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Abstract—In this paper, we address the problem of improving
the performance of multiuser space-division multiplexing (SDM)
systems where multiple independent signal streams can be trans-
mitted in the same frequency and time slot. The problem is im-
portant in multiuser multiple-input multiple-output systems where
communication from one base station to many mobile stations can
occur simultaneously. Our objective is to devise a multiuser linear
space–time precoder for simultaneous channel diagonalization of
the multiuser channels enabling SDM. Our new approach is based
on diagonalizing the multiuser channel matrices and we use a vari-
ation of successive Jacobi rotations. In addition to the diagonal-
ization, our approach attempts to optimize the resultant channel
gains for performance enhancement. Our method is valid for both
frequency-flat and frequency-selective fading channels but we as-
sume that the base station knows all the channels and that they are
quasi-stationary.

Index Terms—Capacity, co-channel interference (CCI), di-
versity, joint-channel diagonalization (JCD), multiple-input
multiple-output (MIMO), multiuser communications, smart
antennas, space-division multiplexing (SDM), spectral efficiency.

I. INTRODUCTION

CO-CHANNEL interference (CCI), as a result of frequency
reuse, and intersymbol interference (ISI) caused by mul-

tipath fading have long been viewed as the major obstacles that
limit the performance of high-speed wireless communications.
To circumvent the impairments, various techniques such as
channel coding, equalization, and interference cancellation
have been investigated. One of the most promising techniques
is through the use of smart or adaptive antennas. Several smart
antenna systems have been proposed and demonstrated at the
base station (BS) of the wireless communication system (e.g.,
[1], [2]). In recent years, performance enhancement utilizing
multiple-input multiple-output [(MIMO) or multiple-transmit
antennas and multiple-receive antennas] systems has been
proposed [3]–[8]. In these systems, smart antennas are operated
jointly at both the transmitter and receiver.

In this paper, we address the problem of enhancing the
performance of multiuser MIMO systems for transmission
from one BS to many mobile stations (MS) (or point-to-mul-

Manuscript received December 21, 2001; revised June 25, 2002 and August
28, 2002; accepted September 8, 2002. The editor coordinating the review of this
paper and approving it for publication is F.-C. Zheng. This work was supported
in part by the Hong Kong Research Grant Council (HKUST6024/01E) and in
part by the Hong Kong Telecom Institute of Information Technology.

K.-K. Wong is with the Department of Electrical and Electronic Engineering,
The University of Hong Kong, Hong Kong (e-mail: kitwong@ieee.org).

R. D. Murch and K. B. Letaief are with the Center for Wireless Information
Technology, Department of Electrical and Electronic Engineering, The Hong
Kong University of Science and Technology, Hong Kong.

Digital Object Identifier 10.1109/TWC.2003.814347

tipoint) in both frequency-flat and selective fading channels.
To this end, we consider a linear multiuser precoder, operating
in space–time, at the BS, and conventional maximal ratio
combining (MRC) at all the MS for reception. Our objective is
to determine the multiuser precoder for joint multiuser channel
diagonalization in a synchronous multiuser channel, subject to
the constraint of fixed user transmit power and that the trans-
mitter (or BS) knows all the channels. Our approach is based on
diagonalizing the matrices and we use a variation of successive
Jacobi rotations. By doing so, we only need to determine four
antenna weights among all the users’ antenna weights at each
step and this greatly reduces the system complexity compared
with other schemes.

In [3], space–time or frequency codes that allow space-di-
vision multiplexing (SDM) were proposed for increasing the
system capacity in the context of single user communication
(point-to-point transmission). It was also demonstrated that ex-
traordinary capacity could be achieved with or without channel
state information (CSI) at the transmitter. More recently in [4],
the capacity and the array gain of a perfectly optimized MIMO
antenna system was studied under the consideration of adaptive
power allocation among the parallel channels. Later, in [5], a
solution using MIMO antenna to the broader problem of per-
formance optimization for multipath frequency-selective fading
channels in the presence of interference was provided. However,
point-to-multipoint downlink communication using an antenna
system has not been well studied. In addition to exploiting mul-
tiple signaling spatial dimension, space diversity can also be em-
ployed for support of multiple users, transmitting in the same
frequency band and time slot [6]–[8]. In [6], joint optimal beam-
forming and power control was studied in a multipoint downlink
scenario. However, the study was limited to the case that single
antennas are used at the MS terminals. In [7], Wonget al.con-
sidered a multicarrier MIMO system in the context of multiuser
communications. An iterative approach based on the flat-fading
weights solution in [5] was proposed.

