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Abstract—Published methods that employ a filter bank for com-
pensating the timing and bandwidth mismatches of an M -channel
time-interleaved analog-to-digital converter (TIADC) were devel-
oped based on the fact that each sub-ADC channel is a downsam-
pled version of the analog input. The output of each sub-ADC is
filtered in such a way that, when all the filter outputs are summed,
the aliasing components are minimized. If each channel of the filter
bank has N coefficients, the optimization of the coefficients re-
quires computing the inverse of an M N X M N matrix if the
weighted least squares (WLS) technique is used as the optimiza-
tion tool. In this paper, we present a multichannel filtering ap-
proach for TIADC mismatch compensation. We apply the gener-
alized sampling theorem to directly estimate the ideal output of
each sub-ADC using the outputs of all the sub-ADCs. If the WLS
technique is used as the optimization tool, the dimension of the ma-
trix to be inversed is N X IN. For the same number of coefficients
(and also the same spurious component performance given suffi-
cient arithmetic precision), our technique is computationally less
complex and more robust than the filter-bank approach. If mixed
integer linear programming is used as the optimization tool to pro-
duce filters with coefficient values that are integer powers of two,
our technique produces a saving in computing resources by a factor
of approximately (10°2N(M—1)) /(M — 1) in the TIADC filter
design.

Index Terms—Time-interleaved analog-to-digital converter
(TTADC), TIADC mismatch compensation, multichannel filter.

1. INTRODUCTION

N MANY signal processing applications, the highest sam-
I pling speed is limited by the speed of the analog-to-digital
converter (ADC). In order to achieve an analog-to-digital (AD)
conversion time that is much shorter than what can be achieved
with a single ADC, a bank of properly sequenced sub-ADCs
is used. Each sub-ADC samples and converts at a time dis-
placed from the others at a regular interval, as shown in Fig. 1.
Such an AD conversion system is called a time-interleaved ADC
(TTADC) [1]-[3]. The advantages of a TIADC are well known
[1] but TIADC exhibits several major problems [4]-[6].
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Fig. 1. TIADC employing M sub-ADCs.

Table I shows a list of the symbols for easy reference.

In Fig. 1, each of the M sub-ADCs of the TIADC system
is assumed to be linear but a different sub-ADC may have a
slightly different constant of proportionality leading to a “gain
mismatch” and a different bandwidth leading to a bandwidth
mismatch. Each sub-ADC may also have a different dc offset
leading to an offset mismatch. Detailed discussions on offset and
gain mismatches may be found in [7]-[13]. In Fig. 1, ADC-m
is driven by clock signal CLK-m, m = 0,1,2,...,M — 1,
generated from a stable system clock CLK-S. Let the frequency
of CLK-S be f;. The sampling interval for the TTADC system
is T, given by

T=1/f. M

We shall assume that the highest frequency component of the
input signal is band limited to 0.5 f.

Ideally, the sampling instant of each sub-ADC is spaced apart
by 7" unit time. The conversion speed of each sub-ADC is f/M
but the TIADC system conversion speed is fs. The circuits gen-
erating CLK-m, m = 0,1,2,..., M — 1, (including routing)
introduce delay between the edges of CLK-S and CLK-m; the
delay may be different for different clock signals and may drift
with temperature. The difference in delay contributes to timing
mismatch.

Many techniques have been published in literature for com-
pensating bandwidth and timing mismatch [14]-[28]. Among
these techniques, [14]-[25] use a bank of filters where each filter
of the filter bank filters the output of each sub-ADC; the outputs
of the filters are summed to form the final output, as shown in
Fig. 2. A single-channel filter is a filter with one input port. Each
filter in the filter bank is a single-channel filter producing output
at a rate of f,; the compensated output is obtained by summing
all the outputs of the filters. In Fig. 2, H 4 ,,, (w) represents the
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TABLE 1
DEFINITIONS OF NOTATIONS

Symbol Definitions and comments
M Number of sub-ADCs.
fi, T | fs = TIADC sampling rate. 7= 1/f;. (T =1 on and after (11b).)
Ha,.(w) | See Fig. 2 and Fig. 5.
w(n) | n™ ideal sample of analog input.
xn(n) | n™ output sample of ADC-m.
ip(m) | Ideal value of x,u(n).
() | Estimate of ¥, (n — 7).
n Delay between ¥, (n) and estimate of ¥,,(n).
%,(n) Vector of consecutive sub-ADC data for computing %,,(n).
m See (6).
hy, Vector of coefficients for m"-channel filter. See (6).
i) n' coefficient for estimating the desired output of ADC-i using
Wt data from ADC-j.
Xy (zM) | z-transform of £, (n). See (8).
H,(z") | z-transform of h,,. See (9).
8 JMany| X
Xm E:fc ) X (zM) etc. evaluated at z = e/*.
V(w) | Frequency spectrum of v(n).
| Ep(e/?) | Difference between X, (e7¥¢) and V(w)edM~MD)e, See (14b),
£ (o) See (15), (16), and the explanations between (15) and (16) as
m well as two lines below (16).
N, The number of coefficients in A,,.
N Number of coefficients in h,. Number of coefficients in
FILTER-m.
L Number of evaluation frequencies.
[o] Transpose of [e].
[¢]" | Complex conjugate transpose of [e].
E. | E, = [En(e/), Ep(el), ..., Ep(ei)]". See(19a).
Ay | Ay =[eImMD@y gim-Mpe  ojm-mna]T gee (19b).
— — - ] ] T
En | 8m =[50 8,002, ., &, G| - See (19).
W See (19d).
w(w) | Frequency response error weight used in MILP.
S Peak response error used in MILP.
Hy(@) [~ 1 | apco | FILTER-0 |—

Hy o) o eor P apc1 | FILTER-1 I—;é

[ ] [ ] [ ] [ ]
H s p1-1(@) [ei (1 -1 o7 ADC-(M—1){FTL TER-(M— 1 }——
Compensated digital output

Analog input

Fig. 2. Schematic of the filter-bank approach.

frequency response of the mth sub-ADC channel. It includes the
frequency responses of the sub-ADC, the waveguide transmit-
ting the signal to the sub-ADC, and the photonic front end if the
analog signal is sampled using a laser. It also includes timing
mismatch, i.e., if the timing mismatch is A,, 7T, edwiAnT will
be a factor in H4 ,,, (w). It does not include dc bias, harmonic
distortion, and noise. The ¢/™“"" term in Fig. 2 represents the
sampling clock displacement between sub-ADCs.

The detailed development for the methods reported in
[14]-[25] may differ from one another. However, the basic
principles are the same: 1) TIADC is a collection of many
channels of under-sampled analog input, and 2) the goal is to
design a filter bank in which each filter shapes the spectral
characteristics of each sub-ADC output in such a way that,
when all the filter outputs are summed, the aliasing terms are
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removed as much as possible and the “signal term” is as close as
possible to a linear phase term. In order to facilitate comparison
between our technique and existing techniques, we shall briefly
describe the technique presented in [18].

The frequency spectrum of the compensated TIADC output is
Y (f), where f = w/(2n). It is given in terms of the frequency
spectrum of the analog input X (f) by (after [18, eq. (6), (7)])

V(= (F=20) X (F=120) @

where
| MopN-1 . , R
() =07 3 O e P LA () (),
k=0 n=0
m=0,1,...,M — 1. 3)

In (3), hx(n) is the nth impulse response of FILTER-%. The
impulse response hy, (n) is optimized so that the aliasing gain
ém(f) for m # 0 is as close as possible to zero and é,,(f)
for m = 0 is as close as possible to a linear phase term. The
weighted least squares (WLS) solution is given by (after [18,
eq. (10)])

Hyrs = (AHWA)TAHWD. 4)

The derivation for (4) can be found in [18]. Let L. be the number
of evaluation frequencies and N be the length of FILTER-k. The
matrix A is LM x NM, W is LM x LM, Hyw1sis NM x 1,
and D is LM x 1 (after [18]). The solution requires the inversion
of AHWA,, which is an NM x N M matrix.

