ON A CLASS OF DOUBLE COSETS IN REDUCTIVE ALGEBRAIC
GROUPS

JIANG-HUA LU AND MILEN YAKIMOV

ABSTRACT. We study a class of double coset spaces R4\G1 X G2/Rc, where G1 and
G2 are connected reductive algebraic groups, and R4 and R¢ are certain spherical sub-
groups of G'1 X G2 obtained by “identifying” Levi factors of parabolic subgroups in G and
G2. Such double cosets naturally appear in the symplectic leaf decompositions of Pois-
son homogeneous spaces of complex reductive groups with the Belavin—Drinfeld Poisson
structures. They also appear in orbit decompositions of the De Concini—Procesi compact-
ifications of semi-simple groups of adjoint type. We find explicit parametrizations of the
double coset spaces and describe the double cosets as homogeneous spaces of R4 X Re¢.
We further show that all such double cosets give rise to set-theoretical solutions to the
quantum Yang—Baxter equation on unipotent algebraic groups.

1. THE SETUP

1.1. The setup. Let G; and G5 be two connected reductive algebraic groups over an alge-
braically closed base field k. For ¢ = 1,2, we will fix a maximal torus H; in GG; and a choice
A;r of positive roots in the set A; of all roots for GG; with respect to H;. For each o € A;,
we will use U{* to denote the one-parameter unipotent subgroup of G; determined by o. Let
T'; be the set of simple roots in A?‘. For a subset A; of I';, let P4, be the standard parabolic
subgroup of G; containing the Borel subgroup B; = H;U;, where U; = HQGA+ U. Let My,
and Uy, be respectively the Levi factor of P4, containing H; and the unipétent radical of
Pa,. Then Pa, = M4,Ua, and My, and Ua, intersect trivially. Denote by M, the derived
subgroups of the Levi factors M4,. We will also use A4, to denote the set of roots in A;
that are in the linear span of A;. Set A+i = Au, NAT.

Definition 1.1. Identify Iy and I's with the Dynkin diagrams of G; and G2 respectively.
By a partial isometry from I'y to I's we mean an isometry from a subdiagram of I'; to a
subdiagram of I's. We will denote by P(T'1,T'2) the set of all partial isometries from T'; to
Dy, If a € P(T'1,T2), and if A; and As are the domain and the range of a respectively,
we define a generalized a-graph to be an abstract (not necessarily algebraic) subgroup K of
Ma, x M4, such that K N (U x Ug(a)) Cc Uy x Ug(a) is the graph of a group isomorphism
from U{* to U;(a) for every o € Ay, .

By an admissible pair for G; x G2 we mean a pair (a, K), where a € P(I'1,T'3) and K is
a generalized a-graph. If A = (a, K) is an admissible pair, we define the subgroup R4 of
PA1 X PA2 by

(1.1) Ra=K(Ua, xUa,).
1.2. An Example. Assume that G5 and G2 are connected and simply-connected. Fix a
partial isometry a € P(I'1,'3) with domain A; and range As. Then the derived subgroups

M, of the Levi factors M, are connected and simply-connected [24, Corollary 5.4], and a
can be lifted to a group isomorphism 6,: My — M}, . Let

Graph(6,) = {(m1,0a(m1)) | m1 € M}, } € MY, x M},
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be the graph of 6,, and let Z 4, be the center of M4, for ¢ = 1,2. Then, any abstract subgroup
X of Za, x Zy, gives rise to the group K = X Graph(6,) which can be easily seen to be a
generalized a-graph for G; x G2, and for the corresponding admissible pair A = (a, K), we
have
Ra = XGraph(0,) (Ua, X Ua,).

As a direct consequence of Lemma 3.2 in §3, one sees that, in the case when G; and Gs
are connected and simply-connected, all admissible pairs A and groups R4 are of the above
type.

1.3. Main problem. Fix two admissible pairs A = (a, K) and C = (¢, L). In this paper,
we obtain the solutions to the following problems:
1.) Find an explicit parametrization of all (R, Rc) double cosets in G1 x Ga.
2.) Describe explicitly each (Ra, Re) double coset as a homogeneous space of Ra X Re.
3.) Find a closed formula for the dimension of each (R, Rc) double coset.

Remark 1.2. For an admissible pair A = (a, K), we will set
(1.2) Ry=K(Ua, xUy),

where U, is the subgroup of Go generated by the one-parameter subgroups Uj' for a €
—AL. It is easy to see that solutions to the problems in §1.3 lead to solutions to the
corresponding problems for the (R, R;) double cosets in G1 x Go.

1.4. Motivation. Let G be a complex semi-simple Lie group of adjoint type. The wonderful
compactification G of G, constructed by De Concini and Procesi in [4], is a smooth projective
(G x G)-variety with finitely many G x G orbits. It was proved in [4] that every G x G orbit
on G is isomorphic to (G x G)/R; for an admissible pair C = (c, L) for G x G, where c is the
restriction of the identity automorphism of the Dynkin diagram of G to some subdiagram.
Let g be the Lie algebra of G. De Concini and Procesi further defined an embedding of the
wonderful compactification of GG in the projective variety of all Lie subalgebras of g & g. Its
image is the closure of the G x G orbit of the diagonal subalgebra of g & g which clearly lies
in the variety L4 of all Lagrangian subalgebras of g @ g. Here, a subalgebra [ of g @ g is said
to be Lagrangian if dim [ = dim g and if [ is isotropic with respect to the symmetric bilinear
form on g @ g given by

<$1 +y1,$2 +y2> =< T, T2 > - Y1,Y2 >>a T1,Y1,22,Y2 S g,

where <, > denotes the Killing form of g. The variety £y was recently studied in [12] in
connection with Drinfeld’s classification [7] of Poisson homogeneous spaces of Poisson Lie
groups. It was further shown in [12] that all G x G orbits in Ly (under the adjoint action)
are again of the type (G' x G)/R; for some admissible pairs C = (¢, L) for G x G, but this
time the partial isometries ¢ can be arbitrary. Thus, solutions to the double coset problems
in §1.3 can be used to classify R orbits in L4 for any admissible pair A.

Our motivation for studying R, orbits in £4 comes from the theory of Poisson Lie groups.
In [1], Belavin and Drinfeld classified all quasi-triangular Poisson structures on G. Denote
such a Poisson structure on G by mgp. The Poisson Lie groups (G, npp) have received a
lot of attention since the appearance of [1]. They were explicitly quantized by Etingof—
Schedler—Schiffmann in [10] and their symplectic leaves were studied by the second author in
[25]. One important problem regarding the Poisson Lie groups (G, mpp) is the study of their
Poisson homogeneous spaces [7]. The variety £y of Lagrangian subalgebras of g @ g serves
as a “master” variety of Poisson homogeneous spaces of (G, 7gp). Indeed, identify G with
the diagonal subgroup Ga of G x G. It is shown in [11] that £y carries a natural Poisson
structure Ilgp, such that every Ga orbit in Ly, when equipped with Ilgp, is a Poisson
homogeneous space of (G,7gp). To identify these homogeneous spaces of G, one needs to
classify Ga orbits in Ly, and to study their symplectic leaf decompositions with respect to
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IIgp, one needs to classify N (Gp) orbits in L4, where G is the dual Poisson Lie group of
(G, msp) inside G x G, and N(Gpp) is the normalizer subgroup of Gjp in G x G. Both G§p,
and N(Ggp) are of the type R, where the partial isometry a in A = (a, K) is the Belavin-
Drinfeld triple defined in [1]. In the forthcoming paper [19], we will show that intersections
of Ga and N(Gpp) orbits in Ly are all regular Poisson subvarieties of (Lg4, IIgp). Solutions
to the problems in §1.3 will be used in [19] to classify such orbits and to compute the ranks of
the Poisson structures IIgp. Based on the results of this paper, in [19] we will also treat the
more general class of Poisson structures on Ly, obtained from arbitrary lagrangian splittings
of g @ g. The latter were classified by Delorme in [5].

For the so-called standard Poisson structure on G, we have N(Ggp) = B x B~, where
(B, B7) is a pair of opposite Borel subgroups of G. In [23], Springer classified the B x B~
orbits in the wonderful compactification G of G' and studied the intersection cohomology of
the B x B~ orbit closures. A classification of G orbits in G was given by Lusztig in [21].
It was used by He [15] to study the closure of the unipotent variety in G. Our Theorem 2.2
generalizes both Springer’s and Lusztig’s results. We also point out that intersections of Ga
and B x B~ orbits in the closed G' x G orbits in L, are closely related to the double Bruhat
cells in G and intersections of dual Schubert cells on the flag variety of G (see [2, 12, 13]).
It would be very interesting to understand intersections of arbitrary Ga and N(Gf%p) orbits
in L4 in the framework of the theory of cluster algebras of Fomin and Zelevinsky [14], and
to find toric charts on the symplectic leaves of (L4, IIgp) using the methods of Kogan and
Zelevinsky [18].

Our approach to the double coset space R4\G1 X G2/ R relies on an inductive argument
that relates an (R4, R¢) double coset in G7 X G2 to cosets of similar type in the product
My x My of Levi subgroups M; C G; and My C G5. Such an argument first appeared in
the work of the second author [25] on the symplectic leaf decomposition of the Poisson Lie
group (G, mpp). It dealt with the case G; = G2 = G and A = C. Recently the first author
and Evens [12] extended the methods of [25] to the case G; = G2 = G and R4 = Ga. The
advantage of the approach in this paper to the one in [25] is that in this paper we find an
explicit relation between the double cosets in G X G2 and the double cosets in M7 x My, while
[25] deals with various complicated Zariski open subsets of the double cosets in G; x Gz2. In
particular, the iteration of the inductive procedure in [25] is only helpful for studying Zariski
open subsets of the symplectic leaves of mgp, while we expect that the results of this paper
will be useful in understanding globally all the symplectic leaves of (Lq,IIpp).

