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ABSTRACT. The Siegel-Walfisz Theorem states that for any B > 0, we have

Z 1oz
ot p(k)logx
p=a (mod k)
for k < log® 2 and (k,a) = 1. This only gives an asymptotic formula for
the number of primes over an arithmetic progression for quite small moduli
k compared to z. However, if we are only concerned about upper bound, we

have the Brun-Titchmarsh theorem, namely, for any 1 < k < =z,

xT

1< ——.
2z () o5 (/)
p=a (mod k)

In this article, we prove an extension to the Brun-Titchmarsh theorem on the
number of integers, with at most s prime factors, in an arithmetic progression,

namely,

x - (oglog(a/k) + K)*
> U< ) Tog(a/k) 1;) “

y<n<z+y
n=a (mod k)
w(n)<s

for any z,y > 0,s >l and 1 <k < z.

In particular, for s < loglog(z/k), we have

T (loglog(z/k) + K)*~V p—«—
1 log1 k K
L S e Gonr Vel
n=a (mod k)
w(n)<s

and for any € € (0,1) and s < (1 — ¢) loglog(z/k), we have

Z 1< ez (loglog(x/k) + K)s—1
y<n<z+y S@(k) lOg(.’L‘/]C) (3 - 1)' ’
n=a (mod k)
w(n)<s
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1. INTRODUCTION

Throughout this paper, p,p1,p2, ... etc. denote prime numbers.
The celebrated Prime Number Theorem, conjectured by Gauss and proved by
Hadamard and de la Vallée Poussin, asserts that

T

D 1=(1+0(1))

p<z

logz’

where the summation is over all primes p < x. One can also consider the distribu-

tion of primes in arithmetic progressions. For (a,k) = 1, put

_ Li(x) ok g
(1) Yoo1= 0 + E(z; k, a),

Pz
p=a (mod k)

where Li(z) = [ lolg ;dt and p(n) is the Euler function. The Siegel-Walfisz theorem

states that for arbitrary constants A, B > 0
(2) max |E(z;k,a)| < E(10g z)~4
(a,k)=1 k
uniformly for & < (logx)® and this only gives an asymptotic estimate (1) for quite
small moduli k compared to x. Furthermore, if we assume the generalized Riemann
hypothesis, we can prove that (2) holds for k& < z'/?(logz)~4~2. The celebrated
Bombieri-Vinogradov theorem has the same strength as the generalized Riemann
hypothesis on average, and therefore enables us to deal with various problems. It
asserts that for every A > 0 there exists a constant B = B(A) > 0 such that
S max |E(a;k,a)| < a

—r
L (logz)

See [1], for instance. Although asymptotic estimate (1) can only be proved so far
for quite small moduli &, if we are only concerned about upper bound inequality for
(1), we have the Brun-Titchmarsh theorem (e.g see [2] ), namely, for any 1 < k < z,
x
Z; 1< o/l
p=a (mod k)
In this article, we consider an extension of the Brun-Titchmarsh theorem and study
the number of integers in short intervals with exactly s prime factors (counted with
multiplicity) that lie in the arithmetic progression a (mod k). Let £(n) denote

the number of prime factors of n (counted with multiplicity) and w(n) denote the
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number of distinct prime factors of n. Landau [5] showed that for fixed s the

asymptotic formula

x (loglogz)s™!
1=(1+4+o0(1
T; ( ( ))1og$ (s —1)!
w(n)=s

holds. Sathe [8] and Selberg [9] proved a more precise quantitative estimate. Let

F(z) ::F(;MI;[(Mrle) (1_110)z’

where the product is taken over all primes p. Then

s r  (loglogz)s~1 1
E 1=F 1
<log logx) logz (s—1)! +0 loglog x

n<x
w(n)=s

holds uniformly for > 3 and 1 < s < C'loglog z for any given fixed C' > 0. For
more discussions, see [4] and [6].
Upper bounds for the above sum have been obtained for much wider ranges. A

classical example is the Hardy-Ramanujan inequality [3]

r (loglogz + cp)*~ !
3 1<
3) Z _cllogx (s—1)!

