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Improved Analytical Model for Predicting
the Magnetic Field Distribution in Brushless
Permanent-Magnet Machines

Z. Q. Zhy Senior Member, IEEHDavid Howe, and C. C. Chaiellow, IEEE

~ Abstract—A general analytical technique predicts the magnetic equations in the airgap/magnet regions without any assumption
field distribution in brushless permanent magnet machines regarding the relative recoil permeability of the magnets other

equipped with surface-mounted magnets. It accounts for the han the f hat it i nstant. However. the m | or n
effects of both the magnets and the stator windings. Thetechnique.t an the fact that it is constant. However, the model presented

is based on two-dimensional models in polar coordinates and in [3] W"_"S only applicable to machines equipped with radially
solves the governing Laplacian/quasi-Poissonian field equations in magnetized magnets. Recently, Rasmussen [4] extended the
the airgap/magnet regions without any assumption regarding the model to account for the tangential magnetization component

relative recoil permeability of the magnets. The analysis works which exists in practice in a multipole impulse magnetized
for both internal and external rotor motor topologies, and either isotropic ring magnet. This paper extends the model further

radial or parallel magnetized magnets, as well as for overlapping - L
and nonoverlapping stator windings. The paper validates results to cater for both radial and parallel magnetization, and also

of the analytical models by finite-element analyses, for both €xtends the analytical model [5] for predicting the magnetic

slotless and slotted motors. field produced by the stator windings, to make it applicable to
Index Terms—Electrical machines, magnetic field, permanent POth overlapping and nonoverlapping winding configurations.
magnet. Analytically calculated field distributions from both models are

compared with finite element predictions for a slotless motor
having both a radial and a parallel magnetized rotor, and for
a slotted motor having a parallel magnetized rotor and both
N ACCURATE knowledge of the magnetic field dis-overlapping and nonoverlapping stator windings.
tribution is a prerequisite for predicting performance
parameters, such as torque, back-emf, stator and rotor losses, Il. RADIAL AND PARALLEL MAGNETIZATION

demagnetization withstand, winding inductances, noise anci: fth rmanent maanet motors. Fia. 1. the field vedibr
vibration, etc., of brushless permanent magnet motors. Boule or the permane agnet motors, F1g. 1, the field veatbrs

[1] formulated a two-dimensional (2-D) model in polar coor?ndH are coupled by
dinates that utilized the concept of equivalent current-carryin 5 = . .

coils to determine the airgappflux gensity distribution iny ag Br=poHi . in the air spaces (12)
permanent magnet motor. The model could account for the ~Brr =poprHir + oM in the permanent magnets (1b)
effect of flux focusing in the magnets, as well as magnetization . ) o i
distribution, i.e., radial or parallel, on the flux per pole and/n€rel is the residual magnetization vectpy is the perme-

the airgap flux density waveform. However, it only provide&‘b'l'ty of free space, anplf, is the rela_t|ve rec_0|I perm_eablhty.

field solutions at the stator and rotor surfaces, which is usuallyFOr the case of a multipole machine equipped with magnets
insufficient for accurately predicting the performance of slofiaving alinear second-quadrant demagnetization characteristic,
less motor topologies. Laporte [2], using the same techniqig€ a@mplitude of the magnetization vectur is

subsequently derived the field solution in the airgap. However, B.

both [1], [2] approximated the relative recoil permeability of M== (2)

the permanent magnets, i.g.,, as unity, which causes an fo

error in the calculation of the flux density [1]. Earlier, the, st the direction ofi7 is dependent on the imparted orienta-

aultholrs_ deveflo;;ed an improye(:. "’lma'Y“C?" t(_echnique fﬁr; 6n and magnetization of the magnets. In polar coordinates, the
calculation of the open-circuit field distribution [3], whic magnetizationV/ is given by

was based on a 2-D polar coordinate model and catered for
both internal and external rotor motor topologies. It involved M = M7+ M0, 3)
the solution of the governing Laplacian/quasi-Poissonian field

Fig. 2 compares radial and parallel magnetization distributions,

Manuscript received June 8, 1999; revised October 11, 2001. the components of which can be described, over one pole-pair,
Z. Q. Zhu and D. Howe are with the Department of Electronic and EIectricyy

