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Fixed-Order Robust H ~, Filter Design for Markovian
Jump Systems With Uncertain Switching Probabilities

Junlin Xiong and James Lam, Senior Member, IEEE

Abstract—This paper discusses the fixed-order robust H ., fil-
tering problem for a class of Markovian jump linear systems with
uncertain switching probabilities. The uncertainties under consid-
eration are assumed to be norm-bounded in the system matrices
and to be elementwise bounded in the mode transition rate matrix,
respectively. First, a criterion based on linear matrix inequalities is
provided for testing the H ., filtering level of a filter over all the ad-
missible uncertainties. Then, a sufficient condition for the existence
of the fixed-order robust H . filters is established in terms of the
solvability of a set of linear matrix inequalities with equality con-
straints. To determine the filter, a globally convergent algorithm
involving convex optimization is suggested. Finally, a numerical ex-
ample is used to illustrate that the developed theory is more effec-
tive than the existing results.

Index Terms—H ., filtering, linear matrix inequalities (LMIs),
Markovian parameters, robust filtering.

1. INTRODUCTION

OBUST H filtering is a technique for estimating un-

available signals in systems. The aim is to design a filter
such that 1) the filtering error system is robustly stable and 2)
the H,-norm of the operator from noise signal to filtering error
signal is less than a prescribed level. The system may consist
of parameter uncertainties. The noise signal can be arbitrary
but needs to be energy bounded. Compared with the classical
Kalman filtering technique [1], which is based upon the noisy
statistical characteristics, the robust H, filtering technique is
insensitive to the noise statistics, and hence is very appropriate
to applications where the statistics of the noise signal cannot
be known exactly [2]. This feature has motivated the study of
robust H, filtering problem for variant systems and a number
of results on this topic have been reported in the literature (see
[2]-[5] and the references therein).

Markovian jump linear systems (MJLSs) have attracted a
great deal of attention since this class of systems is appropriate
to describe dynamic systems with structures varying abruptly in
a random way [6]. MJLSs can be regarded as a special class of
hybrid systems with finite operation modes. An MJLS behaves
as a deterministic linear system in each mode and switches
from one mode to another at time points governed by a Markov
process. A great number of control issues concerning MJLSs
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have been investigated (see [6]-[14] and the references therein).
For filtering problem in continuous-time case, many results are
also available. For example, the Kalman filtering problem was
considered in [15] and [16] where the system matrices may
have norm-bounded uncertainties, and the results are given in
terms of coupled Riccati equations. A Kalman filter of reduced
order was also suggested based upon algebraic Riccati equation
approach in [17] where the system model is described in terms
of 1t6 differential equations and the measured output is assumed
to be noise free. On the other hand, the H, filtering problem
for MJLSs was tackled in [18] and was extended to the case
involving parameter uncertainties in [19] by the same authors.
Recently, [20] considered the robust H, filtering problem for
MIJLSs with time delays. The results of [18]-[20] are given in
terms of coupled linear matrix inequalities (LMIs). It is noticed
that the robust H, filters designed in [18]-[20] have either an
observer structure [18] or a special full-order structure [19],
[20] and the uncertainties concerned only exist in the system
matrices [15], [16], [19], [20]. More recently, the reduced-order
H . filtering problem, where uncertainties do not appear, was
studied in [21] and [22] in terms of coupled LMIs with matrix
rank constraints. The filtering problem for nonlinear time-de-
layed Markovian jump systems was studied in [23] as well.

It is worth pointing out that the developed filtering techniques
in [15]-[23] for MJLSs require that the mode transition rates
are known exactly. However, these values often need to be mea-
sured in practice, and hence measurement errors are inevitable.
As pointed out in [24], the measurement errors (also referred
to as switching probability uncertainties) may lead to instability
or at least degrade the performance of MJLSs. Therefore, it is
important and necessary to consider the robust H, filtering
problem for MJLSs with uncertain switching probabilities. A
model about the uncertain switching probabilities has been pro-
posed in an elementwise way [9], [12] such that bounded uncer-
tainties could appear in all the elements of the mode transition
rate matrix. This elementwise model has been further studied in
[24] for the robust stabilization problem for MJLSs by consid-
ering the probability constraints on rows of the mode transition
rate matrix. In the present paper, we study the robust H, fil-
tering problem for MJLSs with elementwise switching proba-
bility uncertainties and adopt an improved bounding technique
for the matrix inequalities which gives less conservative results
than those in [9] and [12].

In this paper, we study the fixed-order robust H, filtering
problem for uncertain continuous-time Markovian jump linear
systems. The uncertainties are assumed to be norm bounded in
the system matrices and to be elementwise bounded in the mode
transition rate matrix. We aim at designing a general dynamic
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filter of fixed order such that, over all the admissible uncertain-
ties, the obtained filtering error system is quadratically mean
square stable and the H..-norm of the operator from the ex-
ogenous noise signal to the filtering error signal is less than a
prescribed level. The solution to the addressed problem is re-
lated to a set of coupled LMIs with a set of equality constraints.
An effective algorithm involving convex optimization is used to
construct the filter. Finally, a comparison with existing results is
offered to illustrate the usefulness of the developed approach.
Notation: The notations in this paper are standard. R™ and
R™*™ denote, respectively, the n-dimensional Euclidean space
and the set of all m x n real matrices. R™ refers to the set of
strictly positive real numbers. S”*"™ is the set of all n x n real
symmetric positive definite matrices, and the notation X > Y
(respectively, X > Y), where X and Y are real symmetric
matrices, means that X — Y is positive semidefinite (respec-
tively, positive definite). ,, denotes the n x n identity matrix,
and [ refers to the identity matrix with compatible dimensions.
All matrices are assumed to be compatible for algebraic opera-
tions when their dimensions are not explicitly stated. For a ma-
trix U € R™*™ with rank(U) = r,, the full row rank ma-
trix UL € R(™=7«)Xm™ denotes the orthogonal complement
of U such that U-U = 0. The superscript “I” stands for the
transpose for vectors or matrices, and trace(-) is the trace of
a square matrix. Moreover, let (£, F, P) be a complete proba-
bility space. E(-) stands for the mathematical expectation oper-
ator. L3*[0, 00) is the space of square-integrable m-dimensional