n<x
w(n)=s

which is valid, with suitable constants ¢; and cg, for all x > 3 and s > 1. In [12],
Warlimont and Wolke extended the Hardy-Ramanujan inequality by estimating the

number of such integers in an interval (y,z + y|, namely,

c1 = (loglogx + )™t
(4) pi(n) < —
y<nz<y+$ € logz (s—1)!
w(n)=s

for any y > 0 and 0 < € < 1/2, provided that for sufficiently large x,

loglog x
1<s<(1l—€¢)——F"—.
sss(1-¢) logloglog z

It was mentioned in [12] that, a larger upper bound than (4) is needed if the range
of s is extended to 1 < s < loglogx. A further remark on this will be discussed
later. Recently, Tudesq in [11] showed that the inequality (4) still holds when the
squarefree condition is removed but for a larger upper bound. He proved that for

2<z<yands>1,

z (loglogx + co)s—
Z 1<<1ogx( - (i—l)'Q) :
y<zt§y+a: ’
w(n)=s
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Here (t), :=t(t+1)--- (¢t +r —1). It can be easily shown that

()s1 =t (1+1>...<1+3;2> Sts—lexp{(s—zgis—l)}

and hence in the range 1 < s < +/loglog x, Tudesq’s result recovers Warlimont and
Wolke’s result (4).

By extending Selberg’s idea in [9], Spiro proved in [10], among other results, that
if we fix B’ with 0 < B’ < B (B =2 for n = Q and B is arbitrary for n = w), select
u > 0, and let a, s, k be integers with (a,k) = 1,

1<s< B'loglog,

and

1<k <exp(yioga), [[p< (loga)",

plk

then for n(n) = w(n) or Q(n), we have

— o x '(loglog:p)sfl o(k)\?
(5) ; L= +oM)CW) s ™ =1 ( - )
"o

uniformly in a, s and k, where y = ﬁ, Xo is the principal character modulo k,

1,z,X0;
G(z) := 7g(r(1f2)n) and

g(w,zx:m) =[] (Z X(pm)Z”(”m)pm“’> (1= x(p)p~)

p \m=0
wherever the product converges.

For larger values of k the situation is much less satisfactory and no simple asymp-
totic formulae have been obtained so far. The purpose of this paper is to obtain an
upper bound estimate for the number of positive integers in the interval (y,z + y]

which have exactly s prime factors and lie in the arithmetic progression a (mod k)

for large range of k. In [7], Orazov showed that for fixed s > 1,

Z 1 (n) <

y<n<z+y
n=a (mod k)
w(n)=s

7(k)* "tz (loglog z)* 1
¢(k)log x

provided k < /(%) where 7(k) is the divisor function of .

Our main Theorem is the following.
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Theorem 1. Let x,y > 0 and s > 1 and let a, k be coprime positive integers with

1 <k<ax. We have

s—1
(loglog m/k + K)*
6 1<
(6) > log 7 2=
y<n<z+y =0
n=a (mod k)
w(n)<s

In particular, for s <loglog(x/k), the right hand side of (6) is

Kz (loglog(z/k) + K)*~!
(k) log(z/k) (s —1)!

and for any e € (0,1) and s < (1 —¢)loglog(x/k), the right hand side is

Vloglog(z/k) + K

Ke lz (loglog(z/k) + K)*~!
¢(k)log(z/k) (s —1)!

For any L > 1, it is not difficult to show that

Lot Lt Lt
Zﬂx Z WX LﬁxeL.

Hence, when s > loglog(z/k) + K, the sum in the right hand side of (6) is >
log(z/k), yielding a trivial bound for the sum in the left hand side. Thus the main
interest of our result concerns the range 1 < s < loglog(x/k).

Clearly Theorem 1 includes the following.

Theorem 2. Let z,y > 0 and let a, k be coprime positive integers with 1 < k < x.
For n(n) = w(n) or Q(n), we have

s—1

(loglog x/k + K)*
1 <
Z log (z/k) ;

y<n<z+ty
n=a (mod k)
n(n)=s

In particular, for s <loglog(x/k), we have

Kz (loglog(z/k) + K)*~!
Z 1< loglog(x/k) + K
y<n<z+y (p(k) log(x/k) (S — 1)' \/ ( / )
n=a (mod k)
n(n)=s

and for any € € (0,1) and s < (1 —¢)loglog(x/k), we have

Ke 'z (loglog(z/k) + K)*!
" y}g;w LS Sl s/ R) (s = 1)!

n=a (mod k)
n(n)=s
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Our Theorem 2 improves Warlimont and Wolke’s, Tudesq’s and Orazov’s results.

