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Impurity state in the vortex core of d-wave superconductors:
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Using an extended Anderson/Kondo impurity model to describe the magnetic moments around an impurity
doped in hight; d-wave cuprates and in the framework of the slave-boson mean-field approach, we study
numerically the impurity state in the vortex core by exact diagonalization of the well-established
Bogoliubov—de Gennes equations. The low-energy impurity state is found to be in good agreement with
scanning-tunneling-microscopy observation. After pinning a vortex on the impurity site, we compare the
unitary impurity model with the extended Anderson impurity model by examining the effect of the magnetic
field on the impurity state. We find that the impurity resonance in the unitary impurity model is strongly
suppressed by the vortex, while it is insensitive to the field in the extended Anderson impurity model.
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Effects of nonmagnetic impurities, such as zinc, doped irion with a local maximum on its second-nearest-neighbor Cu
the CuQ plane of highT, materials have attracted much sited while the unitary impurity model concluded that the
attention in recent years as it may help us to better underspectral weight on an Zn atom is negligibly small and local
stand the underlying mechanism of high- mMaximum peaks are on nearest-neighbor Cu sites of the
superconductivity. The low-energy (near zerp impurity ~ impurity.>**In order to reconcile the apparent discrepancy,
resonant state id-wave superconductors was first predictedthe effect of the interlayer tunneling matrix elements, such as
in Refs. 2—4 based on a unitary scattering-potential impurity Plocking effect of a BiO layet and a fork ”?Odejf' have
model and later successfully observed in a series of beautif1€€n employed to reproduce the distribution of spectral
atomic-scale scanning-tunneling-microscopy (STM) yvelght. At present, Whet_her the spatial pattern °f.th‘? tL_mneI-
experimentS=7 in the vicinity of individual Zn ions in ing conductance of the impurity resonance is intrinsic in the
Bi,Sr,Ca(Cuy_,Zn,),05. 5. Since Zn " has no spin itself CuQ; plane or the Interlayer tunneling effect must be con-
(and is therefore nonmagneXict is natural to treat the im- sidered is still an open question for both theoretical investi-

) e 9 . . _gation and further experimental examination. Recently, sev-
purity as a pointlike scalar potential scatterer of conductio

et indeed. both " 4 tourfold ral alternative theoretical mod&f'?13 have been
electrons. Indeed, both energy - position and fourlo “suggested, which take the effect of the Kondo screening of
symmetric spatial distributidnof the local density of states

- > : - the local magnetic moments induced around the zinc atom
(LDOS) of quasiparticles can be explained consistently by, account, mostly motivated by the observation of
theoretical calculations based on thenatrix scattering- nuclear-magnetic-resonarfée’® (NMR) and  neutron-
pOtentia| theory in the Unitary Iimﬁ.NeVertheless, the Sign Scattering experimerhélsthat Staggered magnetic moments
and magnitude of the scattering potential as well as theyre developed around the Zn ion with a total net spin 1/2.
particle-hole symmetry play a crucial role in determining thewhen Kondo spin dynamics of such moments was consid-
exact energy level of impurity resonant state relative toered, by including an exchange interaction between the in-
Fermi energy. The scattering potential chosen in various theduced spin and the spin of conduction electrons in the model
oretical studies differs largely from 4.4 eV to 18.9 e\*71®  Hamiltonian, Polkovnikowt al® produced an impurity state
The continuunt-matrix theory, which assumed particle-hole whose energy dependence and spatial pattern may fit well
symmetry andrepulsivepotential, predicted impurity states with STM spectra, without a strong scattering potential and
with energy consistent with the STM observatibthat the  the specific characteristic of interlayer tunneling matrix ele-
resonance lies slightly below the Fermi level; on the othements.

hand, the particle-hole symmetry is not applicable to High- Motivated by the above controversy between the unitary
cuprates, and theoretical calculatidf$show that in the ab-  impurity model and the model invoking induced magnetic
sence of such symmetry only stroagiractive potential can moments, in this work we intend to compare these two mod-
produce or impurity state with negative energy while repul-els in the case that a single vortex line is pinned by the
sive potentid gives positive energy contrary to experiment impurity. To describe the Kondo effect of the magnetic mo-
results. Furthermore, the unitary impurity model has diffi-ments and the effect of the vortex, we introduce an extended
culty in accounting for the spectra distribution pattern of Anderson impurity model with a phase factor dependent on
differential conductances at the resonance energy. The exite and vortex. In the absence of the vortex, both models
periment shows that the zero-bias peak is strongest on the Zwith appropriate parameters can generate low-lying impurity
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states. However, when a vortex is present, for the unitaryith the summation being over the NN sites of the impurity,
impurity model, the pronounced LDOS peak generatedand Sziaﬁdloaﬁdﬁlz ands=2aﬁcloaﬁcﬁ/2 representing,
around the Zn impurity is largely decreased or even derespectively, the spin operators of the magnetic impurity and
stroyed, indicating the vanishing of the impurity resonancethe conduction electrons. This is because this spin-exchange
by the vortex core, while for the extended Anderson impurityterm can be transformed by the mean-field decoupling
model, the existence of the vortex center has a weak effegicheme in Ref. 19: KEiS-s(i)—>—3K/82,,[X*CT d