The roots of the methods used in this paper can be traced back to the inductive procedure
of Duflo [8] and Moeglin-Rentschler [22] for describing the primitive spectrum of the universal
enveloping algebra of a Lie algebra which is in general neither solvable nor semi-simple.
The reason for this relation is that the Poisson structures Ilpp on Ly vanish at many
points and the corresponding linearizations give rise to Lie algebras that are rarely semi-
simple or solvable. Due to the Kirillov—Kostant orbit method, one expects a close relation
between the primitive spectrum of the quantized algebras of coordinate rings of various affine
subvarieties of £y (which are in fact deformations of the universal enveloping algebras of the
linearizations) and the symplectic leaves of such affine Poisson subvarieties of £4. From this
point of view, our method can be considered as a nonlinear quasiclassical analog of [8, 22].

1.5. Organization of paper. The statements of the main results in this paper are given in
§2. The two sections, §3 and §4, serve as preparations for the proofs of the main results which
are given in §5 and §6. In §7, we describe some solutions to the set-theoretical Yang—Baxter
equation that arise in our solution to 2) of the main problems in §1.3. In §8, we classify
(R4, P) double cosets in G; x Gy for any admissible pair A and any standard parabolic
subgroup P of GG; x G2, and we show in particular that R4 is a spherical subgroup of
G1 X GQ.
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1.6. Notation. Throughout this paper, the letter e always denotes the identity element of
any group. We will denote by Ad the conjugation action of a group G on itself, given by
Ady(h) = ghg~! for g,h € G. If M, and M are two sets and if K C M; x Ms, we can think
of K as a correspondence between M7 and Ms. If M3 is another set and if L C My x Ms,
then one defines the composition of L and K to be

(1.3) Lo K = {(m1,m3) € My x M3 | 3ma € My such that (my,ms) € K, (ma,ms) € L}.

1.7. Acknowledgements. This work was started while the authors were visiting the Erwin
Schrédinger institute for Mathematical Physics, Vienna in August 2003. We would like
to thank the organizers A. Alekseev and T. Ratiu of the program on Moment Maps for
the invitation to participate. During the course of the work, the first author enjoyed the
hospitality of IHES and UCSB and the second author of the University of Hong Kong. We
are grateful to these institutions for the warm hospitality. We would also like to thank S.
Evens, K. Goodearl, G. Karaali and A. Moy for helpful discussions. We are indebted to
the referee for carefully reading the paper, pointing out many typos, and suggesting several
improvements in the exposition. The research of the first author was partially supported
by (USA)NSF grant DMS-0105195 and HKRGC grant 701603. The research of the second
author was partially supported by NSF grant DMS-0406057 and a UCSB junior faculty
research incentive grant.

2. STATEMENTS OF THE MAIN RESULTS

The main parameters that come into our classification of (R 4, R¢) double cosets in G x G
are certain elements in the Weyl groups of G; and G5 and certain “twisted conjugacy classes”
in Levi subgroups of G;.

2.1. Minimal length representatives. For i = 1,2, let W; be the Weyl group of I';. For
a subset D; of I';, we will use Wp, to denote the subgroup of W; generated by D;. Let
WiD i C W; and PW; € W; be respectively the set of minimal length representatives of the
cosets from W;/Wp, and Wp,\W;. It is well-known that

w; € WP ifand only if  w;(D;) C A
and

w; € PW; if and only if  w; '(D;) C A}

2

2.2. Twisted conjugacy classes.

Definition 2.1. Let D; be a subset of 'y, and let d be a partial isometry from I'; to I'y
with D as both its domain and its range. If J C Mp, x Mp, is a generalized d-graph, we
let J act on Mp, from the left by

J x Mp, — Mp,: ((I,n),m) — Imn~",  (I,n) €J, m € Mp,.

By a d-twisted conjugacy class in Mp, we mean a J orbit in Mp, for any generalized d-
graph J. If J is the graph of a group automorphism j: Mp, — Mp,, the action of J on
Mp, becomes the usual j-twisted conjugation action of Mp, on itself:

MDI><MD1—>MD1:(l,m)»—>lmj(l)71, l,me Mp,

whose orbits will be referred to as j-twisted conjugacy classes.
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2.3. Classification of double cosets. Let A = (a,K) and C = (¢, L) be two admissible

pairs, and let A; and Ay be the domain and the range of a and C; and Cs the domain and

the range of ¢ respectively. We now state our classification of (R4, R¢) double cosets in

G1 x G2. In doing so, we will need to refer to several lemmas that will be proved in §3-§6.
For v, € ch T and vy € A2W2, consider the sets

(2.1) Ay (v, v2) = {a € Ay |(vic vy ta) v is defined
and is in 4; forn =0,1,...}
(2.2) Ca(v1,v2) = {B € Cy |(vy avic )" B is defined

and is in C forn =0,1,...}
Then A;(v1,v2) is the largest subset of A; that is invariant under vq c’lvgla, and Co(v1,v2)
is the largest subset of C5 that is invariant under vy Lavie=1. Note that
(2.3) vy ta and cvpt: Ap(vi,v) — Co(vy,vg)

are both partial isometries from I'; to I's. Fix a representative v¥; in the normalizer of H; in
G, and define

(2.4) K (v1,02) = (Ma, (01,02) X Mcy(01,00)) N Ad(’;m)K
(2.5) L(’Ul,vg) = (MA1(017U2) X MC2(U17U2)) n Ad(ﬁl,e)L~
It is easy to see that K (v1,v9) is a generalized (v, "a)-graph, while L(vy, vs) is a generalized
(cv; t)-graph for the partial isometries in (2.3). Define
(26) J(Ulv U2) = {(m7 m/) € MA1(1117172) X MAl('Ul-,'Uz) | dn € MC2('UI-,'U2)
such that (m,n) € K(v1,v2) and (m’,n) € L(vy,v2)}.

1

Then J(v1,vz) is a generalized (vic~ v, *a)-graph for the partial isometry

Ulc_lvgla: Aq(v1,v2) — Aj(v1,v9).
This follows from Lemma 3.5 in §3 and the facts that if o is the map
o MAI(U17U2) x MCz(Ul,UQ) - MCQ(Ul,Uz) x MAl(UI;UQ): (mvn) = (nvm)v
then o(L(v1,v2)) is a generalized (vic~!)-graph, and J(v1,v2) is the composition
(2.7) J(v1,v2) = o(L(vi,v2)) o K(v1,v2)
(of group correspondences, see §1.6). Let J(v1,v2) act on My, (4, v,) from the left by
(28) (ll,nl) -mq = llmlnfl, (ll,nl) S J(’Ul,’Ug), my € MAl(vl,m)-
By Definition 2.1, J(vi,ve) orbits in My, (4, ,) are (vic vy ta)-twisted conjugacy classes
in My, (vy,00) L€t Zoy(o,,0,) be the center of Mg,y vy, let n2: G1 x G2 — G2 be the
projection, and let

Z(Ulv U2) = ZC2(1/17172)/ (Zcz('ul-,'uz) N U2_1(772(K))) (202(111-,'02) N 772(.[/)) .

For each s € Z(v1,v2), fix a representative § of s in Zc, (v, v,). For (g1,92) € G1 x G2, we
will use [g1, g2] to denote the double coset R4(g1, g2)Rc in G1 x G2. We can now state our
main theorem on the classification of (R4, Rc) double cosets in G1 x Ga.

Theorem 2.2. Let A = (a,K) and C = (¢, L) be any two admissible pairs for G1 x Ga.
Then every (Ra, Re) double coset of G1 X Ga is of the form

[m101, V28] for some vy € chl,vg € AWy, my € M4, (01 ,09), 8 € Z(v1,02).
Two such double cosets [m101,028] and [m} 0], 048] coincide if and only if vi = v; fori=1,2,

s =8, and my and mj are in the same J(v1,v2) orbit in Ma, (y, v,)-
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Example 2.3. If ny(K) = Ma, or n2(L) = Mc,, then Z(v1,v2) = {e} for all choices of
(v1,v2). In particular, every (R4, R¢) double coset of G; x G is of the form

[m101, 0] for some vy € chl,vg e W, my € M4, (v,09)-
Two cosets of this type [m191,02] and [m}v], v5] coincide if and only if v; = v; for i = 1,2,
and m; and m) are in the same J(vy,v2) orbit in M, (y, v,)-
Example 2.4. If K and L are respectively the graphs of group isomorphisms
Ou: Mo, > My, and 6.: Mg, — Mc,,
the group J(v1,v2) is the graph of the group automorphism
J(v1,v2) == Ady, 0 Ay, 00t Ma, (o 00) — May(o,00)-

C
Then every (R4, Re) orbit in G; X Gs is of the form [my01,09] for a unique pair (v, v2) €
chl x A2, and some m; € M 4, vy v5)- Two such cosets [my91, 2] and [m) 1, 0s] coincide
if and only if m; and m/ are in the same j(v,v2)-twisted conjugacy class (see §2.2).

2.4. Structure of double cosets. Let A = (a, K) and C = (¢, L) be two admissible pairs
for G1 X Ga. For ¢ = (g1,92) € G1 X Ga, set

Stab(q) = Ad(*;gz)

(R) N Ad(g, ) (Re)-
Then the double coset R4qRc¢ in G1 X G2, considered as an R 4 X Re-space under the action

(ra,re)-q =raq'rz", is given by
RagRe = (Ra x Re)/{(Ad(e,g,)(r), A, (1)) | r € Stab(q)}.

