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Chaoization of DC Motors for Industrial Mixing
S. Ye and K. T. Chau, Senior Member, IEEE

Abstract—Conventional industrial mixing is ineffective, which
consumes a lot of energy. In this paper, an effective mixing
approach is proposed and implemented by using an electrical
chaoization. Namely, a permanent-magnet dc motor, which acts
as the agitator, is electrically chaoized by time-delay feedback
control. It is identified that there are three adjustable control
parameters: the torque parameter which induces chaotic motion,
the speed parameter which adjusts the motion boundary, and
the time-delay parameter which tunes the refreshing rate. Both
computer simulation and experimental results are given to verify
the proposed chaoization. Finally, realistic mixing of an acid-base
solution is used to verify the effectiveness of the proposed chaotic
mixing.

Index Terms—Chaos, mixing, motion control, motors.

I. INTRODUCTION

INDUSTRIAL mixers are one of the most important mixing
devices in food, drug, chemical, and semiconductor indus-

tries. One of the major problems of conventional mixers is
the formation of segregated regions when mixing fluids with
low Reynolds numbers [1]. The occurrence and persistence of
these segregated regions require extensive energy consumption
for mixing. As a result, industrial mixers are one of the most
ineffective equipment. The industrialists and academics in the
USA have estimated that the cost of ineffective industrial
mixing is on the order of U.S. $ 1–10 billion per annum [2]. The
effects of this ineffectiveness are not only energy wastage [3]
but also can be disastrous (a nuclear-chemical waste explosion
in Russia has been attributed to improper mixing of chemicals)
[4]. Although mixing can be improved by increasing the ro-
tational speed, such high-speed operation generally consumes
additional energy and is sometimes impractical. Particularly,
some shear-sensitive materials for biotechnological applica-
tions, such as proteins and other macromolecules, are readily
damaged by high shear rates when adopting high rotational
speed. Thus, the improvement of mixing is highly desirable
and justifiable.

In order to improve the mixing process, time-varying rota-
tion has been proposed [5], aiming to destroy the segregated
regions formed in the mixing process. Among the various
time-varying schemes, bidirectional rotations with different
frequencies are adopted for industrial mixing. In addition, the
bidirectional rotation can be further modulated by a sinusoidal
wave. The use of time-varying rotation to improve mixing is
due to the principle that the flow is continuously perturbed,
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hence preventing the formation of coherent segregated regions.
Conceptually, it is similar to kneading the bread dough where
the dough is stretched and folded repeatedly to create good
mixing.

In recent years, time-varying rotational mixing has been
further extended to chaotic mixing because chaos inherently
offers the properties of stretching and folding which match
with the aforementioned requirement of good mixing [6]. Al-
though there are many studies on chaotic mixing, only a few
approaches are considered to be practical. In [7], by properly
designing the radius of chamber wall, the radius of twin rotors,
and the gap size and, then, separately controlling the rotational
speeds, a twin-screw mixer was developed for chaotic mixing.
In [8], by moving one of the vanes in the central impeller
upward by half the vane height and one adjacent vane down-
ward by the same distance, a perturbed three-impeller design
was proposed to create chaotic motion for mixing. In [9],
by continuously varying the angle of the impeller shaft with
respect to the vertical axis, a chaotic mixer was also created.
However, all these chaotic mixers generate the desired chaotic
motion by using mechanical means, thus suffering from two
fundamental problems—complexity and inflexibility. First, the
complex configurations significantly increase the system cost,
enlarge the hardware size, and reduce the operation reliability.
Second, the inflexible designs definitely limit the applicability
and generality since the mixing materials and the mixing tanks
are prone to changing. In order to fundamentally solve these
problems, our idea is to electrically produce the desired chaotic
motion for mixing [10].

