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Spin Transverse Force on Spin Current in an Electric Field
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As a relativistic quantum mechanical effect, it is shown that the electron field exerts a transverse force
on an electron spin 1/2 only if the electron is moving. The spin force, analogue to the Lorentz for an
electron charge in a magnetic field, is perpendicular to the electric field and the spin current whose spin
polarization is projected along the electric field. This spin-dependent force can be used to understand the
Zitterbewegung of the electron wave packet with spin-orbit coupling and is relevant to the generation of
the charge Hall effect driven by the spin current in semiconductors.
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In recent years, spintronics has become an emerging
field because of its potential application to the semicon-
ductor industry, and more and more attention is focused on
the effect of spin-orbit coupling in metals and semicon-
ductors [1]. The spin-orbit coupling is a relativistic effect
describing the interaction of the electron spin, momentum,
and electric field, and provides a route to manipulate and to
control the quantum spin states via external fields [2,3]. It
is desirable to understand the motion of electron spin with
spin-orbit coupling in an electromagnetic field. In electro-
dynamics it is known that a magnetic field would exert a
Lorentz force on an electric charge if it were moving. This
Lorentz force can generate a lot of fundamental phe-
nomena such as the Hall effect in solids [4]. The interaction
of the spin in the electromagnetic field behaves as if the
spin is a gauge charge and the interaction is due to the
SU(2) gauge field [S]. It is essential that the electron spin is
an intrinsic quantum variable, not a just a classical tiny
magnetic moment. The physical meaning of the interaction
is closely associated to the Aharonov-Casher effect and the
Berry phase.

In this Letter it is found that an electric field exerts a
transverse force on an electron spin if it is moving and the
spin is projected along the electric field. The force is
proportional to the square of electric field and the spin
current projected along the field, and its direction is always
perpendicular to the electric field and the speed of the spin.
The force stems from the spin-orbital coupling which can
be derived from the Dirac equation for an electron in a
potential in the nonrelativistic limit or the Kane model with
the k - p coupling between the conduction band and va-
lence band. From an exact solution of a single electron with
the spin-orbit coupling it is heuristic to understand that the
Zitterbewegung of electronic wave packet is driven by the
spin transverse force on a moving spin. The role of spin
transverse force is also discussed in the spin Hall effect and
its reciprocal effect driven by the pure spin current in
semiconductors.

We start with the Dirac equation of an electron in a
confining potential V and a vector potential A for a mag-
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netic field, B =V X A,
d
ihg‘l’= |:ca-<p+EA>+mc2y+ Vi|\I’, (1
c

where a and y are the 4 X 4 Dirac matrices. m and e are
the electron mass and charge, respectively, and c is the
speed of light. We let ¥ = ()“(’)e‘imcz’/ " such that the rest

mass energy of electron is removed from the energy ei-
genvalue of the electron. In the nonrelativistic limit, y is a
very small component, y = mczl_vca' “(p + ¢A)p where
o are the Pauli matrices. Thus the component ¢ of the
wave function satisfies the following equation, ihZ ¢ =~
H g, where
+€A)2 + e

(ot AV 2;1A) + Vet + npo-B + h(fmzé?)

He (o X TV),

2

where ug = eh/2mcand Ve = V + %VZV. In the last
step we neglect the higher order terms of expansion. Thus
the Dirac equation is reduced to the Schrodinger equation
with the spin-orbit coupling. The same form of effective
spin-orbit coupling and Zeeman splitting can be also de-
rived from the 8 X 8 Kane model that takes into account
only the k - p coupling between the I'¢ conduction band
and the I'j and I'Y valence bands, although the effective
mass, the effective Lande g factor, and the effective cou-
pling coefficients have to be introduced as material-
specific parameters such as m — m*, up — gug/2, and
12 /(4m*c?) — ri5e [6].
In the Heisenberg picture the kinetic velocity is
v =

.l[r,H]=l[p+f(A+ﬂ\)} 3)
ih m c

where A = 4,;’06 o X VV and comes from the spin-orbit
coupling. It indicates clearly that “A plays a role of a
SU(2) gauge vector potential. The spin dependence of the
gauge field can separate the charged carriers with differ-
ent spins in cyclotron motion experimentally [7]. Even
though we have [p,, pg] = 0 for canonical momentum,
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the analogous commutators do not vanish for the kinetic
velocity

