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Spin-resolved Hall effect driven by spin-orbit coupling
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Spin and electric Hall currents are calculated numerically in a two-dimensional mesoscopic system with
Rashba and Dresselhaus spin-orbit coupling by means of the Landauer-Buttiker formalism. It is found that both
electric and spin Hall currents circulate when two spin-orbit couplings coexist, while the electric Hall conduc-
tance vanishes if either one is absent. The electric and spin Hall conductances are suppressed in strong disorder,
but survive in weak disorder. Physically it can be understood that the spin transverse “force” generated by
spin-orbit coupling is responsible for the formation of the spin Hall current and the lack of transverse reflection
symmetry is the origin of the electric Hall current.
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When a metallic sample is subjected to a perpendiculatric Hall conductances are suppressed in strong disorder, but
external magnetic field, the Lorentz force acting on thesurvive in weak disorder. The numerical results are in good
charge carriers gives rise to a transverse voltage between tvegreement with the symmetry analysis of the system.
edges of the sample; this is well known as the ordinary Hall We consider a cross-shape device with four semi-infinite
effect. Actually, the Hall effect family has a number of im- metallic leads as shown in Fig. 1. The scattering redtor
portant members. The anomalous Hall effect may occur eveshadowed part in Fig.)Is described by the effective Hamil-
in the absence of an external magnetic field in a ferromagtonian in Eq.(1), and when it is treated as dnX L lattice
netic metal with spin-orbit coupling8 In the past few years with the tight-binding approximation, the model Hamiltonian
it has been recognized that the spin-orbit coupling may proreads,
vide an efficient way to manipulate a spin-resolved current in
metals and semiconductdts® In a two-dimensional elec- H=-t > ciT’Uc]-’U+t§OE (J, =) +tSDOE (F= ),

I I

tron gas(2DEG) lacking bulk and structure inversion sym- ij, 0=,
metries, the effective Hamiltonian is given by (3)
2
H= p_ +M"py = a¥py) + Bp— ¥py), (1) wheret? andt? are the dimensionless parameters for Rashba
m and Dresselhaus coupling strength in the unit,ofespec-

where the second term is the Rashba spin-orbit coupling aniive!y: and the local spin current operatdff, is defined a¥
the third one is the Dresselhaus spin-orbit coupliog.(uw

=x,y,2) are the Pauli matrices, and the coupling parameters ==t 2 (] ,oh Cirae —H.C), 4)
N\ and B have the dimension of velocity. Using the Heisen- oo’

berg equation of motion the second derivative of the position .
operatorr gives where a stands for the unit vector along the axes of the

lattice andu stands for the direction of spin polarizatibh.
LT 2m(\°-Bo* .
F =+ Tp X Z. (2)

Compared with the Lorentz force brought by the magnetic
field upon a charged particle, the spin-orbit coupling pro-
duces a spin transverse “force” on a moving electron. It has
no classical counterpart as the coefficient is divided: plgut

it reflects the tendency of spin asymmetric scattering of a
moving electron subject to the spin-orbit coupling. When
charge carriers are driven by an external electric field, this
force tends to form a transverse spin current.

In this paper we calculate the spin and electric Hall con-
ductances in a 2DEG mesoscopic system with Rashba and
Dresselhaus coupling by using the Landauer-Biittiker for-
mula and the Green’s function technique. It is found that F|G. 1. Cross-shape device with four semi-infinite metallic
both electric and spin Hall currents circulate while these twdeads. The spin-orbit coupling is supposed to exist in the shadowed
types of spin-orbit coupling coexist, but the electric Hall cur-area only, and the effect of the semi-infinite leads is treated exactly
rent disappears when either one is absent. The spin and elebrough self-energy terms.
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The calculation of electric and spin currents is based on
the Landauer-Buttiker formalisif:!® AssumeT; 4 to be the “
spin-resolved transmission probability of electrons transmit-
ted from spin channek of leadp to spin channel of leadq,
andV, to be the electric voltage in legg then, respectively,
the outgoing electric current and spin current polarized along
w direction in leadp are

2

t =t} =1.0
ot

G,, (€°/h)

to,=1.0
t5,=0.5

¢ ,
16 = FEV (ThaVg=TohV,), (5 Bl

e — v v, v, “L
Ip=- quz [(Thq = Tplg Wa= (Tgp = Tap")Vel.  (6) “

The transmission probability coefficients can be calculated
by using the Green’s function technique,Tg'g FIG. 2. (Color onling Electric and spin Hall conductances as