For ¢ = (m101,0282) as in Theorem 2.2, where my € M, (o1 ,02), 01 € chl,’l}g € A21¥,, and
52 € Z¢y(vy,0s), We will now give an explicit description of Stab(g). Let ma,: Pa, — My,
and 7c,: Po, — Mc, be, respectively, the projections with respect to the decompositions
Py, = M4, Ny, and Po, = Mc,N¢,. By 2) of Lemma 3.4 in §3 (by taking D7 = () therein),
the group K gives rise to a group isomorphism 6, : U1NM4, — UaNM 4, such that 0,(U{) =
Ug @) for every a € Ay, . Similarly, we have the group isomorphism .: UiNM¢, — UaNM¢,
induced from the group L. We will prove that

(2.9) Stab(q) C (PAl(vl,v2) Ny (Pcl)) X (PC2(U1)U2) n U2_1(PA2)) ,

and we will use the maps ma,,7c,,0q, and 6. to describe Stab(q).
Note that v, € Al(”l’”2)Wfl and vy € A2W202(U1’U2) because

(210) U;l(Al(U:[,'UQ)) = C_l(CQ(Ul,UQ)) C Cl and 02(02(111,’02)) = CL(Al(’Ul,UQ)) C AQ.

By Lemma 4.2 in §4, we have

(2.11) P, (01,00) N01(Pey) = Ma, (oy,00) (Uay (01,00) N01(01))
(2.12) Py (o1 02) N3 (Pay) = Mcy(oy,00) (Ucswr,00) N5 H(U2))
Consider the group homomorphisms

(2.13) ¢1 = Ady, 5,0, '1cy s Us — Adpy, (U1),

(2.14) ¢o = Ad; )} Oama, s Uy — Us.

In §6 we will show that

(2.15) o1 = ¢p1¢2 € End(Ua, (v,,0,) N01(U1)),

(2.16) o2 = g2 € End(Ucy (v, 0p) N5 (Ua))
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are well-defined and that af“ = e and a§+1 = e for some integer k£ > 1, where e stands for

the trivial endomorphism. Consider the subgroups

(2.17) Ui N 'Ul(UCl) = UAl(vl,vz) n ’Ul(Ucl) C UAl(vl,vz) n ’Ul(Ul),
(218) Uz Ugl(UAz) = UC2('U17172) N Ugl(UAz) C UCz('Ul,'Uz) N Ugl(U2)7
and define

Y1 (UrNui(Ue,)) x (U2 Ny ' (Uay)) = Uy (og,0s) N01(U1),
d}Q: (Ul N vl(Ucl)) X (UQ N U2_1(UA2)) - UCz(m,vz) N 1)2_1(U2)7

respectively by

(2.19) P1(n1,m2) = ¢1(n2)o1(n1d1(n2))or (n1d1(n2)) - - of (n1¢1(n2)),
(2.20) Pa(n1,m2) = ¢a(n1)o2(n2ga(n1))os (nada(n)) - - - o (naga(n1)).

Theorem 2.5. Let the notation be as in Theorem 2.2. For q = (mq01,0282), where my €
Ma, (v1,00),v1 € chl,vg € A, and sy € ZCy(v1,0s)> We have the semi-direct product
decomposition

Stab(q) = Stabys(g)Staby (q),
where
Stabas(q) = K (vi,v2) N Ad e L(v1,v2)
= (M4, (01,09) X Mcy(v1,00)) N Ad(—e}@Z)K N Ad(n, oy, L
Staby(q) = {(n11(n1, n2), nata(ny,na)) | (n1,n2) € (U1 N1 (Uc,)) x (Uz Nvy " (Ua,))}
C (Uny (01,00 N01(U1)) X (Ucy(oy,00) N3 " (U2)) -
In particular Stab(q) is the semi-direct product of
Stabas(q) = Stab(q) N (Ma, (v1,09) X Mcy(or,0)) and
Staby (g) = Stab(q) N ((Ua, vy 00) N 01(U1)) X (U (uy,00) N05 ' (U2))) 4
of. (2.9) and (2.11)-(2.12).
Remark 2.6. For my € My, (4, v,), let Jm, (v1,v2) be the stabilizer subgroup of .J(v1,v2) at

my for the action of J(vi,ve) on My, (4, v, given by (2.8), cf. Definition 2.1. We will show
in Lemma 6.2 in §6 that Stabys(g) is a central extension of J,, (v1, v2) by

(kermi|r) N (Id x vy ') (ker mi| k) € {e} X Zey(oy,00):
where, for : = 1,2, n;: G; X G2 — G, is the projection.
2.5. A dimension formula.

Theorem 2.7. In the notation of Theorem 2.5, if K and L are algebraic subgroups of
G1 X Gso, or if the base field is C and K and L are Lie subgroups of G1 X G, then the
double coset [m101,028] (which is clearly smooth subvariety or submanifold, respectively) has
dimension equal to

Z(Ul) + Z(Ug) + dim P4, — dim MAl(vhvz) + dim Pc, — dim ZCz(v1,v2)

+dimns (KL N (07 Z 4, (01,00) X V2205 (01,09))) + dim(J (v, v2) - my).

Here I(+) denotes the length function on the Weyl groups W1 and Wa, and J(v1,vs) - my is
the J(v1,va) orbit through my for the J(vi,v2) action on My, (y, vy given in (2.8).
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Let us note that in the two cases in Theorem 2.7, the double coset [m1071,024] is a locally
closed algebraic subset of G7 x G2 (as an orbit of an algebraic group) or a submanifold of
G1 X Go. It will be shown in §6 that in these two cases J(v1,v2) is respectively an algebraic
group or a Lie group. Note that 7, (KL N (”leAl(vl,vz) X ngCQ(Ul)Uz))) is also an algebraic
group or a Lie group because it is a quotient of KL N (vl_lel(vl,vg) X V2 ZCy(v1,03))-

3. PROPERTIES OF THE GROUPS R4

Let a € P(T'1,T'3) be a partial isometry from I'y to I'y, and let A; and As be respectively
the domain and the range of a. In this section, we first give a characterization of those
subgroups K of M 4, x M 4, that are generalized a-graphs. We will then prove some properties
of the groups R4 associated to an admissible pairs A = (a, K). These properties are crucial
in the proofs of the main results in this paper.

Recall that for i = 1,2, n;: G1 X G2 — G; denote the projections to the i’th factor. For
a subset D; of I';, M bi denotes the derived subgroup of Mp,. We will denote by Zp, the
center of Mp,.

Definition 3.1. By an a-quintuple we mean a quintuple (K3, X1, Ko, X5,60), where, for
i1 =1,2, K; is an abstract subgroup of M4, containing M 1'41,, X is an abstract subgroup of

K;NZy,,and 0: K1/X1 — Ka/Xo is a group isomorphism that maps U{* to Ug(a) for each

a € Ay,, where U is identified with its image in K;/X; and similarly for Ug(a).

Lemma 3.2. Let K C M4, X Ma, be a generalized a-graph. Define
Ky =m(K)C Myg,, Xi1=mker(nlk)) ={x1 € Ma, | (z1,e) e K} C K
Ky =ma(K) C My, Xo=mna(ker(m|k)) ={x2 € My, | (e,22) € K} C Ko,
and let
(3.1) 0: K1/X1 — Ko/ Xs where 0(k1X1) = koeXo  if (k1,ke) € K.

Then 0 is well-defined, and ©(K) := (K1, X1, K2, X2, 0) is an a-quintuple. Moreover, K can
be expressed in terms of ©O(K) as

(32) K= {(kl, kz) e K1 x Ky | 9(/€1X1) = ngg}.

The assignment K +— O(K) is a one to one correspondence between the set of generalized
a-graphs and the set of a-quintuples.

Proof. Let i = 1,2. Since K; contains all one-parameter unipotent subgroups U of M4,
and the latter generate M/, 4, as an abstract group, we have that K; D M’ 4,- Moreover X is
an abstract normal subgroup of K; which does not intersect any one-parameter unipotent
subgroup U of My, because of the main condition for an a-graph, cf. Definition 1.1.

First we show that X; C Z4,. We will make use of the following fact which can be found
e.g. in [16, Corollary 29.5].

(x) Any simple algebraic group of adjoint type (over an algebraically closed field) is simple
as an abstract group.

Assume that X; is not a subgroup of Z4,. Because of K; D MI’%7 we have that My, =
K;Z4,. Since X; is normal in K;, X;Z4,/Z4, is a nontrivial abstract normal subgroup of
Ma,/Z4,. The group M4, /Z 4, is semi-simple and has trivial center, so it is a direct product
of simple algebraic groups of adjoint types. We can now apply (x) to get that X;Z4,/Z4,
contains a simple factor of Ma,/Z4,. Therefore (X;Z4,)" contains M}, for some nontrivial
subset D; of A;. (Here (.) refers to the derived subgroup of an abstract group.) As a
consequence X; D X! = (X;Z4,) D Mbi which contradicts with the fact that X; does not
intersect any one-parameter unipotent subgroup of My4,. This shows that X; C Za,.

It is easy to see that 6 is a well-defined group isomorphism and that (3. 2) holds The

definition of K implies that 6 induces a group isomorphism from Uj* to U2 ) for each
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a € Ay,. Thus O(K) is an a-quintuple. It is straightforward to check that the map
K — O(K) is bijective. O
Notation 3.3. For i = 1,2 and for a subset D; C A;, let
Pji=Pp, N My, Upi=Up, NMua,.

For subsets S; C Ma4,, we will set
(3.3) K(S1) ={mgoe€ Ma, |Imy €Sy such that (my,ms) € K}
(3.4) K(S2) ={mi1€ Ma, | Img € Sy such that (mi,msq) € K}.
Lemma 3.4. For any subset Dy of A1,

1) K(Mp,) C Mu(p,), K(Myp,)) C Mp,, and the intersection (Mp, x Myp,)) N K is

generalized a|p, -graph;

2) the intersection (UAl x UA2 )N K is the graph of a group isomorphism 6: U’Sll —

) a(D1)
2 .
Ua(by)’

3) we have the decompositions
(35) (1:)1)1 XMA2)QK = (]\4,41 x P, Dl))mK:(PDl XPa(Dl))ﬂK
(3.6) = ((Mp, x Myp,)) N K) (U x U3, ) N EK)
37  (Pp, x Pa,)NRa = (Pa, x Py Dl)) NRa= (Pp, X Pap,)) N Ra
(3.8) = ((]WD1 )) M RA) ((UD1 X Ua(Dl)) M RA)
(3.9) = (PD1 XPa(Dl))ﬂK) (UA1 XUAQ).

