijð�QÞ
	 ð�1Þð�2iþ�2jÞQijð�i�l;�qÞ: (E8)

Using the relation (E7), one can show that

Qjiði�l;qÞ ¼ ð�1Þð�2iþ�2jÞQijði�l;qÞ: (E9)
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Next we analyze the parity of the response functions about
the spatial components of the momentum. Using Eq. (E5),
for i; j � 3, one has

Qijði�l;qÞ ¼
X
P

Tr½ð�3�
0Þ2�̂iĜðPþQ;�Þ�̂jĜðP;�Þ�

¼ X
P

Tr½�̂iĜð �Pþ �Q;�Þ�̂jĜð �P;�Þ�

¼ X
P

Tr½�̂iĜðPþ �Q;�Þ�̂jĜðP;�Þ�

¼ Qijði�l;�qÞ; (E10)

where in the third line we have changed variables by P !
�P. For i ¼ 1; 2; j ¼ 3, with the help of Eq. (E9), we only
need to consider the case with i � j. Thus,

Q�
i3ði�l;qÞ ¼ ð�1Þ1þ��0

Q�
i3ði�l;�qÞ: (E11)

For i ¼ j ¼ 3, we get

Q
��
33 ði�l;qÞ ¼ ð�1Þ��0þ��0

Q
��
33 ði�l;�qÞ: (E12)

From the parities of the response functions about the four-
momentum [see Eq. (E8)] and the spatial momentum [see
Eqs. (E10)–(E12)], we derive the parity of the
response functions about the boson Matsubara frequency
as follows. For i ¼ j ¼ 1; 2 we have

Qiiði�l;qÞ ¼ Qiið�i�l;qÞ: (E13)

For i ¼ j ¼ 3 we have

Q
��
33 ði�l;qÞ ¼

�
Q

��
33 ð�i�l;qÞ if � ¼ � ¼ 0 or � ¼ i; � ¼ j

�Q��
33 ð�i�l;qÞ if � ¼ 0; � ¼ i or � ¼ i; � ¼ 0:

(E14)

For i ¼ 1, j ¼ 2 we have

Q12ði�l;qÞ ¼ �Q12ð�i�l;qÞ: (E15)

For i ¼ 1, j ¼ 3 we have

Q��
13 ði�l;qÞ ¼

�
Q

��
13 ð�i�l;qÞ if � ¼ 0

�Q��
13 ð�i�l;qÞ if � ¼ i:

(E16)

For i ¼ 2, j ¼ 3 we have

Q
��
23 ði�l;qÞ ¼

�
Q��

23 ð�i�l;qÞ if � ¼ 0
�Q

��
23 ð�i�l;qÞ if � ¼ i:

(E17)

APPENDIX F: EXPRESSIONS OF THE
COHERENCE COEFFICIENTS

For convenience, we introduce k� ¼ ð�p;pÞ and �k� 	
k� ¼ ð�p;�pÞ so the energy projectors can be rewritten as

�þðpÞ ¼ 6kþm

2�p
�0 ¼ �0

�6kþm

2�p
;

��ðpÞ ¼
�6k�m

2�p
�0 ¼ �0 6k�m

2�p
;

(F1)

which also satisfy

�þðpÞ�5 ¼ �5

6k�m

2�p
�0 ¼ �5�

0
�6k�m

2�p
¼ �5��ð�pÞ;

��ðpÞ�5 ¼ �5

�6kþm

2�p
�0 ¼ �5�

0 6kþm

2�p
¼ �5�þð�pÞ:

(F2)

We define Aðp;qÞ ¼ �pþq�p � �2p � p � q and Bðp;qÞ ¼
�pþq�p þ �2p þ p � q, which satisfy Aðp;qÞ ¼ Að�p;�qÞ
and Bðp;qÞ ¼ Bð�p;�qÞ. By using the above relations
and the identity

Tr ½ð6k0 þmÞ��ð6k0 þmÞ��� ¼ 4½k0�k� þ k0�k�

� g��ðk � k0 �m2Þ�; (F3)

we can show that

ðu�u�Þ11 ¼ ðv�v�Þ11 ¼ 1

2

�
1� ��

pþq�
�
p � �2

E�
pþqE

�
p

�
Bðp;qÞ
�pþq�p

;

(F4)

ðu�u�Þ22 ¼ ðv�v�Þ22 ¼ 1

2

�
1� ��

pþq�
�
p þ �2

E�
pþqE

�
p

�
Bðp;qÞ
�pþq�p

:

(F5)

If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given
by

ðu�u�Þ��
33 þ ðv�v�Þ��

33 ¼

8>>><
>>>:

�
1þ ��

pþq�
�
p ��2

E�
pþqE

�
p

�
Bðp;qÞ
�pþq�p

if � ¼ � ¼ 0

�
1þ ��

pþq�
�
p þ�2

E�
pþqE

�
p

�
ðpþqÞipjþðpþqÞjpiþ�ijAðp;qÞ

�pþq�p
if � ¼ i and � ¼ j:

(F6)
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If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is
given by

ðu�u�Þ��
33 � ðv�v�Þ��

33 ¼ i

2

�
��
p

E�
p

� ��
pþq

E�
pþq

�
Bðp;qÞ
�pþq�p

: (F7)