[Uou U,B] = _l— aﬁyB + 2 [‘Aw ﬂﬁ] 4)
where the total magnetic field B= B + V X A4, and V X
A =h[o - (V?V) — (0 -V)VV]/(4mce). Notice that
[A, Agl=2n%(0"VV)e,p,0,V/(4mce)*>. We can
derive the quantum mechanical version of the force,

dv

with

F, = —E(VX B —BXV)/2=V(Vys + pgo - B), (6a)

P@=;ﬁﬂam-vw—3w~vw1 (6b)
h

This is the quantum mechanical analogue of Newton’s
second law. Of course we should notice that this is just
an operator equation. The uncertainty relationship tells us
that the position and momentum cannot be measured si-
multaneously, and there is no concept of force in quantum
mechanics. To see the physical meaning of the equation,
we take the expectation values of both sides with respect to
a Heisenberg state |®) which does not vary with time. The
expectation values of the observable describe the motion of
the center of the wave package of electrons. In this sense
we have an equation of the force experienced by the
moving electron. Actually the first term F), in Eq. (5) is
the Lorentz force for a charged particle in a magnetic field
(B) which contains the contribution from the SU(2) gauge
field A as well as the conventional electromagnetic field.
We have recovered the Ehrenfest theorem as one of the
examples of the corresponding principle in quantum me-
chanics. The term, (V(upzo - B)), results from the nonuni-
form magnetic field. Its role was first realized in the Stern-
Gerlach experiment, where a shaped magnet is used to
generate a nonuniform magnetic field to split the beam of
silver atoms. In the classical limit it is written as the
interaction between the magnetic momentum p =
—(upo) and magnetic field. This spin force depends on
the spin. Recently it is proposed that the force can generate
a pure spin current if we assume VB, is a constant [8]. In
the term F, we can also use u to replace the spin. It is
nonzero only when the electric and magnetic fields coexist,
as suggested by Anandan and others [5]. This term will
play an essential role in generating spin Hall current in
two-dimensional Rashba systems, which we will discuss it
later. The last term, Fy, comes from the SU(2) gauge
potential or spin-orbital coupling. As the force is related
to the Planck constant it has no counterpart in classical
mechanics and is purely quantum mechanic effect. The

force is irrelevant of the magnetic field. In the classical
limit we cannot simply use the magnetic momentum u to
replace the spin o in the potential A. Otherwise the force
vanishes. To see the physical meaning of the force, we
write the spin force for a single electron on a quantum state
in a compact form,

€l

424ﬁx5 (7

(Fp) =
where the spin current is defined conventionally,
i§=2{v,o-&£/I€]}), and in the last step the relation
{A, o & =0 has been used. This is the main result
in this Letter. The force is proportional to the square of
electric field £ and the spin current whose polarization is
projected along the field. It is important to note that an
electron in a spin state perpendicular to the electric field
will not experience any force. Comparing with a charged
particle in a magnetic field, j. X B, where j,. is a charge
current density, the spin force is nonlinear to the electric
field and depends on the spin state of electron.

We discuss several examples relevant to the spin force.
Though the gauge field JA provides a spin-dependent
magnetic field V X A, the Lorentz force caused by the
field on the charge will vanish in a uniform electric field
VV = e&. The spin dependent force F, also vanishes in
the absence of magnetic field. Here we consider the motion
of an electron confined in a two-dimensional plane sub-
jected to a perpendicular electric field,

p>

H = % + /\(pxa-_v - pya-x)) (8)
where A = he€/(4m*c?) from Eq. (2). This can be re-
garded as counterpart of a charged particle in a magnetic
field. On the other hand it has the same form of the Rashba
coupling in a semiconductor heterojuction with the struc-
tural inversion asymmetry [9], where the spin-orbit cou-
pling is induced by the offsets of valence bands at the
interfaces and the structure inversion asymmetry [6]. A
typical value of this coefficient A is of order 10~ ¢ (c the
speed of light), and can be adjusted by an external field
[10]. Because of the spin-orbit coupling the electron spin
will precess with time,

da'(t)

i —o(t) X (p X 2). 9)