Proof. We first prove that K(H;) C Ha (corresponding to the special case when Dy = 0).
Assume that (hy,my) € (Hy x Ma,)NK. For B € Ay,, let a = a=1(8), and let 0, : U¥ — UY
be the group isomorphism whose graph is (U® x US )N K. For every (uy,us) € (U xUS)NK,
we have
(hiurhy!, maugmy ') € K, and (hyurhi’',0a(hiurhi!)) € K.

Thus mqumglﬁa(hlulhl_l)_l € Xy C Zy,, so m2U2m2_1 S HQUQﬁ. Thus mso normalizes
both Borel subgroups of M4, defined by AL and by —AL. This implies my € Hy which
shows that K(H;) C Hs. Similarly, one shows that K(Hz) C Hj.

Let now D; be any subset of A;. Assume that (mi,mg) € (Mp, x Ma,) N K. Write
my = hym), where hy € Hy and m| € Mp . Since M}, is generated by the Uf’s for
a € Ap,, there exists my € M 1, | such that (m},m5) € K. Thus (h1, ma(mj5)~ HeK.
It follows from K (H;) C Hy that mao(mb)~t € Hy. Thus my € HoM! (D) = = Myp,)- This
shows that K(Mp,) C Myp,). One proves similarly that K(M,p,)) C Mp,. It is clear
from the definition that (Mp, x M,(p,)) N K is a generalized a|p,-graph. This proves 1).

Let 0: K1/X1 — K»/X> be given as in (3.1). Since X1NUp! = {e} and XoNUZ3, | = {e},
we can embed Ugll into K1/X71 and U (;«4(2D1) into Ko/ Xs. Then 6 induces a group isomorphism
from Ugll to Uf(2D1) whose graph is the intersection (UA1 X UffD )) N K. This proves 2).

To prove (3.5) and (3.6), assume that (p1,me) € (Pp, X Ma,) N K. Write p1 = mjuq,
where m; € Mp, and u; € Up,. Note that u; € Ugll because p1,m1 € Ma,. By 2), there
exists ug € Uf("bl) such that (u1,us) € K. Thus (ml,mw;l) € K. Byl), m2u;1 € My(p,)-

Thus mo € Ma(Dl)UIL%Dl) € Pa(Dl)a and

(pr,ma) = (m1, maug ) (ur, uz) € (Mp, x My(p,)) N K) ((Ug; x UM )0 K) :
This shows that
(Pp, x Ma,) VK = (Pp, X Pyp,)) N K = ((Mp, x Mapy)) N K) ((UB! x Uy, ) 0K
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Similarly, one proves that (Ma, x Py(p,)) N K is also equal to any one of the above three
groups. This proves (3.5) and (3.6).

The identities in (3.7) follow directly from those in (3.5). To prove (3.8) and (3.9),
assume now that (pi,p2) € (Pp, X Pyp,)) N Ra. Write p; = myu; and p2 = mauz, where
my1 € Mp,,u1 € Up,,m2 € My(p,) and ug € Uy(p,). Further write

A A
UL = uDiqu Uy = ua(2D1)uA2,
where
A1 A1 A2 A2
up, € UD17 ua, € Ug,y, Ua(Dy) S Uy(pyyr  WAs € Ua,.

Since (ua4,,u4,) € Ra, we have
A A A A A A
(i, u moul ) ) € (PA < Py, ) N Ra = (P! x Pl3, ) N K

By (3.6), we see that (mi,mg) € R4. This shows (3.8). Note that (Mp, X Myp,)) N Ra =
(Mp, x My(p,y) N K. It is also easy to show that

(Up, x Ua(D1)> NRy = ((Uéll X U§2D1)> QK) (Ua, xUa,).
Now (3.9) follows from (3.6). O

Finally we use Lemma 3.2 to treat compositions of generalized graphs.

Lemma 3.5. Let G1, Go and G3 be connected reductive algebraic groups (with fized choices
of maximal tori and Borel subgroups). Assume that (a,K) and (¢, L) are two admissible
pairs for G1 x Go and G2 x (s, respectively, such that the domain of ¢ coincides with the
range of a. Then the composition (ca, L o K) is an admissible pair for G1 x Gs.

Proof. Lemma 3.2 implies that for any root « of GG; in the span of the domain of a, there
exist group isomorphisms 6: U® — US™ and ¢: US™ — UL such that

KN (U x Ge) = ({e} x X2) (Id x 6)(Uy*) and
L0 (G2 x Ug™™) = (Ya x {e}) (1d x @) (U3”)

for some subgroups X, and Y5 of the fixed maximal torus of G2. Then
(Lo K)N (U x US™™) = (Id x @8)(U).

Therefore Lo K is a generalized ca-graph and (ca, Lo K) is an admissible pair for G X G3. Let
us note that it is not hard to determine the ca-quintuple corresponding to the composition
Lo K, cf. Lemma 3.2, but it will not be needed and will omit it. O

4. SOME FACTS ON WEYL GROUPS AND INTERSECTIONS OF PARABOLIC SUBGROUPS

4.1. The Bruhat Lemma. Fix a connected reductive algebraic group G over k with a
maximal torus H and a set AT of positive roots for (G, H). Let T be the set of simple roots
in AT. We will denote by W the Weyl group of (G, H) and by I(-) the standard length
function on W. For w € W, w will denote a representative of w in the normalizer of H in G.

Given A C I, we will denote by W4 the subgroup of the Weyl group W generated by
elements in A. For A C T, let P4 be the corresponding parabolic subgroup of G containing
the Borel subgroup of G determined by AT, and let M4 and U4 be respectively its Levi factor
containing H and its unipotent radical. For A,C C T', the standard Bruhat decomposition
for (P4, Pc) double cosets of G states that

(4.1) G= 11 PyiPe.
[W]eWA\W/Wc
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We note that if ]SA is a subgroup of P4 such that P4 = ﬁAH, then we also have
(4.2) G= 1T PaiPe,
[W]eWA\W/Wc
which is a fact that will be used later in the paper.
4.2. Minimal length representatives of double cosets. Let A,C C I'. Each (W4, W¢)
double coset of W contains a unique element of minimal length, see e.g. [3, Proposition 2.7.3].

The set of minimal length representatives for (W4, W¢) double cosets will be denoted by
AW C. The latter set consists of exactly those elements w € W with the properties

(4.3) w™(A) ¢ AT and w(C) C AT,

see e.g. [3,62.7]. When A is empty, we set AW = WC. If D and E are two subsets of A C T,
the set of minimal length representatives in W4 for the double cosets from Wp\Wyu/Wg
will be denoted by PW¥. Elements in PW¥ will be thought of as elements of W via the
inclusion of W4 in W.

Proposition 4.1. Fiz three subsets A, D, and C' of I' with D C A. Then every element
v € PWC is represented in a unique way as a product

(4.4) v=uw for some we W uec DWfﬂw(c),
and all such products belong to PWC. Moreover, 1(v) = l(u) + l(w) for u,v, and w in (4.4).

Note that the defining set for v in (4.4) depends on the first element w. A proof of this
result can be found in [3, Proposition 2.7.5], see also [25, Lemma 4.3].

By taking inverses in (4.4), one sees that for three subsets A, E, and C of T with E C C,
every element v € AW ¥ is represented in a unique way as a product

(4.5) v = wu for some w € WY, u € w*l(A)chg,

and all such products belong to 4WP. We also note that if w € AW, the minimality
conditions on w imply that

(4.6) A Nnw(AL) = Azmw(c) and  ANw(AL)=Anw(C).
As in §1.1, we set A5 = AT NZ[D] for D C T.

4.3. Intersections of parabolic subgroups. For A C I" and w € W, we set
(4.7) w(Pa) = Ady(Pa), w(My) = Adw(Ma), w(Ua) = Adyw(Ua)

all of which are independent of the choice of the representative w. We will use w4 to denote
the projection P4 — M4 with respect to the decomposition P4 = MU,4. For a subset D
of A, we will set P = Pp N M4 and Uj = Up N M a.

Lemma 4.2. Assume that A,C CT and w € “WC. Then
1) we have the direct product decompositions

(4.8) Panw(Pe) = (Manw(Me))(Manw(Ue))(UaNw(Me)) (UaNnw(Ue))
(4.9) = Manue) Ulnue) (00U ane)) (Uanw(Uo))

(4.10) = Manwe) (Uanwe) Nw(U))

(4.11) = Marwe) (Uanwe)y NwlUyp-1(a)nc))

where MaNw(Mc) = Manwcy normalizes all terms. In particular, P4 Nw(Pc) C Panw(c)
and ma(PaNw(Pc)) = Pfﬁw(C);
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2) the following dimension formulas hold for the groups in 1):
dim U, o) + dim(Ua N w(Ue)) = dim Ue — I(w),
dimw(US 1 gyne) + dim(Ua Nw(Uc)) = dim Ua — L(w).

Proof. The first part of Lemma 4.2 is Theorem 2.8.7 from [3]. It only uses (4.3) and (4.6).

For Part 2), we only prove the second formula since the proof of the first one is similar.
To this end, note that w(Ug,l(A)mC)(UA Nw(Ug)) C Ua and that it is the product of the
one parameter unipotent subgroups of G, corresponding to roots

a € AT — A such that w™'(a) € A™.

Since w € W, one has w™*(a) € A* for any a € AY. Thus the codimension in Uy of
w(US,l(A)mC)(UA Nw(U¢)) is equal to the cardinality of the set AT N w(—AT) which is
equal to the length of w, and hence the second formula in 2). O

4.4. A lemma on orbits of subgroups. The following lemma, which will be used later in
the paper in conjunction with the Bruhat lemma, describes the orbit space of a group on a
set in terms of that of a bigger group. We omit the proof since it is straightforward.