Our work is different in that we look into the problem of
diagonalizing multiuser downlink channels simultaneously so
that CCI can be nullified while at the same time the resultant
channel gains can be optimized for maximizing the overall
system capacity. Provided that this joint diagonalization exists,
the resulting multiuser MIMO system will be decomposed
into parallel uncoupled channels and users’ data can be trans-
mitted in disjoint space. One motivation of decoupling the
multiuser channels is that users can be treated independently
and some advanced techniques such as adaptive bit and power
allocation can be used to further improve the individual user’s
performance without affecting the performance of other users.

1536-1276/03$17.00 © 2003 IEEE
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Fig. 1. System configuration of a multiuser MIMO antenna system.

Throughout this paper, we shall refer to this diagonalized
system as a joint multiuser MIMO system (JMMS).

The assumption for this scheme is that the BS knows all the
channels and the channel dynamics are quasi-stationary over
a block of precoded bits as is typical of indoor low-mobility
high-speed wireless communications. The proposed system is
best implemented in time-division duplex mode as pilot sym-
bols can be used for obtaining good estimates of CSI during up-
link reception [9]–[11] and the estimates can be readily used for
computing the antenna weights for downlink transmission. For
indoor users, it is reasonable to have a small value of Doppler
frequency, say 10 Hz (speed of 0.6 m/s at 5 GHz), which cor-
responds to a coherence time of 40 ms. Therefore, the channel
would be relatively stationary as compared with the 2-ms frame
duration of HiperLAN type 2 as an example.

The remainder of the paper is organized as follows. In
Section II, we introduce the system model of a multiuser
MIMO system. Section III proposes an iterative algorithm to
determine the multiuser space–time precoder for a general
multiuser MIMO system in multipath fading environments. In
Section IV, simulation setup and results are presented. Finally,
we have some concluding remarks in Section V.

II. M ULTIUSER MIMO SYSTEM MODEL

The system configuration of the multiuser MIMO antenna
system is shown in Fig. 1 where one BS is transmitting to

MS. For the MIMO system, antennas are located at the BS
and antennas are located at theth MS. We first consider
the link between the BS and a single user. Data is transmitted
in blocks of symbols of length and the number of spatial
subchannels (spatial subchannels or spatial dimensions are
the channels created from space, usually by distinguishing the
signals received from different locations) per user is denoted
by . Therefore, the total number of symbols sent by the

th user is (or more generally
can be a fractional number) and this is written in packet format:

, where

is the th dimension of the th symbol transmitted by the
th user, and the superscriptdenotes the transpose operation.

The packet is multiplied by a transmission matrix

...

...
.. .

(1)

to produce a packet which is transmitted by
the th BS antenna to the th mobile in a block of length .

The channel between theth BS antenna andth MS antenna
is assumed quasi-stationary and can be considered as time-in-
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variant over a packet, so that it can be characterized by a Toeplitz
matrix [5]

...
...

. . .
. . .

...
. . .

. . .
. . .

...
. . .

...
. . .

. . .
...

(2)

where the maximum delay is assumed to last forsamples and
the discrete-time channel gains are defined by a multiray model,
so the dimensions of are .

At the MS, the received packet at theth antenna is given by
and is weighted in space and time

by a matrix , where

...

...
...

(3)

and the superscript denotes the conjugate transpose
operation, to produce an estimate of the original
packets. Writing the packet transmitted from all antennas
as and the received data by
all antennas as , we can
write the received signal of the entire MIMO system as

(4)

where is the noise vector that is assumed to be additive white
Gaussian noise (AWGN) with power . Likewise, is given
by

...
...

...

(5)

where is defined in (2). The estimate can then be
written as

(6)

where
denotes the space–time weights operating on the received sig-
nals, and denotes
the space–time weights operating on the transmitted packet.

By considering all users, we obtain an -user MIMO
system as

(7)

where denotes the symbols transmitted from the
th user.
Note that there are symbols transmitted in symbol

durations by the th user, and it is known [3] that the number
of spatial dimensions should be bounded by

(8)

In addition, the above formulation assumes that are uncor-
related with themselves and .

We also find it useful to define the multiuser transmit weight
matrix

(9)

but note that a similar definition for a multiuser receive weight
matrix is generally not possible as the number of antennas at
each of the mobiles might be different.

III. M ULTIUSER CHANNEL DIAGONALIZATION

Our objective is to obtain a multiuser channel diagonalization
that optimizes the performance of the multiuser MIMO system
in the downlink. We do this by optimizing the transmit and re-
ceive antenna weights such that

(10)

where denotes the trace of the input matrix, and

...
...