Since the 1990s, a number of research activities on chaos
in electric motors have been carried out. Most of them are
based on the identification of chaos [11], the avoidance of
chaos [12], and the stabilization of chaos [13] in various
types of electric motors. Rather than negatively avoiding the
occurrence of chaos in motors, a positive idea is to utilize
the chaotic motion for some niche applications. Chaotic be-
havior has recently been utilized in the areas of cryptography
[14] and power converters [15]. Therefore, the purpose of
this paper is to newly chaoize a motor, hence resulting in a
controllable chaotic motion, for application to industrial mix-
ing processes. Compared with the aforementioned mechanical
means, the proposed chaotic-motion motor not only produces
the desired chaotic mixing but also offers the advantages of
mechanical simplicity, high flexibility, and high controllability.
The key is to newly propose and implement the chaoization
of the dc motor (the agitator) using the time-delay feedback
control [16], [17].

There are many methods to evaluate the mixing processes,
which can be divided into two categories: intrusive and non-
intrusive. The intrusive methods include a probe or tracer that
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is put in the stirred tank to measure flow velocities, but the
methods disturb the flow patterns that the investigators intend to
measure. The nonintrusive methods, such as the laser Doppler
anemometer [18] and the acid-base neutralization reaction [19],
are more attractive since they will not disturb the flow patterns.
Increasingly, the acid-base neutralization reaction takes the
advantages of simple arrangement and low cost. This method
will be employed to evaluate the proposed chaotic mixing.

In Section II, the theoretical derivation of the proposed
chaotic motor will be provided. Then, in Section III, the com-
puter simulation and experimental results will be presented
to illustrate the corresponding chaotic motion. The implemen-
tation of the whole system will be discussed in Section IV.
In Section V, the results of chaotic mixing and other mixing
methods under the same power level will be compared to verify
the anticipated effectiveness. Finally, conclusions will be drawn
in Section VI.

II. CHAOTIC MOTOR

In this paper, a permanent-magnet (PM) dc motor is used as
the agitator, which can be modeled as
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where B is the viscous damping coefficient, J is the load
inertia, K is the torque constant, L is the armature inductance,
R is the armature resistance, T is the motor torque, Tl is the
load torque, U is the dc supply voltage, ω is the motor speed,
and i is the armature current. When the motor is current-fed,
the order of the system equation can be reduced. In case Tl is
negligible, the system (1) can be represented by a single-input
single-output (SISO) linear time-invariant (LTI) system
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+
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T

J
(3)

where T and ω are the input and output of the system, re-
spectively. Consequently, by employing anticontrol of chaos in
continuous-time systems [20], the proposed time-delay feed-
back control is designed as

T = µξBf

(
ω(t − τ)

ξ

)
(4)

where µ is the torque parameter, ξ is the speed parameter,
and τ is the time-delay parameter. It should be noted that all
three parameters are adjustable to achieve the desired chaotic
motion. In addition, f(·) should be a bounded function to
satisfy the condition that the required torque will not exceed
the motor-torque capability. Substituting (4) into (3), the time-
delay system equation can be formulated as
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Defining the normalized speed Ω = ω/ξ, (5) is rewritten as

dΩ
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+
B

J
Ω =

µBf (Ω(t − τ))
J

. (6)

For a SISO LTI system, it can be expressed as

y(n)(t) + αn−1y
(n−1)(t) + · · ·α1y

(1)(t) + α0y(t) = β0u(t)
(7)

where u(t) is the input, y(t) is the output, and αi (i =
0, · · · , n − 1) and β0 are the constants with α0β0 �= 0. When
the system is incorporated with the time-delay feedback con-
trol, u(t) and y(t) are related by

u(t) = w (y(t − τ)) (8)

where w(·) is a bounded continuous function. According to
[20], a time-delay differential equation can be asymptotically
approximated by a difference equation as given by

y(m, t̂) ≈ β0

α0
w

(
y(m − 1, t̂)

)
, and y(k)(m, t̂) ≈ 0 (9)

where y(m, t̂) = y(mτ + t̂), for m = 0, 1, · · ·, and k =
1, 2, · · · , n − 1, τ is sufficiently large, and t̂ : t0 < t̂ < τ
is large.