vector functions over [0,00). || - || £ (pr)l/2 if p is a real
1/2 . m

vector, loll2 = (5 llot || (407 if p() € 150, 00) and

llolle = [fo (lp(®)1? )dt] % if p(+) is a stochastic process. In

large matrix expressions, we have (M) 2 (MMT),
M1 M2 A M1 M2
o M3 - M’2T M3
and sym(M) 2 M+ MT.

II. PROBLEM FORMULATION

Consider the following class of Markovian jump linear sys-
tems with uncertain switching probabilities defined on a com-
plete probability space (£2, F, P):

) w(t) (1
t) + Dy (7(1)) w(t)
(t

where z(t) € R™, t > 0, is the system state, w(t) € R™
is the exogenous nonzero noise which belongs to L5* [0, c0),
z(t) € R™= is the signal to be estimated, and y(¢) € R™ is the
measured output used to estimate the signal z(¢). The mode-
jumping process {7(¢) : ¢ > 0} is a continuous-time, discrete-
state homogeneous Markov process on the probability space,
takes values in a finite state space S 2 {1,2,...,s}, and has
the mode transition probabilities

) = 50t + o(ét),
11 +7%ii6t+o(6t),

ifj £

Pr (7(t + 6t) = j|#(t) ifj=i

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 54, NO. 4, APRIL 2006

where 6t > 0, limg;—0(0(6t)/6t) = 0, and 755 > 0 (4,5 €
S,j # i) denotes the switching rate from mode 4 at time ¢ to
- ijl,j# ;; foralli € S.
In each mode i € S, the matrices A; = A(#(t) = 4), B;
B(#(t) = i), Cus 2 C.(#(t) = i), Dus 2 D.((t) = ). Gy
C’y (7(t) = 1), f)yl = Dy (#(t) = 1) and the mode transition rate
matrix 1T £ (7:;) € R¥** are unknown constant real matrices,
but of the following forms of uncertainties, respectively:

mode j at time ¢ + 6t and 7;; e

e e

Ai =A;+EqyiFyHy with FLF,<I (2a)
B; = B;+Ey;Fyi Hy; with FEF,<I (2b)
C.i =C.i+E..;F..;H..; with FL,F.;<I (2¢)
D.i =D.i+Eq.iFg.iHgz; with Fi Fa; <1 (2d)
Cyi = Cyi+EcyiFryiHey; with FL F.: <1 (2e)
Dyi = Dyi+Eqyi FayiHayi with F Fay; <1 (2f)
[T =TI+ ATl with |Amj|<2eij, >0, j#i (2g)

where matrices A,;, Bi, CZ'i7 Dzi, Cyi» Dy’ia Em‘,, H,“j, E},i, H},i,
Ec.i» Hezis Eaziy, Hazin Ecyiy Heyiy Eayis Hayi and 11 2 (mij)
are known constant real matrices of appropriate dimensions.
The matrices Fii, Fyis Feziy Fazis Feyi, Fayin @ € S, and All =
(Am;j) 2 (7;j — m;j) denote the uncertainties in the system
matrices and in the mode transition rate matrix, respectively. In
addition, matrix II satisfies

{'/Tij >0,
A s
Tig = — Ej:l,j;éi Tijs

ifj £
ifj=i

for all 4,5 € S and can be thought of as the measured value of
matrix 1T in practice. The uncertainties defined in (2) are called
admissible uncertainties for uncertain system (1), and uncertain
system (1) is assumed to be robustly mean square stable over all
the admissible uncertainties in (2).

We now consider a general fixed-order filter

{ arp(t) = Ay (7(t)) 2 (t) + By (7(t)) y(?) 3)
z2p(t) = Cp (7(1)) w5 (8) + Dy (7()) y(1)

where x¢(t) € R"/ is the filter state with 0 < ny < n, the filter
output z¢(t) € R™= is an estlmatlon of the signal z ( ). Matrices
A .

Agi = Ag(R(t) = i), By = = By(i(t) = i), Cpi 2 Oy (i(t) =

i) and Dy; = D¢ (7(t) = 1) are to be determined for each mode

i € S, and the filtering error is defined as e(¢) 2 z(t) — z¢(t).
Connecting filter (3) to uncertain system (1) yields the fil-

tering error system

{ Go(t) = A (7(8)) 2 (t) + Be (7(1)) w(?) @)
o(t) = Ce (#(t)) ze(t) + De (7(1)) w(?)

where a:.e(t) = [2T(t) a:?(t)]T is the state of the error system.
For all : € S, we have

~ N

A A; 0 ~ [ B

Aei = [Bfiéyi Ale’ Bei = {B Dy, ]

Ceoi =[C.i = DpiCyi — Cpi] )
Dei = Dzi - szD
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For error system (4), we have the following definitions and
proposition.