(11)

in which is defined by

(12)

and

(13)

is of dimension . Likewise, is the th subblock
zero matrix of dimension . From definition (12), each
subblock matrix corresponds to the signals transmitted for each
user to mobile location and, hence, by making all of them
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Fig. 2. Equivalent channel model of themth user wherew is white
Gaussian noise with zero mean and� variance.

zero except for the th user, the CCI can be completely elim-
inated. The motivation for performing this diagonalization, if
possible, is that the overall system becomes equivalent to un-
coupled parallel channels for the mobiles (see Fig. 2) with their
gains maximized so that

(14)

where is another zero-mean complex AWGN noise vector
with power , assuming the column vector of is unit norm.
The multiuser system capacity is then a simple extension of
channel capacity for single-input single-output channels with
memory [12] and can be expressed as

(15)

where represents the determinant of the input matrix,
takes the modulus of every entry of the input matrix, and

.
We perform the optimization (12) and (10) under the

following constraints. First, the transmit power at the BS
is fixed at all time samples and invariant from sample to
sample. This is done by constraining the radiated power of
each transmit weight vector to be . Therefore, adaptive
modulation or “water-pouring” solution of adaptive power
and information rate will not be considered in the analysis.
(However, our results can be easily extended to the variable
power case. This imposed constraint is in fact notnecessary, but it
simplifies the formulation.) Additionally, the rank requirement

is imposed and assumed to be fixed during
the optimization to ensure that all the transmitted symbols
are received.

To begin, we first match the receiver to the channel to give
. This is essentially an MRC receiver and will

be the optimum receiver in our configuration because the joint
diagonalization we are using will nullify the interference terms.
After doing so, it should be noted that is now positive def-
inite and would have nonnegative entries. Next, note that (12)
can be rewritten as

...
...

...
...

. . .
...

...
. . .

...
...

. . .

(16)

in which the symbol “ ” is an arbitrary matrix of ap-
propriate size. In (16), the th subblock matrix

corresponds to the th user’s signal
components received by the weight matrix at
the th mobile location . Obviously, at the th mobile
location, the receive weight matrix is and only the

th user signals are to be detected. Therefore, the th
subblock matrix with is not of our interest and is
indicated by the symbol “ .” Our optimization (10) is then to
find so that

(17)

A. Multiuser Optimization

Performing our joint-channel diagonalization (JCD) (16)
involves nullification of many dependent co-channel sig-
nals passing through different channels, and this makes a
closed-form solution for the antenna weights extremely diffi-
cult to obtain. We have, therefore, resorted to a sequence of
similarity updates that was inspired by the work of successive
Jacobi rotations [14]. By doing so, the optimization can be
reduced to a diagonalization problem of, at most, two channels,
and this is more easily solved.

The sequence of similarity updates we invoke can be written
as with initialization .
Each new can be thought of as an updated channel matrix
for mobile , which tends to more nearly satisfy our desired
diagonalization (16) than its predecessor. At the first step, the
transmit weight matrix is initialized as an identity matrix,

. (In general, is rectangular and, hence, is rectangular.)
After an adequate number of updates, (16) is eventually ob-
tained. We can then use this to find ,
where is the updating matrix at theth step and is the
total number of updates. The tools for doing this are transfor-
mations of the form (a variation of successive Jacobi rotations
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[14])

...
...

...
...

...

...
...

. . .
...

...

...
...

...
. . .

...

th row

th row

(18)

where is the th updating (space–time) element of the
space–time weight vector for a certain user, say, is the th
updating element of the weight vector for another user, is
the th updating element of the weight vector for user, and

is the th updating element of the weight vector for the user
.

By letting , we can observe that the ma-
trix agrees with except in rows and columnsand . As
a result, we can reduce our optimization problem of each update
by considering the following transformation:

(19)

where

and

(20)

in which and are, respectively, the th entries of
and . The matrix is the two-element two-user

weight matrix for transmitting signals for users and .
For each update, we only consider signals at mobile locations

and and only the th and th space–time elements for
users and are optimized. Signals at mobile locations

are not of our interest. Following (16) and (17),
the objective of each update is now to find the values of, , ,
and so that

(at the th mobile location)

(21)

(at the th mobile location)

(22)

and

(23)

To perform this optimization, there are two possible
situations.