For the proposed chaotic motor, α0 = B/J , β0 = µB/J ,
and w(·) are represented by f(·). Hence, by using (9), (6) can
be asymptotically approximated by

Ω(m, t̂) = µf
(
Ω(m − 1, t̂)

)
. (10)

Since a sine function is a continuous bounded function, it is
naturally chosen as f(·) in (10). Hence, the system equation can
be expressed as

Ωm = µ sin Ωm−1. (11)

By writing µ = πr and Ωm = πXn+1, (11) can be
expressed as

Xn+1 = r sinπXn (12)

which has been proved by Strogatz [21] that it exhibits
chaotic behavior with certain values of r. Therefore, the pro-
posed time-delay feedback control scheme given by (4) is re-
written as

T = µξB sin
(

ω(t − τ)
ξ

)
(13)

which can offer chaotic motion by selecting appropriate values
of µ, ξ, and τ .

In order to implement the proposed chaotic motor based
on the aforementioned derivation, both the armature current

Authorized licensed use limited to: The University of Hong Kong. Downloaded on June 5, 2009 at 02:51 from IEEE Xplore.  Restrictions apply.



2026 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 54, NO. 4, AUGUST 2007

Fig. 1. Proposed chaotic motor for industrial mixing. (a) Control system.
(b) Experimental setup.

and the rotor speed of the PM dc motor are used as feed-
back signals, while the torque command T ∗ calculated by
(13) is used to generate the current command i∗ for PWM
control of the PM dc motor. Fig. 1 shows the corresponding
control system and experimental setup. First, the measured
speed feedback is delayed by a preset value of τ . Then, the

TABLE I
MOTOR PARAMETERS

Fig. 2. Bifurcation diagrams with respect to the torque parameter. (a) Motor
speed. (b) Armature current.

delayed speed is fed into the torque control block in which
the proper values of µ and ξ are preset. Hence, it generates
T ∗ and, then, i∗. Subsequently, the difference between i∗ and
the measured current feedback is fed into the current control
block in which the simple PI control is adopted. Hence, it
generates the desired duty ratio for the full-bridge PWM con-
verter which provides bidirectional current control of the PM
dc motor.
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Fig. 3. Period-1 operation under the torque-parameter control. (a) Motor
speed. (b) Armature current.

III. SIMULATION AND EXPERIMENTAL RESULTS

In order to conduct computer simulation, realistic system
parameters are adopted. Table I lists some key data of the
PM dc motor. Making use of (1), (2), and (13), bifurcation
diagrams, with respect to various adjustable parameters, are
readily deduced. These bifurcation diagrams can illustrate how
the system behavior is affected by varying the parameters at a
glance. For the sake of illustration, the case of no load torque
Tl = 0 is adopted for simulation.

When selecting ξ = 20 and τ = 1.5 s, both the speed and
current bifurcation diagrams with respect to µ are shown
in Fig. 2. It is shown that the motor initially operates at a
fixed point (which is equivalent to normal or so-called the
period-1 operation) with a small value of µ. Fig. 3 shows the
corresponding motor speed and armature current waveforms
when µ = 1.2. With the increase of µ, the motor bifurcates
to the period-2 operation which is equivalent to an abnormal
subharmonic operation. Fig. 4 shows the corresponding speed
and current when µ = 2.5. Finally, the motor exhibits chaotic

Fig. 4. Period-2 operation under the torque-parameter control. (a) Motor
speed. (b) Armature current.

motion when µ is further increased. Fig. 5 shows the cor-
responding speed and current when µ = 5. When the motor
is run in the chaotic mode, both the amplitude and direction
of the motor speed and armature current change with time
and present ergodicity in the range shown in Fig. 2. It is this
character of ergodicity that differs the chaotic mixing from the
normal constant-speed mixing. Therefore, the torque parameter
µ is the key to induce the chaotic motion from the normal
operation.

On the other hand, when selecting µ = 5 and τ = 1.5 s, both
the speed and current bifurcation diagrams with respect to ξ are
shown in Fig. 6. It is shown that ξ can be used to approximately
linearly adjust the speed range of the chaotic motion, and that
is why it is named the speed parameter. Therefore, the speed
parameter ξ serves to adjust the boundary of chaotic motion for
the proposed chaoization.