In Section II, we present a new approach with reduced com-
putational complexity in the design process. Our approach is a
multichannel filtering approach. A multichannel filter is a filter
with more than one input port. In our approach, each filter is an
M -channel filter producing output at a rate of f5/M; the com-
pensated output is obtained by selecting the outputs of the fil-
ters one at a time. The derivation of the coefficient values of
the multichannel filter is cast into a WLS optimization problem
in Section III. In our approach, the corresponding matrices in
(4) have dimensions L x N, L x L, N x 1,and L x 1, re-
spectively (instead of LM x NM, LM x LM, NM x 1, and
LM x 1). The corresponding matrix to be inverted has a dimen-
sion of N x N (instead of NM x N M). As can be seen in the
computational complexity analysis presented in Section IV, the
computational complexity of our approach is much lower than
that of the filter-bank approach. As a result of the much smaller
matrices, our approach is also numerically more robust. Another
advantage of our approach is that the filters need not have the
same number of coefficients. The optimization problem is cast
into a mixed integer linear programming (MILP) problem in
Section VII for the design of TIADC compensation filters whose
coefficients are integer powers of two. An actual 14-bit 4 x 400
MS/s (megasamples per second) TIADC implemented with our
technique is presented in Section VIII. A summary of the dif-
ferences between our approach and the filter-bank approach and
the advantages of our approach over the filter-bank approach is
presented in Section IX.

Several examples are presented in Sections V-VII. In the
examples, offset mismatch is not considered. Offset mismatch
can neither be compensated by the filter-bank approach nor the
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multichannel approach. Nevertheless, it can be easily estimated
from the sub-ADC outputs with their inputs grounded. A con-
stant bias may then be added to each sub-ADC output to remove
the offset. Both the filter-bank and multichannel approaches are
able to compensate for gain mismatch although they are not
included in the examples presented in Sections V-VII. Gain
mismatch can also be compensated easily by connecting all
the sub-ADCs to a full-scale dc input and then scaling each
of the sub-ADC outputs using a scaling amplifier such that all
sub-ADC:s give the same full-scale output. In Example-I and Ex-
ample-1V, both timing and bandwidth mismatches are consid-
ered. In Example-II, only bandwidth mismatch is considered.
In Example-III only timing mismatch is considered. Not both
timing and bandwidth mismatches are considered in Example-I1
and Example-III simply to provide a variety of examples; timing
and bandwidth mismatches can be added if desired. Example-V
is an actual TIADC example with offset, gain, timing, band-
width, and frequency-response mismatches.

Closely related to the techniques reported in [14]-[28] is an-
other class of multiple sub-ADC systems which uses a bank of
analog filters to split the input signal in the frequency domain
into M channels [29]-[31]. Each sub-ADC digitizes the output
of each frequency channel at 1/M the TIADC sampling rate. A
bank of digital filters is designed to combine all the frequency
interleaved sub-ADC outputs to form the final system output in
such a way that the aliasing terms are minimized and the output
is a close approximation to a delayed version of the input.

Several authors have proposed blind equalization techniques
[9], [32]-[36]. Blind techniques do not require using a known
signal to estimate the mismatch parameters. In [9], the gain and
timing mismatches are estimated using the fact that, if the mis-
match compensation is perfect, the TIADC output would be
wide sense stationary. When compared to offline calibration
techniques, blind calibration techniques are, in general, less ac-
curate and have much higher computational complexity.

II. TIADC MISMATCH COMPENSATION WITH REDUCED
DESIGN COMPLEXITY

In this section, we present a new approach to TIADC com-
pensation. This approach results in a reduction in the arithmetic
complexity in the design process. In our approach, we make use
of the fact that neighboring sub-ADCs sample a filtered ver-
sion of the analog input signal nonuniformly at a time interval
whose average value is 7. Fig. 3 shows an example of such a
scenario for M = 3. In Fig. 3, 2,,(n) is the nth output sample
of ADC-m, and v(n) is the nth sample of the analog input if it
was sampled by an ideal ADC. It has been shown in [37] that
a signal may be represented by a weighted combination of any
irregularly spaced samples provided that the highest frequency
component of the signal is less than 0.5 times the average sam-
pling rate. (The result presented in [37] is known as the gener-
alized sampling theorem. It is the general form of the sampling
theorem in [38]-[40].) Let &,,(n) be the ideal value of z,,(n).
The ideal value of z,,(n) is the value of z,,(n) if ADC-m is a
perfect ADC, free from timing error and free from all forms of
mismatch. Thus

v(nM +m) = Zm(n). ®)
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Fig. 3. @,,(n) is the nth output of ADC-m. v(n) is the nth sample of the
analog input if it was sampled by an ideal ADC.

Our approach is to estimate the value of v(n) using a
weighted combination of the outputs from all the sub-ADCs
sampled consecutively in the neighborhood of w(n). The
weights also provide a filtering effect to compensate for fre-
quency-response mismatch (including bandwidth mismatch)
between the sub-ADCs. For example, v(5) (or #2(1)) in
Fig. 3 may be estimated using the seven consecutive samples
1’2(0)7 I0(1)7 :L’l(l), $2(1), ZE()(Z), $1(2), and ZEQ(Z); a better
estimate may be obtained by using more consecutive samples.
As a result of the sampling structure of the sub-ADCs, the
sampled data appear in M channels of a multichannel time
series [41]. Thus, we may write “estimated value of Zo(1)”
h2(4)$1(1) + h2(5)$0(1) + h2(6)$2(0) where hg(n),n =
0,1,...,6, is a constant. We may also write “estimated value
of i’z(l)” = h272(0)$2(2) + h271(0)$1(2) + h270(0)$0(2) +
h272(1)$2(1) + h271(1)$1(1) + h270(1)$0(1) + h22(2)12(0)
where h,,, () means the nth partial coefficient in estimating
the ideal outputs of ADC-m using outputs from ADC-£. Obvi-
ously, ha 2(0) = ha(0), h21(0) = ha(1),. .., etc. The equation
defines the input—output relationship of a multichannel filter
with three input ports. We note from the equation that z5(2) is
used to estimate xo(1). However, z2(2) is “future” to xo(1).
Thus, in order to make the estimation process causal, we shall
aim at estimating a past output of a sub-ADC instead of esti-
mating its immediate output. Let &,,(n) denote the estimated
value of &, (n — ) where 7 represents a time delay. In general,
7 need not be an integer. In order to simplify the notation, we
shall write Z,,(n) instead of “estimated value of &, (n — 7).”
Thus, we write

Em(n) = [Em(0)]" B (6)

In (6), %,,(n) is the signal vector in the filter, and h,,
is the coefficient vector. We shall illustrate the notation
using Z5(2) as an example. In the aforementioned example,
n = 1, 22(2) is the estimated value of #5(1),[z2(2)]T =
[$2(2)7 1'1(2)7 1'0(2)./ 1’2(1)7 I1(1)7 ZL’O(I), LEQ(O)], and hg =
[h2,2(0), h2,1(0), h2,0(0), ha,2(1), ha,1 (1), hao(1), h22(2)] "
The symbol [8]T denotes the transpose of [e]. In order to fix
the idea, the computation structure for Zo(n) for this particular
example is shown in Fig. 4. Note that, in Fig. 4, the sub-ADC
outputs zg(n),x1(n), and xo(n) form a multichannel time
series [41]. The filter shown in Fig. 4 is a multichannel filter
since it has three input ports.
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Fig. 4. Computation structure for &2(n) for the example where &2(n) =
h22(0)z2(n) + ko 1(0)z1(n) + heo(0)zo(n) + hoo(1)za(n — 1) 4+
ho1(D)zi(n — 1) + haoo(1)xo(n — 1) + ha2(2)x2(n — 2). Signals for
n = 2 are marked on the signal lines.

Let N, denote the number of coefficients in h,,. In general,
N; may be different from N; for 7z # j. If ADC-i has a more
serious mismatch than ADC-j, N; may be chosen to be larger
than V. In order to facilitate a comparison with the filter-bank
approach, we shalllet N = N; = N, foralli # j,i.e., all N;,’s
are equal, if no specific value is given to each N,,. Therefore,
we have used the same notation “/N”” to denote the number of co-
efficients for each output channel in our multichannel approach
and the number of coefficients for each filter in the filter-bank
approach. For the same M and IV, both our multichannel ap-
proach and the filter-bank approach will have the same total
number of coefficients M V. Hence, we shall be making a com-
parison based on the same total number of coefficients.