We remark that in our range of 1 < s < (1 —¢)loglog(x/k), (5) shows that our
upper bound in Theorem 2 is of the correct order of magnitude, at least when x is
a sufficiently large function of y.

It is very tempting to extend (7) in our Theorem 2 to the more natural range
1 <s < (1+¢)loglog(z/k). However, similar to the comment of Warlimont and

Wolke in [12], this can’t be done. We prove this in the following proposition.

Proposition 3. For any A and € > 0, there exist constants co(A,€) and c1(A,€)
with the following property: Let x > co, 1 < k < exp(y/logz — %)7 lekp < logx

and

(8) loglog(x/k) + 2\/log log(z/k)log(2k/p(k))

+ c1/loglog(z/k) < s < (2 —¢€)loglog(z/k).

Then for any positive integer a coprime with k, there exists y > 0 such that

Y 1za— o (oslos(/k)
y<n<y+tx N w(k) log(z/k) (5 — 1)'
el

Proof. Since 1 < k < exp(v/Iogz — %), we have 1 < k < exp(y/log(x/k)). Then
we apply Spiro’s result in (5) with Y = exp((log(z/k))'*?) in place of x, where
0 > 0 is to be determined later. We note that (c.f. Lemma 3 in [10]) for s satisfying
condition (8), we have (s —1)/loglogY < (2 —€)/(1+J) <2 — € and

s—1 s—1 |, s—1

1 G =I't+ —— 1, ————
<G ) (+10glogY) g "loglogY

—_— - Q) 1.
loglogY X03§2) <

Hence, by (5)

)

o1z Y (loglogY)*! [/ p(k)\ ¢/ loslosY
n<y o 3@(k)10gy (S— 1)' L
e

for some constant cz(e) > 0.
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Partition the interval (0,Y] into < [Y/z]+1 subintervals of the form (0, z], (z, 2z],

(2z,3x], . ... Then there exists y = jx > 0 for some j such that
> o1z g X
y<aZots Y/el+1 =
n=a (mod k) n=a (mod k)
Q(n)=s Q(n)=s

3 x (loglog Y)*~1 <¢(k)>(s—1)/log10gY

2 o(k)logY  (s—1)! k

Comparing the right hand side with the desired lower bound in our proposition, we

see that our proposition would follow if

-1
s—1> <510g log(z/k) + 10g(2A/63)) <log(1 +9) — @ log(k/gp(k)))

holds. Using now the inequalities log(1+4) > § — 62 and loglog Y > loglog(z/k),
the right hand side above is

-1
< <6log log(z/k) + log(2A/03)) (5 — %62 —log(k/p(k))/ log log(x/k)> .
By taking § satisfying

%52 = log(2k/o(k))/ log log (x/k),

we find that the last expression is

< loglog(x/k) 4+ 2+/loglog(x/k)log(2k/p(k)) + 21og(2A/c3)/log log(z /k).
This proves our proposition. ([

Our argument in Proposition 3 does not work if the interval (y,y+ z] is replaced

by the interval (1,z]. In fact, the counterexample occurs when y is quite large,

namely, logy = (log(x/k))**°.

The main idea of proof of our Theorem 1 is the classification of positive integers
Qj—1

n= (p?1 pi ) (p?j ~-~p2”) = rw, say where j is determined by

a; 1+1

a1 o a;+1
p11p22,..pj71 < i .

x
T SPUPR
Then ) =>" >, - Ineach w, either p; is large or p?j is a large prime power. In
the former case, ), can be estimated by sieve method. When p;lj is a large prime
power, there are at most two possibilities for the exponent a; and a trivial estimate
for the ), then suffices. The sum ) can be estimated by Hardy-Ramanujan type

argument in [3]. This yields the (j — 1)! in the denominator in Lemma 8.
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2. LEMMAS

We need the following results to prove our Theorem 1. Throughout, we let K
denote a positive absolute constant which need not have the same value at each

occurrence but K is effectively computable.