• Single-User Case—When , the above
optimization reduces to achieving

(24)

and the maximization of the sum .
This can be done readily by the eigenvalue decomposition
(EVD) of . As a consequence

eigenmatrix of (25)

• Two-User Case—When , the optimal solution
to jointly obtain (21)–(23) is unavailable. To deal with
this, however, we use the solution to be presented in Sec-
tion III-B [see (38)]. This solution can ensure the diago-
nalization of (21) and (22) while the individual gains

and are maximized indirectly through the maximiza-
tion of signal-to-interference ratio [defined later in (34)
and (35)]. Using this solution, the values of, , , and
can be found by

(26)

where is the whitening matrix such that

, and is the 2 2 matrix

that contains the eigenvectors of .
As a result, for each choice of , we can find the transfor-

mation matrix that makes the composite channel approach
(16) satisfied more closely. The details of how the iterations are
carried out are summarized as follows.

1) Initialize and . Then, set
and .

2) Form an updating matrix based on (18).
Identify the users and who correspond to, re-
spectively, the th and th column vectors of . If

, the values of and are found from
(25), whereas (26) is used if .

3) Compute

(27)

If ( typically), go to Step 5; oth-
erwise, proceed to Step 4. When having a nearly zero
value of , the updating matrix or is close
to an identity matrix, meaning that this updating is not
necessary.

4) Update the effective channel matrices for allby

(28)

If , then update ; else update
and . But if and , reset

and . Finally, update . Then, go
back to Step 2.
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5) The convergence is said to be achieved and the transmit
weight matrix can be constructed by the multiplication of
all the updating matrices, i.e.

(29)

Normalization is then performed for all columns ofto
satisfy the power constraint. The corresponding receive
matrix for user can then be found by .

We refer to the overall system as a JMMS or JCD. The pro-
posed JMMS attempts to maximize (17) [and, hence, the overall
system capacity (15)], and transmits multiuser signals in disjoint
space–time subchannels. Although we cannot prove (the diffi-
culty of having such a proof is that in generaldoes not have
to be orthogonal) that JMMS achieves (16), numerical results
we have carried out suggest that JMMS is a way to achieve (16)
as long as the necessary conditions for the minimum number of
transmit and receive antennas are satisfied (will be discussed in
Section III-C).

Intuition about this scheme can be obtained by considering a
special case of a two-user system with three BS antennas, three
antennas per MS where MS 1 transmits two dimensions and MS
2 transmits one dimension (i.e., ) in flat-fading
channels (so we can consider ). Following the above
Steps 1–5, we will initialize and and

. Then, the updating matrix is found using (25) and
the matrices and are found using (26). Updating will
continue until convergence and the joint transmit weight matrix
is given by

(30)

where denotes the updating matrix in the second round
iteration.

After going through the above iteration, multiuser diagonal-
ization could be obtained so that

(31)

and

(32)

where means the “do not care” and this corresponds to the
unused subchannel gains. The corresponding system spectral
efficiency is then given by

(33)

A detailed study of the complexity issue of the algorithm is
beyond the scope of this paper. However, some ideas can be
gained from this example. When computing the updating ma-
trices, , the number of floating point operations

(flops) is , while the other updating matrices require
flops. The number of iterations for convergence in general de-
pends upon the sizes of the channel matrices and the number of
users. In this example, on average, the number of iterations re-
quired is 16 .

B. Two-User Optimization

A key part of the solution to the optimization (17) described
in the above section is a linear space–time precoder for simul-
taneous channel diagonalization of a two-user system [used in
(26)]. To perform this, we make use of a closed-form solution
for a linear space–time precoder given in [8]. This solution has
been shown to be effective, especially when the number of users
or the number of antennas at MS is small. In the following, we
shall show that the solution in [8], with a little modification, can
be used to simultaneously diagonalize two users’ channels.

Consider a special case of a two-user system ( ), with
two antennas at the BS ( ), and both MS has two an-
tennas ( ) and transmits in only one dimension
per user link (i.e., ) in flat-fading channels. In a
flat-fading radio environment, ISI is negligible, so that the same
set of weights can be used for the entire packet (i.e., )
[5]. Denoting the transmit weight vectors for User 1 and 2, re-
spectively, as and , performance
enhancement is done through the following maximization:

(34)

and

(35)

Here, instead of performing the above maximizations di-
rectly, as in [8], we focus on the case when the signal-to-noise
ratio (SNR) is large (i.e., ). Therefore, the
noise term (or the identity matrix in the denominator) could
be ignored. To solve for the weights that maximize (34)
and (35), we begin by writing the EVD of the channels as

and . Also, let
, where is a real constant that

restricts the norm of to be , and the superscript
denotes the inverse of the square root of a matrix.