Let X,,,(2M) denote the z transform of £, (n). The 2 factor
in X,,,(zM) signifies that &,,(n) is clocked with sampling in-
terval MT. We have

Xm (ZM) = Zooioi’m (n)z_Mn.

Let X,,(2M) and H ,,,(2*) denote the multichannel z trans-
forms of &,,,(n) and h,,,, respectively. Similarly, the z* factors

N

in X,,, (™) and H,,,(2™) signify that the clock period is M.
We have
Xpu(2M) = fwy—1(n),... z1(n),zo(n)] T 27M" (®)
n=0
Ho(2M) = 3 (hunari (0). oy (1), B ()] 277
n=0
)
In (9), the summation Z;,:o is summed over
all n, where at least one of the elements in
(A, pr=1(n), ... b 1(n), hyo(n)] is nonzero. (The =z

transform of a multichannel system is the matrix/vector formed
from the 2 transform of each of the separate responses [41].) For
the purpose of clarifying the concept, in the aforementioned ex-
ample, [Xo()]T = 30 [wa(n), s (n),wo(n)]2 =
and HZ(ZS) = [h272(0)7h2’1(0)7 h270(0) T +
[h272(1)7h2’1(1)7h270(1)]T2‘_3 + [h2’2(2)70,0]TZ_6.
Taking the z transform of (6), we have

X (M) = [X o (zM)] " Ho(2M). (10)
Fig. 5 shows a schematic of our approach for TTADC compen-
sation.

Fig. 6 shows an implementation structure for H»(z) with

M =5 and N, = 15. Figs. 7 and 8 show two complete imple-
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Fig. 5. Schematic of our multichannel filtering approach.
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Fig. 6. Implementation structure for H,(z) with M = 5 and N> = 15.

mentation structures for the case where M = 3 and N = 4. The
differences in Figs. 7 and 8 lead to differences in the complexity
of the optimization process and in the mismatch compensation
performance. InFig. 7, Zo(n) = ho 2(0)z2(n)+ho 1(0)z1(n)+
}Lo’o(O):E(](’fL) + }L(]’Q(l)./L'Q(n — 1). :i’l(n) = }LLQ(O)ZUQ(TL) +
}L1’1(0)$1(n) + }le(]((]):l?o(n) + h172(1>.’172(n — 1). ZIASQ(’I”L) =
}L2’2(0)$2<n) + }L211<0)$1(TL> + fLQ_](](U)LL’()(TL) + h2_’2(1>./172(n —
1). Specifically, Zo(n), £1(n), and Z2(n) are computed in one
batch using the same set of raw data z2(n), z1(n), zo(n), and
x2(n — 1). We shall call the structure in Fig. 7 the batch pro-
cessing structure.

In Fig 8 .f?o( ) = h() 0(0).170(”) + ho,g( )LEQ(TL - 1) +
ho1(1)z1(n —1)+hoo(L)zo(n—1). 21(n) = h1,1(0)21(n) +
h1,0(0)zo(n) +h1,2(L)x2(n—1) +hi1(1)z1(n —1). £2(n) =
h2,2(0)x2(n) + h21(0)z1(n) + h2,0(0)z0(n) + h2,2(1)z2(n —

1). The raw data used to compute Zo(n), Z1(n), and Z2(n) are
xz2(n), x1(n), xo(n), x2(n — 1), z1(n — 1), and zo(n — 1).
Since z2(n), z1(n), and xo(n) are available sequentially one
after the other, #3(n), Z1(n), and Zo(n) are computed sequen-
tially one after the other, i.e., the computation of Z2(n), &1(n),
and Zo(n) can be initiated once their respective data are avail-
able. We shall call the structure in Fig. 8 the online processing
structure.

For the same number of coefficients, in general, Fig. 8 com-
putes & j(n) using a longer span of raw data z;(n). For example,
to compute Zo(n), £1(n), and £2(n) in Fig. 8, the raw data used
are o(n), z1(n), zo(n), x2(n—1), z1(n—1),and zo(n—1),
whereas, in Fig. 7, the raw data used are z2(n), z1(n), zo(n),
and z2(n — 1). As a consequence, Fig. 8 has a better mismatch
compensation performance than Fig. 7 when N is not signifi-
cantly larger than M.

We have shown that the online processing structure (Fig. 8)
uses more raw data than the batch processing structure (Fig. 7)
does for computing Zo(n), £1(n), and Z2(n) if both the online
processing and batch processing structures have the same
number of coefficients. If the online processing structure is
restricted to using the same number of data for computing
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Fig. 7. Complete implementation structure for M = 3 and N = 4 (batch
processing).
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hz,z(o)Y Xy(n)
L N N\ %
Fig. 8. Complete implementation structure for M = 3 and N = 4 (online

processing).

Zo(n), %1(n), and Zo(n) as the batch processing structure
does, the online processing structure will have less coefficients.
For example, if the online processing structure is restricted to
using only z3(n), z1(n), zo(n), and z9(n — 1) for computing
Zo(n), #1(n), and Za(n), N will be equal to two, and the
structure is shown in Fig. 9. Fig. 9 has six coefficients but
Fig. 7 has 12 coefficients. In this case, in general, Fig. 7 has
a better mismatch compensation performance than Fig. 9.
Nevertheless, the difference in performance is negligibly small
if NV is significantly larger than M. We shall illustrate this by
using an example in Section VI.

Let X,,(e?M«) be the frequency spectrum of the signal
vector whose z transform is X,,(z%). Let V(w) be the fre-
quency spectrum of the band-limited analog input signal shown
in Fig. 5. From Fig. 5, we have

X (M) = V(w) [H DT Hy gy (), e

T
xHA,I(w),HA,O(w)} (11a)

In order to simplify the notation, we shall normalize the
sampling interval such that 7' = 1. The frequency axis for
V(w), Xpm(e?M), and Ha p(w), m = 0,...,M — 1, will
also be appropriately scaled by f. Thus, we write

Xon (@) = V(w) [/ MV Hg g a(w), 0

T
xHA71(w)7HA70(w)} _ (11b)
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Fig. 9. Complete implementation structure for A/ = 3 and N = 2 (online

processing).

Let the frequency spectrum of Zm(n) (whose z transform is
X (2M)) be X,,(e’M«) and let the frequency response of

H,,(zM) be H,,(e’M“). Replacing z by e/* in (10), we have
K () = [Xn(e02)] "

H,,(e5M%). (12)

From (11b) and (12), we have
Xm(ejM“) = V((U) [ej“’(M_l)HA_’M,l(w)., . 7HA’0(w)]
x H,,(e!M). (13)

We have defined &,,(n) to be an estimate of a delayed version
of v(nM + m), i.e., & (n — n). Thus, we wish to find a set of
coefficients for H.,,(e/™“) such that

(ejMw) ~ V(w)ej(m—Mn)w

(ej]\lw> ~ V(w)ej(m—]h['q)w +Em(ej]b[w).

X, (14a)
X, (14b)

In (14b), E,,, (/<) is the difference between X, (e/*) and
V(w)ed(m=Mmw From (13) and (14b), we have
Em(ejMw) _ Xm(ejjtﬂu) _ V(w)ej(m—hfn)w
) { [V a1 (@), - Hao(w)]

x H p (e7M) — ej(m—Mn)w} .