Engineering, University of Sheffield, Sheffield S1 3JD, U.K.
C. C. Chan is with the Department of Electrical and Electronic Engineering,

University of Hong Kong, Hong Kong. M, =0 T o< o~ (4a)
Publisher Item Identifier S 0018-9464(02)00395-3. My=0 p2p

. INTRODUCTION

0018-9464/02$17.00 © 2002 IEEE



230 IEEE TRANSACTIONS ON MAGNETICS, VOL. 38, NO. 1, JANUARY 2002

Il

b
s I, &,
[id
i ) 2R -
M ¥,
[
] Lals L]
@
A,
i
B i cosif

L ]

LT Al iy € TR
Fig. 1. Motor topologies. (a) Internal rotor. (b) External rotor. ’\[
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Fig. 3. Waveforms of magnetization componeits. and M, (a) Radial
magnetization. (b) Parallel magnetization.
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M, =0 s s
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Fig. 2. _Pa_rallel and radial magnetization. (a) Radial magnetization. (b) Parallel M,=0 o 3_7F <p < 3_7F (56)
magnetlzatlon. M0 =0 P2p -7 = 2]7
M =0 — oy <6 < o (4b) for parallel magnetization, whegeis the number of pole-pairs,

i P P B, is the remanencey,, is the magnet pole-arc to pole-pitch
M, = 0} %i << (2- ap)i (4c) ratio, andd is the angular position with reference to the center
M =0 2p of a magnet pole, as shown in Fig. 2. The magnetization is as-
.= —=r 3 i i -

M, m (2 - %)i < < %_W (4d) sumed to be umform throughout the cross section of the mag
My =10 2p 2p nets. However, it should be noted that the magnetizatfoonly
M, =0 RY RY exists in the magnets. If the magnetic pole-arc is less than a
My =0 O‘P% <0< 2p (4e) pole-pitch, the airspace between magnets is assumed to be occu-

pied by unmagnetized permanent magnet material Mes 0,
for radial magnetization, and (M,. = My = 0). Fig. 3 shows typical waveforms fa¥/,. and
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My, for both radial and parallel magnetizatiavi,. andA{, can and from (6)
be expressed as Fourier series, i.e.,

. M, OM, 10M
div M == + 87‘ +; 56
M, = z; M., cos(npb) (6a) i  cos(np) (10a)
-3 135
Z Myy, sin(npf) (6b)  where
e M, = M,, + npMyn. (10b)

where for radial magnetization
The boundary conditions for internal [Fig. 1(a)] and external

Br i NTQp . .
M, =2""a, SHrlmi (7a) [Fig. 1(b)] rotor motors are defined by
Ho 5
Men =0 : (7b) Hor(r,0)lr=r (11a)
Hen( )|1 =R, —0 (11b)
and for the parallel magnetization B.(r,0)|r=r,. =By11(r,0)|r=r,, (11¢c)
B. Hel( 79)|1 w =Horr(r,0)]r=r,, (11d)
Mrn =0, (A1n + Azn) (7c) . . N
1o where the dimension®&,., R, and R,,, are defined in Fig. 1.
B, R,, = R, — ¢’ andR, = R,,, — h,, for an internal rotor motor
My, === Ay, — Aoy 7d m s — g 7 m m )
o 140 a4y 2n) (7d) andR,, = R, + ¢’ andR, = R,,, + h,,, for an external rotor
motor, being the effective airgap length—which is the actual
where airgap lengthy for a slotted motor and the sum of the airgap
) - lengthg and the radial thickness of the windings for a slotless
A _Sm [(”P + 1)%2—1)} motor, and,, is the radial thickness of the magnets.
In = (np + 1)%211, General solutions to the governing (9) and (10a) are obtained
Ay, =1fornp =1 as
sin | (np — D N — np —np
Ao, = [ mp} for np # 1. er(r,8) = Z (Anrr™ + Bprr ") cos(npb)  (12)
(np — 1)ap 2 n=1,3,5,

in the airgap, and

lll. FIELD PRODUCED BY MAGNETS e o
er1(r,0) = Z (Anlﬂ’nP + By~ ") cos(nph)