ðu�u�Þ013 þ ðv�v�Þ013 ¼ ��ð��
p þ ��

pþqÞ
E�
p E

�
pþq

Bðp;qÞ
�pþq�p

;

(F8)

ðu�u�Þi13 � ðv�v�Þi13 ¼ ��

�
1

E�
pþq

þ 1

E�
p

�

� �pþqp
i þ �pðpþ qÞi
�pþq�p

: (F9)

ðu�u�Þ023 � ðv�v�Þ023 ¼ i�

�
1

E�
pþq

� 1

E�
p

�
Bðp;qÞ
�pþq�p

;

(F10)

ðu�u�Þi23 þ ðv�v�Þi23 ¼
i�ð��

p � ��
pþqÞ

E�
p E

�
pþq

� ðpþ qÞi�p þ pi�pþq

�pþq�p
:

(F11)

ðu�v�Þ11 ¼ ðv�u�Þ11 ¼ 1

2

�
1þ ��

pþq�
�
p � �2

E�
pþqE

�
p

�
Bðp;qÞ
�pþq�p

:

(F12)

ðu�v�Þ22 ¼ ðv�u�Þ22 ¼ 1

2

�
1þ ��

pþq�
�
p þ �2

E�
pþqE

�
p

�
Bðp;qÞ
�pþq�p

:

(F13)

If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given
by

ðu�v�Þ��
33 þ ðv�u�Þ��

33 ¼

8>><
>>:

�
1� ��

pþq�
�
p ��2

E�
pþqE

�
p

�
Bðp;qÞ
�pþq�p

if � ¼ � ¼ 0�
1� ��

pþq�
�
p þ�2

E�
pþqE

�
p

�
ðpþqÞipjþðpþqÞjpiþ�ijAðp;qÞ

�pþq�p
if � ¼ i and � ¼ j:

(F14)

If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is given by

ðu�v�Þ��
33 � ðv�u�Þ��

33 ¼
�
��
pþq

E�
pþq

� ��
p

E�
p

�
�pþqp

i þ �pðpþ qÞi
�pþq�p

: (F15)

ðu�v�Þ12 ¼ �ðv�u�Þ12 ¼ � i

2

�
��
p

E�
p

þ ��
pþq

E�
pþq

�
Bðp;qÞ
�pþq�p

: (F16)

ðu�v�Þ013 þ ðv�u�Þ013 ¼
�ð��

p þ ��
pþqÞ

E�
p E

�
pþq

Bðp;qÞ
�pþq�p

; (F17)

ðu�v�Þi13 � ðv�u�Þi13 ¼ ��

�
1

E�
pþq

� 1

E�
p

�
�pþqp

i þ �pðpþ qÞi
�pþq�p

: (F18)

ðu�v�Þ023 � ðv�u�Þ023 ¼ i�

�
1

E�
pþq

þ 1

E�
p

�
Bðp;qÞ
�pþq�p

; (F19)

ðu�v�Þi23 þ ðv�u�Þi23 ¼ � i�ð��
p � ��

pþqÞ
E�
p E

�
pþq

ðpþ qÞi�p þ pi�pþq

�pþq�p
: (F20)

ðuþuþÞ11 ¼ ðvþvþÞ11 ¼ 1

2

�
1� �þ

pþq�
þ
p � �2

Eþ
pþqE

þ
p

�
Bðp;qÞ
�pþq�p

: (F21)

ðuþuþÞ22 ¼ ðvþvþÞ22 ¼ 1

2

�
1� �þ

pþq�
þ
p þ �2

Eþ
pþqE

þ
p

�
Bðp;qÞ
�pþq�p

: (F22)

If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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ðuþuþÞ��
33 þ ðvþvþÞ��

33 ¼

8>><
>>:

�
1þ �þ

pþq�
þ
p ��2

Eþ
pþqE

þ
p

�
Bðp;qÞ
�pþq�p

if � ¼ � ¼ 0�
1þ �þ

pþq�
þ
p þ�2

Eþ
pþqE

þ
p

�
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(F23)

If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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: (F24)
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; (F26)
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�
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p
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: (F27)
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: (F29)
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: (F31)

If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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(F32)

If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is given by
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; (F35)
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Eþ
pþq
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�pþqp

i þ �pðpþ qÞi
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: (F36)
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�
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; (F37)

ðuþvþÞi23 þ ðvþuþÞi23 ¼ � i�ð�þ
p � �þ

pþqÞ
Eþ
p E

þ
pþq

ðpþ qÞi�p þ pi�pþq

�pþq�p
: (F38)

Now we evaluate the ‘‘mixed’’ terms:
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: (F40)

If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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(F41)

If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is given by
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ðu�uþÞ013 þ ðv�vþÞ013 ¼
�ð��

pþq � �þ
p Þ

E�
pþqE

þ
p

Aðp;qÞ
�pþq�p

; (F44)
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If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is given by
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If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is given by
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If � ¼ � ¼ 0 or � ¼ i, � ¼ j, the 33-component is given by
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If � ¼ 0, � ¼ i or � ¼ i, � ¼ 0, the 33-component is given by
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