15)

In order to clarify the concept, we shall illustrate the

term [/ M=DH 4 vr—1(w), ..., Hao(w)]Hp(e?Me)
using the example shown in Fig. 7 fqr m =
0. In this particular example, Hg(e’3) _

[ho,Q(O),ho’l(O),ho,o(O)]T + [ho,g(l),O,O]Te_jg’w.
US_iI‘lg the deﬁnition hy = [ho,z(O), ho,l(O), ho,o(O), ho,g(l)]T,
[e/2“ Ha 5(w), e/ Ha1(w), Haow|Ho(e/>”) may be written
as [ Ho(w), e/ Hy 1(w), Hao(w),e 7 Ha (w)]ho.
Hence, (15) can be rewritten in terms of h,,, as

(&) = V(@) { (6, (j0)) "B — =201 16)

In the example for Fig. 7, [§(jw)]" =
[6%“ H 4 5(w), e/ Ha1(w), Hao(w), e H a5 (w)].
III. WLS OPTIMIZATION APPROACH

In (16), the factor V' (w) (which is the frequency spectrum of
v(n)) corresponds to a weighting function on the optimization
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of E,,(e’M«). The phase of V (w) is unimportant but its mag-
nitude may be of interest. For example, if the highest frequency
component of the input signal is w., we may let V(w) = 1 for
w < we and V(w) = 0 for w > w,. Let

wrs(w) = [V(w)|% (17)

Substituting (17) into (16), we have

Fun (@) = (6, (0)] o — S | /i)
(18)
In the WLS approach, (18) is evaluated on a dense grid of fre-
quenciesw;,t = 1,2, 3, ..., L. Define the complex column vec-
tors £/, and A,,,, the complex matrix E,,,, and the diagonal real
matrix W as follows:

E,, = [Em<ejMw1)7Em(ejMw2)7 » .,Em(ejju“’L)]T (19a)

A, = I:ej(m*MU)wl , ej(mff\’“?)wz7 o 7e]'(7”L*M7))“-’Li| T(19b)
Em = [&m(jw1)7£'m(jw2)77£m(ij)]T (190)
Wrs(wr) 0 0
0 WLs(wQ) 0
W = : : _ (19d)
0 0 WLs(wL)

Evaluating (18) on a dense grid of w;,2 = 1,2,3,...,L and
using the notation of (19), we have

E,, =VW(E, h, — A,). (20)
FE,,and A,, are L x 1 vectors. =,,, and W are L x N and L x L
matrices, respectively. The WLS optimum solution of h,, that
minimizes 35, | E,, (e7M+4)|? is given by [42]

hy = (EEWE,,) " (EEWA,,). 1)

In (21), Ef denotes the complex conjugate transpose of
E,.. Solving (21) requires the computation of the inverse of
ERAWE,,, an N x N matrix. The filter-bank approach requires
the inversion of an M N x M N matrix [18]. The difference
in the size of the matrix to be inversed is significant when M
is large. Interestingly, the compensated digital outputs of the
filter-bank approach and the multichannel approach are the
same.

Note that, for the batch processing structure, &,,(jw)
is not a function of m. This can be easily verified by
evaluating [€,,(jw)] in Fig. 7 for m = 0, 1, and 2. For

Fig. 7, ho = [h072(0)7 ho,l(O), ho,o(O), h072(1)]T, h1 =
[h172(0)7h1’1(0)7h170(0)7h172(1)]T, and h2 =
[h272(0)7 }7,2’1(0)7 h270 (0)7 h272(1)]T. ThUS, we
have [§(jw)I* = [&LUw)]T = [&Uw)]T =

[ejszA’g(w), erHA,l(w), HA’O(L/J), e_JwHAg(w)].

Since €,,,(jw) is not a function of m, E,, is also not a function
of m. This means that (EXWE,,)~! is the same for all m.
Thus, for the batch processing structure, evaluating h,,, for all
m using (21) requires only one matrix inversion.

For the online processing structure, &, (jw) is a
function of m. This can be easily verified by evaluating
¢, (jw) in Fig. 8 for m = 0,1, and 2. For Fig. 8,
ko = [10,0(0), 0,2(1), ho,1(1), ho,o(1)] T,k =

2239
TABLE 11
COMPUTATIONAL COMPLEXITY OF FILTER DESIGN
Our multichannel approach Filter-bank approach
Matri Number of Matri Number of
atrices | multiplications atriceés 1 multiplications
EiwWE, | 20N’ +LN) || A"WA |2(LN*M° + LNM?)
=iwAa,, 2(LN+1L) AUWD | 2(LNM*+LM)
_ - 1 -1 2
ENWE,,) oW ||(a* wa) O(NMY)
[h1,1(0), h1,0(0), b1 2(1), =y 1 (1)]T, and

hs = [h2,2(0), h2,1(0), ha0(0), ha2(1)]T.
Thus, we have [€o(jw)]T =
[Ha0(w),e 7 Hp(w),e 2 Ha(w),e > Hy o(w)]

[ Gw)]® , , =
[e/“Ha 1 (w), Hap(w),e ™/ Hap(w),e™ Hy1(w)],

and ()]t | -
[eﬂWHA’g(w), e]“’H‘471(w), HA’()((U), e_J“’hA’Q(w)]. Since
¢, (jw) is a function of m, &,, is also a function of m. This
means that (2 WE,,)~! is different for different m’s. Thus,
for the online processing structure, evaluating h,, for all m
using (21) requires M matrix inversions.

IV. COMPUTATIONAL COMPLEXITY OF FILTER DESIGN

We shall compare the computational complexity for evalu-
ating (21) in our approach and that for evaluating (4) in the
filter-bank approach. The comparison is based on the same total
number of coefficients N M. Simulation results show that the
two approaches gives the same TIADC spurious frequency per-
formance when both (21) and (4) are evaluated with sufficient
arithmetic precision.

In (21), E,, is L x N. The corresponding matrix in (4) is A
which is LM x N M. The computation of EX WE,, in (21)
requires 2(LN? + LN) multiplications. 2l WE,,, in our mul-
tichannel approach corresponds to AHWA in the filter-bank
approach. The computation of the AWA matrix in (4) re-
quires 2(LN?M? + LN M?) multiplications. The computation
of ZEWA,, in (21) requires 2(LN + L) multiplications. The
corresponding computation in the filter-bank approach is the
computation of AHW D in (4) and requires 2(LNM? + LM)
multiplications. 22 WE,, in (21) isan N x N matrix whose in-
verse can be computed with complexity O(N?) (order N2). The
AHWA matrix in (4) is an NM x NM matrix whose inverse
can be computed with complexity O((IN M)?). If the implemen-
tation structure is that in Fig. 7, B, is not a function of m, and
therefore, it is necessary to compute the inverse (2L WE,,,)~!
only once; otherwise, it is necessary to compute the inverse M
times. The computational complexity is summarized in Table II.
From the aforementioned analysis, it is clear that solving (21) is
significantly less complex than solving (4).

V. COMPUTATIONAL ROBUSTNESS

We have shown the computational advantage of our multi-
channel technique over that of the filter-bank technique in terms
of computational complexity in Section IV. In this section, we
shall demonstrate, using an example, that the computational ro-
bustness of solving (21) is greater than the computational ro-
bustness of solving (4).
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Fig. 10. (a) Input. (b) Uncompensated. (c) Multichannel filter (64-bit arith-
metic). (d) Filter bank (64-bit arithmetic). (¢) Multichannel filter (32-bit arith-
metic). (f) Filter bank (32-bit arithmetic).

Example-1: Consider an example with M = 10 and N = 41.
The mismatch parameters Ha ,,,(w), m = 0,1,...,9, are tab-
ulated in Table IIL. In Table III, the e¢/“® factor corresponds
to timing mismatch, and the (1 + jwe) factor corresponds to
bandwidth mismatch. The multichannel filters and the filter
bank were optimized in the WLS sense with uniform weight
to compensate the mismatches for frequencies ranging from
0 to 0.45f,. The optimization processes were done using 32-
and 64-bit floating point arithmetic for comparison. The timing
of ADC-0 was taken as timing reference. Fig. 10 shows the
simulation results when the TIADC was excited by seven sinu-
soids with frequencies 0.0625m f,, m = 1,2,...,7. Fig. 10(a)
shows the spectral lines of the input sinusoids. Fig. 10(b)
shows the spectral lines of the uncompensated TIADC output.
Fig. 10(c) and (d) shows the compensated output using mul-
tichannel filters and filter banks, respectively, both optimized
using 64-bit floating point arithmetic. It can be seen from
Fig. 10(c) and (d) that both methods produce filters that have
the same performance; the largest spurious component has a
magnitude of —107.0 dB occurring at 0.3625f,. Fig. 10(e)
shows the spectral lines for the multichannel approach when the
filters were optimized using 32-bit floating point arithmetic; the
magnitudes of the spurious components (in decibels) are shown
directly above the components. The largest spurious compo-
nent has a magnitude of —73.2 dB. Comparing Fig. 10(c)
and (e), it can be seen that there is significant degradation
in performance when the filters are optimized using 32-bit
floating point arithmetic. Fig. 10(f) shows the spectral lines for
the filter-bank approach when the filter bank was optimized
using 32-bit floating point arithmetic; the magnitudes of the
spurious components (in decibels) are shown directly above the
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Fig. 11. (a) Input. (b) Uncompensated. (c) Filter of Table V. (d) Filter of
Table VI.

