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Abstract

This paper studies the problem of stability region
estimation and controller design for uncertain bilinear
systems when linear controllers are used. Iterative linear
matrix inequality (ILMI} algorithms are presented to
estimate the closed-loop stability region and design the
controllers. No tuning of parameters is needed in the
design methods. The design aims to optimize between
the size of the stability region, damping of the state
variables, and the feedback gain.

1. Introduction

Bilinear system is a special kind of nonlincar systems
which could represent a variety of important physical
processes [8]. A great amount of literature related to
the control problems of such systems has been developed
over the past decades. Among them, some results were
concerned with bilinear systems with only multiplicative
control {2, 9]. For bilinear systems with both additive
and multiplicative control inputs, some control designs,
such as bang-bang control [7] or optimal control [1], ob-
tain global asymptotic stability under the assumption
that the open-loop system is either stable or neutrally
stable. When the open-loop system is unstable, it is dif-
ficult to obtain global asymptotic stability except when
independent additive and multiplicative control inputs
exist [4].

Though much attention has been paid to the study of
bilinear systems, little research work was devoted to the
control problems for bilinear systems with uncertainties.
Recently, the quadratic stabilization problem of uncer-
tain bilinear systems was studied in [10] and a sufficicnt
condition for the system to be quadratically stabilizable
by “quadratic” feedback control was presented.

In some practical control system designs, local closed-
loop stability may be enough and Hnear controllers are
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preferred. In [5], Gutman suggested that a nonlinear
controller be used firstly and forced the trajectory of a
bilinear system sufficiently near the origin, then switch
to a linear controller such that the closed-loop system
is asymptotically stable. Hence the study of local stabi-
lization using linear controller and the estimation of the
closed-loop stability region are useful in practice. Such
a problem had been studied in {3] but the results in
there are not easy to be applied because it needs tun-
ing of parameters. Moreover, [3] did not considered the
robustness of the controller to model uncertainties.

This paper considers the stability region estimation
and controller design for uncertain bilinear systems, where
the controls act additively and multiplicatively simulta-
neously. The uncertainties are assumed to have a poly-
topic form. No assumption on the open-loop stability is
made and lincar state feedback control is studied. As
compared with [3], the results in this paper has the fol-
lowing advantage. Firstly, we estimate the derivative of
the Lyapunov function in a different way, and our results
are less conservative than that in [3]. Secondly, our re-
sults are presented in the form of iterative linear matrix
incquality (ILMT) algorithms. It needs no tuning of pa-
rameters and can be efficiently solved numerically using
LMI toolbox in MATLAB. Thirdly, three design spec-
ifications, closed-loop system stability region, feedback
gain, and damping of the statc variables, are all taken
into account in the controller design. Three design algo-
rithms are presented to optimize one specification when
the other two specifications are given. Finally, our re-
sults are suitable for bilinear systems with polytopic un-
certainties.

This paper is organized as follows. Section 2 gives
the problems statement. The stability region estimation
method and controller design methods are presented in
Sections 3 and 4, respectivcly. Two examples are given
in Scction 5 to illustrate our methods. Section 6 con-
cludes the paper.



2. Problem Statement

The following notations are used in this paper. 90 de-
notes the boundary of a set {1 C R™. e; denotes the ith
standard basis of R*. (P}, denotes the element in the
ith column and the ith row of a matrix P. o(A) denotes
the spectrum of matrix A. For a real symmetric matrix
M, M > (>)0 means that M is positive (semi-}definite.
If not explicitly stated, I and 0 denote the identity ma-
trix and the zero matrix of appropriate dimensions, re-
spectively. Besides, all matrices are assumed to have
compatible dimensions.
Consider the bilinear system

i3
S d=A@+Y mNBu+Blu (1)
i=}
where z{t) € R™ is the state vector, z,{t) € R is the
i-th element of z(¢), u(t) € R™ is the control input.
Suppose the system under consideration has polytopic
uncertainties. That is, the system matrices belong to
matrix polytopes

Aty € Co{Ai,...,An.}, (2)
B{t) € Co{B,...,Bng}, (3)
Ni(t) € CD{NiI,---,NinNi}, i=1...,n (4)
where Co denotes the convex hull.
Consider a linear state feedback
u= Kz,

the closed-loop system is

™
Sc: &=[A(M)+BOK]z+ ) mN{t)Kz  (5)
i=1
The first problem considered in this paper is to es-
timate the stability region of S, for a given K. The
second problem is to design A such that S, satisfies
certain specifications. The specifications considered in
this paper include the size of the stability region, the
damping of the state variables, and the magnitude of
the feedback gain.