Definition 1 [10]: The nominal Markovian jump filtering
error system of (4) with w(t) = 0 is said to be mean square
stable if

Jim E (|l (1)) =

for any initial conditions z.(0) € R*™"/ and #(0) € S.
Definition 2 [25]: Consider the nominal Markovian jump
filtering error system of (4). Let G,, denote the operator from
the exogenous energy-bounded noise w(t) to the stochastic fil-
tering error e(t); the H,,-norm of the operator G.,, is defined

as || Gewll g 2 infy such that

llell2 < llwll2

for all nonzero processes w(-) € L5*[0,00) for zero initial
condition z.(0) = 0 and any initial mode #(0) € S.

Proposition 1 [11]: Given a prescribed scalar yg_ € Rt,
the nominal Markovian jump filtering error system of (4) is
mean square stable and has H., performance |G|l <
vp.. if there exist matrices P; € S(+7)x(n4ns) i € S such
that, forall: € S

ALP, + P A + Z;zl mi;P;j  PiBe; CL
Bz;Pi —’y%{mf DZ: <0
Cei Dei —1I

hold, where AH, Bp,, Cei, D.; and m;; are the nominal values
of Aez, Be“ Cez, DeZ and 7,;, respectively, for all ¢, j € S.

Based upon Proposition 1, we introduce the following defini-
tion.

Definition 3: Given a prescribed scalar vy € RT, filter
(3) is said to be a quadratic H, filter of fixed-order n; with
level g, for uncertain system (1) if there exist matrices P; €
Srtnp)x(ntns) i € S, such that, forall i € S

AZ—;PZ + PiAei + ijl friij PiBei éz:
BTP, —% I DL | <0 (6
éei ﬁei -1

hold over all the admissible uncertainties in (2).

The objective of the paper is to design a quadratic H, filter
of form (3) of order ny with a prescribed level vy, € R* for
uncertain MJLS (1) over the admissible uncertainties in (2).

III. FIXED-ORDER ROBUST H ., FILTER

In this section, we first present a result for analyzing the ro-
bust H, filtering level when filter (3) is given, then establish a
sufficient condition for constructing the desired robust H, filter
(3). Finally, an effective algorithm is suggested to solve the pro-
posed problem.

The following result gives us a criterion for testing the robust
H . filtering level of filter (3) for uncertain MJLS (1) over all
the admissible uncertainties in (2) in terms of coupled LMIs.

Theorem 1: Given a prescribed scalar v € R, filter (3)
is a quadratic H, filter of order n ¢ with level yg_ for uncertain
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system (1) if there exist matrices P; € S(+ms)x(ntny) T;; €
S(ntnp)x(ntns) and scalars Ag; € RT, Ap; € RT, Aos; € RT,
/\dzi € R+, /\cyi S RJr, /\dyi S RJrs L./ € 8’j 7£ i’ satisfying
the coupled LMIs

Qi PB; PMy My cT
BIP,  Qu 0 0 DT
MIp, o0 —Ay o | T |am || <@
ML 0 0  —Ay 0

for all 7 € S, where

Q1 :A?Pi-FPL'Arl-Z i Pj+ Z
j=1 J=1,j7i
+N1(/\(LLH Haz+/\czzHT HCZL""/\cyzHcI;”Hcyz)NlT

cz

Q2i = — Vi T+ N H; Hyi+ANazi H Y Hasi

+)\dyiH£,inyi
My; =[N1Ey; Ni1Ey NoBjiE.y NoBypiEgy; 0 0]
My; =[P;—P, --- Pi—P;_y Pi—P;1 --- P;—P]
Ms; =[0 0 —D¢Eeyi —DyiEgyi FEei Eail

Ay =diag(Aail, Aoi I, Aeyi L, Aayi D, Aczil, Aazil)

Ag; =diag (T, . .., Tyi—1), Tigi41)s - - - Tis)
- A0

A= [Bficyi Afl}

. B,

b= [BfiDy’Ll

C; =[C.; — D;iCyi  — Cyil
D; =D.; — Dy;Dy;

I,
Nl - |:0nf Xn]
_ OnX’n_[

v

Proof: According to Definition 3 and Schur complement
equivalence, given a prescribed scalar vz € R™T, filter (3)
is a quadratic H filter of order ny with level vy for un-
certain system (1) if, and only if, there exist matrices F; €
Sntng)x(ntns) i e S, such that inequality (6) holds for all
i € S over all the adm1551ble uncertainties in (2). Note that ma-
trices Am, Bez, Cm and Dez given in (5) can be written as

Ai + N1E4iFoiHuiN{ + NoByEeyiFoyi Heyi N
ei = Bi 4+ N1 Ey; Fyi Hyi + No By Egyi Fayi Hayi
ée' - CN’l + EcztizichiNlT - DfiEcytiyiHcyiNiT

Dei=Di+ Eg.iFy.iHyzi — DyiEgyi FayiHay;.

Aei
B

Therefore, through expanding the uncertainty terms, inequality
(6) can be rewritten as (8), shown at the bottom of the next page.
First, note that for any matrix 7;; € §(ntnp)x(ntny) the in-

equality
1 L _1
(|5amss - (0= Py3?] <) 20
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yields
1 2
Amij(Pj = Pi) < (§A7w) Tyj + (P = P))T; (P = P)).