In order to obtain an analytical solution for the airgap field n=1.35,
distribution produced by multipole magnets mounted on the sur- o0 M
face of an iron-cored rotor, the following assumptions are made. + Z —"27’ cos(npf) (13)
1) The permanent magnets have a linear demagnetization char- n=1,35,- 1 [ = (np)?]

acteristic, and are fully magnetized in the direction of magngs, fnp # 1, and
tization. 2) End-effects are neglected. 3) The stator and rotor

1M
back-iron is infinitely permeable. or1(r,0) = (Aurr+Burrr) cos 04~ 1

rlnrcosd (14)

In terms of the scalar magnetic potential function 2 1,
fornp = 1, inthe magnets, wheté,.;, By, Anrr, Bnrr, Avrr,
e 10¢ ) . 11> - .
H, = ~ar andH, = YR (8) By;; are constants determined by applying continuity condi-
tions (11).

Whilst the scalar magnetic potential distribution in the airgap Hence, the complete solution for the magnetic field compo-
is governed by Laplacian equation, in the permanent magments in the airspace/magnet regions can be deduced from the
regions it is governed by the quasi-Poissonian equation, i.e.,general solution of Laplacian/quasi-Poissonian equations and

the specified boundary conditions.
In the airspace, they can be expressed as

Po; 1 dpr 1 ¢ _ ) B,f(r,8) = Z KB( ) - fBr(r) - cos(npf) (15a)
5,2 +7 9 T2 892 L —o in the airgap nel35
%2 B fj Kp(n) - fuolr) - sin(np6) (15b)
2 2 . o1 (7 B( Bé S np
O 10¢rr 100 1 W bi inthe magnets n=13

o2 r 9r 2 902, o
(9b) where, whemp =1
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Fig. 4. Distribution of airgap field components in slotless motor with

para”e| magnetized magnets. (a) In airgap:é 40.5 mm) (b) In magnets F|g 5. Distribution of airgap field components in slotless motor with

(r = 35.6 mm). radial magnetized magnets. (a) In airgap £ 40.5 mm). (b) In magnets
(r = 35.6 mm).

f ()_ <7_>npfl <Rnl>np+l+<Rnl>np+l
KB(H):NoMn BrT)= R, R, .

24ty N R, npt R, npt
() - () -y n)| 0@ &) e
- () - [ () - ()]
fB,,(w>:1+<%)2

2 __NOMn np
fBg(T) =14 <%> . (16) KB (n) B Hr (np)2—1

Similarly, for an external rotor moto; < R,,, < R,

(Azn—1) (%’:)an+2 (Rm np_l_(Agn+1)

R
R, 2np (R, 2np
R, R,

Whennp # 1, in order to ease numerical computation, it - ) 2np )
is convenient to write the solutions in different forms for the | £ {1— (R—) } — b= {

Hor R, Hor
internal motor and the external motor. el ropd ptl
Thus, for an internal rotor motoR, > R,, > R, Fan(r)= r I R, &
! an an T
np—1 np—1 np+1
(s Rs RS
V=— — . (18
poM,  np Iolr) <Rm> +<Rm> < r ) (18)
K}; (71) = 3
Hr o (np) =1
Ao 1yao (R np+l A 1) (R 2np The field distribution in the magnets can also be deduced as
(Azn—1)+ (Rm) —(Azn+1) (Rm) seen in (19) at the bottom of the next page, when= 1.
wett [ (Rr>2np T (Rm>2nr_ ( R, )2"/17 Similarly, whennp # 1 for an internal rotor motorjz, >
fr R, Hr R, R R,, > R,., see (20) at the bottom of the next page.
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For an external rotor motof?, < R,, < R, see (21) at the
bottom of the next page, where fap # 1

A3n:{

and fornp = 1

My i ati
(np — an) -+ n—lp for parallel magnetization
np for radial magnetization
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The developed models have been applied to a three-phase,
slotless permanent magnet brushless motor with an internal
rotor and either radial or parallel magnetized magnets. The
relevant parameters of the motor a2g: = 8; R, = 48 mm;

R, =30mm;R,, =40mm; B, =127, p, = 1.05, o, = 1.
Figs. 4 and 5 show excellent agreement between analytically
and finite element predicted distributions of the radial and
tangential field in the airgap and the magnets.