. . . . 1 lo¥o
on the impurity state. Such a difference may be examined-H.c], where acomplex Hubbard-Stratonovich fieldy;
readily by STM experiments on B8r,Ca(Cu_xZn)>0s15  =(c! d,) is introduced as an effective hopping amplitude
samples subject to a strong magnetic field. between thel-level and conduction electrons. At this stage,

In this work, we adopt an extended Hubbard model on &ne can see clearly that the phase fagipmtroduced in our
two-dimensional(2D) lattice with nearest-neighbofNN)  model and that of the fielg; are closely related. Assuming
hopping and NN pairing interaction to model thlewave  the fourfold rotational symmetry with respect to the impurity

high-T. cuprates and the extended Anderson impurity modegijie there are four inequivalent arrangementsbof that is,
to describe the magnetic moments around the impzityc

ion) doped in the Cu@ plane. The model Hamiltonian is dM=mx (7, (4)
expressed as - -
with m=0,1,2, and 3,6(=x)=(7/2)F (7/2), and 8(*Y)
H=Hgsct Himp, (1) ==(m/2). In Ref. 9, a nontriviad-wave pattern ofy; has
been found to have the lowest free-energy saddle point,
whose phase correspondsne=2, matching the underlying
symmetry of local bond pairing potentiadly;. When the
Hase — > tiCl,Ciot 2 (Ajiclicl +H.c) vortex exists, the symmetry of the underlying pairing poten-
(h)or (e tial would change from the local-wave pattern to that re-
sponding to the winding of phase. Therefore, it appears rea-

where

—E ,uciT(,ci(,, (20 sonable to expect that might change froom=2 tom=1
b as a vortex is pinned at the impurity site. We find that such a
and response of to the magnetic field is quite crucial in keeping
the impurity state in the vortex core.
Himp=Hmagt V|c$(,co(,. 3 In the treatment of the extended Anderson impurity model

at low temperatured) 4 is assumed to be infinite as usual,
which forbids double occupancy of electrons on thievel.
Therefore, the slave-boson mean-field thédfycan be ap-
plied as in Refs. 8 and 22 where theslectron operator is
written asdJ;: f:;b with f, the spin-carrying fermion opera-
tor andb the holon operator. Furthermore, the single occu-
pancy constrainEUfT,fU+ b'b=1 should be obeyed. At the
mean-field level, the holon operatdssandb™ are approxi-
mated by ac numberb, and the constraint is enforced on
average by introducing a Lagrange multiplieg. Accord-
ingly, the mean-fielH;,,, becomes

Here Hys is the BCS-like Hamiltonian of the hostwave
superconductor described on a 2D latti¢ej) refers to the
NN sites and;; the hopping integral between siteandj. u

is the chemical potentiald; ; is the bond pairing potential
defined asAjj=—Vq(ci cj;) with V4 the effective pairing
strength between electrons on NN sitel,,, represents the
impurity Hamiltonian which includes both an on-site
scattering-potential term represented Wy and the term
Hmag describing the local moments around the impurity. As
suggested by NMR experiments;*® the induced magnetic
moments with net spin 1/2 are mainly located at the four NN
Cu sites of the central Zn impurity sitg=(0,0) while neg- ~ _
ligibly right on the Zn site; therefore, as in Ref. 9, we assume ~ Himp= 2 €afifo+ > Vi(i)(e?ic] f,+H.c)

that the magnetic impurity with an effective 1/2 spin may 7 f=ne

reside only in the NN sites and couples with conduction +V ¢} Copt No(bZ—1) (5)
electrons on the NN sites. Namely, tHg,,;may be modeled ~ 5

by the extended Anderson impurity model with strong Hub-with renormalized parameterg;=e4+\g and Vy=Vyby.
bard repulsion Uy as Hpyag=S,€4dld,+Uqdld;d]d, By applying the self-consistent mean-field approximation
+3, _ . Vh(i)(e%c! d +H.c.) with 7= +x,=y unit vec- and performing the Bogoliubov transformation, diagonaliza-

torsri:/vfﬁgeree is thlaad-oelectron enerav level and. is the tion of the Hamiltonian can be achieved by solving the fol-
’ d gy h lowing Bogoliubov—de Genne®dG) equations:

hybridization of the moments with the conduction electrons.