TABLE III
SUB-ADC MISMATCH PARAMETERS FOR EXAMPLE-I
1 ej0.03w/f_; ej0.0S(u/fs
Hnol@) =77 [ Haa(0) =775 | Hazl®) =773,
27fs J 2af; J 21
6_10-04(U/f:v e—jO.OS(u/fS ej0.0Zw/fs
Hasl@) ="~ 080 | Hasl® =070 | #asl) = 105,
I 277, I 277, ) 247,
£J0-030/f; £J0.040/fs o—J0.030/fs
facle) = T TTse | fiar(@ =T | sl = 050
17247, 27, 17277,
e—jOAOZm/[:;
Has(®) = 0750
J 27f,

components. The largest spurious component has a magnitude
of —57.6 dB. Comparing Fig. 10(e) and (f), it can be seen that
the performance of the multichannel approach is, on average,
better than the performance of the filter-bank approach. This
is expected because the optimization of the filter-bank requires
the inversion of a 410 x 410 matrix whereas the optimization
of the multichannel filter requires the inversion of a 41 x 41
matrix; a larger matrix not only takes a longer time to invert but
the computation is also more demanding in terms of arithmetic
precision.

VI. EXAMPLES

Example-1I: We shall compare the performance of the
batch processing structure in Fig. 7 and that of the on-
line processing structure in Fig. 8 using an example with
M = 5 and N = 41. The bandwidth mismatch parameters
Ha pm(w), m =0,1,...,4, are shown in Table IV. The filters
are optimized in the WLS sense with uniform weight over
the frequency range from 0 to 0.4375f,. For the structure in
Fig. 7, the optimization involves the inversion of one 41 x 41
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TABLE IV TABLE VI
SUB-ADC BANDWIDTH MISMATCH PARAMETERS FOR EXAMPLE-II COEFFICIENT VALUES FOR EXAMPLE-II SYNTHESIZED USING THE STRUCTURE
IN FIG. 8
1 1 1
Hpo(w) =——— | Hap(@) = ——57- | Haz(@) = - - - — -
+j% 1_,_]-12-(:!;«) +J'1§i;w k=0 k=1 | k=2 | k=3 | k=4
— 4 £ [0 0 |-0.00000158(-0.00000345| 0.00000163| 0.00000114]
Hp3(®) = ——5535 | Hae(®) = —5g8= i ir(1-1(k+4))] 0 | 0.00000438] 0.00000966[-0.00000475]-0.00000311
5 1+ 507 e (1-1(k+3))] 0 |-0.00000931]-0.00002062] 0.00001047] 0.00000699]
< n hieye(1-1k+2))] 0 | 0.00001716| 0.00003816]-0.00001960[-0.00001352]
Iyeyer(1-1(k+1))] 0 |-0.00003071|-0.00006429] 0.00003326| 0.00002319]
TABLE V Ty sy (1) 0 | 0.00005116] 0.00010763|-0.00005260-0.00003692)
COEFFICIENT VALUES FOR EXAMPLE-II SYNTHESIZED USING THE STRUCTURE [y . (2_|(k+4))| 0 |-0.00007840|-0.00017077] 0.00008381] 0.00005558]
IN FIG. 7 ey (2-1(k+3))] 0 | 0.00011419] 0.00025152[-0.00012805]-0.00008509]
E=0 =1 T=2 E=3 T =4 hyeyesn(2-1(k+2))] 0 |-0.00015991(-0.00035460] 0.00018278| 0.00012600
iy (2-1k+1))] 0 | 0.00023044] 0.00048332]-0.00025108|-0.00017521]
h;>(0)] 0 | 0.00000158|-0.00000345|-0.00000181| 0.00000132 hyjis0)(2) 0 |-0.00032543|-0.00068088| 0.00033500| 0.00023553|
his(0)] O [-0.00000440) 0.00000966| 0.00000511|-0.00000373| [, ., (3-I(k+4))| 0 | 0.00043510] 0.00094498-0.00046382|-0.00030882
hio(0)] 0 | 0.00000935]-0.00002062]-0.00001097| 0.00000804] |1, 1:a1(3-1(k+3))| 0 |-0.00056709[-0.00124663] 0.00063581] 0.00042192
hi4(1)] O |-0.00001722| 0.00003816| 0.00002040) -0.00001503| 21 (3-1(k+2))] 0 | 0.00072734) o.oo151oss|-o.ooos3213 -0.00057374
his(1)| 0 | 0.00002888]-0.00006429]-0.00003454] 0.00002559]  [/tiyun(3-I(k+1))| © |-0.00098216 -0.00205915| 0.00107256( 0.00074900)
hi(1)] 0 |-0.00004811| 0.00010763| 0.00005815(-0.00004335 hpen3) | 0 °-°°133355i °-°°2794°°I'°-°°137884 '°-°°°97°4:|I
-I(k+4))] 0 |-0.00178548|-0.00387038] 0.00190481| 0.0012693
h;1(1)] 0 | 0.00007595[-0.00017077|-0.00009280| 0.00006964] iy (410t )

: | ey (4-1(k+3))| 0 | 0.00244208] 0.00535572]-0.00274035[-0.00182418]
hio(1)] 0 1-0.00011122| 0.00025152) 0.00013757-0.00010402 [} " * 471(4+2)| o0 |-0.00359786|-0.00793349] 0.00411341] 0.0028473¢|
hi4(2)] O | 0.00015580|-0.00035460]-0.00019540| 0.00014907 [}, ... (4-I(k+1)) 0 | 0.00696431] 0.01433994|-0.00749339|-0.00526285]
h;3(2)] 0 |-0.00021079( 0.00048332| 0.00026867|-0.00020712 Iy us)(4) 1 | 1.00518355| 1.01215186] 0.99538816] 0.99652376)
hi>(2)] O 0.00029436|-0.00068088|-0.00038252 0.00029873|  |hsra)(S-1(k+4))] O |-0.01307242 -0.02851757| 0.01307384] 0.00914343]
h(2)| 0 |-0.00040448] 0.00094498] 0.00053743]-0.00042622]  [/tisia)(S-1(k+3))| © | 0.00481892 0.01065066{-0.00544242(-0.00347984
h.o(2)] 0 | 0.00052713]-0.00124663]-0.00071997| 0.00058250]  [rsua(S-1(k+2)) © ]-0.00281823 -0.00628853| 0.00326312 0.00222212}

: Iy ey (5-1(k+1))] 0 | 0.00194914] 0.00417064|-0.00218908]-0.00151872}
h; 4(3)] 0 |-0.00067070| 0.00161055| 0.00094877|-0.00078849|

: Biison(5) 0 |-0.00147731|-0.00304988| 0.00153648| 0.00107876]
hi3(3)| O | 0.00084079|-0.00205915|-0.00124587) 0.00107567] [}~ " (6.(k+4))| © | 0.00109378] 0.00236771]-0.00115423-0.00077759|
hi(3)| 0 |-0.00111041| 0.00279400] 0.00175732]-0.00161127 [}, ... (6-1(k+3))] 0 |-0.00080488[-0.00176986| 0.00090518| 0.00059033]
h;.1(3)] 0 | 0.00148279|-0.00387038|-0.00257735| 0.00261401| |4, ,.,,(6-I(k+2))] 0 | 0.00058600| 0.00130251]-0.00067734|-0.00046312]
h.o(3)] 0 |-0.00193856| 0.00535572| 0.00394337|-0.00502143| /11 (6-1(k+1))] O |-0.00044182|-0.00094201| 0.00049570 0.00034438]
hi4(4)] 0 | 0.00259969(-0.00793349]-0.00732129| 0.99628141 hyje(6) | O | 0.00034028] 0.00070150|-0.00035460|-0.00024910
hi3(4)] 0 |-0.00375605] 0.01433994] 0.99521835] 0.00938062] Ny isa(7-1(k+4))| 0 |-0.00024592|-0.00053156/ 0.00025988| 0.00017527|
| o [0.0071282a] 1.01215186] 0.01324679|0.0037194a] [Piuu(-10c+3)] 0 | 0.00017125/ 0.00037617]-0.00019312]-0.00012565]