Lemma 4. For2 <y <z < X, we have

> sl = ¥ (1°g (1;&/)) s (léé?y)))

y<p<z

1 1
o (logzlog(X/Z) - logylog(X/y)) '

In particular, for 2 < z < VX, we have

1 loglogz + K
9 < .
©) 2 plog(X/p) = logX

p<z

Proof. This lemma can be proved by the partial summation that

z

1 1 1 z 1 dt
2 plog(X/p) — log(X/t)pZS:ti _/y ZE tlog?(X/t)

y<p<z p<t

and the well-known estimate

1 1
Zf zloglogt+c+0(>
P 1

<t ogt

for t > 2 and some constant c. O

For any w > 1, we let

P(w) := H D

p<w

where the product is over all primes less than w.

Lemma 5. For any X > 1,Y > 0 and any integers a and k > 0 such that

(a,k) =1, we have

2
p(k)logw  o(k)log®w

Y<n<X+Y
(n,P(w))=1
n=a (mod k)

Proof. This is Theorem 3.6 of [2] or Theorem 3.8 of [6]. |
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Lemma 6. Let X,Y > 0 and let a,k be coprime positive integers with 1 < k < X.
We have

Z 1< KX
vty ek)log(X/k)
p®=a (mod k)

Here the summation on the left hand side is over all prime powers p®.

Proof. For k > X/2, the result is trivial. We may henceforth assume k < X/2. If

| X
D> T then the sieve bound Lemma 5 yields our result as before.
For any prime p, let 1 < 8; < B2 < --- be such that

(10) Y <pP <X 4Y, pP=a (mod k), i=1,2,... .
Then for j > i, p% — p% is a multiple of k and so is (p% P — 1) since (p, k) =
(a,k) = 1. Also,
X >ph—ph = pPi P —1) > 0.
Hence
PP < X/k.

In other words, all but one of the prime powers p® in the sum of the lemma satisfy
p* < X/k.

In particular, for each p there are < log(X/k) + 1 powers of p satisfying (10). Thus

X X
1K log—+1] </
Y< ﬁz<:x+y Z ( & k > k
PO =g (mod k) p<+/X/k

P<VX/k

This completes the proof of our lemma. O
For any positive integer m = pi'pg? - - ~p?j, where p; < pa < --- < p; are primes
and ai,og,...,a; > 1 we let

. ay, aj 1 aj;+1
u(m) = p11p22"'pji1 pj] )

and

a1 2

v(m) := py"ps* Pl p;

Define u(1) = v(1) = 1.
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1
Lemma 7. Let £ > 2. Define Py(§) := Togé" For h > 1, we have

1
- —1 h
Pu@ = > (mlog(e/m)™" < pr(oglogt + K)
m=p, "'phL
u(m)<g
and
Qn(&) == Z m~t <L(lo log& + K)h!
s = = (h—1)lloge 2%
L g
u(m)>¢
v(m)<g
Proof. First,
P& = > (" log(ép™)) "
“ s.t.
pe‘“é&
[lt;g.ﬁ/p]
= Y (logép™ )+ D> > (™ log(p)) !
P<VE p<E/s a=2
1 log £1/2 log 2 1
= —(log| =27 ) —log | ——r —
log € (Og<logsl/2 = \log(e/21) ) 79 \loge
[lolgs/p]
ogp Oé+1 e
+0 Z Z 1og§p
p<Er/s a=2
< ! (loglogé + K)+ 0O | Y !
0g 10 I a——
— 2
log & e P log &
1
< log1 K
< 10g5(0g0g§+ )

by Lemma 4. We now use mathematical induction on h > 1. For each prime power

pY a0 > 1, let

L) :={mp® : (p,m) = L,w(m) = h,u(mp) < E}.

For each n counted in the sum Py (€), we have n = p{p52 - ppit', u(n) < €.