(When the matrix is singular or the channel is rect-
angular, a Moore–Penrose pseudoinverse is used. A matrix

is said to be the square root of if .) Then,
the expression in (34) is maximized when , the
eigenvector that corresponds to the largest eigenvalue of

.

A similar solution for can be found to maximize (35).
However, we note that (35) can be thought of as a minimization
problem. That is

(36)
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As a result, the weight vector that maximizes (35) or equiva-
lently minimizes (36) can be written as

(37)

where is a real constant and is the eigen-
vector that corresponds to the least eigenvalue of

. As a consequence,

the solution for and that jointly performs (34) and (35)
is given by

(38)

where , and is the matrix whose columns
are the eigenvectors of . Equation (38) is the so-
lution we use in (26).

C. Necessary Conditions for JCD

We are interested in finding necessary conditions for (12) or
(16) to exist. Given the set , we find necessary con-
ditions for the minimum required number of antennas at the BS
( ) and MS ( ) for JCD.

Theorem 1—The Minimum Number of Transmit Antennas:
The JCD (16) is possible only if .

Proof: From (12)

...
(39)

Obviously, we want
, where denotes the number of

symbols transmitted in symbol durations by the th user.
Therefore, from the rank property of matrices [for any two ma-
trices and , ] of
matrices [13], we get

...

(40)

Thus

(41)

In what follows, we assume that .
It is important to note that the number of transmit antennas

is constrained by the number of spatial dimensions and not by
the number of receive antennas. In fact, the total number of re-
ceive antennas may be much larger than the number of transmit
antennas.

Theorem 2—The Minimum Number of Receive Antennas:
The JCD (16) is possible only if . For

flat-fading channels (i.e., or effectively ), we must
have .

Proof: Note from (16) that for MS , there are
at least orthogonal channels created after such
diagonalization— desired channels and one interference
channel (dedicated for all the “do not care” channels). Although
we are not interested in the interference channels, we do need
these to be completely orthogonal to the desired channels. As
such

(42)

must be satisfied. Because of the assumption that
, we shall always consider the case when

. Accordingly, (42) implies that

(43)

IV. RESULTS AND COMPARISONS

The proposed JMMS system is investigated for a time-divi-
sion multiple-access-based wireless communication system in
flat Rayleigh-fading channels under the assumption of perfect
CSI knowledge. To assess the system performance, we provide
the average system spectral efficiency and average user bit-error
probability results for various AWGN (SNR). The system spec-
tral efficiency or capacity we use in this paper refers to the max-
imum achievable throughput of a given transmission algorithm.
For each simulation, data packets consisting of 50 data symbols
(i.e., ) are transmitted with more than 10 000 indepen-
dent channel realizations. To benchmark the results we obtain,
we compare our results with an upper bound and also various
alternative methods. These reference methods are summarized
in the following.

A. Benchmarks

1) Performance Bound:The performance bound we use as-
sumes no CCI is present and makes use of the singular value
decomposition (SVD) for every user link (which is optimal in
the absence of CCI). Also note that the bound does not involve
CCI or assumes that CCI is completely eliminated. Hence, it is
the upper bound for the true system capacity. It should also be
emphasized that this performance bound is generally not achiev-
able, unlike the Shannon capacity bound.

Using this approach, we write the transmit weight matrix for
the th user as

(44)

and

(45)

where is the matrix whose columns are the right (left)
singular vectors which correspond to the largest singular
values of , and the norm of each column vector of is

(satisfying the power constraint).
2) ISBM Antenna System:In [5], an analytical formula for

the MIMO antenna weights is derived in frequency-selective
fading channels under CCI conditions. To deal with a multiuser
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system, we can make use of the solution for each user, and do
it iteratively from user to user. This algorithm is referred to as
iterative smart base and mobile (ISBM) antenna system.

Denoting as the transmit weight matrix of theth user
at the th iteration, the iterative algorithm can be formalized as
follows.

• Step 1:Initialize for all , and .
• Step 2:For , let

(46)

where is the matrix that contains the eigenvec-
tors that correspond to the largest eigenvalues of

where

(47)

• Step 3: is the solution for the transmit weight ma-
trices and the corresponding receive weight matrices are
given by

(48)

where is the total number of iterations.

In order to have fast convergence, a good choice for an initial
guess of is important. A logical guess is the smart base
and mobile solution for frequency-selective fading channels in
the absence of CCI [5]. Accordingly, throughout, the following
initialization

(49)

is used where is the matrix that contains the eigenvectors
that correspond to the largest eigenvalues of .