Since the momentum p is a good quantum number, without
loss of generality, we take p = p,, just along the x
direction. Correspondingly the wave function in the posi-
tion space (r|®) = exp(ip,x)x,/~L where y, is the
initial spin state. Equivalently the spin-orbit coupling
provides an effective magnetic field along the y direc-
tion, B.sx = Ap.¥. This problem can be solved analytically,
and the electron spin precesses in the spin x-z plane
[11], 0,(f) = o cosw .t — 0, sinw.t, 0,(1) = 0, cosw. I +
o.sinw.t, and o,(t) = o, where the Larmor frequency
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w,. = 2p A/h. The spin o () varies with time and the spin
current is always along the x direction, (ji) =2 £ (o) X
cosw, t + {o,)sinw 1) where (...) means the expectation
value over an initial state (r|®). As a result the spin
transverse force on the spin is always perpendicular to
the x direction. Correspondingly the kinetic velocity v,
and v, at a time ¢ are

(Vo) = % + Xay); (10a)

(vy), = —A(oy)cosw t — (o) sinw 1),  (10b)

respectively. Though p, =0 the kinetic velocity (v,),
oscillates with the frequency w, while (v,), remains con-
stant. The y component of the position is

M = M=o

h sinwct ( )cosw”t { }sinw”t
- — o —~ — (o )
px 2 ( T2 ) 2)

Y

If the initial state is polarized along the y direction the
electron spin does not vary with time as it is an energy
eigenstate of the system, as discussed by Datta and Das [2].
In this case the spin current (j3) carried by the electron is
always zero and the spin transverse force is zero. Thus
(vy), = 0. If the initial state is along the spin z direction at
t=0, ie, (o) =s==*1, it is found that (v,),, =
—sAsinw, t. Different spins will move in opposite direc-
tions. It can be understood that the spin precession makes
the spin current whose polarization is projected along the
electric field changes with time such that the spin force
along the y direction also oscillates with the frequency w..
This force will generate a nonzero velocity of electron
oscillating along the y direction. Though (v,),—; —
(y)s=—1 = —2Asinw,t, the velocity does not contribute
to the spin current along the y direction, i.e., ({vy, o,}),;, =
0. The trajectory oscillates with time. The amplitude of the
oscillation is 72/ p, and the frequency is w, = 2p,A/h. For
a typical two-dimensional electron gas the electron density
is n, = 10" ~10'2/cm? and the wavelength near the
Fermi surface 7/ p, ~ 3-10 nm. For a typical Rashba cou-
pling A = 10"%c, w. = 0.3 ~1.0X 107! s, The rapid
oscillation of the electron wave packet is known in the
literature as the Zitterbewegung of an electron as a relativ-
istic effect, which is usually regarded as a result of admix-
ture of the positron state in an electron wave packet as a
relativistic effect [12]. In semiconductors the Rashba cou-
pling reflects the admixture of the particle and hole states
in the conduction and valence bands. Recently Schliemann
et al. obtained the solution of the trajectory and proposed
that this effect can be observed in III-V zinc-blend semi-
conductor quantum wells [13]. In the p-doped semicon-
ductors described by the Luttinger model there also exists a
spin force, and will generate the Zitterbewegung as calcu-
lated by Jiang et al. [14]. Though the spin transverse force
on a moving spin is very analogous to the Lorentz force on

a moving charge, because of spin precession, its effect is
completely different with the motion of a charged particle
in a magnetic field, where the amplitude of the Lorentz
force is constant and the charged particle moves in a circle.
The Zitterbewegung of the electronic wave package near
the boundary will cause some edge effect as shown in
recent numerical calculations [15]. The edge effect is
determined by the electron momentum. The smaller the
momentum, the larger the edge effect. The amplitude and
frequency of the Zitterbewegung satisfy a relation that
(n/2p,)2p.A/) = A, which is the amplitude of oscilla-
tion of the velocity v,. In Fig. 1 it is illustrated that two
electrons with different spins experience opposite forces in
an electric field.