=THI'’"GR'“G*]. And the retarded and advanced Greenfunctions of the electron Fermi energy for different ratios of the
functigns pare given by GR,A(E):]_/(E_HC_E4 1HR'A) Rashba and Dresselhaus coupling strendtk<10 for all the results
p: L

whereE is the electron energy artd, is the model Hamil- in this figure.
tonian in the shadowed regiqn in Fig. 1. The retaro_le_d _a_n@tRo The spin Hall conductanc®?,=0, while G, and G,
advanced sglf-energy terms introduced by the Sem"'Qf'”'t%re equal and nonzero, which means the current is polarized
lead p, (IT5)p0p o = ~tZmxm(P)E " Xm(P) 85 @nd TIy  within the x-y plane. In this case the operatot+qa¥ com-
:(HFFf)T, wherexmdpi) is the transverse mode wave function mutes with the total Hamiltonian, and actually there is no
at site p; in lead p connected to the scattering region. It spin flip in the scattering regioff. On the other hand the
should be noted that in E§6) x may stand for an arbitrary longitudinal electric and spin conductances are also nonzero.
direction of spin polarization, and this is done by incorporat-The longitudinal conductances are about one order larger
ing a transformation in the definition of,, that is, than the Hall conductances in magnitude, ii§/I5~10.
(P, o.,pj,07)= ZtRMR;}ME mXim(P)SIN(Ky@) xon(Py) @ndR is gn;dh;hﬁeerlri?tgﬁecrondpctar)ce is also symmetric with respect
gy, just like the electric Hall conductance,
while the longitudinal spin current is antisymmetric. Accord-
ing to the symmetry properties of such a syst€mnder the

the rotation matrix to transform the eigenstategrbfo those
of -0 (f is a unit vector.?’ The Landauer-Buttiker formal-

ism has been applied extensively to study the spin transpoff_  <formation: o — o¥. o¥— o* and o?— —oZ. 2.~
. 1 ’ ’ SO SO

i i i 24
; met?](i)ss (;)?i%grsv}(/zt?:?r?s?duerpggﬁfgél electric current drivenand tSo 150 correspondinglyG,,— Gy, Gly— Ggy and
z z ; ; i
throuah leads 1 and 2°=—1¢. by setting the bias voltage Gsp— ~Gg while the electric Hall conductance remains un-
v __g/ V[2 andVaey —OZ,ThZ currengts o loads 3 ang , changed. At the symmetric pointE=t2, it yields that
1= F2= 70 3 AT Gy=GY, andGZ,=0. Our numerical results obviously agree
are perpendicular to the current through leads 1 and 2. Thl{ﬁ

i : : ith this symmetry analysis.
the electric and spin Hall conductances are defined as The Hall conductances as functions of the Rashba cou-

Gen =15/(V, - Vy); (7)  pling strength are also evaluated, with the specific Dressel-
haus coupling strengttEo=1.0 and electron Fermi energy
(8) E;=-2.0 as shown in Fig. 3. It indicates clearly that the
electric Hall conductance increases with increasing the
respectively, where the spin current has three componentRashba couple strength, and reaches its maximal value at
u=x,y,z Electric and spin Hall conductances are evaluatedl =to. Then it turns to decrease whef}>t>, and ap-
as functions of the Fermi energy for different ratios of proaches to zero for a large Rashba coupling strength. The
Rashba and Dresselhaus coupling strength in Fig. 2. Genefigure shows thaGZ,=0 andG}, =G, atti =t> as expected
ally speaking, the electric Hall conductance is symmetricoy the symmetry analysis. For a large spin-orbit coupling
about the Fermi enerdy; while the spin Hall conductance is both electric and spin Hall conductance approaches to zero
antisymmetric such that the spin Hall conductance vanishelsecause the spin-orbit coupling in the scattering region forms
at the band centeE;=0. This is consistent with the symme- a large potential barrier and the incident electrons will be
try analysis for the tight-binding Hamiltoni&.In the case  completely reflected. Unlike bulk systetAg®where the spin
of the pure Rashba or Dresselhaus coupling, the electric Halall conductance in the clean limit has a universal value
conductance disappears, but the spin Hall conductance stile/87 and the sign is given by the relative ratio of two
exists. In the two cases df,=1 andt2,=1/2 and oft3,  coupling strength in Eq(1), Fig. 3 shows that the value of
=1/2 andtgy=1, the electric Hall conductances are equal.spin Hall conductance varies with the relative ratio as well as
However the spin Hall conductanc&,, differ by a minus the sign, but the change of sign is compatible with the bulk
sign, withG},, andGY,, swapped, and the former is consistentsystems case. And this result is also compatible with the
with the work of ShefP and Sinitsynet al2® for free 2DEG  previous numerical work in the case of pure Rashba
systems. A special case is at the symmetric point3f coupling?32428