3) Maximum Transmit SINR:In [8], it was shown that the
product SINR is lower bounded by

(50)

where and denote, respectively, the SINR and
transmit weight vector of theth dimension of the th symbol
from the th user, is a constant, and

.
(51)

It can be further shown that the lower bound can be maximized
by

(52)

for all . To find the weights that maximize (52), we
begin by letting such that satisfies

(53)

For a given , must all be distinct or orthogonal (by the

rank constraint). Thus, (52) is maximized when is the
eigenvector that corresponds to the th largest
eigenvalue of . In this paper, we shall refer to
this system asmaximum transmit SINR(MTxSINR).

4) Direct Transmission:A straightforward approach, which
we refer to as adirect transmission(DTx) system, is considered.
This approach partitions the transmit antennas and directly as-
signs different antennas to different users. As such, the transmit
weights are

(54)

where is a identity matrix, and .
The advantage of DTx is that no prior knowledge of CSI is

required at the transmitter, as compared with the other schemes
presented in this section.

5) SVD—Minimum Mean-Square Error:For a single-user
MIMO system, it is found [3] that the best way to transmit data
into multiple spatial dimensions is through the use of SDM, by
SVD of the channel matrix. In a multiuser system, we can use
the method to distribute the data across space for increasing
the capacity or spectral efficiency of the system. As a result,
the transmit weights are found from (44). In addition, because
of CCI, the receive weights need to be found from a traditional
smart antenna algorithm for CCI suppression [17]. This system
uses SVD for transmitting and minimum mean square error
(MMSE) for reception. Thus, we refer to this system as a
SVD-MMSE system.

6) Joint Approximate Diagonalization of Eigenmatrices:In
[18], Cardoso and Souloumiac proposed an iterative approach
for the joint approximate diagonalization of eigenmatrices
(JADE). It suggests that for a set of complex hermitian
matrices , it is possible to find a unitary matrix that
minimizes

(55)

where

(56)
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The idea is to maximize the desired or diagonal signals
and minimize the undesired or off-diagonal signals. However,
it should be noted that not all diagonal elements are used.
Therefore, there will be some loss in the degree of freedom for
adapting the weights. Using JADE on the matrices ,
we obtain

(57)

for the weights operating on the transmitted packets while
MMSE can be used as the weights operating on the received sig-
nals in minimizing the interuser and interchannel interference.

7) Multiuser MIMO Capacity: Since JMMS and the upper
bound are based on diagonalization and uncoupled channels re-
sult, capacity is readily calculated (15). However, for the al-
ternate methods (Sections IV-A2–IV-A6), where CCI is still
present, multiuser capacity cannot be explicitly expressed be-
cause of the interference between co-channel signals. To allow
performance comparisons in addition to bit-error rate (BER), we
introduce an approximate capacity measure. Such a measure is
based on the use of the Gaussian assumption which implies that
the interference becomes Gaussian distributed when there are
several users.

Suppose that we have a linear model similar to (4)

(58)

where is the undesired signal vector which can be correlated
noise or CCI. Assuming that is Gaussian with covariance ma-
trix , and is uncorrelated with. From [15], [16],
we know that the capacity is of the form

(59)

After some manipulation, (59) can be simplified as

(60)

The multiuser MIMO channel capacity is just a simple exten-
sion of (60). Using the system model defined in Section II, the
total capacity per transmission of theth user link, , can be
found by

(61)

where

(62)

As a result, the overall system spectral efficiency of a multiuser
MIMO system is given by

bits/transmission (63)

The above capacity expression is generally not exact, but is a
good approximation when the number of users or the number of

transmit antennas is large by central limit theorem (i.e.,
or typically). Because this approximate capacity ex-
pression inherits the relations between the co-channel signals,
capacity based on (63) is still used for primary performance
comparison even for the case when the number of users and the
number of transmit antennas are small.

B. Results

In Figs. 3 and 4, results are provided for a three-user
( ), six BS antennas ( ), three antennas per MS
( ), and two spatial dimensions per
MS ( ) MIMO system. This configuration
satisfies the minimum requirement of the numbers of antennas.
Although the conditions we show are not sufficient and cannot
guarantee the existence of joint multiuser channel diagonaliza-
tion, simulation results will reveal that the diagonalization is
achieved under all configurations we have investigated, when-
ever the “necessary” conditions are satisfied. The performance
of JMMS significantly outperforms other approaches and more
than 100 times reduction in average user BER is possible for
JMMS when compared with MTxSINR. Similar comparisons
can be made in Fig. 4. Results illustrate that JMMS achieves
significant performance improvement compared with other
schemes. Also note that the capacity of JMMS follows the same
trend as that of the performance bound (which assumes no
CCI). The capacity performance of JMMS is just a 4-dB shift of
that of the bound. Therefore, JMMS effectively eliminates all
the CCI while keeping the diversity advantages of the system
to achieve high capacity. Additionally, results demonstrate that
the multiuser adaptation by ISBM does not work effectively, so
their performance is not as good as that of MTxSINR.