3. Estimation of Stability Region

Since there are uncertainties in system {5), we wilt con-
sider its local quadratic stability. Consider the Lya-
punov function V(z) == 27 Pz with P > 0.

The derivative of V{(z) along the trajectories of S, is

Vig) = 27 {P [A() + B)K] + [A(t) + B{)K]” P} z

T
n n
+2T | Py mNi(t)K + KT (inN,-(t)) Pl=z
i=1 i=1

=T {P[A(t) + B(H)K] + [A(t) + Bl)K)* P

+3_m [PN(t)K + KTNT(t)P]}z.

i=1
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Define a set 1 ¢ R™ as follows. For any r € R",
z € Q if and only if

P[A() + B(t)K] + [A(t}+ B®K]" P

+3 = [PNOK + KTNJ()P] < 0
i=1
for all A(t), B() and N;(t) (i = 1,...,n} that satisfy
{2), (3), and (4), respectively, where x; is the i-th ele-
ment of z.
Further define a set Do C R™ as

Dy={z e R": V(z) < Vo} (6)

where
Vo = min zT Pz,
TEIN
From Lyapunov stability theorem, Dy is contained in
the stability region of S;. The following lemma gives a

method to compute Dy for given K and P.

Lemma 1 Suppose K and P > 0 are given, and r €
R > 0 is the solution of LMI problem
max r subject to

P(Al.q +B[9K) + (A;A +B[BK)TP
‘H’Zx{;@v (P_l)ﬁ (PATHN‘K+KTN$NI P) < 0

i=1

M

Jorallla=1,...;n4, lg=1,....np, In,=1,..., 0,
. . ST
(i=1,...n),andj:l,...,Q“,whem:r{J:[rg],...,x{,n]

(j = 1,...,2"%) are the 2" vectors whose elements ),

can only take the value of 1 or —1, then an estimate of
the stability region can be obtained by

Dp = {x e R": 2T Pz < r?}. (8)
Proof. For any r > 0, since jz;| = ry/(P7T),, (i =

1,...,n) are tangential to the ellipscid z¥ Pz = r?, we
consider the polyhedron

0, = {rER“:lx,-l <ry(P1),, 1= 1,...,n} t))

that contains the ellipsoid {x € R* : z7 Pz < r?}. Since
Q. is convex,

PA(t) + BU)K] + [A@t) + B)K]" P
n
+3 2 (PN;(t)K + KTNT(t)P) < ©
i=1
for all z in £, if and only if {10) holds for all the 27
vertices of ., that is,

PIA(t) + BOK] + [A(t) + BOKIT P
+ry_ /P, (PN:()K + KTNT (1)P) < 0,
i=1
(11)

(10)

forall j =1,...,2".

Since A{f), B(t) and N;(t) (i = 1,...,n) satisfy (2),
(3) and (4), (11) is further equivalent to (7).

After the largest r that satisfies (7) is obtained, from
the fact about quadratic functions {see e.g. Lemma 1 in"



[6]), the estimated stability region Dg can be computed
by (6) where
Vo = min V;

1<i<n
and

Vv, = mm{ TPr:zeR”, |zi|=r (P—I)n}

= min eTPz:z eR", efz=r/(P1), }
= T ( 'Il
T P-le;
= r
Hence (8) holds. The proof is completed. |

Now suppose K is given, we consider the problem to
choose P such that Dy is the largest. The problem is to
choose P and r satisfying (7) such that Dy in {8) is the
largest.

For any scalar a > 0, P = aP implies P~1 == 1 p-1

and‘/ \/ };;- Since (7) is equivalent

aP (A1, + Bi,K)+ (A, + B, K)T aP

+\/ETZI;’)‘T\/—“(P Tt (aPNuy K + KTNT, aP) <0

for all .!A=1,...,nA, Ig=1,...
(i=1,...n),and j=1,...,

p(AfA + BIB K) + (AIA + BIBK)T

P
i=1 *

forall{a =1,.

s LB, EN,- = 1,. oy TUN;
2", or equivalently,

-4, lB = 1 ..,NB, lN,. = 1, s LN

closed-loop stability region is

Dg:{xE]R“- TP:::<—1—} (13)

A2
which contains the largest ball {:c eR*: 27z < Xlg} .