As a modification to the coupling term in the ordinary Ander- Ho. A un un
son impurity model, we here introduce a site-dependent > ( N " ) Jn) :En( L) 6)
phase factokp; , which is found to be quite crucial in deter- T \Af —Hf; Uj Uj

mining the energy level and even the existence of the impu
rity state if V, is not so strong. Note that under the mean-y i a4 correspondin cigenvalueE. and H: .
field decoupling scheme of Ref. 19, the present model for 5 P 95 95 v o 5 b
Hmag is essentially equivalent to the magnetic impurity — (ri+7_rj)[ti'jfid_( g T 0L Vn€ Or] = Sisiy L1
(Kondo) model in Ref. 9, where it is written a%;K;S- §(i) - 5(ri—r0)V|]+5i‘ided. Here,i,]j represent the index of the

where u",v" are the Bogoliubov quasiparticle amplitudes
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2D lattice sites with 4 as the index for the magnetic moment
residing on the NN sites of the doped impurity, ; is de-
fined between a pair of NN sites on the 2D lattice and is
calculated according to the self-consistent conditions

Vg E
Aij=% ; (u{‘v}‘*+u;‘v{‘*)tanl‘( 2k; ) (7)

and

LDOS

b§=1-22 {{ul|f(E)+ o] [1-F(EDT.  (®

Once the BdG Eq(6) is solved self-consistently, the quasi-
particle spectrum can be obtained, and the LDOS propor-
tional to the differential tunneling conductance observed in
STM experiments is given by

ri,E)=— ul|?f"(E,—E)+|v]|?f' (E,+E)],
P .B) En: [ '| (En ) |U'| (En )] FIG. 1. LDOS versus energy at an NN site within the unitary

9 impurity model for the case@) without a vortex(dashed ling (ii)
a vortex pinned at the impurity sitesolid line), and (i) a vortex

wheref(E) represents the Fermi distribution function. core without impurity(dotted ling. The bulk density of states is
also plotted for referenc@lash-dotted ling Inset shows the spatial
I. UNITARY IMPURITY MODEL distribution of the LDOS at energiy/A =—0.02 in a 16<16

region for casdi).

First, we study the variation of the impurity state when a

vortex line is sitting on the impurity site within a unitary merical investigations. When a vortex is pinned right on the
impurity model. Exact diagonalization is applied and theimpurity site, from Fig. 1(solid line) we can see that the
BdG equations are solved self-consistently. In studying th&.DOS peak at the NN site of Zn is significanly suppressed
electronic structure of the vortex lattice dhwave supercon- and mixes with the vortex core states without identification
ductors, a magnetic unit cell which accommodates two vorof the impurity resonance state any more. As a strong scat-
tices is usually employed in numerical studfés?’ Such a  tering potential, the unitary impurity can drive the spectral
method has been applied to treat impurity effects in theweight on it mainly to its NN sites no matter if the vortex is
mixed state ofs-wave’® and d-wave?® superconductors. The present or not. However, in the absence of the vortex, the
primitive translation vectors of the magnetic unit cell areLDOS at a specific energy is raised, leading to a resonance
R,=aN,x andR,=aN,y, wherea s the lattice constant and State, while in the presence of a vortex, the LDOS on NN
will be set as unity. The pairing potential winds byr4 Sites is increased in a wide energy range as seen in Fig. 1 and
around the magnetic unit cell. The quasiparticle amplitudedhus it is more reasonable to state that the vortex core states

u" ando" are classified by the magnetic Bloch quasimomen-ré strengthened by the impurity scattering. Broadening of
tum K. the impurity resonance state by the magnetic field exists

The parameters we choose ape=—0.2, V4=2.2 when the supercurrent of the vortex disturbs thg elnergy spec-
which give rise toAy=0.274 (accordingly, A m~t) and trum (_)f d-wave supercondu_ctonsaa D_opple_r shiff! How-
T.=0.4%. We here intentionally take a relatively large am- 8Ver, in our case the smearing of the impurity resonance state
plitude of the energy gap . With respect to real materials, 'S not induced by the supercurrent bec_ause the impurity is on
because a large energy gap can sufficiently lower the Lpodhe vortex center where_supe_rcurrent is zero. We attribute it
peak corresponding to the vortex core states and in our cad@ the nature of topological singularity of the vortex center
a broad structure is achieved near the vortex céftehich where the phase of pairing potential varies arbitrarily, which
enables us to distinguish the LDOS peak of the unitary imInakes the _vc_;rtex center itself a str_qng scatter of elections.
purity from that corresponding to the vortex core states. Thd Nerefore, itis the vortex that modifies the background elec-
on-site attractive scattering potential is chosen s tronic structure wh|ch is respon5|b[e for .the impurity reso-
=—10t. In Fig. 1 the LDOS at the NN site of Zn site is Nance and accordingly makes the impurity resonance indis-

plotted. In the absence of magnetic figldashed ling a  cemible.