GgH = |’§/(Vl - V2) y
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FIG. 5. (Color online Electric and spin Hall conductances as
FIG. 3. (Color online Electric and spin Hall conductances as functions of the logarithm of the disorder stren§fitit. Results are
functions of the Rashba coupling strength with a fixed Dresselhausbtained with equal Rashba and Dresselhaus coupling strengths at
coupling strengthsDozl.O atE;=-2.0 andL=40. Similar results are E;=-2.0x and L=30. Standard deviations in the calculation are
obtained for the Hall conductances as functions of the Dresselhaitghown through the error bars.

coupling strength with a fixed Rashba coupling strength, which are . ) .
consistent with symmetry analyses. including the  disorder  potential  term Vyisorder

ZEi,o:T,lfiCIUCi,a in Eq. (3), where g are randomly distrib-

To see the finite-size effect we calculate the electric and!ted betweer{-W/2, +W/2]. Selectively the electric and
spin Hall conductances far=20, 30, 40, and 505,,/L and  SPin Hall conductance, andGgy, for two couplings with
Gq/L as functions of; are plotted in Fig. 4. We notice that €gual strength are plotted in Fig. 6%, is exactly equal to
these curves for different sizes fit a single one very wellZero according to the symmetry. It shows that both electric
Thus we conclude that both electric and spin Hall conduc&nd spin Hall conductances can survive in weak disorder, but
tance are proportional to the siteof the sample. In other be suppressed in strong dlsorQer. We glso did calculation for
words, in our calculation the electric and spin Hall currentsSeveral other cases, and obtained similar results. The case of
are determined by both the number of the incident channelBure Dresselhaus coupling is in agreement with the work of
and that of the outgoing channels. Thus the Hall current$henget al. for pure Rashba couplin.
induced by a specified longitudinal electric field are not pro- Physically the spin Hall conductance can be well under-
portional to the sizé linearly, but toL X L. stood. fror_n the spin transverse fc_)rce ca_lused by the spin-orbit

The disorder effect is an interesting issue in the spin Halcoupling in Eq.(2). The electric field drives electrons mov-
effect in 2DEG. It is still greatly controversial whether the iNg along the field such that the electrons with spin-up or
spin Hall effect may survive when the impurity scattering is SPin-down experience opposite the transverse force and thus

The relative ratio of the two coupling strength determines the

15 . . . . . . . 15 direction of the spin Hall current as the spinomotive force
changes its sign around=g and vanishes at the point. All
calculated results are consistent with this. However, the spi-

10 nomotive force is not a direct origin of the nonze@y,,

sinceG.y arises only when two couplings are present simul-

taneously. From the symmetry properties of the system we
notice that the Hamiltonian with pure Rashba coupling is
invariant under the transformatiorc,—k,, k,— -k, and

o —-d*, 0¥ — d¥, o*— —c% Similarly the Hamiltonian with

pure Dresselhaus coupling is invariant under the transforma-

tion: ky—ky, k,—-k, and o*—o*, o¥—-0¥, 0*—-0"

-0.5 This is why the electric Hall current vanishes in these two
cases, while the spin Hall current circulates because there is

Eft no symmetry constraint on it as bokl and o* change their
signs under such transformation. On the other hand, the
FIG. 4. (Color onling Electric and spin Hall conductances di- Hamiltonian with both Rashba and Dresselhaus couplings
vided by sample sizé as functions of the electron Fermi energy. does not possess the reflection symmetrykof:k,, k,—

Here the Rashaba and Dresselhaus coupling strengths are equal ari¢. Therefore the coexistence of both couplings breaks the
the results forL=20, 30, 40, and 50 are shown simultaneously. Itreflection symmetry of the system, which makes the electric

implies a size effect that both Hall conductances are proportional teurrent not parallel to the electric field such that it gives rise
L in this calculation. to a nonvanishing Hall conductandg.,. This unconven-
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tional Hall conductance may be related to some discussiondriven by the spin-orbit coupling, not by the exchange cou-
in terms of the anomalous Hall effect due to parity anomalypling with the magnetic impuritie® This effect also differs
and additional band crossifigMloreover, since the diagonal from the one resulted from a spin polarized current via the
spin conductance is nonzero in this cdsthe diagonal spin  Rashba coupling® Though the incident current is not spin

current along leads 1 and 2 might generate a charge Hallg arized, the Hall current is polarized in our case.
current via the reciprocal spin Hall effet.

In conclusion, we studied the electric Hall conductance as )
well as the spin Hall conductance for a finite-size system 1he authors would like to thank L. Sheng and D. N.
with four leads. Both electric and spin Hall conductances areheng for helpful discussions. This work was supported by
nonzero when both Rashba and Dresselhaus couplings affée Research Grant Council of Hong Koff§.Q.S), and by
present, thus the current is actually spin polarized. Unlike théhe National Science Foundation of China under Grant No.
anomalous Hall effect, the present electric Hall current is10474022(L.B.H.).
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