Remark 1 Depending on applications, we can also con-
stder maximizing the volume of Dy instead of mazimiz-
ing the largest ball contained in Dy and a similar result
can be obtained.

Generally speaking, it is not easy to solve the above
optimization problem directly. However, when /(P~1),;
(i =1,...,n) are fixed, the problem becomes a gener-
alized eigenvalue minimization problem which can be
solved by the LMI toolbox. The following iterative LMI
(ILMI) algorithm is provided.

Algorithm ESTIMATION:

Step 1 Choose a small tolerance scalar 7 > 0. Let Fy =

god & R"™" for a sufficiently small g¢ (1 > gy > 0).

Step 2 Compute /(

N Pit), (i=1,...,m).

Step 3 Solve LMI problem

min A subject to

P<I
P>P0

Zz—g,,,/ (PN,;,\ K+ KTNT, P) _

i=1 .
< A [—P(AlA + B, K) — (A, + BiyK)T P] ,
foralllA = 1,...,?1-,4, lB = 1,

(i=1,...n)andj=1,.

;'nB;lN, =1,...,nn,

., 2", and obtain P and A.

1P—~
(i =1,...n), and j=1,...,2% Hence P = aP and Step 4 If 'IIIT\EUH <1, go to Step 6, clse go to Step 5.
7= \/_ r also satisfy (7) ‘Notice that Dy is kept un- Step 5 Let Fo = P, go to Step 2.

changed when substituting P and 7 by P and #, re-
spectively. Without loss of generality, we can suppose
P < I. In order to obtain a larger Dp, we can maxi-
mize r (maximize the largest ball contained in Dy). The
problem becomes
max r subject to (7) and
P<]
with variables v and P.
Denote A = %, then we have the following theorem.

Theorem 1 Suppose P e R™™*™ > 0 and A e R > 0
are the solutions of the following optimization problem

min A subject to
pP<l,

Z:Cgiv (P (PNiIN,-K + KTNi{N‘.P)
i=1

<A[-P (At + BioK) = (A1, + B, K)' P
Jorallla=1,...,n4, Ig=1,...
(i=1,...n),and j=1,...,

(12)

eI, = 1,00,
2" then an estimate of the

Step 6 The estimated stability region is given by (13).

Remark 2 The LMI problem in Step 3 is feasible pro-
vided that there exists a P > 0 such that

P(A, + B, K)+ (A, +B,KY P<0

forallla =1,...,ng and g = 1,...,np (Fy can be
chosen sufficiently small such that P > Py). Since

P > Py implies \/(Py),, > /(P71),,, the P and A
obtained in Step 3 satisfy (12). Moreover, once the LMI
problem in Step 8 is feasible, it is also feasible for the
next iterate defined in Step 5 because at least the new
Py dtself is a solution. Furthermore, the positive defi-
nite matriz sequences { P} with P < I obtained in Al-
gorithm ESTIMATION is non-decreasing (in the sense
of positive semi-definiteness), the positive sequence {A}
obtained in Algorithm ESTIMATION is non-increasing,
thus {P} and {A} will converge and the algorithm will
converge.



4. Controller Design

Now we consider the controller design problems. Three
design specifications will be considered: closed-loop sys-
tem stability region, feedback gain and damping of the
state variables. Certainly, we want to design a controller
to obtain a larger stability region, a better damping of
the state variables, and a smaller feedback gain. How-
ever, a design should compromise the above three spec-
ifications. In this section, we will consider the problems
of optimizing one specification when the other two spec-
ifications are given.

First consider the problem of mazimizing the stability
region. Suppose a linear feedback controller u = Kz
should be designed such that

(i) foralliy =1,...,n4 and lg = 1,....ng, the real
parts of the eigenvalues of A;, + B, K is less than
—&g for a given 8y > 0, that is, o (4, + B, K) C
C~% where C% = {5 € C: Re(s) < —6p} is a sub-
set of the complex plane;

(if) the feedback gain is constrained by KK7T < kyI for
a given kg > 0.

