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Heat current in a parametric quantum pump
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We investigate the heat flow in the parametric quantum pump. Using the time dependent scattering matrix
theory, we have developed a general theory for the pumped heat current at finite pumping amplitude and
frequency. We have applied our theory to a double barrier structure and studied pumped heat current in both the
weak and strong pumping regimes as different system parameters vary. By comparing the pumped heat current
and the power of Joule heat generated in the system, we found that the double barrier structure can function as
an optimal pump in the strong pumping regime.
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The physics of adiabatic quantum pump has attrac
great attention recently.1–18The quantum pump is realized b
varying the geometric parameters of the quantum dot,
which the current is generated. At the same time, heat cur
is also produced and accompanied with the dissipat
Avron et al.19 have given a lower bound for the dissipation
a quantum channel which is defined as the difference
tween the heat current and the power of Joule heat.
pump is optimal if the heat current equals the power of Jo
heat.19 As a result, the optimal pump is noiseless and cha
transported is quantized. In a recent paper, Moskalets
Buttiker20 have also considered the dissipation in an ad
batic quantum pump. The heat current and the noise h
been formulated in terms of a parametric emissivity mat
The theory of Moskalets and Buttiker is in the weak pum
ing regime~quadratic order in pumping amplitude! and can
go to the finite frequency if one goes beyond the hypothe
of instant scattering. In this paper, we develop a gen
theory for the heat current which is valid for finite pumpin
amplitude and finite frequency. This allows us to study
heat current in both weak and strong pumping regimes.
theory is based on the time dependent scattering ma
theory20,8 and goes beyond the instant scattering hypothe
We have applied our theory to a double barrier structure
studied pumped heat current as different system param
such as Fermi energy, pumping amplitude, and phase di
ence vary. In the weak pumping regime, the pumped h
current increases quadratically as pumping amplitude
creases. The dependence becomes linear in the strong p
ing regime. In the strong pumping regime, the pumped h
current shows strong nonlineality as a function of phase
ference between two pumping potentials. The heat cur
for single pump has also been studied. We found that
amplitude of the pumped heat current for the single pum
of the same order as that of two pumping potentials. R
cently there has been a concern regarding the existence
genuine optimal pump with nonvanishing transmiss
coefficient.21 In this paper, we give a nontrivial example o
optimal pump. By comparing the pumped heat current a
the power of Joule heat generated in the system, we fo
that the double barrier structure is an optimal pump in
strong pumping regime.
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We start with the general definition for the heat current
scattering matrix theory,20

I q,a5 lim
Dt→`

1
DtE0

Dt

dt^ Î q,a&, ~1!

where the heat current operator isÎ q,a5 Î E,a2EFÎ e,a and

^•••& denotes the quantum average. HereÎ E,a is the energy
current operator given by

Î E,a52 i @] tb̂a
†~ t !b̂a~ t !2] tâa

†~ t !âa~ t !# ~2!

and Î e,a is the electric current operator,

Î e,a5b̂a
†~ t !b̂a~ t !2âa

†~ t !âa~ t !, ~3!

where the operatorsb̂a andâa are annihilation operators fo
the outgoing and incoming carriers in the leada. They are
related by the scattering matrix,

b̂a~ t !5(
b

E dt8sab~ t,t8!âb~ t8!, ~4!

where the time dependence of the scattering matrix is du
the slowly time-varying pumping potentialX(t). The distri-
bution function can be obtained by taking the quantu
average,20

^âa
†~E!âb~E8!&5dabd~E2E8! f a~E!, ~5!

where âa(E) is the Fourier transform ofâa(t) and f (E) is
the Fermi distribution function. For the purpose of presen
tion, we calculate the energy current first and the elec
current can be calculated in a similar fashion. From Eqs.~2!,
~4!, and~5!, the energy current is given by

I E,a52 lim
Dt→`

i
DtE0

Dt

dtE dt1dt2(
b

sab~ t,t1!

