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Abstract Let G be a connected semisimple algebraic group over an algebraically closed
field of characteristic zero, and let 6 be an automorphism of G. We give a characteriza-
tion of spherical 6-twisted conjugacy classes in G by a formula for their dimensions in
terms of certain elements in the Weyl group of G, generalizing a result of N. Cantarini,
G. Carnovale, and M. Costantini when 6 is the identity automorphism. For G simple and 6
an outer automorphism of G, we also classify the Weyl group elements that appear in the
dimension formula.

1 Introduction
1.1 The main results

If R is a group and 6 is an automorphism of R, the O-twisted conjugation of R on itself is
defined by r -g ' = rr'6(r)~! for r, r’ € R, and its orbits are called the O-twisted conjugacy
classes in R.

Let G be a connected semisimple algebraic group over an algebraically closed field k of
characteristic zero, and let Aut(G) be the automorphism group of G. For 8 € Aut(G), a
0-twisted conjugacy class C in G is said to be spherical if a Borel subgroup of G has an open
orbit in C for the 6-twisted conjugation action.

Fix a Borel subgroup B of G and a maximal torus H C B, and let Aut’(G) = {0 €
Aut(G) : 0(B) = B,9(H) = H}. Throughout the paper, we assume that & € Aut’(G) (see
Remark 1.2).

Let W = NG (H)/H be the Weyl group, where NG (H) is the normalizer of H in G, and
let [ be the length function on W. For w € W, denote by rk(1 — w6) the rank of the linear
operator 1 — w6 on the Lie algebra h of H. For a -twisted conjugacy class C in G, let m. be
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the unique element in W such that C N (Bm¢B) is dense in C. In the first part of the paper,
we prove the following characterization of spherical 6-twisted conjugacy classes in G.

Theorem 1.1 For 0 € Aut'(G), a 9-twisted conjugacy class C C G is spherical if and
only if

dim C = I(m¢) + k(1 — m0). (1.1)

When 6 = Idg, the identity automorphism of G, Theorem 1.1 is proved by Cantarin-
i etal. in [1] by a case-by-case checking that depends on the classification of all spheri-
cal conjugacy classes in G (for G simple). Formula (1.1) is then used in [1] to prove the
De Concini-Kac-Procesi conjecture on representations of the quantized enveloping algebra
of G at roots of unity over spherical conjugacy classes. A different proof of Theorem 1.1 for
0 = Idg, which is also valid when the characteristic of k is an odd good prime for G, is given
by Carnovale in [2], where the proof does not require a classification of spherical conjugacy
classes in G but it also depends on some case-by-case computations. When 6% = Id¢ and
C is the f-twisted conjugacy class through the identity element of G, (1.1) follows from
standard results on symmetric spaces (see §2.3).

In §2, we give a direct proof of Theorem 1.1.

For 6 = Idg, the elements m play an important role in the study of spherical conjugacy
classes. In particular, it is shown by Costantini [5] that the coordinate ring of a spherical con-
jugacy class C as a G-module is almost entirely determined by m (see [5, Theorem 3.22]).
For G simple and of classical type and for &6 = Idg, the element m. for every conjugacy
class in G is computed explicitly in [4]. The second part of the paper concerns the set

My = {mc : C is a O-twisted conjugacy class in G} C W (1.2)

for an arbitrary 6 € Aut’(G). The same arguments used in the proof of [3, Remark 2] show
that the set My depends only on the isogeny class of G. Denote also by 6 the automorphism
of W naturally induced from 6 € Aut’(G) (see §3.1 for more detail), and let

My ={m € W : m is the unique maximal length element (1.3)

in its O-twisted conjugacy class in W},

By[3, Corollary 2.15], Mg C M.

For G simple and 6 an inner automorphism of G, it is shown in [3, §3] that Mvg = My
and elements in My are classified in [3, §3] using results from [1,2]. For G simple and 6 an
outer automorphism of G, we give in Proposition 3.7 the complete list of elements in My,
and we prove in Theorem 3.8 that, again, /T/f@ = M. It turns out that if 6 induces an order
2 automorphism of the Dynkin diagram of G, the list of elements in My coincides with that
of Springer in [10, Table 2], and if G = D4 and 6 has order 3, My has two elements. The
classification of elements in My gives restrictions on the possible dimensions of 6-twisted
conjugacy classes in G. See Example 3.9.