Furthermore, when selecting µ = 5 and ξ = 20, the corre-
sponding bifurcation diagrams with respect to τ are shown in
Fig. 7. It can be observed that the change of τ has little effect
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Fig. 5. Chaotic operation under the torque-parameter control. (a) Motor
speed. (b) Armature current.

on the speed range of the chaotic motion. Nevertheless, this
parameter has a significant impact on the system realization.
If the parameter is too large, the refreshing rate of the control
system is too slow, while if the parameter is too small, it
requires too much computational resource. Therefore, the time-
delay parameter τ functions to tune the refreshing rate of the
proposed chaoization.

In order to verify the aforementioned simulation results,
experimentation is performed based on the same parameter
settings. Fig. 8 provides a comparison of the corresponding sim-
ulated and measured waveforms. First, Fig. 8(a) and (b) shows
the simulated waveforms of motor speed and armature current
under normal operation (µ = 1.2, ξ = 200, and τ = 1.5 s),
respectively, while Fig. 8(c) shows the measured normal wave-
forms of motor speed and armature current under the same
conditions. It is shown that the agreement is very good.
Second, Fig. 8(d) and (e) shows the simulated waveforms
of motor speed and armature current under chaotic oper-
ation (µ = 35, ξ = 20, and τ = 1.5 s), respectively, while

Fig. 6. Bifurcation diagrams with respect to speed parameter. (a) Motor speed.
(b) Armature current.

Fig. 8(f) shows the measured chaotic waveforms of motor
speed and armature current under the same conditions. It is
shown that both the simulated and measured waveforms ex-
hibit chaotic behavior but with different patterns. It is ex-
pected because the chaotic behavior is not periodic such that
the period of measurement cannot be the same with that of
simulation. Nevertheless, it can be found that the measured
boundaries of the chaotic waveforms match with the simu-
lated ones. It is actually the nature of chaos—random-like but
bounded.

It should be noted that the aforementioned results are under
no-load condition only. The reason is due to the fact that the
mathematical modeling of fluid dynamics during mixing is too
complicated to be handled in this paper. The corresponding
fluid dynamics involve a set of partial differential equations
that is so-called the Navier–Stokes equations which can only
be solved by using the sophisticated methods such as the
3-D finite element method [9]. Therefore, in this paper, both
simulation and experimental results are used to illustrate the
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Fig. 7. Bifurcation diagrams with respect to time-delay parameter. (a) Motor
speed. (b) Armature current.

chaoization of the motor, whereas only the experimental re-
sults will be used to illustrate the chaotic mixing process in
which the mixing load is taken into account [5].

IV. MIXING SYSTEM

The mixing system consists of a tank and an impeller spun
by a digitally controlled motor drive. The motor is mounted
vertically on a stand with its shaft positioned at the center of
the tank. The shaft is mounted through a holding plate, which
ensures consistent positioning between the experiments and
minimizes oscillations of the shaft tip. As shown in Fig. 1(b),
the motor is a Sanyo R406 PM dc servo motor, the stand
is a Bosch BS 35 drill holder, and the tank is a 1-l glass
beaker.

It should be noted that the mixture with a low or moderate
Reynolds number is particularly difficult to achieve an effective
mixing since the corresponding flow is laminar, whereas the
mixture with high Reynolds number can easily achieve an
effective or so-called turbulent mixing [22]. Thus, in this paper,

Fig. 8. Comparison of motor speed and armature current waveforms.
(a) Simulated normal motor speed. (b) Simulated normal armature current.
(c) Measured normal motor speed and armature current (1666.7 r/min/div,
0.5 A/div, and 0.2 s/div). (d) Simulated chaotic motor speed. (e) Simulated
chaotic armature current. (f) Measured chaotic motor speed and armature
current (1666.7 r/min/div, 1 A/div, and 0.2 s/div).

TABLE II
COMPARISON OF DIFFERENT MIXING METHODS

a viscous solvent (light corn syrup) is purposely adopted so that
the mixing effectiveness can be evaluated.

First, the tank is filled with 200-ml light corn syrup, 5-ml
pH indicator solution (universal indicator), and 5-ml solution of
1 N HCl. The solution is mixed until a uniform red color is
observed since it is acidic. Next, another well-mixed solution
(dark green color) of 100-ml light corn syrup, 2.5-ml pH
indicator solution, and 2.5-ml 1 N NaOH is added into the tank.
Although the whole solution is acidic as there is twice as much
acid as base, there are dark green regions since diffusion is
limited by the viscous solvent (light corn syrup).