Furthermore we consider a two-dimensional electron
gas lacking both the bulk and structural inversion symme-
tries. A Dresselhaus term B(p,o, — p,o,) will be in-
cluded in the total Hamiltonian in Eq. (8) [16]. In this
model the spin force formula gives [17]

2
Fp=E - )

for each moving electron. First of all, the force disappears
at the symmetric point of A = £8. At this point the
operator o, = oy is a good quantum number and there is
no spin flip in the system. For A # * 3, the moving elec-
tron will experience a spin-dependent force and the force
will change its sign near A = (. A heuristic picture from
this formula is that when a nonzero spin current j% goes
through this system the spin-orbit coupling exerts the spin
transverse force on the spin current, and drives electrons
to form a charge Hall current perpendicular to the spin
current. The injected spin current can be generated in
various ways, such as by the spin force V(u - B) [8] and
circularly or linearly polarized light injection [18,19].
For instance we assume the spin current j? is generated
by the linear polarized light injection which is proportional
to the transition rate from the valence band to the conduc-
tion band with finite momentum and the life time of
electrons at the excited states. In the relaxation time
7 approximation in a steady state the drift velocity or-
thogonal to the spin current is (v,) = 3% (A* — B?)jir if

7 is not so long, i.e., 2p,\/A> + B?7 < h. This nonzero

¢E

R

FIG. 1 (color online). The electric field exerts opposite forces
on electrons with different spins polarized along the field.
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drift velocity will form a Hall current orthogonal to the
spin current. This is the charge Hall effect driven by the
spin current. In ferromagnetic metal or diluted magnetic
semiconductors the charge current is spin polarized; it can
generate the spin polarized Hall current via the spin trans-
verse force. Thus the spin transverse force can also be
regarded a driven force of an anomalous Hall effect [20]
and the spin-resolved Hall effect [17,21]. A detailed cal-
culation for this Hall conductance is given by the Kubo
formula as a linear response to the field B = ABxZ. This
field will generate a spin force, —V(gugBo) =
—gupABo, X, which will circulate a spin current along
the x direction, and, furthermore, the spin-orbit coupling
provides a driving force to generate a transverse charge
current, j. . In the clear limit the Hall conductance o, =
Jey/(upAB) =0 for A=*B and (e/4mh)X
(A2 — B?)/|A*> — B?|. However, following Inoue et al.
and Mishchenko er al. [22] the inclusion of impurities
scattering will suppress the Hall conductance completely
just like the spin Hall effect. On the other hand numerical
calculation in mesoscopic systems shows the existence of
the effect [19]. Another example is the two-dimensional
p-doped system with the cubic Rashba coupling [23],
p?
H=_—+ia(plo_ —plo,) (13)
2m

where o are spin increasing and decreasing operators,
and p. = p, * ip,. The spin force on the moving electron
in this system is Fy = 2mpa/h)*(ji X £). The linear
response theory gives the Hall conductance —9e/(27h)
which is robust against the vertex correction from impuri-
ties scattering. Calculations by means of the Green-
Keldysh function technique and linear response theory
[8,19] show the existence of charge Hall effect driven by
the spin current, and the Onsager relation between the
charge Hall effect and its reciprocal. The key features of
the numerical results are in good agreement with the
picture of spin force qualitatively.

In conclusion, an electric field exerts a transverse force
on a moving spin just like a magnetic field exerts a Lorentz
force on a moving charge. This force is proportional to the
square of electric field and the spin current with spin
projected along the field. This is a purely relativistic quan-
tum mechanical effect. As the origin of the force the spin
current should be also observable physically. From the
solution of the motion of a single electron in an electric
field, the Zitterbewegung of electronic wave packet in the
spin-orbit coupling can be regarded as an explicit conse-
quence of this force. Because of the similarity of this spin
transverse force and the Lorentz force, the spin transverse
force plays a similar role in the formation of the charge
Hall effect driven by the spin current and the spin Hall
effect driven by the charge current as the Lorentz force
does in the Hall effect in a magnetic field.
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