12(4) - - - - Bgin(7-1(k+2))] 0 |-0.00011486]-0.00025522| 0.00013335| 0.00009104
hiy(4)| 0 | 1.00501356/-0.02851757]-0.00561884] 0.00246461 Byeyes(7-1k+1))] 0 | 0.00007753] 0.00016578]-0.00008779|-0.00006090)
hio(4)] 1 |-0.01290611] 0.01065066| 0.00343283|-0.00175014| i gio(7) 0 |-0.00005236[-0.00010747| 0.00005493| 0.00003855|
h;4(5)] 0 | 0.00466108|-0.00628853]-0.00234741| 0.00129291 Iy 4 (8-1(k+4))] 0 | 0.00003206| 0.00006917|-0.00003393]-0.00002295]
h;3(5)] 0 |-0.00267230| 0.00417064| 0.00168032{-0.00097054| Ny yi3)(8-1(k+3))] 0 |-0.00001810{-0.00003975) 0.00002058I 0.00001326]
h,(5)] 0 | 0.00181013]-0.00304988]-0.00128874] 0.00076922]  [fus:2u(3-1(k+2))| 0 | 0.00000923] 0.00002055|-0.00001088|-0.00000737]
hi1(5)| 0 |-0.00134440] 0.00236771] 0.00103150]-0.00062969)| Iy 1 (8-1(k+1))] 0 |-0.00000421|-0.00000915| 0.00000496 0.00000340}

2 By gis0)(8) 0 | 0.00000158| 0.00000319|-0.00000174{-0.00000120]
h;.o(5)] 0 | 0.00097422{-0.00176986/-0.00078883| 0.00049010
h,4(6)] 0 |-0.00070083] 0.00130251] 0.00059081|-0.00037225|
h3(6)] 0 | 0.00049807|-0.00094201-0.00043330| 0.00027616] TABLE VII

. SUB-ADC TIMING MISMATCH PARAMETERS FOR EXAMPLE-11]
hy2(6)] O |-0.00036570| 0.00070150| 0.00032645/-0.00021011
h1(6)] 0 | 0.00027411}-0.00053156]-0.00024964] 0.00016194] Hpo(a) = 1 Hp 1 (o) = 992077 | Hyo(w) = e)00001aTF:
hio(6)] 0 |-0.00019218] 0.00037617| 0.00017808]-0.00011633] Hp 3 (o) = e /000010/fs | [, (@) = /0000105
h;.4(7)] 0 | 0.00012935[-0.00025522|-0.00012167| 0.00007997

-0. 43| 0.00016578| 0. 7953]-0. 2 . . .
hys()] 0 10.00008343] 0.00016578| 0.00007953)-0.00005256) processing structure of Fig. 7 are shown in Table V. The
hi(7)| 0 | 0.00005374]-0.00010747]-0.00005185] 0.00003445| ffici lues for the onli . 0 Fi

- o.00002234] coefficient values for the online processing structure in Fig. 8
hiy(7)| O |-0.00003440] 0.00006917| 0.0000335 | : ] @ shown in Table VI. For hyp.44(j — I(k + 7)) in Table VI
hio(7)] O | 0.00001967|-0.00003975 -0.00001936I 0.0000129 (and also Table VIII), the subscript [k + L] is (k + L) modulo
h;4(8)] 0 |-0.00001012| 0.00002055| 0.00001006{-0.00000677| 5. I(k + T) is the integer part of (k + T)/5. The rms values of
h;3(8)] 0 | 0.00000448(-0.00000915/-0.00000450| 0.00000304] | E,n (7)) for the filters of Tables V and VI are 1.23 x 10~6
hiy(8)| 0 |0.00000155] 0.00000319] 0.00000158}-0.00000107] and 1.22 x 1075, respectively; the difference is negligible.

matrix since =, is independent of m. For the structure in
Fig. 8, the optimization involves the inversion of four 41 x 41
matrices since =,, is different for each m. The coefficient
values for the multichannel filters synthesized using the batch

In general, for N > M, the difference is small. Note the
difference in the subscripts for Ay ;(n) and the location of the
coefficient whose magnitude is approximately equal to unity
in Tables V and VI. Fig. 11 shows the simulation results when
the TIADC was excited by seven sinusoids with frequencies
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Fig. 12. (a)Input. (b) Uncompensated. (c) Compensation with No = 1, Ny =
41, N, = N3 = N, = 21. (d) Compensation with Ny = 1, N; = Ny, =
N3 = N, = 41.

0.0625m fs, m ,7. Fig. 11(a) and (b) shows the
spectral lines of the input sinusoids and the uncompensated
TIADC output, respectively. Fig. 11(c) and (d) shows the spec-
tral lines of the compensated outputs for the filter of Table V
and that of Table VI, respectively. The magnitudes (in decibels)
of the larger spurious components are also marked above them;
the difference is insignificant. This is usually so for N > M.

Example-I1I: The multichannel approach has an advantage
that N, need not be the same for all m. If the mismatch of
ADC-; is less serious than that of ADC-j, N; may be less than
Nj;. For example, if ADC-0 is taken as reference, it is assumed
to have no mismatch. Thus, we choose Ny = 1. This can be
seen in the coefficient values under the column k& = 0 tabulated
in Tables V and VI.

For the filter-bank approach, the length of FILTER-0 cannot
be reduced even though ADC-0 is assumed to be perfect.
Although dividing the transfer functions of FILTER-: by the
transfer function of FILTER-0 will make the transfer function
of FILTER-0 unity, it will make FILTER-i, ¢ # 0, become a
recursive filter; the total number of distinct coefficients remains
unchanged, and the filter becomes unstable if FILTER-0 has a
zero outside the unit circle.

We shall illustrate this advantage of the multichannel ap-
proach using an example with timing mismatch parameters
as shown in Table VII. It can be seen from Table VII that the
mismatch of ADC-1 is significantly more serious than the
others. Thus, we choose Ny = 41, N = N3 = Ny = 21.
We choose Ny = 1 since ADC-0 is taken as reference. The
coefficient values are shown in Table VIII, and the spectral
plots are shown in Fig. 12. For comparison, the spectral plot
for a design with N; = N, = N3 = N, = 41 is shown in
Fig. 12(d). Comparing Fig. 12(c) and (d), it can be seen that the
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COEFFICIENT VALUES FOR EXAMPLE-III

k=0 k=1 k=2 k=3 k=4
igiro)(0) 0.00000362 [ o [

| gy (1-1(A+4)) -0.00001008| 0 0 0

s (1-1(k+3)) 0.00002205] [} [ [

| Ay i (1-1(h+2)) -0.00004200] [} [ [

| g sy (1-X(K+1)) 0.00007366] [ [ [
Ry ey (1) -0.00011656 0 0 0

| P gira)(2-1(k+4)) 0.00017877 [ [ o

g (2-1(k+3)) -0.00026939 [ o [

AR (D)) 0.00039143 [ [ [

DA A Ta))) -0.00055690) 0 [ [
higiron(2) 0.00074780| 0.0 4]-0. 95| 0.00000095]

| P i (3-1(k+4))

-0.00099897| -0.00000188|

0.00000197|-0.00000196

hyi3)(3-1(k+3))

0.00135053| 0.00000330]

-0.00000338] 0.000003504

P i) (3-1(K+2))

-0.00180385|-0.00000542]

0.000005431 -0.00000552]

R (3-1(5+1))

0.00241848| 0.00000839]

-0.00000844] 0.00000841

higrio)(3)

-0.00315008[-0.00001270

0.00001270{-0.00001271

i (4-1(k+4)) 0.00423607| 0.00001834]-0.00001906] 0.00001897]
hygarsy(4-1(k+3)) -0.00610797|-0.00002750| 0.00002813]-0.00002910)
gy (4-1(A+2)) 0.00967727| 0.00004566|-0.00004569] 0.00004635]

| iy (4-1(kH1))