From Theorem 1, the problem of obtaining the largest
stability region can be stated as

minA subject to

zn:xgi, /(PN (PNuy, K + KTNE, P)
i=1

< A[-P(A, + BiuK) = (i, + Bip )T P|,
for al] lA = 1,.A.¢TLA, 13 = 1....,7‘!3,11\," = 1,...,711\]‘.

(i=1,...n),and j=1,...,2%,

P{Ai, + Bi,K)+{A, + B, K)T P+26,P <0, (14)

forallls=1,....,naandlg=1,...,n5, and
KEKT < kol,
P < I

where (14) implies that
o{Ai, + B K)yc C %,

forallis=1,...,nasandlg=1,....np.

In _the above problem, variables are K, P and A. De-
note P = P71, the problem is converted into

min A subject to
il . - - -~
> i /(P), (Nax KP+ PKTNE, )
i=1

< A [— (A, + B, K)P - P(A;, +BfBK)T],
forallla = L,...,n4, lg = 1,....0np,In, = L.... N,
(i=1,...n),and j =1,...,2%,

(A, + B, KYP + P(Ar, + B, K)' +28,P <0,

forallla=1,....nqandilg=1,...,n5,
KKT < Il
P > I

Further denote W = K P, then K = WP-1. Since
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Step 4 If

Step 5 Let Py = P, go to Step 2.
Step 6 The controller and the estimated stability region are

D=1 < J, the constraint K KT < koI can be substituted
by WWT < kol. Hence the following theorem holds.

Theorem 2 Suppose P &€ R™*™ » O,W € R™*" and
A € R are the solutions of the following optimization
problem

min A subject to

izgi (P)ﬁ (N“Ni W+ WTNE‘“M)
i=1

< A[-Au,P-PAT, - B,W - WTBL],
Joralllp=1,...)n4, lg =1,...,np,ln, =1,... .04,

(i=1,...n},andj=1,...,27,
A, P+ PAf + B, W+ WTBL +260P <0, (15)

forallla=1...,n4 andlg=1,...,n53,
kol W
Px1I (17)

then the controller which can obtain the largesi closed-
loop system stability region is

u=Ki=WP lz. (18)
Moreover, an estimate of the closed-loop system stability
region s

Dy = {z eR":xTP 'z < A_12} ) (19)
which contains the ball {z e R™ : 2Tz < 5 }.

The optimization problem in Theorem 2 can be solved
using the following algorithm, which is similar to Algo-
rithm ESTIMATION.

Algorithm DESIGN:

Step 1 Choose a small tolerance scalar 7 > 0. Let B =

pol € R™*™" for a sufficiently large py > 1.

Step 2 Compute 4/ (}5{,) (i=1,...,n)
Step 3 Solve LMI problem

minA subject to (15), (16), {17) and
n
Zl%i (PO):‘:: (N“Ni W+ WTNEN;)
i=1

< A —AlAf’—ﬁA;‘:—B;BW—WTBﬂ;],

forallla =1.....,m4, g =1,...,08,In, =1,...,0x,
(i=1,...n),and j=1,...,2%,
P< B
to ol?tain P, W and X
PRl < n, go to Step 6, else go to Step 5.

17l

obtained by (18) and (19).

Similar to Theorem 2, when considering the problems
of maximizing the damping rate of the state variables
and minimizing the feedback gain, the following results



hold.

Theorem 3 Among all the controllers satisfying
KKT < kol
and such that the closed-loop stability region contains
reR: 2Tz < Xlg} , the controller in (18) has the maz-
imal damping rate of the state variebles,
o (A, + B, K)cC#

forallis =1,...,n4 and lp = 1,...,np, where Pe
Er**" > 0,W € R™X" gnd 6§ € R > 0 are the solutions
of the following optimization problem

subject to

S [(B). (M, W+ WINE, )
=1

< o [-AuP- PA, - B,W - WTBL]
forallla=1,...,n4, Ig=1,...,n5, In, = 1,...,nnN,
(i=1,...n),endj=1,...,2"%