1.2 Notation

Let Ay and I' C A, be respectively the sets of positive and simple roots determined by
(B, H) and write ¢ > 0 (resp. « < 0) for o € A4 (resp. « € —A4). Let N and N_ be
respectively the unipotent radicals of B and the opposite Borel subgroup B_. The Lie alge-
bras of G, B, H, N, and N_ are respectively denoted by g, b, h, n, and n_. For o > 0, s,
denotes the corresponding reflection in W. We also fix a representative w in Ng (H) for each
weW.
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On a dimension formula for spherical twisted conjugacy classes 1183

For 6 € Aut'(G), we use the same letter to denote the action of & on Ay, and when
necessary, we write & € Aut(I') to indicate that 0 is regarded as an automorphism of the
Dynkin diagram. The induced action of 6 on g is also denoted by 6.

For g € G, Ad, denotes both the conjugation on G by g and the induced map on g. For a
set Vandamapo : V — V,welet Ve ={x e V:o(x) = x}.

Remark 1.2 For an arbitrary 6; € Aut(G), there exists gg € G such that Adg,(B) = 61(B)
and Adg,(H) = 61(H). Then 6 = Ad(;)1 0 0; € Aut’(G), and the right translation by gg in
G maps 0 -twisted conjugacy classes in G to -twisted conjugacy classes in G. We can thus
assume throughout the paper that € Aut’(G). Moreover, if § and 8’ € Aut’'(G) are in the
same inner class, i.e., if they induce the same automorphism on the Dynkin diagram, then
6 = Ad), o 6’ for some h € H, and it follows that My = My

2 Proof of Theorem 1.1
2.1 Two lemmas on B-orbits in G

Recall that -4 denotes the 6-twisted conjugation action of G on itself. For g € G, let B, be
the stabilizer subgroup of B at g. The following generalization of [1, Theorem 5] is proved
in [6, Theorem 4.1]. We include the (short) proof for the convenience of the reader and to
make the proof of Theorem 1.1 self-contained.

Lemma 2.1 [6] For any w € W and g € wB, one has B; C HY (N N Ady, (N)). Conse-
quently,

dim(B -y g) > l(w) + k(1 — wo).

Proof Letb = ninoh € By, where h € H,ny € NN Ady(N-) andny € N NAdy(N). It
follows from bg = g0 (b) and the unique decomposition BwB = (N N Ad; (N_))wB that
np = 1and w8 (h) = h. Thus B, C HY (N N Ady(N)), and

dim(B -4 g) = dim B — dim By > dim B — dim(N N Ady (N)) — dim H™
= l(w) + k(1 — wo).
O

Lemma 2.2 Ifw € W and g € wB are such that B -9 g is open in G ¢ g, then By is an
open subgroup ofH“’O (N N Ady (N)).

Proof Let go = {x € g : Adg6(x) = x} be the stabilizer subalgebra of g at g for the
6-twisted conjugation action, and let by = bNge. By Lemma2.1, b, C H%? + (nNAdy (n)).
It remains to prove that h*? + (nN Ady(n)) C b P

Letxg € h*? and x; € nN Ady(n), and let z = (Adg0) ! (x4 + x0) — (x4 + x0) so that
Adg6(z + x4 + x0) = x4 + x0. Using the fact that Ady(xg) — xo € nforany b € B, one
sees that z € n. We now show that z = 0. To this end, let ( , ) be the Killing form of g. Since
B ¢ g is openin G -y g, the inclusion b < g induces an isomorphism b/b; = g/g,. Thus
for any y € g, there exists y’ € b such that y — y’ € g,, and, using (z, y’) = 0, one has

(z, y) = e+ x4 +x0, y =) — (x4 +x0, y =)
= (z+ x4 +x0, y— ) — (AdgO(z + x4 + x0), AdgO(y —y)) =0.
It follows that z = 0 and hence x + xo € bg. Therefore b, = hv? + (n N Adyy(n)). m]
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2.2 Proof of Theorem 1.1

Let C be a 6-twisted conjugacy class in G. Assume first that dim C = [(m¢) + k(1 —m0).
By Lemma 2.1, every B-orbit in C N (Bm¢B) is open in C, so C is spherical. Since C is
irreducible, it also follows that C N (Bm B) is a single B-orbit.