-0.02016488|-0.00009701

0.00009750{-0.00009705]

Ay prol(4)

1.00059755| 0.99999772]

1.00000088] 0.99999918§]

| By giea)(S-1(A+4))

-0.00C(

0.01948480| 0 4

0.00009906|

By (S-1(A+3))

-0.00960188' -0.00004502]

0.00004697|-0.00004763]

[ g (5-1:+2))

0.00616233' 0.00002782]

-0.00002783| 0.00002881,

| i iy (S-1(A+1))

-0.00438910' -0.00001851

0.00001861' -0.00001852

ololo|o|o|o|o|o|o|o|o|o|o]|o|o|o|jo|o|o|o|=|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o|o]|o]!l

e 0.00319081| 0.00001266{-0.00001266] 0.00001266]
| i gia)(6-1(k+4)) -0.00233930|-0.00000840| 0.00000859]-0.00000855]
by g3 (6-1(k+3)) 0.00179182| 0.00000532|-0.00000554] 0.00000564]
| g 21(6-1(k+2)) -0.00136416|-0.00000332| 0.00000333]-0.00000346]
| iy (6-1(k+1)) 0.00103635| 0.00000189]-0.00000191] 0.00000191

higiro(6) -0.00075891|-0.00000093| 0.00000094]-0.00000094]
AETED) 0.00053945| [ [ [
g gasy (T-1(+3)) -0.00038944| [} [ [
AEAED)) 0.00027260| [} 0 0
| iy (7-1(k+1)) -0.00018584| [ [} [

hycgiesn(7) 0.00011928] [} 0 [}
| 7 g0y (8-1(k14)) -0.00007156) 0 0 0
hygice(8-1(k+3)) 0.00004194 [ o [
| i gasa)(8-1(k+2) -0.00002242| [ [ [
| Ay (8-1(A+1)) 0.00001056 0 0 0
I gis0i(8) -0.00000388] 0 [ [

degradation in performance is negligible for a large saving in
the number of nontrivial coefficient values.

VII. MULTIPLIERLESS TIADC DESIGN USING MILP

A TIADC with photonic front end is able to sample at a
very high sampling rate well above 100 GS/s (gigasamples per
second) [43]. The analog input may be sampled using a mode-
locked laser and stretched in an optical fiber until it is slow
enough for resampling using a high-speed electronic device. In
the implementation of very high-sampling-rate TIADC, it is
necessary to reduce the computational complexity of the com-
pensation filters. The building blocks of a compensation filter
are the coefficient multiplier, adder, and delay. Among these
building blocks, the coefficient multiplier is the one that con-
sumes the most power, occupies the largest silicon area, and is
slowest in speed. Thus, it is essential to reduce the complexity
of the coefficient multiplier.
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In binary arithmetic, multiplying a number by an integer
power of two is a trivial process; it can be realized by wiring
without using any active device in a full custom implementation
in silicon. Consequently, if each coefficient value of a com-
pensation filter is expressed as a sum of a limited number of
signed power of two (SPT) terms [44]-[50], the resulting filter
is essentially “multiplierless” from an implementation point
of view. Various methods have been developed for optimizing
the coefficient values in the SPT coefficient space for a digital
filter. Among these techniques, MILP [51] is the only method
that can guarantee the obtaining of the optimum solution for
a given number of SPT terms allocated to each coefficient.
Discrete space optimization is a time-consuming process.
The computing time required increases exponentially with
the number of discrete variables. From the statistics given in
[49], the computer time required is approximately proportional
to 1092 where P is the number of filter coefficients to be
optimized in the discrete space. Note that the expression 10°-2"
gives an estimate on the order of magnitude of the computer
time required. Individual runs may differ by over an order of
magnitude from what is predicted by 10°-2F,

When using MILP, the error magnitude |E,,(e/M%)| is
constrained to be not more than w(w)d, where w(w) is a
weighting function and ¢ is a variable to be minimized.
Unfortunately, E,,(e’™“) is complex, and |E,,(e/™«)| =
VRe{E,(e/M)} + Im{E,,(e/M«)} is not a linear func-
tion of hy where Re{z} and Im{z} denote the real and
imaginary parts of x, respectively. The optimum cannot
be found using linear programming by directly minimizing
VRe{E,(e/M)} + Im{E,,(e?M«)}. However, the difficulty
can be overcome as follows. By multiplying both sides of (16)
by e7?, we have

ejQEm<ejJMw)

= V(@) {76 GMN Ry, — 0L 22

Our aim is to constrain the maximum value of |E,,(e/M«))|
such that |E,,(e/™“)| < w(w)é. Note that |E,,(e/M«)| =
e B, (e7M«)| = |Re{e!?E,,(e’M«)}| if 6 is equal to the
negative phase angle of E,,(e’“). We do not know the phase
angle of E,,(e’M“) but we can optimize E,,(e?™*) over
a dense grid of possible phase angles. Thus, the constraint
| B (e7M¢)| < w(w)é can be imposed by imposing the set of
constraints [Re{e’? E,,(e’“)}| < w(w)é on a dense grid of §
where 0 < 6 < 7. Thus, we have the MILP problem

Re{e’’[€,,,(jw)] Thm V (0)} — w(w)é
< Re{e’fel(m=Mmwy ()}
over allwand § (23a)
Re{e’[€,,(jw)]  hmV ()} + w(w)b
> Re {ejgej(m_]\/[")“V(w)}
over allw and § (23b)
(23¢)

Objective: minimize §

Subject to: elements of h,,, are sum of a specified

number of SPT terms. (23d)
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SUB-ADC MISMATCH PARAMETERS FOR EXAMPLE-IV
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Fig. 13. (a) Input. (b) Uncompensated. (¢) Compensated.

Example-1V: We shall illustrate a multiplierless multichannel
TIADC compensation filter using the mismatch parameters as
shown in Table IX. The multichannel filters are optimized using
MILP over the frequency ranging from 0 to 0.375 f; with ¢ con-
strained to be less than 0.00001. Our objective is to minimize the
total number of SPT terms. In the optimization, each coefficient
is given a fixed number of SPT terms. The number of coeffi-
cients for the multichannel filters are Ng = 1, N7 = N4 = 20,
and No = N3 = 21. The coefficient values of our multi-
channel filters are shown in Table X. The last row in Table X
shows the computer time required on an HPxw4400 PC. The
spectrum plots are shown in Fig. 13. Fig. 13(a) shows the input
spectral lines at 0.625m fs, m = 1,2, ...,6. Fig. 13(b) and (¢)
shows the spectral lines of the uncompensated and compensated
TIADC, respectively.

On the average, the computer time required to optimize each
of the multichannel filters is (42 + 412+ 80+ 122)/4 s ~3 min.
If the filter-bank approach is used, the number of variables to be
optimized in the discrete space would be about 100; using the
estimation formula that the computer time required is propor-
tional to 1027, the computer time required would be approxi-
mately 3 x 10'® min ~60 billion years.