To further enhance the system performance, more receive
antennas can be used for gaining additional space diversity, if
possible. In Figs. 5 and 6, results are provided for the same
configurations as that in the last two figures, except that the
number of antennas for each MS is equal to the total number of
co-channel signals of the system (i.e.,
for ). A close observation from Fig. 5 indicates that
MTxSINR is much better than JADE, DTx, and SVD-MMSE.
But ISBM has even better performance compared with
MTxSINR. However, much better average user BER can be
achieved by JMMS. It is noted that the diversity advantage
(slope) of JMMS is also the best compared with the other
schemes. Specifically, average user bit-error probability as
low as 10 can be achieved with an average SNR less than
3 dB in a three-user system. Moreover, results in Fig. 4 show
that among all the schemes, JMMS is the best in terms of
maximizing the overall system capacity and its performance
follows the same trend as the loose upper bound. In contrast
to the previous results, the performance of ISBM is now close
to or slightly inferior than that of JMMS. (Similar computer
simulations have concluded that ISBM is only effective for
the case when the number of receive antennas for each MS
is greater than or equal to the total number of co-channel
signals within the system.) In addition, results demonstrate
that under this configuration, the performance of MTxSINR
degrades and the performance difference between JMMS and
MTxSINR is remarkable. This can be explained by the fact
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Fig. 3. Average user bit-error probability versus SNR for three-user MIMO systems. Six BS antennas, three antennas per MS, and(K ; K ; K ) = (2; 2; 2).

Fig. 4. Capacity versus SNR for three-user MIMO systems. Six BS antennas, three antennas per MS, and(K ; K ; K ) = (2; 2; 2).

that the solution of MTxSINR comes from the maximization
of the lower bound of the system spectral efficiency and as
the number of users increases, the lower bound is inaccurate

and, hence, the MTxSINR weights are unable to control all the
CCI. The performance of DTx, JADE, and SVD-MMSE is not
good, which implies that CCI minimization at the transmitter
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Fig. 5. Average user bit-error probability versus SNR for three-user MIMO systems. Six BS antennas, six antennas per MS, and(K ; K ; K ) = (2; 2; 2).

Fig. 6. Capacity versus SNR for three-user MIMO systems. Six BS antennas, six antennas per MS, and(K ; K ; K ) = (2; 2; 2).

side is important. One more thing worth mentioning is that by
comparing the results in Fig. 6 with those in Fig. 4, we note that
the performance of JMMS with three antennas per MS is even

superior to that of MTxSINR with six antennas per MS for SNR
17 dB. This means that we could manage six co-channel

signals with only three antennas per MS. Specifically, 48 b/s/Hz
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Fig. 7. Average user bit-error probability versus SNR for six-user MIMO systems. Six BS antennas, two antennas per MS, and(K ; K ; K ; K ; K ; K ) =
(1; 1; 1; 1; 1; 1).

(16 b/s/Hz per MS on average) can be achieved at an average
SNR 20 dB.

We conclude this section by providing results of the system
where the number of co-channel users is large and each MS
could only be allowed to have a small number of antennas. Re-
sults in Figs. 7 and 8 are provided for a six-user ( ) MIMO
system with six BS antennas ( ), two antennas per MS
( ), and one spatial dimension per MS
( ). Notice that the total number
of co-channel signals is strictly greater than the number of an-
tennas per MS. Thus, interference cancellation relies greatly on
the adaptation of BS antenna weights. A close observation of
this figure indicates that JMMS achieves similar performance
as that of the upper bound with only 3- to 4-dB degradation in
average SNR. Because the bound is loose, especially for a large
number of co-channel signals in the system, it is believed that
JMMS is a promising tool for achieving the optimal multiuser
separation in space. Results from Fig. 7 indicate that even for the
case of a large number of users, JMMS works well as long as
the necessary conditions are satisfied. Remarkably, the achiev-
able diversity advantage of JMMS is nearly the same as that of
the performance bound, and an average user BER of 10is
possible when the average SNR8 dB. Consistent results for
system capacity can be seen in Fig. 8. Similar to all the cases
when the necessary conditions for JCD are satisfied, the overall
system capacity can grow linearly as the average SNR increases
and with the increasing rate as large as that of the performance
bound. In particular, about 50 b/s/Hz (or 8.3 b/s/Hz per MS on

average) can be obtained for SNR20 dB when using JMMS.
It is also noted that the performances of ISBM and MTxSINR
are degraded compared with the configuration with six antennas
per MS. One more interesting remark is that with six transmit
antennas at BS and two or three antennas at MS, the combined
channel is more or less nonfading.