Also note that Am;; = — E;:l,j;éi Aﬂ'ij and |A7|',L'j| < 2¢y4,
i,7 € S, 7 # 1, and we have

ZA’”UPJ
7j=1
= Y Am(Pj-P)
=1,
s 1 2
< Y <§A7fz‘j> Tij + (Pi = P)T;H (P, — P;)
=1,
< > [Ty + (P - PYT;H(P - Py ©)
=1,

Then in view of [15, Lemma 2.2], inequality (8) holds over all
the admissible uncertainties in (2) if there exist real numbers
Aai € RT, Ny € RT, Ay € RT, Aoy € RY, Aeyi € RT,
Adyi € R, and matrices T;; € Sntnp)x(ntns) e § j 44,
such that

Ly P,B; @T 1 P;NyBy; E.y;
B,L»TPi Q2 DiT +)\ 0 x|+
éi DL LQi vt _DfiEcyi
1 P;NyBy;Eqyi
3 0 x| <0
dy —DyiEayi
where
L17; :ANfPL+BA~1+ZW7]P]
j=1
+ Y [T+ (Pi= BT (Pi=Fy)]
J=1,j#1
+N1 ()\aLHg;Hm+)\PZ7H;1;ZH(’ZL+)\(’y7Hz;”H(’y1)NiT
1 1
+ PNy ( ~—EoEL+—EyEL | NI P,
)\a,'i )\bi
1 T 1 T
LQZ‘ = — I+_EcziEczi+_Edz’iEdzi'
Aczi )‘dZi
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Applying Schur complement equivalence and doing a congru-
ence transformation, we have the above inequality is equivalent
to (7). ]

In the following, we provide a comparison of the results in
[9], [12], and the current paper.

Remark 1: The model of the uncertain mode transition rate
matrix considered in [9] and [12] is of the form

ﬂ =II + AIl with |A7Ti]'| < 251’]’; €ij >0 (10)
for all 2,7 € S. A crucial difference between (10) and (2g)
is that e;; is not defined in (2g) for all ¢ € S. The reason is
that the probability constraint Z§:1 Am;; = 0, which ensures
Z;zl(ﬂ'ij + ATI',L'J') = 0, implies €;; = Z;:l,j;éi €ij-

Based upon Remark 1, we can prove that our bounding tech-
nique in (9) gives less conservative results than those in [9] and
[12] for dealing with the switching probability uncertainties.

Remark 2: Suppose there do exist uncertainties, that is, at
least one €;; > 0, j # 4. The bounding technique for the matrix
inequalities used in [9] and [12] is

Z Aﬂ'ijpj S Z ZEiij.
j=1 j=1

The bounding technique used in this paper is in (9). For those
eij > 0, j # i, we can choose T;; = (1/e;;)(P; + P;), then
et Tij+(Pi—P))T;; " (Pi— Fj)

= eij(Pi+Pj)+eij [P+ Pj+A4P;(P+ Py) 7' Pj— 4P

= 2eij(P;+Pj)+4ei;P; [(Pi+P;) ' = P;] P;

< ZEij(Pi—}—Pj).
Forthosee;; = 0,j # i, we choose T;; = (1/a) witha € R
sufficiently small such that

> [T + (P = P)T;' (P — P))]
J=1,j#i

< Z 2Eij(Pi+Pj)
J=1,j#t

s
= Z 2Ei]'Pj.
=1

(ATP+ P+ Sy mig Py + Sjcy A Py) - PB; CF
BIP; 4.1 Df
C’,‘, D1 -1
PN, E,; NHT" [ PN By 01" T o NHZT T 0 o 17"
+ sym 0 F,; 0 + 0 Fy; Hg; +| 0 F..; 0 + 0 Fy.; H(’{Zi
0 0 0 0 E..; 0 Eu: 0
PiN3ByiE.y; N HE, P;N2Byi Eqy; 0o 1"
+ 0 Fcyi 0 + dei H(};” < 0. (8)
—D¢iEeyi 0 —D¢;Egy; 0
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That is, our result is less conservative than the one in [9] and
[12] as long as there exist uncertainties.

The following theorem provides us with a solution to the
fixed-order robust H ., filtering problem (FRFP) for MJLSs with
uncertain switching probabilities in terms of coupled LMIs and
equality constraints.

Theorem 2: Given a prescribed scalar vy € RT, there ex-
ists a quadratic H filter (3) of order n s with level vz for un-
certain system (1) if there exist matrices P; € S +ns)x(ntny)
X; € Swtnpx(ndng) vy g §ltnp)x(ntng) 7.
§(ntng)x(ntny) T, € §(ntnp)x(ntns)  and scalars
Aai € R+, Qqi € R+, Api € R+, Aezi € R+, Qeri € R+,
Aizi € RT, Ayi € RY, ey € R, Mgy €RT 4,5 €S, 7 #14,
such that the coupled LMIs