Assume that C is spherical. Let g € C be such that B -g g isopenin C,andlet g € BwB
with w € W. Then C N (BwB) D B -y g is dense in C, so w = m¢. By Lemma 2.2,
dim C =dimb — dim by = [(m¢) + rk(1 — m0). This finishes the proof of Theorem 1.1.

Remark 2.3 For 6 = Idg, Lemma 2.2 is also proved in [2] by some case-by-case arguments.
On the other hand, the arguments in [2] are valid when the characteristic of k is an odd
good prime for G, while our proof of Lemma 2.2 is valid when the Killing form of g is
non-degenerate and when one has the identifications of tangent spaces T, (B -9 g) = b/b,
and T, (G -9 g) = g/gg, which hold when k is of characteristic zero.

2.3 The case of symmetric spaces

Assume that @ € Aut’(G) is an involution, and let K = G? be the fixed point subgroup of 6 in
G. Then the 6-twisted conjugacy class C of the identity element of G is isomorphic to the sym-
metric space G/K , and it is well-known [9] that G/K is spherical. In this case, formula (1.1) for
the dimension of G/K follows from results in [9]. Indeed, using the notation in [9, §5], let v°
be the unique open B-orbitin G/K and let w’ = ¢ (v’) € W.Then w’ = m, and itis easy to
see from [9, Corollary 4.9] that dim G/K = lCard(Cl’)’(,) +Card(1]},) +1(w?) +rk(1 —w°0),
where the notation is as on [9, Page 535]. By [9, Theorem 5.2(1)], C;ﬁ, N T = @. For every
B > 0, writing 8 = B + B2, where B is in the linear span of I1 C I" in the notation of
[9, Theorem 5.2(ii)] and B is in the linear span of I'\IT, one has w?6(B) = B1 + w’0(B),
so by [9, Theorem 5.2(ii)], w?6(B) > 0 implies that B = 0 and thus w°6(8) = B. This
shows that C};, = @ and that every B € I, is in the linear span of I, which, by [9,
Theorem 5.2(i)], consists of all simple compact imaginary roots. It follows that I/, = ¢.
Thus dim G/K = [(w?) + k(1 — w°0).

3 The elements m
3.1 Properties of m € My

Any § € Aut(I') induces an automorphism on the Weyl group W, also denoted by &, by
S(w) =8owod ! :h — . Let wy be the longest element in W, and let §op € Aut(I") be
given by do(or) = —woa for o € I'. The automorphism on W induced by 4§y is then given by
So(w) = wowwg forw € W.

Throughout this section, & € Aut(I"), and Mg C W is defined as in (1.3).

Lemma 3.1 Ifm € My, then 6(m) = 8o(m) = m. In particular, m0 () = Om(«) for every
ael.

Proof Letm € My. Then 6(m) = m~'m6(m) is in the same O-twisted conjugacy class as
m, and [(0(m)) = [(m). Thus 6 (m) = m. It follows that m6 (o) = Om(«) for every o € I'.
Similarly, since 6 permutes the simple roots, 6 (wg) = wy. It follows that womwg and m are
in the same 6-twisted conjugacy class in W. Since [ (womwg) = [(m), one has womwg = m.

O
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On a dimension formula for spherical twisted conjugacy classes 1185

For I C T, let wo,; be the longest element in the subgroup W, of W generated by /.
The following Lemma 3.2 is proved in [3, §3] when 6 is the identity automorphism of I

Lemma 3.2 I[fm € My, then wom = mwo = wo,;, where [ = {a € I' : m0(a) = a}. In
particular, I is both 8y and 0 invariant, and 00 () = —wo, () for every a € I.