2P <8 (AP - PAT, - B,,W - W'BL ),

min &

forallla=1,...,n4 andlg=1,...,np,
kol W
[WT I ] = 0,
P > I

Theorem 4 Among all the controllers satisfying
o (A, +B,K)c C %
Jorallla=1,...,n4 andlpg =1,...,ng, and such that
the closed-loop stability region contains
1
{xe]R”:xTx< —2},
Ao
the controller in (18) has the smallest feedback gain,
KKT < kI, where P € RV™ > 0,W € R™*" and
k € R > 0 are the solutions of the following optimiza-
tion problem
mink subject to

Zn:“:ji v (P)ii (N“N,- W I’VTNin‘N.-)
i=1

< o [-4,P - PAT, - B, W -WTBL],
fOTG”lA=1,...,ﬂA, l3=1,...,n5, lNiEI,...,ﬂN‘.
(i=1,...n),end y=1,...,2",

A, P+ PAL + B,W + WTBL +26,P <0,

forallla=1,...,nq andlp=1,...,ng,
kI w
P > I

Remark 3 Whem/(f?)__ (i=1,...,n) are fized, the
1

optimization problems in Theorems 3 and 4 become o

generalized eigenvalue minimization problem and ¢ min-

imization of e lLinear objective under LMI constraints,
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respectively, which can be solved by the LMI toolbox in
MATLAB. Hence, two ILMI algorithms similar to Algo-
rithm DESIGN can be established to design e controller
such that a better damping of state variables or a smaller
feedback gain can be obtained.

5. Examples

5.1 Example 1

Consider the example used in {3]. The system is ex-
pressed by (1) where

A(t) = A, B(t) =B, Ni(t) = Ny, Na(t) = Ny

and ],N=[(2)}_

0 1 1 0
A‘[—s —2]"3:[0}’%‘[1
We first estimate the closcd-loop stability region for the
following three controllers given by [3}:

Ky = [~3.19,041], Ky = [-4.35,0.44], K3 = [~12.87,0.47].

Using Algorithm ESTIMATION, we obtain the follow-
ing stability region estimates:

0.9753 0.1382

— [

b= {“’ cRY:z [ 0.1382 0.2249 ] z< 0'0690}v
- . [ 09809 0.1220

D2 = {z €RMim [ 0.1220 0.2200 } e < 0'0627}’

and
- . [ 09933 0.0364

D= {I CR:w [ 0.0364 0.2074 | % < 00909

respectively. The regions are compared with those ob-
tained in [3] in the three figures. It can be seen that our
estimates are much better than those in [3].

5.2 Example 2

Consider an open-loop unstable system with two-dimensional
control input (Example 11 in [10}). The system is ex-
pressed by {1} where

A(t) = CO {Al,Ag}, B(t) = B, Nl(ﬁ) = _Nl, Ng(t) = N2

and

1 1 4
a=]t 11 a=]2
0 % ) 0%’2
[ -3 2 N B 5
B=|_y | M= 25-=N2*[1 4]'

We consider the controller design problems. For &g =
1 and kg = 5, using Algorithm DESIGN we obtain A =
1.0323 and the controller

 Rup = 1.0332  1.5965
“EBE=1 13532 03055 | P
the estimation of stability region is
_ n. T 0.9993 —0.0004
Dy = {a: ceR®:z [ —0.0004 0.0998 | % < (0.9385 >,

For Aqg = 1 and kp = 5, using Theorem 3 and an ILMI



algorithm, we obtain é = 0.9632 and the controller
1.0373 1.5850
-1.3394 -0.4013 ’

For Ap =1 and &y = 1, using Theorcm 4 and an ILMI
algorithm, we obtain k = 5.2624 and the controller

U:KQ.T}:[

w= Koz = [ 1.0705  1.6310 ] _
—-1.3821 -0.4126
The results are summarized in the following table.
controller A } I k
K 1.0323 | 0.9687 1 5
K, 1 1 0.9632 5
Ky 1 1 1 5.2624

6. Conclusion

This paper studied the stability region estimation and
linear controller design problems for uncertain bilinear
systems. Iterative linear matrix inequality (ILMI) al-
gorithms were presented to estimate the stability re-
gion and design the controllers. Three closed-loop spec-
ifications, closed-loop system stability region, feedback
gain and damping of the state variables were considered
in the contrcller design problems. The controllers de-
signed are such that one specification is enhanced while
the other two specifications are constrained at a certain
level. Examples show that our stability region estima-
tion method is less conservative than that in [3], and
our controller design methods are more effective,
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