Lemma 4.3. Let P be a group acting (on the left) on a set M and let R be a subgroup of
P. Suppose that S is a subset of M parametrizing the P orbits on M. For each m € S, let
Stab,, be the stabilizer subgroup of P at m. Then every R orbit in M contains a point of the
form p-m for a unique m € S and some p € P. Two points p1 - m and pa - m, where m € S
and p1,p2 € P, are in the same R orbit if and only if p1 and pa are in the same (R, Stab,,)
double coset in P.

5. PROOF OF THEOREM 2.2

5.1. A special case. For two arbitrary admissible quadruples A and C, we will obtain a
description of (R4, R¢) double cosets in G; x G2 by an induction procedure to be presented
in §5.2. In this section, we look at the last step in the induction as a special case.

Assume that both a and ¢ have domains I'; and ranges I'y. Then R4 = K and R¢ = L.
Modulo problems with the centers, we can think of both K and L as graphs of isomorphisms
from G, to Gs.

Denote the centers and the derived subgroups of Gy and G5 respectively by Z1, Zs, G}
and G45. Recall that 72: G1 x G2 — G2 is the projection to the second factor and that
Ko = no(K), La = n2(L). Let Z(K2) and Z(L2) be the centers of K2 and Lo respectively.
It follows from KQ, Ly D G/2 that Z(KQ) = ZsN Ky and Z(LQ) = Zy N Ly. Set

ZQ = Z(KQ)Z(LQ) C ZQ.
For each s € Zy/ 29, fix a representative § of s in Z5. We will also introduce the group
(51) J = {(kl,ll) € Gy x Gy | dgs € G5 such that (kl,gg) eK, (ll,gg) S L}

In terms of compositions of group correspondencesin §1.6, J = o(L)o K, where o: G1 x Gy —
Ga x G1: (91,92) — (92,91). By Lemma 3.5, J is a generalized ¢~ ta-graph. Let J act on
G from the left by

(5.2) (k1,l) - g1 =kigily",  (ki,l1) € J, g1 € G1.

Lemma 5.1. When both a and ¢ have domains I'1y and ranges I's, every (Ra, Rc) double
coset of G1 x G2 is of the form

[g1, 8] for some g1 € Gy, s € Z3/ Zs.

Two such cosets [g1, 3] and [hy, 1] are the same if and only if s =t and g1 and hy are in the
same orbit for the J action on Gy given by (5.2), ¢f. also (5.1).
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Proof. Using the fact that Go = Zs Lo, we see that every (R4, R¢) double coset of G x G4 is
of the form [g1, 2] for some g1 € G1 and z € Zy. By writing z = $zx 2y, for some s € Zy/Zs,
2k € Z(K>), and z, € Z(Ls), and by changing g1 to another element in G; if necessary, we
see that every (R4, Rc) double coset of G x G2 is of the form [g1, §] for some ¢g; € G1 and
$ € Zy/2Z5. Tt is clear that if g1, h; € G are in the same J orbit in Gy, then [g1, 5] = [hq, §]
for any s € Zy/Z,. Assume now that [g1, 5] = [h1, ] for some g1, h1 € Gy and s,t € Zy/Zs.
Then there exist (ki, k2) € K, (I1,12) € L such that

(h,1) = (k1,k2)(g1,8) (1, 12) 7" = (kagali !, $kalyt).

We claim that ]{5212_1 € Z5. Indeed, write ko = kbzk, where k, € G4 and zx € Z5. Since
G, C Ko, zx € KoN Zy = Z(K3). Similarly, we can write 12_1 = l4zy, where I}, € G}
and zj, € Z(Lg). Thus k‘gl;l = (k4l5)zkzr. On the other hand, k‘gl;l = {571 € Zy, so
Kyl € GhN Zy C Z(Ks). Thus koly ' = (Kblhzi)zr € Za. Tt now follows that £ € 25, so
s=t,and § = . Thus ky = Iy, and (ky,11) € J. Hence g; and h; are in the same J orbit in
G1. a

5.2. The main induction step in the proof of Theorem 2.2. In this section, we will
reduce the classification of (R 4, R¢) double cosets in G1 x Gz to that of similar double cosets
in My, X Mc,. More precisely, for each pair (wy,ws) € AlVVlC1 X A2W202, we will define two
new admissible pairs

AP (wq,we) and  C*V(wi,wse)

for M4, x Mc,. Denoting by R%™ (w1, ws) and RV (w1, w2) the subgroups of M, x Mc,
defined according to (1.1), corresponding respectively to the admissible pairs A% (w1, ws)
and C"*V (w1, we), we will show that the double coset space R 4\G1 x G2/ R¢ can be identified
with the union over AW x A2, of the double coset spaces

R (w1, wa)\Ma, x Mc, /R (w1, w2).
Let (wq,ws) € AlVVlC1 X A2W202. Set
(5.3) ATV (wy,we) = a " (Ag Nwa(Ca)), AR (wi,ws) = Co Nwy ' (As)
(5.4) O (w1, we) = A1 Nwi(C1), O3V (wy,ws) = ¢(Cy Nwy (Ay)).
We will regard
wy tar AT (wr, we) — ARV (wi,wz) and cwyt: CPOV (wy, wa) — CH (wy, ws)

as partial isometries from A; to Cy. For i = 1,2, let w; be a representative of w; in the
normalizer of H; in G;. Define

(5.5) K" (wi,wz) = (Magew (uwy ) X Mages (wrws)) N AdG L K
(56) Lnew(wl,’LUg) = (MC{‘CW(wl,MQ) X MCE‘CW(wl,uQ)) n Ad(u‘zl,e)L'
Then it follows from Lemma 3.4 that
A (wy, we) = (wy ta, K™% (wi,ws)) and C™Y(wi,ws) := (cwy ', L™ (wy,ws))

are admissible pairs for M4, x Mc,. Let

new — new Al CQ

R (w1, we) = K™Y (wy, wa) (UA?ew(wl,wg) X UAgew(wl,wg))
new __ rnew Aq Co

Re™ (wn, wa) = L™ (w1, we) (Uc?ew(wlvwz) X UCQEW(whwz)) ’

Proposition 5.2. (Induction Step): FEvery (Ra, Rc) double coset in G1 x Ga is of the
form

. AxrrCi
[ma, w1, weme,] for some w; € “W,; ' ma, € Ma,, mc, € Mc,.
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Two such cosets [ma, 1, wamce,| and [m/y i, wyme,] coincide if and only if wy = w1, wy =
wa, and (ma,,mc,) and (m'y,,mg,) are in the same (R (w1, w2), RE™ (w1, w2)) double
coset of Ma, x Mc,.
Proof. Recall that for i = 1,2,
K;=n(K)C My, and L;=mn(L)C Mg,,

where 1;: G1 X G2 — G; is the projection to the i’th factor. Let
Pa, = KU, C Pa,, Pa1=(Ma, x {e}) Ra = Pa, x Pa,

Pc, = L\Uc, € Po,, Pes = ({e} x Mc,) Re = Pe, x Pe,.
Consider the (left) action of Pa1 X Pe 2 on G1 X Ga, defined by

(57) (pAlvﬁAzaﬁCanz> ! (91792) = (pAlglﬁg'llaﬁAmngg‘;)
for (pa,, DAy, Pcy,Pcy) € Pa1 x Peoand (g1, 92) € G1 X Ga. The set of orbits for this action
coincides with the set of (P41, FPe,2) double cosets of G x G, which, by (4.2), consists
of the double cosets of the form Pa 1 (un,ws)Fe,2 for (w1, ws) € Alchl X AQWQCZ. We will
apply Lemma 4.3 for P = P41 X Pcy and R = R4 X Re to classify (R4, R¢) double cosets
in G1 X Gy. For w; € AiWiCi with ¢ = 1,2, let Staby, w,) C Pa;1 X Fc2 be the stabilizer
subgroup of P41 X Peo at (uw1,ws). In view of Lemma 4.3, to classify (R4, Rc) double
cosets in G1 X Go, it suffices to understand the space of double cosets
(5.8) (RA X Rc)\PAJ X Pc,g/Stab(th)
for each pair (w1, ws) € Alwlcl X A2W202. To this end, consider the projection
Ti=TA, X Ta, X T, X Tey: Pa1 X Poo — Ma, X Ko x L1 x Mc,.
(See §4 for notation). Since Ma, x Ko X L1 X M¢, normalizes Ua, X Ua, X Ug, X Ug,, T
induces an identification
(RA X Rc)\PAJ X Pc)g/stab(u‘,hu‘&) =~ (K X L)\MAl x K9 x L1 X MCQ/TF(Stab(wlywﬂ).
Note now that we can identify
(5.9) (K X L)\(Ma, x K2 X L1 x M¢,) 2 (X1 X Y2)\(Ma, X Mc,),
where X7 = m(ker(nz2|k)) C Za, and Yo = na(ker(m|r)) C Zc,. Indeed, for
(ma,, ke, l1,me,) € Ma, X K3 x L1 x Mc,,
let k1 € K7 and ls € Lo be such that (k1,k2) € K and (l1,l2) € L. Then
(K x L)(ma,, ko, l1,me,) = (K x L)(ky 'ma,, e, e, Iy 'me,).
It is easy to see that the map
(K X L)(mAnkallamCz) = (Xl X n)(kl_lmAlv lglmcz)

gives a well-defined identification of the two spaces in (5.9), and that the right translation
of (ma,, ke, li,me,) on (K x L)\(Ma, X K2 x L1 x M¢,) becomes the following map on
(Xl X %)\(MAI X Mcz):

(may k2,li,mey)
—

(510) (Xl X ng)(ml,mg)

Thus, every (R4, Rc) double coset in G; x G2 is of the form [mAlzbl,u'ngEzl] for a unique
pair (wi,wy) € MW x A2WE2 and for some (ma,,me,) € Ma, X Mc,. Two such double
cosets [m.a, 1, amg,] and [la, 1, 102lc)] coincide if and only if (X1 x Y2)(ma,,mc,) and
(X1 x Y2)(la,,nlc,) are in the same m(Stab(y, .,)) orbit for the action of m(Staby, .,)) on
(X1 x Y2)\(My, x M¢,) given in (5.10). Consider the map

vi Ma, x Mg, — (X1 x Y2)\(Ma, X Mc,): v(ma,,me,) = (X1 x Ya)(ma,, mg]).