Qsi Bi My NLX;
BY Qa0
v 0 (11
M 0 —=As; 0 <0 b
X; Ny 0 0 —Z;
Vit 3o (mij P+ €3 Tij) Mo
<0 (12)
ME —Aoy;

i 0] [Qu M| [ET 0
5l el[B i

with equality constraints

PX,=1,V,Z;, =1
{)\aiaai =1, Aczillezi = 1, /\cyiacyi =1 (14
holding for all ¢« € S, where
Qs3i = N{ X; N1 AT + A;NT X, N,
+ 7 NE XiNy + a0 B EX,
My; = [Ey; N{ XiNiHg; N{ X;N1HZ,; N{X;NiH_;]
ASi = dlag()\bLI, aaiI7 acin7 acziI)
- 1
Ei = ([Cyi Dyi Eeyi Eayl")
rQ¢i NEP,NB;+CLD._; 0 0
. Q2 + DL.D_; 0 0
Qs =
° ° —Aeyil 0
L o . . —Adyil
rN{P,N\E,; N{P,NiE,, CLE.., CLE.,;
0 0 DTE.., DTE,.;
M5L — zZ =t zZ d
0 0 0 0
L 0 0 0 0
r—Xail 0 0 0 0
. 0 —Apil 0 0 0
@si=| 0 Al 0 | Tl |ET,|F
L 0 0 0 _)\dziI E:{zz

Qe;i = AT N{ P;N, + N PN, A; + n;;N{ P;N, + CL.C.;
+ NlTV;Nl + /\aiH;FiHai + /\cziHc,I;ichi
+ /\cyiHT Hcyi

cyt

and Q9;, Mo;, As;, and Ny are given in Theorem 1. In this case,

by substituting the solution of (11)—(14) into

O + Ui Ji Vg + (Ui JiUR)T <0

5)
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for all 7 € S, where

[ Qr P,N1B; N,C% 0 0
BiTNlTPi Q2 DZZ 0 0
®,=| C,NT D; Qsi 0 0
0 0 0 =Xyl 0
L0 0 0 0 —Aayil
rP;N, 0
0 0
U= 0 I
0 0
L O 0
e[ 2]
Cri Dy
Nt 0 0 0 0
lI’Ri: T
CyiN{ Dy 0 Eoy FEgy
Qri=N1ATN{ P, + PN\ A;NT +) i, P
j=1
+ Y [T+ (Pi—P)T; (Pi—Py)]
J=1,5#i
1 r, 1 T\ ArT
+PiN1 (3= EBaiBa;+3—EviBy; | NI P,
ai bi
+Nl(/\aiHaq;'Hai"i')\czng;ichi+/\cyngg;iHcyi)N£F
1 1
QSi = I+—EcziEgzi+—EdziEc7l;i
)\(321', )\dzi,

and N5 is given in Theorem 1, one filter of form (3) can be
obtained by solving the coupled LMIs (15).

Proof: Note that the matrices Aei, ﬁei, C’ei, and ﬁei given
in (5) can also be expressed as

Aci = N{ANT + N1 Eoi Fui Hi N + N3 JiCys
+ N5 J;N3E. i FryiHeyi N
B.i = N1B; + Ny Ey; Fy; Hy; + N5J;N3D,;
+ N5 J;N3Eqy; Fayi Hayi
Coi =C.iNI + E..;F,.;H..;NT + Ny J;Cyi
+ NyJ;N3E.;FoyiH.\i NT
Dei =D.i + Eq.iFyiHy.i + N4J;N3D,;
+ NyJ;iN3Eqy; Fayi H gy

where

N3 — |:0n><ny:| , N5 —

0 Onxn. | _
Iny |:I”f 0 :| B [N2 0]

o [0 L,_[ N
ViT |Gy 0 T | CuNT |

Now, inequality (6) can be expanded as the equation shown at
the bottom of the next page. Applying [15, Lemma 2.2] and the
bounding technique in (9), the above inequality holds over all
the admissible uncertainties in (2) if there exist real numbers
Aai € R+, Api € R+, Aesi € R+, Ad=i € R+, )\Cyi S R+,

N4 = [OnZan _In;] )
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Adyi € RT, and matrices Tj; € S(t7)x(ntns) 5 e S 5 +£ 4,
such that

Q7 P,N\B; N,C%
BENTP,  Qa DY,
C.;NT D, Qsi
v 0" 0 |A[ M 00
sym i
Y o 1 CyiNT Dy 0
[P,Ny 0]
1 1
+ 0 0| J; |:E0 :| *
/\cyl 0 —I cyt
1 [P,Ny 0] 0
+ 0 0 Ji[ :| x| <O0.
/\dyi 0 I Edlli

In view of Schur complement equivalence, the above inequality
is equivalent to (15). Now, according to the Projection Lemma
[26], [27], inequality (15) is solvable for .J; if, and only if, the
following two matrix inequalities hold:
T
U@ (Ug;) <0

(V%) @ [(mgi)lr <0.

(16)
a7)

Note that matrix inequalities (16) and (17) cannot be solved
easily since they are not LMIs. Therefore, in the sequel, we try
to translate (16) and (17) into the form of LMIs with equality
constraints, which can be solved easily using algorithms devel-
oped in [28] and [29]. To end this, we first have

NIP7* 0 0 0 0

S 0 I 000
Li 0 001 0
0 000 I

Note that N N1 = I,,, Aeyi € RY, Agyi € R and define
X; 2 P,L-_l, then (16) is equivalent to

|:L3i B; } <0

BiT Qi (18)
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where

X > [miPitedTij+(Pi= P)T;(Pi= Pj)1XiN
i=li#i
+ NiTXLNl (A(ILHg;H(I1 + )\cyng;,iHcyi
+)\cziHT chi) NiFXle

czi
1

1
+ (—EaiEZ;--i- Eszg;> .
Abi

)\ai

Now, let V; € S(ntns)x(n+ns) guch that

Y [mub+ el Ty + (P = )T (P = Py)] < Vi
i=Lj#i
and define ag; 2 (1/Aai)s Qozi = (1/Aexi)s Coyi = (1/Aeys)
and Z; 2 Vi_l. Then, inequality (18) is equivalent to (11) and
(12) with equality constraints (14).
Next, we have

crt NI 0 0 0 0
DY, o0 oo
1
(Vhi) = | | EL, 0 00 I 0
ET4 0O 0 0 0 I
dyi
0 71Lo o1 0 o