Proof Let § = 6060 € Aut(I'). Then the map W — W : w — wwy maps O-twisted
conjugacy classes in W to §-twisted conjugacy classes in W.

Let m € My, and let x = mwg. Then x is the unique minimal length element in its
S-twisted conjugacy class in W. Let x = sq,Sa, -+ - So;, e a reduced word for x. Let I’ =
{ag, a2, ..., ar}. Then x € Wy We first show that x = wp /. To this end, it is enough to
show that x(aj) < Oforevery I < j < k. Since xsq, < x, we already know that x (o) < 0.
If k = 1, we are done. Suppose that k > 2. Let fx = 8 (ay) €T, and let

X1 =85, X8(5p,) = S XS = SB Sy " Sey_y - 3.1

Since k is the minimal length of elements in the §-twisted conjugacy class of x in W, we
have I(x;) > k. It follows from (3.1) that /(x1) < k, so I(x;) = k. Since x is the unique
element in its §-twisted conjugacy class in W with length k, we have x; = x. In particular,
X = X| = SgSa; ** " Sy, 18 a reduced word for x, so x(ax—1) < 0. Repeating this process,
we see that x («j) < Oforevery 1 < j < k. Thus x = wom = mwy = wy . It follows from
Lemma 3.1 that §o(/") = 6(I") = I'.

We now show that I’ = I. For any @ € [I’, since m(e) = wowp, (o) > 0, one has
10~ (sg)msy) > 1(m). Since m € My, one has 0! (sq)mse = m, so 6~ (@) = m(a)
and o € I. Conversely, leta € 1. If o ¢ I’, then wom () = wo () > 0, so m(er) < 0,
contradicting the fact that m(a) = 6~ () > 0. Thus I’ = 1. It follows from the definition
of I that 00 (o) = —wo,; () forevery o € I. O

An element w € W is said to be a -twisted involution if §(w) = w.

Corollary 3.3 Every m € My is both an involution and a 6-twisted involution.

Proof Letm € My and let the notation be as in Lemma 3.2. Then m? = wowo, 7 wo,jwo = 1.
Since 6(m) = m, one also has 6(m) = m~!. u]

Definition 3.4 A subset [ of I' is said to have Property (1) if I is both §p and 6 invariant and
if 600 () = —wo, s () forall o € 1.

By Lemma 3.2, every m € Mgy is of the form m = wowg,; for some I C I'" with Prop-
erty (1). Let (, ) be the pairing on I' induced from the Killing form of g. The following
Definition 3.5 is inspired by [2, Lemma 4.1].

Definition 3.5 For a subset / of I", an @ € [ is said to be isolated if (o, o’) = 0O for every
o’ € I\{a}. A subset I of T is said to have Property (2) if for every isolated o € I, there is
no B € I'\{«} with the following properties

(@ (o, ) =(B, B) and (B, &) # 0;
(b) (B,a’y=0foralla’ € I\{a};
(c) do0(B) = B.

Lemma 3.6 Foreverym € Mgy, I, = {a € I' : mO(x) = o} C I' has Property (2).
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Proof Let m € Mgy. Suppose that « € I, is isolated and that there exists 8 € I'\{«} with
properties (a), (b), and (c) in Definition 3.5. Let I, = I,,\{«}. Since « € I, is isolated,
wo,1,, = SaWo, 17, 80 by (b) and (¢), m6(B) = wo, 1, wod (B) = —sawo, 17, (B) = —s«(B), and

SaSBMSH(B)SH(a) = SaSBSmO(B)MSH(a) = SaSBSaSASaMSH(a)-

By (), s¢SgSaSgSa = Sg, SO S¢SgMS9(B)So(w) = SpMSe(a) = SpSaMm. Since m~ (o) =
O(a) > 0,1(sgsqm) > I(m). Since sgsqm is in the same 6-twisted conjugacy class as m, we
have sgsqm = m, or 5455 = 1, which is a contradiction. O

3.2 The classification of m € My

For 6 € Aut(I"), let Zy be the collection of all subsets / of I" that have Properties (1) and (2).
Note that the empty set @ is always in Zy. Also note that if & € Aut(I") is not the identity
automorphism, then I does not have Property (1), so I' ¢ Zy.