(X1 x Yg)(kflmlmAl, l;lmgmcz).
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The proof of Proposition 5.2 will be complete once we prove the following fact about v: for
every (ma, X mc,) € Ma, X Mc,,
(5.11)

V_l ((Xl X }/2)(mA1 ) mg‘zl) : 7T(Stab(uh,vi)g))) = R];lew(wla w2)(mA1 ) mcz)Rgew(wlv wQ)v
where again the action of m(Stab,, ,)) on (X1 x Y2)\(Ma, x M¢,) is given in (5.10). To
prove this property of v, we set

D1 = Al n wl(Cl), D2 = AQ n ’LUQ(CQ), E1 = 01 n wl_l(Al), EQ = CQ ﬂwz_l(Ag).
Then we know from 1) of Lemma 4.2 that 7(Stab, .,)) consists precisely of all the elements
of the form

(Ady, (I)up!, keup?, hu@l, Adyl(k)us?),

where upy € Up', ufi € Ug! for i = 1,2, 1y € Ly N Mg,, and ky € Ko N Mp,. It is then

easy to see from the definition of the action in (5.10) and from the properties of the groups
K and L as stated in 2) and 3) of Lemma 3.4 that (5.11) holds. O

5.3. Proof of Theorem 2.2. Fix two elements v; € chl and vy € 42W,. According to
Proposition 4.1 and (4.5), they can be uniquely decomposed as

(5.12) U1 = uiwi, Wi € A1W1017 ur € W,flmwl(cl)§
—1
(513) Vo = Wolly, Wy € 142[}[/2027 Uy € w; (A2)QC2W02-

Recall the definition of A}*Y(wq,ws) in (5.3). Set
(5.14)
AT (wy, wa) (1, uz) = {a € AT (wi, wa) |(ur(cwy ) tuy t (wy 'a)) a is well defined
and is in A1V (wy,wy) forn=0,1,...}.

Recall that A;(v1,v2) is defined in (2.1).

Lemma 5.3. Let vy € chl and vy € 42Wy be decomposed as v1 = uiwyi and ve = Waly aS
in (5.12)-(5.13). Then AY*™ (w1, ws)(u1,us) = A1 (vy,v2).

Proof. Note that the composition of maps in (5.14) is nothing but

(uywy)e ™ (uy fwy a = vie Moy ta.
Thus if o € AYY(wy,ws)(ui,uz) then (vyf~'vyd)"a is well-defined and is a root of
APV (wq,we) C Aj. Therefore a@ € A;(v1,v2). Next we prove the opposite inclusion. First
we show that if 3 € A; and ¢~ vy 'a(B) is well-defined, then 8 € A}V (wy,ws). The as-
sumptions imply that a(B) € Ay and wuy 'wy 'a(B) € Co. Since uz € We,, we get that
wy'a(B) € Ac,. Because wy € “2WE?, we further deduce that w; ta(8) € AL, . Now
a(ﬂ) € Ay N ’LUQ(Ag2) and due to (46), a(ﬂ) € Aa N '(UQ(OQ), SO 5 S ATCW(wl,wg). If
o € Aj(v1,v2) then (¢~ vy ta)(vie vy ta)™(a) needs to be well defined for all n = 0,1,...
so a € AV (wy,we) and (vic 'wyta)* () is well defined and is in A}®™(wq,ws) for all
n=1,2,... Therefore o € A (w1, wa)(u1,usz). O

Recall the groups K (v1,v2) and L(vi,vs2) given in (2.4) and (2.5). It is easy to see from
Lemma 5.1 that Theorem 2.2 is equivalent to the following proposition.

Proposition 5.4. Any (Ra,Rc) double coset of G1 X G is of the form [myv1,0ams] for
some v € chl, vy € AWy, my € M, (v1,00), and M2 € Mey (v, ,0,)- Two such cosets
[m101,02ma] and [l107,05l2] coincide if and only v, = v; for i = 1,2, and (m1,mz2) and
(l1,12) are in the same (K (v1,v2), L(v1,v2)) double coset in Ma, (v, vp) X Mcy (v, ,v,)-
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Proof of Proposition 5.4. It is not hard to see that by repeatedly using Proposition 5.2 and
by using Lemma 5.3, we can reduce the description of (R4, Rc) double cosets in G1 x G»
to that of the special cases treated in Lemma 5.1. Proposition 5.4 holds trivially for such
cases. Thus it suffices to prove Proposition 5.4 for G; x G2 by assuming that it holds for
MA1 X Mcz.

For (w1, ws) € AW x A2WE? we set

D (w1, ws) = RE™ (w1, w2)\Ma, X Mc, /Re™ (w1, wa)
and use [ma,, mc,]’ to denote the point in D(wy,ws) defined by (ma,, mc,) € Ma, x Mc,.
Then by Proposition 5.2, we have the disjoint union
G1 x Gy = |_| |_| [mAlwl,w2m02],
(w1,w2)  [may,mc,]’ €D (w1, w2)

where (w1, ws) € AlVVlC1 X A2W202. For such a pair (w1, ws), and for u; € W:lmwl(cl) and

Uy € C2mw51(A2)Wcz, set v1 = wywy and v9 = waus. Then we know from Proposition 4.1
and (4.5) that v; € chl and vy € AW, and that every v; € chl and vy € AW, are of
this form. Choose representatives @1 and o of u; and us in the normalizers of H; and Hs
in M4, and Mc, respectively such that 01 = G1w; and 92 = wals. Set

D(v17’02) = K(v17v2)\MA1(’U1,U2) X MCg(vl,vg)/L(v17U2)a

and let [m1, m2]sn denote the point in D (vy, ve) defined by (m1,m2) € M4, (v, v) X My (0,
Then by applying Proposition 5.4 to D(w;,ws) and by using Lemma 5.3, we know that

D(wy,ws) = |_| |_| [m1ﬁ1,ﬁ2m2]l

(u1,u2)  [m1,m2]sin€D(v1,v2)

Ug)'

A

. - . Nws (C 1
is a disjoint union, where (uy, up) € WitM () 5 Conwy (A2 Thus we have

1

Gi1 x Gy = |_| |_| [my 01, Vama]

v €WEL wpedaw,  [m1,me]an€D(v1,v2)

as a disjoint union. g
6. PROOFS OF THEOREM 2.5 AND THEOREM 2.7
We will keep the notation as in §2.3 and §2.4.

6.1. Proof of Theorem 2.5.

Lemma 6.1. For ¢ = (my01,0282), where (v1,v3) € chl x AWy, my € M4, (v, 0y) and
S2 € ZC2(U17U2)7 let

(6.1)  Stabap(q) = K(vi,v2) N Adgn,,e)L(v1,v2)
(6.2) = (MA1(017U2) X MC2(U11U2)) N Ad(i;m)K N Ad(mlizl,e)L
(6.3)  Staby(q) = Stab(q) N ((Ua,(oy,00) N1(U1)) X (Ucy(or,09) N 03 (U2))) -

Then Stab(q) = Stabs(q) Staby (q).

Proof. By Proposition 4.1 and (4.5), we can write v1 = uyw; and vy = waug, where wy €
AW g € WY Dy € AW and up € O (AW, We will first give a
description of Stab(g) in terms of the groups K™V (wy,ws) and LY (wy,ws) in (5.5) and

(5.6). Set 11y = 011, ' € Ma, and g = by "2 € Mg, .
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Let (p1,p2) € Stab(q). Then Adg,s,(p2) € Pa, Nw2(Pc,) because izse € Po,. By 1) of
Lemma 4.2, Adg,s, (P2) € Paynws(cy)- It follows from (p1, Ady,s,(p2)) € Ra and (3.7) that
p1 € Pafl(Agﬂwg(Cg))- Hence

(plvAdfizsz (pQ)) €RaAN (Pafl(Agﬂwg(Cg)) X (PAz N w2(PCQ)) :
By 1) of Lemma 4.2 and 3) of Lemma 3.4, we see that (p1, Ads,s, (p2)) belongs to the group

((Mafl(Azﬁwz(Cz)) x MAzﬂw2(02)> N K) (Ua*l(A2ﬂw2(CQ)) X wQ(UC2ﬁw;1(A2))) ’
Thus
(plvAdﬂzsz (pQ)) € Knew(wl7w2) (UA‘I‘CW(wl,ﬂm) X UASCW(WI»“@)) ’
where A}V (wy,wsz) and A5V (wy,wq) are given in (5.3). Similarly, with C}*V(wq, w2) and
C3% (w1, ws) given in (5.4), one shows that
(Ad;mllul (pl),pz) S anw(w17w2) (UC{‘ew(wl,wg) X chew(wl,wg)) .