Then, inequality (17) is equivalent to the equation shown at
bottom of the next page. In view of Schur complement equiv-
alence and a congruence transformation, the above inequality
is equivalent to (12) and (13). This completes the first part of
the proof. To end the proof, note that (11)-(14) being solvable
means that (16) and (17) hold, which further implies that a filter
of form (3) can be obtained by solving (15) after substituting the
solution of (11)—(14) into (15) in view of the Projection Lemma
[26], [27]. ]

In the case when the mode transition rate matrix is known
exactly, we can obtain a simplified result for constructing fixed-

(NlAiTNlTP,L- + PNLANT 4+ 05 (i + Amj)P») PiN\B; N,CZ
BINTP, Y
szNiT DZi -1
T AT T
IJiNlE(”' NIHM' 0 Nchzi RNIEIH 0
+ sym 0 Fy; 0 + | 0 | Fe 0 + 0 Fy; | HY
0 0 E..; 0 0 0
[0 o 1" P;N; Cy; g P;Ns NHE, ’
+ 0 Fy.i Hg;z + 0 J; D;N:;T + 0 JiN3Ecytiyi 0
| Eazi 0 Ny 0 Ny 0
[ P;Ns o 1"
+| 0 JiN3 Eqyi Fyi HdTyi <0.
N 0
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order robust H, filter (3), which is stated in the following corol-
lary and can be proved similarly to that of Theorem 2. How-
ever, the condition is necessary and sufficient since the bounding
technique in (9) is no longer needed in the proof.

Corollary 1: Consider uncertain Markovian jump linear
system (1) with mode transition rate matrix known exactly;
for a prescribed scalar vy € R, there exists a quadratic
H filter (3) of order ns with level yg__ if, and only if, there
exist matrices P; € S(ntnp)x(ntns) x. ¢ gntns)x(ntny)
and scalars \q; € RT, aq; € RT, M\yi € RT, Ay € RT,
eyy € RJ", Adzi € R+, )\cyi € RJ", Qeyi € R+, )\dyi € RJ",
1 € S, such that the coupled LMIs

Q3 B My Mg
BI Qq 0 0
' <0 19
ME 0 —As;z 0 (19
Mg 0 0 —Ay
=¥ i M| [ET
= e
0 Ij|lME Qs 0 I

with equality constraints

PLX1 = I7 )\aiaai = 17 )\nziaczi = 17 )\cyiacyi =1
(21)
holding for all 2 € S, where
Mg; = [VmaN{ X; JmeN{ Xi -+ /T NT X;
VT N Xi o TNy X
A4i :diag(Xl,Xz, e 7Xi—17Xi+17 e ,Xs)
Qsi NIP,N1B;+CLD,; 0 0
Q4 = . Q2 + DL.D,; 0 0
S I ° —Aeyil 0
° ° ° —Adyil
Qi = Qi — NI Vi1 + Z mi;N{ PiN1

j=1,j%#i

and Qo;, Qsi, As;, My;, M5;, and =; are given in Theorem 2. In
this case, one filter of form (3) can be obtained by solving the
LMIs (15) with Q7; replaced by Q7; for all ¢« € S, where

Qri=Qu— Y [e5Ti+(Pi—P)T; (Pi—P)].
J=1,5#i
To solve the coupled LMIs in (11)-(13) with equality con-
straints in (14) effectively, we first choose a sufficiently small
number 8 € RT, then replace 3, in (11) with Q3; + BI, Qe;
in (13) with Qg; + S1, respectively, and change “<” to “<” in
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both (11) and (13). The modified versions of (11) and (13) will
be denoted by (11) and (13), respectively. Finally, the equality
constraints in (14) are relaxed to

P v, I A 1
|: 1 XL:| Z 07 1 Zz Z 07 1 Qgq Z 0
Acci Lol [Aei b5y
1 Qezi | — 1 Aeyq -
(22)

Now, the optimization algorithms developed in [28] and [29]
can be employed to solve this nonlinear problem. The solution
of FRFP is summarized below.

Algorithm FRFP: For a desired precision § € R, let
kmax be the maximum number of iterations, and a suf-
ficiently small number 3 € RT be given. Define two
decision variables W; 2 diag(P;, Vi, Aai, Aczi, Aeyi) and
U £ diag(Xi, Zi, Qais Qezis Qeyi)-

1) Determine W2, U2, AJ;, \Y_., )\Syi, T).i,j €8, j#1,

satisfying (11), (12), (13), and (22), and let k := 0.

2) Solve the following convex optimization problem for the
decision variables W;, Ui, i, Adzis Aayis Lij, 4,5 € S,
j# i

min Z trace (W; Ul +wk U;)
=1
subject to (11), (12), (13), and (22) forall i € S.

?

3) Let L¥F := W; and R} := U, foralli € S.

4) If | >0 trace(LEFUF + WERF)
230 trace(WFUF)| < 6, then go to Step
7), else go to Step 5).