C. Discussion

In this section, we summarize some characteristics of our pro-
posed system that we have observed. They are given as follows.

• Number of Transmit (BS) Antennas:The number of an-
tennas at the transmitter (or BS) should be at least the
total number of co-channel signals within the system for
JCD to be achieved. However, to take full advantage of
the algorithm, the number of transmit antennas should
be exactly equal to the number of co-channel signals in
the system so that the size of the transmit weight ma-
trix agrees with that of the updating matrix (i.e.,

).
• Number of Receive (MS) Antennas and the Number of

Spatial Dimensions:The number of receive antennas at
the th MS should be greater than the number of spa-
tial dimensions of that mobile (i.e., ). For
example, for a three-user system where User 1 transmits
two data streams ( ), User 2 transmits three data
streams ( ), and User 3 transmits five data streams
( ), the minimum number of antennas required for
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Fig. 8. Capacity versus SNR for six-user MIMO systems. Six BS antennas, two antennas per MS, and(K ; K ; K ; K ; K ; K ) = (1; 1; 1; 1; 1; 1).

the mobiles are three, four, and six for users 1, 2, and 3,
respectively. Following also Property 1, the minimum re-
quired number of BS antennas is 10.

• Orthogonality of Multiuser MIMO Channels:Multi-
channel diagonalization obtained by JMMS decomposes
an -user MIMO downlink channel into uncoupled
MIMO channels. Essentially, it becomes single-user
systems with no interference (see Fig. 2). In addition, the
parallel data streams (transmitted in spatial dimensions)
for a particular user will be orthogonal with each other.
This property allows the use of advanced techniques such
as adaptive modulation and power allocation to further
improve the user performance without deteriorating other
users’ performance.

• Capacity Expression:In the virtue of the orthogonality,
the multiuser system capacity is given by (15). The ca-
pacity is a linear monotonic-increasing function against
average SNR under the conditions of the minimum num-
bers of BS and MS antennas. A general rule of thumb for
single-stream systems (i.e., )
is that with two antennas at all mobiles, deployingan-
tennas at BS can support co-channel users simultane-
ously at the same frequency and time slot without any
cross interference. One more user can be accommodated
by the system by having one more antenna at the BS.

Properties 1 and 2 agree with the necessary conditions in Sec-
tion III-C for JCD when the fading is flat. This suggests that
the conditions can be considered to be sufficient for flat-fading
channels though we are unable to provide the proof.

V. CONCLUSION

This paper describes a solution (JMMS) for the problem
of performance enhancement in terms of both maximizing
the system capacity and minimizing the average user bit-error
probability of a multiuser MIMO system for wireless communi-
cations. In particular, we provide some necessary conditions for
the solution to exist. The formulation of our solution is general
and applicable for both frequency-flat and selective-fading
channels.

Simulation results reveal that the proposed JMMS system sig-
nificantly outperforms all the existing systems in any configura-
tion when the conditions presented in Section III-C are satisfied.
It has also been demonstrated that the multiuser capacity can
grow linearly as SNR increases, similar to the single user case,
and this only occurs in JMMS. We have noted that JMMS can
preserve the highest diversity advantage available in the system
(achieves similar diversity order as without CCI). As a result,
JMMS can be thought of as a generalization of SDM, and it
is a promising technique for implementing multiuser SDM for
high-rate and reliable wireless communications.

Our results provided in this paper assume perfect channel
knowledge at both the transmitter and all receivers. In practice,
CSI is estimated from the signals received in the uplink, and
errors in channel estimation may be imposed that would cer-
tainly degrade the system performance. Further study is needed
to quantify the robustness of the proposed system in the pres-
ence of channel estimation errors. Though conditions for JCD
to exist have been provided as rules of thumb at the end of the
paper, another interesting direction of research is to determine,
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analytically, the exact relation between the number of antennas,
the number of users, the number of subchannels accommodated
by each user, and the number of paths.
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