Hence n belongs to L(p;") for i =1,2,...,h+1 and

(h+1)Ppi1(¢ Z Z nlog— )7L,

P neLl(p®)
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For n = mp® € L(p%), the condition u(mp®) < £ implies u(m) < &/p®. Also L(p%)

is an empty set unless p®t! < €. Thus, the last double sum is

< ) p P/

p~ s.t.
pti<e
(e h
< % S pe (loglolg(f/p ?XJr K) 7
DAl og(&/p™)
by induction hypothesis on Py, (£/p®). Then by P;(£), we find that
1 _
Pun(®) < gy (loglog& + K)* >~ (p™log(¢/p*)) ™"
' poti<g
1
< o (logl K)h+t
S (g D)loge loslos&+ KT,
as desired.

Next we prove the bound for Q;(¢).

Qe = Y po= > e

gt log £

pﬁﬁis P<VEa+1> 255

p<e

201
p-€ 1 1 K

< g = E 1+ —1 < .
- p—1 : <p+ +p—1 ~ logé&

p<VE p<VE

For h > 2, using the above bound for @Q;(£), we have

Qh(g) — Z mil < Z Tl71 Z p}:ah

m:plul...p‘:h n:p;”ln.p:ﬁil th s.t.
u(m)>§ u(n)<g p:h+1>§n’1
v(m) <€ 2 <gn1
= Yoo nT@uén™
1 Yh—1
n=P1 Pp_1
u(n)<¢g
< K Z n1(logén=1)~!
n=p;t-p, "yt
u(n)<§
= KP,1(§ < L(loglogf—l—[()h_l
B — (h—=1)'ogé ’
as desired. O

For each integer n > 1, let n = p{™ --- p"* denote its canonical factorization in
which p; < pa < --- < p¢. For any & > 1, define the following sets:
Hy=Hi(&) :={n:wn)>1, pp*tt > ¢
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Hy = Hy(&) == {n:w(n)>2, pI"™" <& pipy>t! > ¢}
Hy = H3(&) == {n:w(n) >3, p{'ps>™" <& plpy?ps>tt > ¢}

and in general, for j > 1,
H:H = : > g a2 aj71+1< a1l it o+l
J J(f) {n:w(n) > 7, P PjZo P’y <¢, pf Pl pj > &}

Lemma 8. Let z,y > 0. For any coprime positive integers a, k with k < % and

& =uz/k, we have

Z 1 < Kaz (loglog(x/k) 4+ K)7~1
yerTony  plk)log(z/k) G —1)! :
n=a (mod k)

n€H;

Proof. We split the set H; into

o a1+l i
Hy = {n:pf - pipi T <& pt-piip > &)
U{n:pft - pliyp? <& pft el > €}
) ()
H; " UH;™,
say. For each n € H;, write n = rw where
T:p(lxl'”pj—l , W=

Ctj71 2
r

Note w > 1, and r = 1 if j = 1. Furthermore, for n = a(mod k), we have
(r,k) = 1 since (a,k) =1. If n € Hj(l), then the smallest prime factor in w is pj,
which is bigger than /&/r. Hence

DT SEED S
y<n<z+y ToyrT<w< (z+y)r !
n=a (m(?;l k) w=ra (mod k)
neH; (w,P(y/&)=1
<

T
K g —_—
— ro(k)log 47

by applying the sieve bound in Lemma 5.
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The summation Z is exactly that in P;_;(x/k). Thus,

T

Kx x\ L Kz
Z 1 < go(k)zr:<rlogkr) :mpj—l(x/k)

y<n<z+y
n=a (mod k)

nGHJ(.l)
Kz (loglog(z/k) + K)7~1
o(k)log(z/k) (=Dt

(11)

by Lemma 7. Before we move on, we take note of the following simple fact: if
y<n<n <z+yandn=a=n'(mod k), then n’ —n is divisible by k as well as
ged (n,n'). Furthermore since (n, k) = 1 = (n/, k), we can conclude that n’ —n is a

positive multiple of k(n,n’). In particular,

(12) (n,n') < x/k.

Now suppose n = rw and n’ = rw’ are two integers in H](?) with the same r.

Then by (12), we have
(13) (w,w') < % .