5) Compute 6* € [0, 1] by solving

S

gnhi)nl] trace ([Wik-i-ﬂ (Lf—Wik)] X [Uik+9 (Rf—Uik)]).
€lo, =1

6) Let WL .= WF 4 o*(LF — WF), UF = UF +
0*(RE —UF) foralli € S,and k := k+ 1. If k < kmax,
then go to Step 2), else go to Step 7).

7) Stop.If 37, trace(W}FUF) = 3s+2s(n+ny), a solu-
tion is found successfully and a desired fixed-order filter
of form (3) can be obtained by solving (15), else a solu-
tion cannot be found.

Remark 3: As explained in [29], Algorithm FRFP is globally

convergent since the sequence of the function

F(k) 23 trace (WFUF), k=0,1,2,...

i=1
Cg; L N1TQ7,L'N1 ]\/vin)Z]VlBZ 0 0 CZT; Cg—; 17
DyTL B N{'PiN, Q2 0 0 DT, DyTi
ET. 0 0 0 ~Aeyil 0 0 T 0l o ¢
cyi L
0 0 0 —Aayil 0
E‘,ﬂﬂ dv Eg;/i
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generated by Algorithm FRFP always converges to some f* >
3s+2s(n+ny), while the alternating projection method, which
was used to construct the reduced-order filters for MJLSs in
[21] and [22] is guaranteed to converge only locally [29], [30].
Algorithm FRFP can be applied to Corollary 1 similarly.

IV. NUMERICAL EXAMPLE

In this section, to illustrate the usefulness and flexibility of the
theory developed in this paper, we present a comparison with ex-
isting results [18]-[20] using a numerical example. Attention is
focused on designing robust H, filters for MJLSs with uncer-
tain switching probabilities. It is assumed that the system under
consideration has two operation modes, and the uncertainties
only exist in the mode transition rate matrix. The system data of
(1) are as follows:

-02 0 —0.1 -1 0 0
A= 0 —01 0 |, Ay,=]02 -3 -02
| 0.2 0 -3 0 0 -4
1 0 00
Bi=1|0 0|, By= 107CZ1:[12_01}
2 0 0 1
-1 0 1 0 0 00
A R
(1 1 0] 1 0 1
“=1o 1 0 ’Cyz:[l 0 0]
[0 0.1] 0.1 0
Du=101 o Dyz:{o 01]
II = _72 _27 612:0.7. 621—3

The nominal system of this uncertain system is robustly mean
square stable. Suppose that a robust H., filter with level
VH., 2 0.4 s desired over the switching probability uncertain-
ties Ao € [—1.4,1.4] and Ama; € [—6,6].

A. Filter Design Ignoring Switching Probability Uncertainties

Observer-Structured Filter: We can construct an observer-
structured filter OFa—g

{ii?f(t) =A(r(t))zs(t) + K (r(t)) [y(t) — Cy (r(1)) 24 (t)]
zp(t) = C. (r(t)) T ()

[ 27.4126
—11.5524
| 29.3859

[3.1135
6.0657
| 3.1646

—16.7995
13.9000
—7.9428

—0.0749
—3.8481
7.3039

Ky

K, =

based on Theorem 3.1 and Corollary 3.1 of [18]. The H fil-
tering level of this filter for the nominal system is vy~ =
0.2324.
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Special Structured Full-Order Filter: This method comes
from Theorem 3.2 and Corollary 3.1 of [19] (also [20, Th. 1]).
We can obtain a special structured full-order filter SFF3A_( of
the form

{ ap(t) = Ayp (r(t)) w(t) + By (r(t)) y(2)
zp(t) = C: (r(t)) w(t)

with
[ —32.4597 —13.3938  0.5624
Ay = | 11.8860 0.2883 —0.2643
| —43.7030 —23.3530 —2.0224
[—2.3653 —0.0363 —2.0025
Af, = | —1.3190 —1.9069 —4.5147
| —8.2833  0.3496  —5.4904
[ 33.4598 —18.6459
By = | —12.3721  11.4281
| 45.5602  —20.2060
[1.7548 —0.3383
By, = [4.9297 -3.6057
| 1.2722  7.0161

We say this filter is special structured since it is a special case
of the filter (3) with ny 2 n, C; 2 C.; and Dy; 2 0 for
all i € S. The H, filtering level of this filter for the nominal
system is vy = 0.2570.

General Fixed-Order Filter: Based on Corollary 1 and Al-
gorithm FRFP in this paper, both full-order (ny = 3) filters and
reduced-order (ny = 2) filters of form (3) can be obtained. To
compute with Algorithm FRFP for this problem, it is chosen that
§ = 10719 kyay = 100 and 8 = 0.01.