VIIL. 14-BIT 1.6-GS/s TIADC

The spectral plots shown in the previous examples were sim-
ulated results where the sub-ADCs were assumed to be perfect.
In an actual TIADC system, the sub-ADCs are not perfect, and
the TIADC spectral plot contains spurs other than those due to
sub-ADC mismatch.
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TABLE X
COEFFICIENT VALUES FOR EXAMPLE-IV
k=0 k=1 k=2 k=3 k=4
hk.[lﬁ'ﬂl(o) 0 2-20 2-17 _2-17+2-20 _2-16_2-18
hy g (1-1(5+4))| O -2 -2715-2°17 271542718 271442716
hk.[k+3l(1'I(k+3)) o 2-15+2-18 2-13_2-16+2-20 _2-13+2-15_2-18 _2-12+2-14_2-17
hk,[k+2|(1-l(k+2)) ) _2-13+2-16 _2-12_2-1G+2-20 2-12_2-16_2-19 2-11_2-13+2-15
Ry ey (1-16+1))] O 2712 2711421442715 =214 218 |11 124 719
hk.lk+01(1) o _2-11+2-18 _2-10_2-13_2-15 2-10+2-16+2-18 2-10+2-12+2-14
Ry -1H4)| 0 | 2710-2714-2716 | 294271442716 [ 2794271442716 | p9.p12. 714
Ry pen2-IA+3))] O | -2°4271242718 | 284271242714 | 283711714 | 83144 5717
9737910 5-11 [ _»-7_ »-10_~-17
@A) 0 | 28212420 | 7-ptogpiz | T2THZ 42T |22 52
79 -270-28-2711 | 2704271042714 1 2764271942712
hy g (2-1(k+1))| O -277-29-2711 213 +2°17 -215
2042762713 (204275274271, 5 s - 20-26-278
hyji0(2) 1 $2°19 217 270-26428.3742 $213.0716
~ B R 2-7+ 2-10 _2-8+ 2-10_2-12 2-7_2-10_2-12
Bipa(3-1(k+4))| O [ -274271242718 4$2-12_9-16 +2°17 —15
higisy(3-1(k+3))| O | -2711-271342716 | 2784271142716 | 278427102719 |2710427154277
Ry (3-1+2)| 0 | 2711 4+271342715 | 279427112715 | L84.07114.0712 | 1043713 -16
Ry ey (3-1A+1))] O |-27114271542718 | 2794271242713 | 2794271643719 31147174018
hk.[lﬁ'ﬂl(3) 0 2-12+2-16 2-10+2-15_2-18 _2-10_2-12 _2-12+2-18
hk.lk+4l(4-l(k+4)) 0 _2-13_2-13 _2-11_2-14_2-16 2-11+2-12_2-19 2-13_2-15+2-17
hk.[k+3](4'l(k+3)) ) 2-14_2-17 2-12+2-15_2-19 _2-11+2-13_2-16 _2-15_2-19
hk.lk+2l(4'l(k+2)) (1) _2-16 _2-13+2-17 2-13+2-15+2-16 2-19
b (d-1(k+1))| O 2719 271542717 -271442719 2719
Ripol(4 0 0 -2'17 271 0

|Hwa4400 timel 0 | 42 seconds |412 seconds | 80 seconds |122 seconds

o
14 dB
o] 28 dB| ¢ 580 2 MHz I3o.5 dB
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Magnitude / dB
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Fig. 14. Spectral plot for the output of a 14-bit 1.6 GS/s TIADC. The input is a
580.2-MHz sinusoid. The top plot shows the uncompensated output spectrum.
The bottom plot shows the compensated output spectrum. The filter length was
7.

Example-V: Our mismatch compensation technique was im-
plemented on a system that employs four 14-bit 400-MS/s sub-
ADC:s to construct a 14-bit 1.6-GS/s TIADC. The mismatch
between sub-ADCs was characterized by injecting sinusoids
spaced 1 MHz apart one at a time. The phase and amplitude of

the fundamental frequency of the sinusoid at the output of the
sub-ADCs were used to determine the phase and amplitude of
the mismatch.

Fig. 14 shows a spectral plot of the test result when the input
frequency was 580.2 MHz. The spurious frequencies due to
sub-ADC mismatch were 180.2,219.8, and 619.8 MHz, respec-
tively. The magnitude of the input sinusoid was about 82% of
full scale and was normalized to 0 dB. Each spectral line in
each of the plots was the root-mean-square (rms) value of 50
test runs; 8000 data samples were collected for computing the
spectral lines in each test run. Since the ADC had 14 bits, if
the TIADC was perfect, the expected value of each spectral line
(other than those corresponding to the input frequencies) would
be —101og; (0.5 x (0.82 x 213)2 x 12 x 8000) = —123.4 dB.
It can be seen from Fig. 14 that the noise floor was significantly
higher than —123.4 dB. Actual measurements showed that the
noise floor was —98.2 dB; this corresponds to a degradation of
25.2 dB (or 4.2 bits). Thus, the effective precision of the ADC
was about 9.8 bits (instead of 14 bits) at 580.2 MHz.

The top plot of Fig. 14 shows the spectral plot for the output
of the uncompensated TIADC. The magnitudes of the spurious
lines due to mismatch were —28, —14, and —30.5 dB, respec-
tively. The other spurs were due to the nonlinearity of the sub-
ADCs. The bottom plot of Fig. 14 shows the spectral lines for
the output of the WLS-compensated TIADC where the length
of each of the compensation filters was 7. It can be seen that the
spurs due to sub-ADC mismatch were significantly reduced and
the magnitudes were less than those of the spurs due to the non-
linearity of the sub-ADC. Thus, for this particular case, unless
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Fig. 15. Similar plots to that in Fig. 14 but the 580.2-MHz sinusoid was re-
placed by a 221.2-MHz sinusoid.

the linearity of the individual sub-ADC was improved, there was
little advantage in using compensation filters longer than 7.

Figs. 15 and 16 show the results when the 580.2-MHz sinu-
soid of Fig. 14 was replaced by 221.2- and 69.8-MHz sinusoids,
respectively. In Fig. 15, the magnitude of the 221.2-MHz sinu-
soid was 85% of the full scale, and after normalizing the mag-
nitude of the 221.2-MHz signal to 0 dB, the noise floor was
—105.2 dB. Thus, the effective word length of the ADC at 221.2
MHz was

) 10105.2/10
logy, ((\/ 0.5x12x8000>/0'85>

bits = 10.9 bits.
log 2

1+

In Fig. 16, the magnitude of the 69.8-MHz sinusoid was 89%
of the full scale, and after normalizing the magnitude of the
69.8-MHz signal to 0 dB, the noise floor was —107.5 dB. Thus,
the effective word length of the ADC at 69.8 MHz was

) 10107.5/10
log, ((\/ 0.5><12><8000>/0'89>

bits = 11.2 bits.
log, g2

1+

IX. CONCLUSION

In this paper, we have presented a new multichannel approach
for TTADC mismatch compensation. Comparing with the filter-
bank approach, for the same number of coefficients N M, the
two approaches produce filters with the same performance if the
filters were designed with sufficient arithmetic precision.

Our new multichannel approach has the following advantages
over the filter-bank approach. First, for the same total number
of coefficients N M, each dimension of the matrices in our ap-
proach is a factor of M smaller than in the filter-bank approach.
Second, in our approach, the matrix to be inverted has a di-
mension of N x NN, whereas the matrix to be inverted in the
filter-bank case has a dimension of NM x N M. This means
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Fig. 16. Similar plots to that in Fig. 14 but the 580.2-MHz sinusoid was re-
placed by a 69.8-MHz sinusoid.

that the computational complexity of the filter design in our ap-
proach is lower. Third, as a result of the smaller matrices, the
filter design in our approach is computationally more robust
than the filter design in the filter-bank approach, as illustrated
in Example-1. Lastly, in our approach, each compensation filter
may have a different number of coefficients; a less seriously mis-
matched sub-ADC may be compensated by using a filter with
less number of coefficients.

Our multichannel approach and the filter-bank approach are
developed based on different principles. In our approach, we
make use of the fact that a signal may be represented by a
weighted combination of any irregularly spaced samples pro-
vided that the highest frequency component of the signal is less
than 0.5 times the average sampling speed (the generalized sam-
pling theorem). We use a multichannel filter to estimate the ideal
output of each sub-ADC. In the filter-bank approach, the fre-
quency spectrum of each sub-ADC output is shaped by a filter
in such a way that, when all the filter outputs are summed, the
aliasing terms cancel each other, and the baseband term be-
comes the best approximation to the input analog signal.

The response of a hardware 1.6-GS/s TIADC implemented
using four 400-MS/s sub-ADCs has also been presented. It can
be seen from the spurious frequency components before and
after mismatch compensation that mismatch is not the only
source of spurious frequency components. Spurious frequency
components that are not caused by mismatch cannot be re-
moved using the mismatch compensation technique.

X. FUTURE WORK

In some systems, the TIADC operates in a tightly controlled
environment, and mismatch parameter drift is not a problem. In
some systems, the luxury of a tightly controlled environment
is not available. In such cases, the TTADC mismatch parame-
ters may drift with environmental variables such as temperature,
humidity, proximity to ferromagnetic materials, etc., depending
on implementation. The design of a TITADC compensation filter
subject to environmental variable drift is part of our work that
will be reported in the future.
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