A — 2@{;1 — 1 for parallel magnetization In the preceding analysis, the analysis of the magnetic field
= for radial magnetization. distribution due to the permanent magnets neglected the effect
2 271 )
Ry, R, ~+1 { R, ~—1 { R,
poM, | 4 (R) ~ s+ ln (R_) {MJ (R) — (Rm) }
BT[[(T 9) = 5 . 5 ; 3 3
s - ()] -2 () - ()]
o s Hor s m y
R\? M, , RA\?. [ Rn\]
1+<T> ] COS(9+NO2 Agn—1n<R7 >+<7—> 1n<R ) cos @ (19a)
2 2:
m ~+1 ( Ry =1 ( R,
— po M, Az (%) ~ A F1n %) {M”J: (§> ~ (ﬁm)
Borr(r,6) 5 : 2 2 2 -
prtl [1_ (RT) } _ el |:(Rm) _ (R,,) }
tr R, tr R, R
R\? M, R\’ (Ra\| .
. [1 - <7—) sind — N02 =14 Az, —1n <-R77n> - <7—) In < R%)] sin @ (19b)
> n
B,ri(r,0) = Z polM, (np)Qp I
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_ 1Y (Bxn 1 r R, —(1—1y(ZEB
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_<Rm> <Rm> < r ) ] ( P ) n=135...u0 (np)2 -1 < r ( P )

+ oM. e (np8) (20a)
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— Sin(npd)
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of stator slots, which both reduce the flux per pole and modifyherea = 0 is referenced to the axis of phase A, whose current
the field distribution [6], [7]. However, the effect of slottingis zero att = 0, i.e.,i,|t=0 = 0. In @ brushless dc motor, the
can be accounted for by introducing a “2-D” relative permgshase winding current waveform contains significant harmonics
ance function, as described in [6]. By way of example, Fig. &,, whereu is the order of the nontriplen harmonics, i.e.=
compares analytically and finite element predicted distributions5,7,11,13, - - -, 8,, is the associated harmonic phase angle,
of the radial field component at a radius which corresponds amd

the surface of the magnets, the center of the magnets, and the

surface of the rotor hub, respectively, for a slotted permanent

magnet brushless motor, whose main parameters are given in

Table I. It clearly indicates that the influence of stator slotting ¥ =pk = p(6c— {£}u) and k=6c—{£}u

decays very quickly with distance from the stator bore. for an overlapping winding (23a)

v=pk=pBc—{Lt}uw) and k=3c—{x}u

IV. FIELD PRODUCED BY WINDINGS for a nonoverlapping winding (23b)

An analytical expression for the field in the airgap/magnet
region due to a three-phase overlapping winding in a slotted
brushless motor has been derived by the authors [5]. It wabkerec = 0,+1,+2,---, W is the number of series turns per
also based on a 2-D polar coordinate model, in which the stafiirase K., is the slot-opening factor anllg,, = Kgq, K, is
ampere-conductors were represented by an equivalent curtbetwinding factor/ 4, andk,, being the winding distribution
sheet, distributed across the slot openings. This model has bfsstor and winding pitch factor, respectively [3], (+) is a func-
further extended to cater for a nonoverlapping winding, Fig. #on which accounts for the effect of curvature and is dependant
However, in order to avoid duplication, the analysis is not den the radius and harmonic order, and is defined as
rived since it is essentially the same and the field produced by a

2v
three-phase overlapping or nonoverlapping stator winding can F(r) = v <_> 1+ ( ) (24)
be generalized as v r\Rs) | _ (&)2”
R,
3W
Buinding(a,7,t) = Z Z Ksoyde,, F,(r) As can be seen from (23), the only difference which arises
— from the two different winding configurations is in the order of
. sm(upw,,t tra+6,) (22) the field harmonics. For a nonoverlapping winding, the number
o> np
Byrpi(r,0) = —poM;,
n:lzl;() (7’L )2 1

(1= 2) 00 ()™ ()"~ 0 ()™ =0 (3™

ftot1 |:1 B (&)an:| et |:( R, >2np 3 R_m)an:|
L Hor R. for R, R,
) np—1 np+1 np+1 [o9) np—1
— + cos (npf) — ——— | = cos (npb)