If both w and w’ have the same smallest prime factor p;, and p;” [lw, p?j lw’ say,
.

with 1 < a; < a;, then it follows from (13) that p;” < o At the same time, we
r

also have the condition (on n) in H](.Q) that

on+1

TP, >

x
-
This means that «; is uniquely determined by the inequalities

o x oa;+1 x
We can now conclude that, for all n € HJ@), n = rw with a given r, either
(i) w= pf .-+ for one value of 3, which is determined uniquely by p;; or

B

(ii)) w = J where (3 takes exactly two values, one of which is ¢ in (14) and

another one larger than this. Both of these two values are determined uniquely by

2K
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‘We now return to the sum

> oL

y<n<zty
n=a (mod k)
nEH](z)

Those n in case (i) contribute

2,522 2 .

TPi y(ep )" l<m< ety (rp) T )71

mEv‘p?ja (mod k)
Note that «; in the inner summation is uniquely determined by 7 and p;. The
innermost sum is clearly

Q5

< z(krp; e,

Hence
1
DIENE-D D) D= e D) BE
T pj p] roop;
< To(T)rY YL
r p<&/r

in view of the conditions in H ](-2) and the definition of ¢);. Hence, by the prime

number theorem, we have

2,

IN

x z x 2
?Qj (?) * & Z rlog 7=
T x z z
79 (F)r2pha (%)
Kx(loglog(z/k) + K)7~1
klog(xz/k)(j — 1!

The contribution of those n in case (ii) above is

IN

(15)

2, = 22 2. L+ 2 !
2
TP | oyt )l <m< (a ) (rp ) o o
J y(rp; 7))~ < /‘§(~+J)( P;) y(rp; 7)) "l <m < (e ty) (rp; )1
m=rp.Ja (mod k) 7
7 nzzw‘p;]a (mod k)
< 33 (= 2 42
= R
T pj J ij k
<

IS e sk, (5).
T Pj



AN EXTENSION TO THE BRUN-TITCHMARSH THEOREM 15

as in the case of Z . The case that w has just one prime power can be verified
1

separately by using Lemma 6. Combining this with (15), we prove Lemma 8. O

3. PROOF OF THE THEOREM

Again, when k > x/2, the result is trivial. Therefore we may assume k < z/2.
Let s > 1 be given and set { = x/k (> 2). By the definition of H;(§), it is
easy to see that if n = p{*p5? ~~p§” does not belong to H; U Hy U ---U Hj, then

1 a9+1

pIips? - Pl p; < ¢; and hence n < . Thus

S o Y ey

y<n<z+y y<n<z+y n<§
n=a (mod k) n=a (mod k) w(n)<s
w(n)<s n€H{U---UHg

Applying Lemma 8 to the first sum and Hardy-Ramanujan’s inequality (3) to the

second sum, we get the bound

§ (loglog x/k; + K)!
log (z/k) —

for the above right hand side. This proves (6) in our Theorem 1.
For s < loglog(z/k), we let A =s/L <1 where L =loglog(z/k) + K. If A <1,
then the summation at the right hand side of (6) is

,_.
| —

S

oglog(z s=1 57 o ) (s—2).-.-
(loglog(z/k) + K) = (loglog(x/k) + K) Z( D(s—=2)---(1+1)

1=0 I (8 — 1)! ] (10glog(g;/k) i K)S—l—l
loglog(x/k +Ks—15—1 i
< (log ggs/)l)! ) Z)\‘ .
loglog(z/k) + K)5—1 &
o (log gES/_)D! ) SN
(1= XN)"Y(loglog(z/k) + K)*~*
(s —1)!

and if A <1, then the summation at the right hand side of (6) is

s—1

s—1

| —

(loglog(x/k) + K)*~
(s—1)!

(s—1)(s—=2)---(I+1)
(loglog(z/k) + K)s—t-1

'(loglog(x/k) +K)! =

~

Z'IM

N
I
=}

|
M

(logloggic/_k)l;.rK)s 'S 1<1_}J) (1_2)..(1_

(loglog(z/k) + K)*~! <~ _
- (s—1)! ‘
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The last summation over [ is

s—1
_ Ze*l(l“)/(”) < Z 14 Z o—12/2L)
=0 0<I<VL VI<I<s—1
o3} 5 oo 2
< \E+/ e /Nt « VL + \fL/ e tdt < VL.
VI 1

This completes the proof of our Theorem 1.
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