Using Lemma 5.3 one proves inductively that
(pl,Ad52 (p2)) S K(’Ulvv2) (UA1(U1,1)2) X UCg('ul,'Ug))

(Ad7_n11 (p1)7p2) € L(vlva) (UA1(U1,112) X UCg('ul,vg)) .
Thus

(6.4) (p1,p2) € (K (v1,v2) N Ad(m, ) L(v1,v2)) (U, (01,09) X Ucs(wr,02)) -
It is easy to see that

Stabas(q) := K (v1,v2) N Ad(y,, ) L(v1,v2) C Stab(q)
and that (6.2) holds. Thus, if we set

StabU(Q) = Stab(q) n (UAl(vl,vz) X UCz(m,vz)) ’
it remains to show that Staby(q) is also given as in (6.3). We note that if (p1,p2) €
Staby(q), then Ad;Lllpl € v1(Pc,). On the other hand, Ad;Ll1 (P1) € Pa,(v,,0) by (6.4).
Thus Ad;,) (1) € Pa,(ur,00) N01(Pey)s 80 P1 € Pa, (o 00) Nv1(Pey). Now vy € Ar(vr vy
because vy ' (A (v1,v2)) C Cy C AT, Thus by (4.10) in Lemma 4.2, py € U, (4, ,0,) N1 (U1).
Similarly, ps € Uc,(uy,05) N5 ' (Uz). Thus Staby(g) is given by (6.3). O

Recall that Jp,, (vi,v2) denotes the stabilizer subgroup of J(vi,v2) at mi € My, (v, v,)
for the action given in (2.8). The group Stabs(q) consists of all pairs (k1, k2) € K(v1,v2)
such that (Ad;Ll1 k1,ke) € L(vi,v2). Firstly this implies that the group (kern|r) N (Id x
vy V) (ker | k) lies in the center of Stabys(q) = K (v1,v2) N Ad(, ey L(v1,v2). Secondly, for
(k1,k2) € Stabas(q) we have that (kl,Ad;ll1 k1) € Jm, (v1,v2) because of (2.7). Therefore

f: Stabar(q) = Jm, (v1,v2), ke, ko) = (k1, Ad;, k)

is a well defined homomorphism. The following Lemma describes explicitly Stabys(g). Its
proof is straightforward and we will omit it.

Lemma 6.2. The following is a group exact sequence
{e} — (kerm|r) N (Id x vy ") (ker mi |k ) — Stabar(q) — Jm, (v1,v2) — {e}.

The next Lemma will be used to describe the structure of Staby(g), stated in Theorem
2.5.

Lemma 6.3. The maps o1 and o2 given by (2.15)-(2.16) are well defined endomorphisms
of Ua,(vy,00) Nv1(U1) and Ugy (v, v,) N v2_1(U2), respectively. Moreover for some sufficiently
large integer k, Uf""l =e fori=1,2.
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Proof. We will only prove the statements for o; as the ones for oy are analogous. First we
show that

&1 = Ady, 0. o, Ady Y Bama,

c OPEDY

k+1
1

is a well defined endomorphism of U4, (4, v,) Nv1(U1) and 6" = e for some sufficiently large

integer k. For a given subset ® C A} with the property
(6.5) a,B€® and a+BEA] =a+B€d

define

e | R
acd
Recall that (6.5) implies that this product does not depend on the order in which it is taken
and moreover U} is an algebraic subgroup of U;.

Extend by linearity a: A7 — As and c: C; — C5 to bijections a: Ajl — AL and
c: Aa — Aa. For a partial map f: A; — A; and a subset Y C A; denote f(Y) :=
f(Y N Dom(f)), where Dom(f) is the domain of f. Denote d = v1c ‘v, 'a which will be
treated as a partial bijection from A; to Aj. Set

3O = (A{ — At

Al('U17'U2)> N1 (Af) and inductively @0+ = d(d®), i > 0.

Since the partial map d preserves addition, all sets ®() satisfy the property (6.5) and thus
Uli) — U{p(i)

are algebraic subgroups of U;. Moreover ®(+1) ¢ &) for i > 0 because v, € chl and for
some positive integer k, @1 = () because all powers d’ are well defined on a root o € Ay
only if a € Ay, (4, 0,)- Thus we have the decreasing sequence of unipotent groups

(6.6) Uiy (o) No1(U1) = U 50D 5 5 0® 5 g+ = (e},

By direct computation one checks that for o € ®© 51 (U) = U™ if d(a) is defined and
51(Uy") = {e} otherwise. As a consequence, &} (U 4, (v, ,0,) N1 (U1)) = Ul(i) for all ¢ > 1. Now
(6.6) immediately implies that &; is a well defined endomorphism of Uy, (y, v,) Nv1(U1) and
6’1““ =e.

Since o1 = Ad,,, 71 the same will be true for o1 once we show that My, (,, v,) normalizes
all groups Ul(i). To show this recall that for a subset ® C A satisfying (6.5), the unipotent
group U C Uy is normalized by Mp, (for D; C I'y) if and only

a€ed, fe€Ap, and a—i—ﬁEAféa—i—ﬁE@.

By induction on ¢ > 0 one easily checks that this property is satisfied by D1 = Aj(v1,v2)
and & = &) because A;(vy,vy) is d-stable and &) = d(®—1)), O

To complete the proof of Theorem 2.5, it remains to deduce the formula for Staby(g). Since
vy € MO and vy € A2W202(U1’U2), it follows from (4.9) and (4.10) that we have
decompositions

(6.7) Unioren N01(01) = (U0 01U) 1 (U 6, 00.00))

(6.8) Ut (01,02) N v2_1(U2) = (U2 N v2_1(UA2)) U2_1 (Ulﬁfh(vl,vz))) '
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Both groups on the right hand side of (6.7) are invariant under Ad,, for any m € My, (v, v,)
because Ad;llMAl(vhvz) = Mc—1(Cy(v1,00)) C Mc, . Note also that

(69) (bl (U02(U1,'U2) N ’UEI(U2)) C v (Ugll(c2(vhv2))> C UAl(vl,'uz) Ny (Ul)

(610) ¢2(UA1(’U1,U2) N vl(Ul)) - ’U2_1 (U:‘(i}l(thm))) - UCg(vl,'Ug) N ’02_1(U2).

Let now
(nlul,n2u2) S (UA1(U17U2) Ny (Ul)) X (UC2(v17v2) n ’U2_1(U2))
be decomposed according to (6.7) and (6.8). Then (nju1, nouz) € Stab(q) if and only if

{Ad@_21529a77A1(”1U1) = U2 or {¢2(”1u1) = U2

6.11
(610 Ad;mlml (u1) = 6, '7e, (naus) ur = ¢1(naus)

It follows that
(612) Uy = ¢1(7’L2)0’1 (nlul) and U = ¢2(n1)02(n2u2).

Let k be such that Uf“ = e for ¢ = 1,2. Using the fact that o; and oy are group homomor-
phisms and by iterating (6.12), we get

(6.13) up =P1(n1,n2)  and  ug = Pe(n1, n2),

where 11 and 12 are respectively given in (2.19) and (2.20). Conversely, it is easy to see
that any (niu;, naus) of the form in (6.13) for (n1,n2) € (U Nv1(Uc,) x (U2 Nvy ' (Ua,))
satisfies (6.11). This completes the proof of Theorem 2.5. O

Remark 6.4. The Decompositions in (6.7) and (6.8) are semi-direct products because

vy (Uqll(cg(vl,vg))) normalizes U;Mv1 (U, ) and vy ! (U:‘(ih(vl,vz))) normalizes UsNwy * (U, ).

C

On the other hand, because of (6.9) and (6.10), the subgroup
Stabe(q) C (Ua, (o1,02) N01(U1)) X (Ucy(y,00) N 03 (U2))
can be regarded as the “graph”
Staby () = {np(n) | n € (U1 Nv1(Uc,)) x (U2 Nvy ' (Ua,))}
of the map
Y = th1 Xaha: (Ul n vl(Ucl)) X (U2 n v271(UA2)) —nu (chll(02(v1,v2))) X’L);l (U‘?(Zl(vlﬂ&))) )

We will show in §7 that the map 1 defines a solution to the set-theoretical quantum Yang—
Baxter equation on

Staby(g) = (U1 N01(Ucy)) x (U2 N oy ' (Ua,)),
(as algebraic varieties).
6.2. Proof of Theorem 2.7. By Lemmas 3.2 and 3.4, we know that
dim R4 = dim Uy, +dim Uy, + dim K
=dim P, — dim My, (4, v,) + dim Uy, + dim K (v1,v2) and
dim R¢ =dimU¢g, +dimUg, + dim L
=dim Ug, + dim Pc, — dim M¢, (y, v,) + dim L(vy, v2).

The second equalities above follow from the fact that in the setting of Theorem 2.7 for any
subset D7 of Ay

dim K — dim K N (Mp, X Myp,)) = dim M4, — dim Mp, .
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This is easily deduced from the description of a-graphs given in Lemma 3.2. The second
part of Lemma 4.2 and the part of Theorem 2.5 on Staby (¢) imply

dim Staby(¢) = dim Uy Ny (Ue, ) + dim Uy Ny *(Ua,)
=dimUg, + dimUga, — I(v1) — l(v2).
Applying Theorem 2.5 for the structure of Stab(q), we get
dim[m01, v25] = dim R4 + dim R¢ — dim Stab(q)
=1(v1) +(ve) + dim Py, — dim My, (4, v,) + dim Pe, — dim Me, (v, v,)
+ dim K (v, v2) + dim L(vy, ve) — dim Jp,, (v1,v9) — dim(ker ny|z) N (Id x vy ) (ker ny | i)

Since dim J(v1, v2).mq = dim J(v1,v2) — dim Jp, (v1, v2), to complete the proof of Theorem
2.7 it only remains to show that

(6.14)
dim J (v, v2) = dim K (v1,v2) + dim L(vy,v2) — dimMéQ(vl)w)
— dim s (KL N (Uflel(vl,vg) X U2ZCz(v1,v2))) — dim(kern|z) N (Id x 051)(kern1|K).
Define
Q = {(kl, kQ,ll,lz) S K(’Ul,’UQ) X L(Ul,vg) | kQ = ZQ} C K(’Ul,’UQ) X L(Ul,vg).

In the two cases of Theorem 2.7 @) is respectively an algebraic/Lie subgroup of K (v1,vs2) X
L(v1,v2). By definition J (v, v2) is the image of @ under (k1, ko, 11,12) — (k1,!1), in particular
J(v1,v2) is also an algebraic/Lie group. It is easy to see that the kernel of this homomorphism
is (kern1|z) N (Id x vy ') (ker | ). Therefore

(6.15) dim J(v1, v2) = dim Q — dim(kern; ) N (Id x v;l)(kermh{).