_<Rr> <R7’ r n g; p) —1\ R

+ i oM, %COS (npb) (21a)
n=1,3,5- (np)2 -1

Borr(r,0) = poM,
n:;:)... (ﬂp)2 -1

3
1 1 r, P (R 1 R\ Ly (R )P
(A=) v ()" ()" - ter () " -0- 0 (%)
et 1 |:1 - (&)an:| a1 |:(&)2np 3 (Rm)QnP:|
L Hr R, Hor Ry R,

np—1 np+1 np+1 np—1
r R,, R,, . np r .
— - 6 M,—~ L 6
_<R,,) <R,,> < v ) ] sin (npf) + Ho iy — 1 <R,,> s (nef)

n=1,3,5---

=) An
— Z qun+sin(np9) (21b)
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Fig. 6. Field distribution in rotor magnets of slotted motor. (a) Outer surface of magnets. (b) Center of magnets. (c) Inner surface of magnei (rotor h

TABLE |
MAIN PARAMETERS OF SLOTTED
BRUSHLESSMOTOR
Parameter = o & = e =
Pole number, 2p 12 = =, 5, =
Slot number, Q, T72/18%
Axial length, L 110mm M
Airgap length, g 1.5mm (@)
Slot opening, b, 1.5mm
Stator bore radius, R, 75.6mm
Magnet radial thickness, A, 5.35mm . { b2 [
Remanence, B, 1.16T
Relative recoil permeability, 4, 1.05 ;

Magnet pole-arc/pole-pitch ratio, a,  0.75 ' 1
(b)

Series turns /phase, W 24 ) o . . . .
Fig. 7. Stator winding configurations. (a) Overlapping. (b) Nonoverlapping.

* 72 for overlapping winding, and 18 for non-overlapping winding.

contrast, for an overlapping winding boity, andk,, are de-
of slots per pole per phase i5/2, the winding comprising pendant on the number of slots per pole per phAsg,being 1
concentrated coils without end-winding overlapping and whosehen the number of slots per pole per phase is 1i&ipdbeing
span equals one slot-pitch, which is less than the pole-pitdhwhen a full pitched winding is employed. Consequently, for
Thus, the winding distribution factaky, is always equal to a nonoverlapping winding, the space harmonic otdet pk
1, whilst the winding pitch factof(,,, is always less than 1. In in which & contains both odd and even harmonics, whilst for
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nonoverlapping windings, together with the corresponding fi-
nite element predictions, for the slotted brushless motor, whose
parameters are given in Table | and for which the phase current
waveform is shown in Fig. 9. It can be seen that the magnetic
field produced by the excitation windings is relatively low com-
pared with that produced by the magnets in order to avoid the ir-
reversible demagnetization of the magnets, which is the general
case for surface-mounted magnet machines. For clarity, stator
slotting has been neglected in the calculations of Fig. 8. How-
ever, the effect of slotting on the field produced by the stator
windings can be accounted for by introducing a relative perme-
ance function, in a similar manner to that for the magnetic field
produced by the permanent magnets, as described in [6]. Fig. 10
compares analytically and finite element predicted distributions
of the radial field component at the surface of the magnets, the
center of the magnets, and the surface of the rotor hub. As will

Fig. 9. Simulated phase current waveform of brushless motor at full load ap¢ seen, the harmonics due to stator slotting and winding dis-

rated speed.

tribution decay very quickly with distance from the stator bore,
whilst the effect of stator slotting is relatively small compared

an overlapping winding: contains only odd harmonics, as carwith the winding distribution, due to the relatively large airgap
clearly be seen in the harmonic spectra of Fig. 8, which corand the small slot openings in this particular motor. For a slotless
pares the analytically predicted field distribution at the surfagaotor it is necessary to consider the “2-D” winding distribution
of the magnets, i.er, = R,, due to equivalent overlapping andin the armature reaction field calculation, as described in [8].
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Fig. 10. Field distributions in rotor magnets due to stator mm£ (0). (a) Outer surface of magnets. (b) Center of magnets. (c) Inner surface of magnets (rotor
hub).
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