The beginning of the mixing process of the acid-base solution
is set as the time zero. The motor drive is controlled by a
dSPACE digital controller to realize various mixing methods,
including constant-speed, periodic, and chaotic motions. The
whole experimentation is recorded by using a camera focused
at the impeller.
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Fig. 9. Coloration during constant-speed mixing. (a) After 5 s. (b) After 10 s. (c) After 20 s. (d) After 360 s.

V. MIXING RESULTS

To assess whether chaotic mixing is more effective than other
mixing methods, it is equivalent to evaluate whether chaotic
mixing can offer a more homogenous mixture under the same
amount of energy consumption. The experiment is designed
to compare the mixing time needed to achieve homogeneity
based on the same input power. First, the chaotic mixing ex-
periment is conducted. The input voltage and current are online
recorded until homogeneity is achieved. Hence, the average
input power is calculated. Then, the other mixing methods,
namely, the conventional constant-speed mixing, the rectangu-
larly bidirectional mixing, and the sinusoidally bidirectional
mixing, are also conducted under the same input power for
comparison.

As tabulated in Table II, the proposed chaotic mixing (µ =
30, ξ = 20, and τ = 1.5 s) takes 4.2 W to fully mix up the
aforementioned acid-base solution within 30 s, whereas the
constant-speed mixing at 600 r/min requires 360 s, the rec-
tangularly bidirectional mixing with a magnitude of 600 r/min
and a frequency of 0.5 Hz requires 33 s, and the sinu-
soidally bidirectional mixing with an amplitude of 850 r/min
and a frequency of 0.5 Hz also requires 33 s, all under the
same power of 4.2 W. Thus, it quantitatively verifies that
the proposed chaotic mixing takes the definite advantages of
shorter mixing time and, hence, lower energy consumption
than the others, particularly the conventional constant-speed
mixing.

The improvement is expected since the constant-speed mix-
ing process involves the formation of segregated region which
is the major obstacle for effective mixing, whereas the chaotic

mixing process essentially prevents the formation of segregated
regions. Fig. 9 shows the coloration of the constant-speed
mixing process, which illustrates that the segregated region
(alike a donut) persists for a long time. On the other hand,
Fig. 10 shows the coloration of the chaotic mixing process,
which confirms that no segregated region occurs. For the two
bidirectional mixing processes, there are segregated regions
formed during the positive or negative sessions, but the change
of direction leads to the destruction of larger donuts and, then,
the formation of smaller ones. Therefore, these two bidirec-
tional mixing processes still take a longer time than the chaotic
mixing, although showing significant improvement over the
conventional constant-speed mixing.

As mentioned, the segregated region is the key obstacle
for the conventional constant-speed mixing process to achieve
effective mixing. Reference [8] has identified that the size of
this region depends on the Reynolds number of the mixture—in
general, the lower the Reynolds number, the larger is the segre-
gated regions. Thus, the proposed chaotic mixing is particularly
attractive for mixing those highly viscous fluids which have a
low or moderate Reynolds number.

VI. CONCLUSION

In this paper, chaotic mixing has been electrically imple-
mented by applying the time-delay feedback control to a PM
dc motor, which acts as the agitator. Based on the derived
system dynamic equations, three control parameters have been
identified for the proposed chaoization, namely, the torque
parameter serves to induce the chaotic motion, the speed
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Fig. 10. Coloration during chaotic mixing. (a) After 5 s. (b) After 10 s. (c) After 20 s. (d) After 30 s.

parameter to adjust the chaotic boundary, and the time-delay
parameter to tune the refreshing rate of control. Both simulation
and experimental results have verified the proposed method
of chaoization. Finally, realistic mixing processes have been
performed which confirms that the proposed chaotic mixing can
prevent the formation of segregated region and, hence, shorten
the mixing time than the other mixing methods (the constant-
speed, the rectangularly bidirectional, and the sinusoidally bidi-
rectional ones).
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