Proposition 3.7 (1) For G = Dy and 6 € Aut(I") of order 3,1 € Ty if and only if I = )
or I = {ay}, where oy is the simple root that is not orthogonal to any of the other three.
(2)  For G simple and 0 € Aut(I") of order 2, the list for I € Iy is the same as that given
in [10, Table 2], namely, either I = (@ or I is one the following:
Ay, n>1, 0 = 8o: no non-empty I inZy.
A1, n=21, 0 =680 :1 ={ayy1:0=<1=<n}.
Dy: I ={op} U2, 0), where I'(2, 0) is the 0-orbit in I" with 2 elements.

Doy, n > 2, O(ap—1) =z : I =T\{ay, @2, ...,00_1} for1 <l <n—1
Dypy1, n>2,0=380: [ =T\{a1,a2,...,aq—1}for1 <l <n.
E¢, 0 =680 : I = {a2, a3, a4, as} with the simple roots labeled as
(6751 Qs (6% (0% (673
o o
l a9
Proof (1) is easy to deduce and (2) is proved case-by-case. We omit the details. O

By Lemma 3.2 and Lemma 3.6, we have, for 6 € Aut(I"), the well-defined map
Vv Mg—Typ: mr— I,={a el :mb) =al.

Since m = wowy,;,, for every m € My, the map ¥ is injective.

Assume now 6 € Aut’(G), and let My C W be defined as in (1.2). By Remark 1.2, My
depends only on the corresponding 6 € Aut(T"). Let ¥ : Mg — Zy be the restriction of ¥
to My C My.

Theorem 3.8 For G simple and 6 € Aut'(G) an outer automorphism of G, the map 1} :
Mg — Iy is bijective. Consequently,

MQ = Mg = {wowo,s : I € Iy}.

Proof Tt is enough to prove that v is surjective, and we may assume that G is adjoint.

First assume that & € Aut(I") has order 2, and let I € Zy. By Proposition 3.7, I is in
[10, Table 2], so (I, §00) is admissible in the sense of [10, No. 2.2]. By [10, No. 4 and No.
5], there exists h € H such that Ad,6 € Aut(G) is an involution and that wowg,; = mc,
where C is the O-twisted conjugacy class through 4. In particular, wowo,; € M.
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It remains to consider the case of G = D4 with & € Aut(I") having order 3. It is clear
that wo = mc if C is the -twisted conjugacy class of wg, so wy € Mvg. We only need to
show that wgsy € M@. To this end, we may, by Remark 1.2, assume that 0 € Aut'(G) is
a diagram automorphism of G in the sense that 8 o x4, = xyq for @ € I', where for each
a €', x4 1 k; — G isafixed choice of one-parameter root subgroup corresponding to «. In
particular, §3 = Idg. Let C, be the O-twisted conjugacy class through the identity element e
of G. It is well-known that g? is of type G [8, Chapter 24] so it is 14-dimensional. Thus

dimC, =dim G — 14 = 14 = [(wgs2) + tk(1 — wgs20).

Since /(wg) + rk(1 _EOQ) = 16, we know by Lemma 2.1 that m, # wq S0 m¢, = wps?.
In partiCl}]Elr, wosy € My and C, is spherical. See [6, §4.5] for another proof of the fact that
wos2 € My and that C, is spherical. m]

Example 3.9 Let G = D4 be of adjoint type, and let & € Aut'(G) be a triality automor-
phism of G as in the proof of Theorem 3.8. Since I(wosz) + k(1 — wps20) = 14 and
I(wo) + k(1 — woh) = 16,dim C > 14 for every 6-twisted conjugacy class C in G, and,
by Theorem 1.1, dim C = 14 or 16 if C is spherical.