First, we can find a general full-order filter (GFF) of form (3)
with

[ —3.7888 —0.6949 1.9856 ]|
Ag = | —1.1536  —0.3740 0.6688 | x 10°
| 3.5505  0.4978  —1.8045
[—2.0386 —1.2090 0.8649 ]|
Ap, = | —1.3772 —1.6331 0.4890 | x 10°
| 11990  0.3026 —0.5684 |
[ —103.0831 —200.2568
By, = | —75.2408  —47.0061
| 56.1931 200.3621
[—156.3161 12.6782
Bj, = | —156.6466 —75.3309
| 66.1130  —46.6642
O — [—2.3414 2.9495 1.8712
= | —8.6909 —3.0911 5.3367
O - [ —7.4588 2.2201 2.3564
f2 = | —20.2044 2.2240 11.3131
D. — [0.0360 0.1632 _[0.2017  —0.0804
A= 10.2647  0.6462 |’ 27106995 —0.1865 |

This filter is denoted by GFFsa— in Table I. The H, filtering
level of this filter for the nominal system is vz = 0.3743.
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TABLE I
FILTERING PERFORMANCE FOR DIFFERENT SWITCHING PROBABILITY UNCERTAINTIES
Alli,  Ally; || OFazo  SFFsa—o  GFFsa—o GFFaa—o GFFsazo  GFFaaxo
—-14 6 0.2102 0.2337 0.5493 0.6410 0.3378 0.3471
0 6 0.2125 0.2382 0.3935 0.4004 0.3346 0.3385
1.4 6 0.2169 0.2426 0.3846 0.3386 0.3316 0.3322
—1.4 0 0.2168 0.2406 0.4830 0.5498 0.3388 0.3412
0 0 0.2324 0.2570 0.3743 0.3383 0.3326 0.3289
1.4 0 0.2604 0.2827 0.3669 0.3219 0.3279 0.3217
—-1.4 —6 || 3.7899% 0.9929 0.3475 0.3266 0.3116 0.3099
0 —6 || 54.3409 1.1534 0.3192 0.2996 0.3066 0.2949
1.4 —6 Us 1.3129 0.3104 0.2982 0.3038 0.2893
1 Boldface figure indicates that the filter has violated the specified performance.
§ U indicates that the filtering error system is unstable.
Also, a general reduced-order filter of form (3) can be found Ch = —4.9557 —3.4530 —2-1800}
with T -5.6549  —0.5205  1.2402
A = —73.8423 —64-0607] Oh - [ 0.1162  —0.7361 2.3490
b -97.3595  —97.5365 27 [ -0.7206  0.8872  2.4016
A, — | 420696 —0.8801 [—0.0784 0.3491
2= | ~2.7695 —50.3559 | Dy =1 _0o101 0,3495}
B. — [—32.7018 6.6411 [ _0.0708 —0.0655
717 | ~43.1803  6.5372 Dp = _p 0263 _0,0346}
B;, = [ —0.0830 —1.6061 This filter is denoted by GFF3a¢ in Table I. The performance
[ —13.5549  18.0562 | of this filter for the nominal system is v7; = 0.3326.
[ 0.5608 4.8390 ] A general reduced-order filter of form (3) can also be con-
Cn = | 14354 —06276 structed with
o © 21690  —1.3958] Ay = —41.4956 195.55§7 ]
2= | 19647 —3.4868 | 386.2257 —2071.566
[t 073 - [y v ]
77 03251 1.1509 L2 e
b [ 01673 0.0268 1 By = 13.4273r 23.8642 }
2= | Z0.0801 —0.0977 |- I —111.7457 —284.3378
This filter is denoted by GFF5a_g in Table . The H., filtering By, = —1.0129  5.1328 ]
level of this filter for the nominal system is vz = 0.3383. * [ -10.9206  13.4662
[3.0783  —4.7947
B. Filter Design Considering Switching Probability Cp = 1.7707 —7.8267}
Uncertainties (290323 0.3450
Based on Theorem 2 and Algorithm FRFP, general fixed- Cp, = 0.2520 —5.7626}
order filters of form (3) can be constructed which take into con- T 1.8045 0.7760
sideration of the uncertain switching probabilities. Dy = 0.3670 0. 0759}
A general full-order filter of form (3) is obtained with -
—3586.5831 —1892.4432 542.6471 Dy, = g;ég gggg;} .
Ap = | —2449.2871 —1539.9287 301.0376 ) ) L o
23122163  —383.4127 —19.9566 This .ﬁlter is denoted by .GFFZA#) in Talale I. The performance
T _A4T1.6879 —3327.3988 607.0330 of this ﬁlter.for the nommgl system is v = 0.3289.
Table I gives a comparison of the performance of these fil-
Ay, = | —3390.9467 —2534.0061 415.8533 ters on some points in the uncertainty domain (including the no
—787.9683  —595.7455  48.5043 Jomep Tty UCIng e
L uncertainty case, and the vertices of the uncertainty domain).
70.5386  —407.6835 From this table, we can see that the filters designed by ignoring
By, = | 1553934 —271.8032 switching probability uncertainties do not always guarantee the
| 100.3480  —28.2886 desired H, filtering level, while the filters designed by consid-
[252.2152  161.7097 ering switching probability uncertainties can. Table I also shows
By, = | 2109103 97.5028 us that these uncertainties can degrade the performance of filters
68.0593 —3.4918 and even destabilize the filtering error system in some cases.
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Therefore, it is important and necessary to consider the effect
of uncertain switching probabilities for MJLSs when designing
filters. Fortunately, the developed theory in this paper provides
us with a powerful design procedure for such problems.

V. CONCLUSION

In this paper, we have investigated the fixed-order robust
H , filter design problem for a class of Markovian jump linear
systems with uncertain switching probabilities. Attention was
focused on dealing with the uncertainties in the switching prob-
abilities. This led to a nonlinear problem consisting of a set of
coupled linear matrix inequalities with equality constraints. To
solve such a problem, an effective algorithm involving convex
optimization was addressed. Once the nonlinear problem is
solved, a robust H, filter can be constructed by solving a set of
linear matrix inequalities. The developed theory was illustrated
by a comparison and presented powerful utility and flexibility.
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