The homogeneous space (K (v, v2) X L(v1,v2))/@Q is isomorphic to na (K (v1, v2))n2(L(vy, v2)) C
Mey(vy,00) DY (F1, k2,11, 12)Q — kaly ' Moreover from Lemma 3.2 one obtains

12 (K (01, 02))12(L(01,02)) = M, () )12 (K (01,02) L(01,02) N (Z A, (0y,00) X ZCs(01,0)))
and
(6.16) dim Q = dim K (v1,v2) + dim L(vy, v2) — dim M¢, )
— dim 7y (K (v1,v2) L(v1,v2) 0 (Z4, (01,00) X ZCa(01,02))) -

Finally substituting (6.15) in (6.16) and using that the projections of K(v1,v2)L(v1,v2) N
(Z A, (01,02) X ZCy(01,02)) and KL N (Uflel(vl,vg) X V2204 (v1,00)) Under 7z have the same
dimensions lead to (6.14). O

7. SOLUTIONS TO THE SET-THEORETICAL QUANTUM YANG-BAXTER EQUATION

Recall that for a set V', the set-theoretical quantum Yang—Baxter equation for an invertible
mapT:V xV =V xVis

(7.1) 7121323 _ 231312

where for i,j € {1,2,3}, T¥ denotes the map from V x V x V to itself that has T" act on
the (i,7)’th components.
For v; € ch U and vy € A2W,, we will set, for notational simplicity,

NU17U2 = (Ul ﬂ’l)l(Ucl)) X (U2 mvgl(UAz))

_ (@ -1 A
Quyvs = V1 (Ucfl(cz(m)vz))) X Vg (Ua(ixl(vl,w))) :

Then @, ,, normalizes Ny, ,,, and

NU17U2QU17U2 = (UA1(U1-,'02) N Ul(Ul)) X (U02(v1,v2) N UEI(UQ))
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Recall from Remark 6.4 that for a point ¢ = (01m, 0282) € GX G, where, ¥; is a representative

of v; in the normalizer of H; in G; for i = 1,2, m € My, (4, 1,), and s2 € Zgy( we have

Ul,’Ug))

Staby (q) = {nb(n) | 1 € Ny s} € (U, (o1,00) N01(U1)) X (Ucy(oy,00) N3 (U2)),

where ¢ = 1 X P21 Nyy vy — Qu, .0, and ¥1 and 1o are respectively given in (2.19) and
(2.20). In this section, we show that the map v defines a solution to the set-theoretical
quantum Yang-Baxter equation on Ny, ,,.

As is true for any group [6], the map

(7.2) To: Nuy vy X Noyoy = Nuyog X Noy oyt (0, 1) = (n/, (n/) " tnn)

satisfies the set-theoretical quantum Yang-Baxter equation (7.1). We now show that a twist
of Ty using the map 1) is also a solution to (7.1).
Let o and F' be the maps from Ny, 4, X IVy, 4, to itself given respectively by

(7.3) o(n,n') = (n',n),

(7.4) F(n,n') = (n, $(n)n'v(n)~1).

Define

(7.5) T = (0F0) Ty F: Ny, vy X Nuyvy — Noy vy X Ny g

Proposition 7.1. The map T is a solution to the set-theoretical quantum Yang—Baxter
equation (7.1) on Ny, u,-

Proposition 7.1 is a special case of the following general fact.

Lemma 7.2. Assume that U is a group and that Q and N are subgroups of U such that
NN Q ={e} and that Q normalizes N. Suppose that p: N — Q is a map such that

S:={ny(n) |ne N}

is a subgroup of U. Let Ty, o, F', and T be the maps from N x N to itself given by replacing
Ny vy by N in (7.2), (7.3), (7.4), and (7.5) respectively. Then T is a solution to the set-
theoretical quantum Yang—Baxzter Equation (7.1) on N.

Proof. Since S is a subgroup of U, the map
U8 = Q: nip(n) = d(n)
is a group homomorphism. Thus the map
S x N — N: (np(n),n) — (np(n)) -n' :=p(n)n’h(n) !

defines a left action of S on N by group automorphisms. Moreover, it is clear from the
definition that the map w: S — N: ny(n) — n is a bijective 1-cocycle on S with coefficients
in N, i.e., 7 is bijective and that

7T(8182) = w(sl)(sl 'F(Sg)), S1,82 € S.

By [20, Theorem 6], the map T is a solution to (7.1). O

Remark 7.3. Although for any integer m > 2, the action of the Braid group B,, on N*™
induced by T is isomorphic to the one induced by Tp [20, Theorem 6], the fact that T, as the
twisting of Ty by F, still satisfies the quantum Yang—Baxter Equation (7.1) is non-trivial.
When N is abelian, the fact that T satisfies (7.1) is also proved in [9].
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8. THE GROUPS R4 ARE SPHERICAL SUBGROUPS OF (G X G

Recall that an algebraic subgroup R of a reductive group G is called spherical if R has
finitely many orbits on the flag variety G/B where B is a Borel subgroup of G. In this
section, we fix an admissible pair A = (a, K) for G; x G2 where K is an algebraic subgroup
of G1 X G5. Let Ay and Ay be the domain and the range of a respectively. For i = 1,2, we
fix a representative ¥; in the normalizer of H; in G; for each v; € W;. The main result in
this section is:

Proposition 8.1. Let C; C 'y and Cy C Ty be arbitrary. Then every (Ra, Po, X Po,)

double coset in G1 x Go contains exactly one point of the form (i1, 02), where vy € Alchl,
vy € a(Alﬂ’Ul(Cl))WQCQ'

As an immediate corollary of Proposition 8.1 we obtain:

Corollary 8.2. If (a,K) is an admissible pair for G1 X Ga such that K is an algebraic
subgroup of G1 x Ga, then the group R4 is a spherical subgroup of G1 x Ga.

We will first prove an auxiliary Lemma which can be also viewed as a special case of
Proposition 8.1. Recall that for D; ¢ A; C Iy, Pg; = Pp, N My, denotes the standard
parabolic subgroup of M4, determined by D;.

Lemma 8.3. For any subsets D; C Ay and Dy C As, every (K, Pgll X Pﬁ;) double coset
in My, x My, contains exactly one point of the form (e,w), where w € “(Dl)Wf;.

Proof. Let Ha, = H; N My, for i = 1,2. Since ni(K) > M/}, and Pj' D Ha,, every
(K, Pgll X Pg;) double coset in My, x My, is of the form [e,m] for some m € Ma,. Let

(ﬁ;}%l) = Pyp,) Nn2(K). Since Ha, ]5;22[)1) = PGI‘4(2D1) the Bruhat decomposition of M4,, see
4.2), implies
DAy . pA
Ma,= I Pl wPh:

wea(Dl)Wf;

For m € Ma,, write m = gawps for w € a(Dl)WE;, q2 € ]3;22[)1), and py € Pg;. Then by
Part 3) of Lemma 3.4, we know that there exists ¢; € P‘Sll such that (q1,¢2) € K. Thus

[e7m] = [67512w]92] = [q]jlawPQ] = [eaw]'
It is easy to see that if w,w’ € “(Dl)Wf; are such that [e,w] = [e,w'], then w = w’ which
completes the proof of the lemma. O

Proof of Proposition 8.1. For the left action of P4, X P4, on (G1 x G2)/(Pc, X Pe,), we
know from the Bruhat decomposition that every P4, x P4, orbit passes through a point
(tr,12)(Po, X Pc,) for a unique w; € AW and a unique we € 42W . Denote by
Stab(,, w,) the stabilizer subgroup of Pa, x Pa, at the point (w1,ws)(Po, x Pc,). Then
by Lemma 4.3, every R-orbit in (G7 x G2)/(Pc, x Pc,) contains a point of the form
(p1tiy, paiir)(Pe, x Pg,) for a unique wy € AW a unique wy € 42W 2 and for some
(p17p2) € PA1 X PA25 and two such pOthS (p1w1,p2w2)(P01 X PC2) and (‘hwlv QQw2)(P01 X
Pc,) are in the same R 4-orbit if and only if (p1,p2) and (¢1,q2) are in the same R4-
orbit on (Pa, X Pa,)/Stab, ,). Thus we need to understand the double coset spaces
R.A\(PAI X PAz)/Stab(w1,w2)'
Fix now w; € AWt and wy € 42W . Then it is easy to see that

Stab(wl,wz) = (PAI Nwy (Pcl)) X (PAz N wQ(Pcz))'

On the other hand, recall that for ¢« = 1,2, ma,: Pa, — M, is the projection with respect
to the decomposition P4, = Ma,N4,. The projection ma, X ma,: Pa, X Pa, — Ma, X M4,
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induces an isomorphism between the quotient spaces Ra\(Pa, X Pa,) and K\(M4, X Ma,).
We know from 1) of Lemma 4.2 that

A A
(7TA1 X WAZ)(Stab(wl,m)) = PAllﬁwl(Cl) X PA;ﬁwg(Cg)'

Since M4, x M4, normalizes N4, X Ng4,, we see that the projection w4, x 74, induces an
isomorphism of double coset spaces

~ A A
RA\PAl X PAz/Stab(ﬂn,wz) = K\MA1 X MAQ/(PAllmwl(Cl) X PA;ﬁwg(Cg))'
By Lemma 8.3, every (K, Pfllmwl(cl) X Pf;mm(%))—double coset in M4, X M4, contains

exactly one point of the form (e,w) for some w € “(Amwl(cl))W:;ﬂwQ(CQ). Thus every

R 4-orbit in (G1 x G2)/(Pc, x Pe,) contains a unique element of the form (wy, wie), where
wy € MW wy € AW and w € “(Alﬂwl(cl))W£22mw2(C2). Let v1 = wq and vy = wws.
Proposition 8.1 now follows from Proposition 4.1. g
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