sharp peak is found &;,/A 5= —0.02 corresponding to the

impurity resonance. In the inset, the_ spatial di_stri_buti_on of Il. EXTENDED ANDERSON IMPURITY MODEL

the LDOS at resonance energyr,E;), is shown, indicating

that the spectral weight is concentrated at the NN sites of the We now address the impurity state in the presence of
impurity while it is vanishingly small at the impurity site. Kondo screening of the magnetic moments described by the
These results are qualitatively consistent with previous nuextended Anderson impurity model. First we consider the
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FIG. 2. LDOS versus energy at the impurity siolid line), FIG. 3. Same as in Fig. 2 except that a vortex is pinned on the
next-NN site (dashed ling and NN site(dotted line under zero  impurity site.(b) gives the spatial distribution of the LDOS at en-
field within the extended Anderson impurity model. The bulk den-ergy Eq/A ,,,=0.02.
sity of states is also plotted for referen¢gash-dotted ling (a)
shows the variation oAF as a function of\, and (b) gives the
spatial distribution of the LDOS at enerdsp /A 5= —0.04.

resonance energies are at10=2) and (4-2) meV, being

not necessarily near zero bias. Based on our model, with the
fixed coupling strength, e.gvi,=2t, both the barel level e4

and on-site scattering potentM] could adjust the resonance

exact diagonalization is performed on a>x224 square lat- position of the impurity sta_te. Whew, =0 and eq ranges
tice, which is seen to be sufficiently large due to the IocalizecIrorn 0 to —4t, _EO/AmaX_Va”eS from—0.18 t_o_—0.04. An
feature of the impurity state. The scattering potentalis ~ atractive(negativg V, drives the energy position below the
simplified as zerdthe role of nonzerd/, will be discussed Fermi level further(e.g., whenV,=—1t, Eq/Ampay varies
laten. The bared level is set assq= —4t and the coupling from —0.42 t0—0.26 ase, ranges from O to-4t), while a
strengthV,,= 2t (Kondo screening regimeThe value of the ~repulsive one makes the resonance energy approach or even
Lagrange multiplien, is determined by minimizing the free cross the Fermi level and become positieeg., whenV,
energy of the system as indicated in the inset of Fig. 2 and=t, Eo/Ana=0.25 with 4= —4t). However, too large/
the corresponding value df;, is calculated self-consistently (>t) can affect the spin-induced impurity state strongly and
according to Eq(8). In the inset of Fig. 2AF as a function  double-resonance pedRs* are found in the unitary limit,
of \g is plotted, whereAF represents the change of the free which disagrees with the STM spectra.
energy when the local magnetic moments couple with con- When a vortex is pinned on the impurity site, we expect
duction electrons. We find that for the chosen parameters thigat there is a rearrangemenmf“) according to the wind-
lowest free energy occurs whexy=5.6t with by=0.64.  ing of the phase of the order parameter so that the phases of
Figure 2 gives LDOS on the Zn site, its NN site, andthe Hubbard-Stratonovich fielg. and the local bond pairing
next-NN (NNN) site. There is a sharp peak at the energypotential between NN site8; have the best match. There-
Eo/Amax=—0.04, which is well consistent with STM mea- fore, m will vary from 2 to 1 when a vortex is present. This
surement. Right on the Zn site, the peak is strongest an@ quite important as other choicesmf(0,2,3) are found to
local maximum peaks are on the NNN sites, while on the NNresult in the disappearing of the impurity state. The numeri-
sites peaks are rather weak and also afal results are shown in Fig. 3, which plots the LDOS as a
—Eo/Ana=0.04. The spatial distribution of the LDOS at function of energy on the impurity site. A strong single peak
E, is shown in the inset of Fig. 2, also in agreement withis seen near the Fermi level, indicating that the impurity state
STM spectrd and with a theoretical study based on anotherstill survives under the field. Being different from the case
approach on an essentially equivalent modelur analysis  without a vortex, the peak is lowered slightly and moved to
shows that the impurity state induced by the magnetic mopositive biasE,/A ,,,=0.02, while the spatial pattern of the
ment is a bound state with a very short attenuation lengthmpurity state is not modifiedsee the inset of Fig.)3
~2a. In summary, we have compared the extended Anderson
Recent STM measuremefitof impurity states induced impurity model with the unitary impurity model by studying
by Zn** and Mg"* doped in YBaCuQ; ¢ reported that the numerically the impurity state of &wave superconductor as

case in the absence of applied magnetic field. Wense® in
Eq. (4) in consideration of free-energy minimizatidrThe
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