Recall from [11] that a 6-twisted conjugacy class is semisimple if it contains an element
in H. For h € H, let C;, C G be the 0-twisted conjugacy class of /. Label the simple roots
asT' = {a; : 1 < j <4} such that 6(az) = a2, 0(a1) = a3, 0(a3) = a4, and O(ay) = aj.
We now show that if h*? = h“'h*3h* = 1, then m¢, = wos2 and Cj, is spherical, and
otherwise, m¢, = wp and dim Cj, > 20, so C}, is not spherical. Here, for a character j« on H,
h* denotes the value of 1 on A.

Label the positive roots in AL \I" as

a5 = o] + oo, ag = o + a3, a7 = o) + oy,
oy = o] +ap + g, o9 = oy + o3 + ay, a0 = a1 + a2 + oy,
ajp =aptoy+aztos,  ap=oa +2a+ a3+ a4

Then {a1, 3, a4}, {as5, a6, a7} and {ag, a9, av10} are the three 6-orbits in A4 of size 3 and
O(x11) = oq1 and O(«12) = «p2. Note that the sets {o1, a3, a4, 12}, {a5, a6, @7, @11}, and
{ag, a9, ayo, a2} consist of orthogonal roots, and, with s ; denoting the reflectionin W defined
by o for 1 < j <12, wo = 515354512 = 555657511 = 585951052.

Recall that the stabilizer subalgebra of g at h is g, = g4 Since dim hA94? = dim
Ij9 =2, one has dimgy, = 2 + 2n, where n = #{i € {1,2,5,8,11,12} : x;(h) = 1},
with A; (h) = h%+0@)+0°@) for i € (1,5,8) and A;(h) = h% fori € {2, 11,12}. Let
A(h) ={ri(h) 1 i €{1,2,5,8,11,12}}. Then Ay (h) = h*Th*3h*, Ay (h) = h*?, and

A(h) = {Ai(h), ra(h), M) Ga(h)?, () Gah)?, Ai()ra(h), ri(h)(ha(h))?).

Case 1 h*? = h*'h*3h* = 1. In this case, n = 6, dim g, = 14, and dim Cj, = 28 — 14 =
14. It follows from Lemma 2.1 that C}, is spherical and m¢, = wqs>. Note that in this case,
(Adp0)? =1dg, so gy, is again of type G.

Case2 h*2 # 1 or h*Th*3h* £ 1. In this case, n < 5. In fact, it is easy to see that one
can not have n = Snorn = 4,son < 3, and dim C, = 28 — dim g, > 20. Thus Cj, is
not spherical. We use the approach in [6, §4.5] to prove that m., = wy. First assume that
h®? # 1. Fix a one-parameter root subgroup x,, : k, — G for @ € —{ag, a9, @10} such that
0 0 xg = Xg(a) for every o € —{ag, a9, 1o} (recall that 03 =1dg). Fora, b, c,d € k\{0},
let g = X_, (@)X —ag (D)X —gg (€)X —o1y (d) € G. Then

gh(g)~' = Xegy(@—h"%2a)x_gqg(b — h™¥d)x_gg(c — h™*Db)x_gy o (d — h™*C)h.
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1188 J.-H. Lu

Choosing a, b, ¢,d such thata # 0,b —h™*d # 0,c — h™ b # 0and d — h=%%¢ # 0,
one has ght(g)~' € C, N (BwoB) N B_, so me, = wo. If h*2 = 1, then h*Th*3h*+ # 1.
In this case, h%!! = h*12 £ 1. Using the fact wyg = s5s657511 or the fact wg = 515354512 and
arguments similar to the above, one sees that m¢, = wp. ]

Remark 3.10 Our interest in the dimension formula (1.1) comes from Poisson geometry: by
a general construction in [7], an automorphism 6 of G naturally induces a Poisson structure
e on G such that each #-twisted conjugacy class is a Poisson submanifold with respect to
7. For a 6-twisted conjugacy class C in G, the element m is closely related to the smallest
dimension of the symplectic leaves of mp in C, and formula (1.1) is closely related to the
vanishing of 7y in C. These results and a detailed study of the Poisson structure y will
appear elsewhere.
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