3 f ~ t12t2!] tsab
† ~ t,t2!2E dE

2p
E f~E!, ~6!

wheref (t)[*(dE/2p)exp(2iEt)f(E). Now we will focus on
the first term~denoted asI E,a

(1) ) in Eq. ~6!. After changing of
the variablet05(t11t2)/2 andt5t12t2 and using the fol-
lowing Wigner transform for the scattering matrix:8
©2002 The American Physical Society10-1
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s~ t,t8!5E de

2p
e2 i e(t2t8)sS e,

t1t8

2 D , ~7!

Eq. ~6! becomes,

I E,a
(1) 5 lim

Dt→`
2 i

4p2Dt
E

0

Dt

dtE dt0dtde1de2f ~t!

3e2 i e1(t2t02t/2)ei e2(t2t01t/2)

3(
b

sabS e1 ,
t1t0

2
1 t

4
D F] tsab

† S e2 ,
t1t0

2
2 t

4
D

1 i e2sab
† S e2 ,

t1t0

2
2 t

4
D G. ~8!

Changing the variables again tot15t2t0 and t85(t
1t0)/2 and integrating overt1, we obtain

I E,a
(1) 5 lim

Dt→`
2 i

2pDtE2Dt

Dt

dt8dtde(
b

sab~e,t81t/4! f ~t!

3@~1/2!] t8sab
† ~e,t82t/4!1 i esab

† ~e,t82t/4!#ei et.

~9!

To get the heat current up tov2, it is enough to expandsab
up to the second order int. We obtain

I E,a52
1

8pTp
E

0

Tp
dtE dE@2E]E

2 f #

3(
b

] tsab~E,t !] tsab
† ~E,t !2

1

2pTp

3E
0

Tp
dtE dEE]Ef(

b
Im@] tsab

† ~E,t !sab~E,t !#,

~10!

where the zeroth order term int in Eq. ~9! has been cancele
by the second term in Eq.~6! and Tp is the period of the
pumping cycle. Including the electric current, the heat c
rent is given by

I q,a52
1

8pTp
E

0

Tp
dtE dE@2~E2EF!]E

2 f #

3(
b

] tsab~E,t !] tsab
† ~E,t !2

1

2pTp

3E
0

Tp
dtE dE~E2EF!]Ef

3(
b

Im@] tsab
† ~E,t !sab~E,t !#. ~11!

Note that the second term in Eq.~11! vanishes at zero tem
perature. In the adiabatic regime, we have8 ] tsab

5( i@]Xi
sab] tXi1] Ẋi

sab] tẊi1•••# where Ẋ[dX/dt. Up

to the order v2, we can neglect the contribution from
] Ẋi

sab . At zero temperature, Eq.~11! becomes,
12531
-

I q,a5
1

8pTp
E

0

Tp
dt(

b
(
i j

]Xi
sab]Xj

sab
† ] tXi] tXj . ~12!

It is straightforward to obtain the heat current at higher or
in frequency. To do that, we have to keep the higher-or
term in the expansion oft in Eq. ~9! and include the contri-
bution of higher-order derivatives3,8 such asẊ. For instance,
expanding Eq.~9! to the third order int and including the
contribution from the electric current, we obtain~up to v3),

I q,a
(3) 5

1

48pTp
E

0

Tp
dtE dE]E

2 f(
b

Im@] t
2sab] tsab

† #.

~13!

There are also third order corrections from Eq.~11! where
the term] Ẋi

sab should be kept. We now consider the limitin
case of Eq.~12! when the pumping amplitude is small. Fo
two probe pumping:X1(t)5X1sin(vt) andX2(t)5X2sin(vt
1f), we see that the lowest order pumping amplitude in E
~12! is quadratic by neglectingX dependence in]Xsab . In
this case, it is straightforward to show that Eq.~12! is re-
duced to

I q,a5
v2

16p FX1
2(

b
u]X1

sabu21X2
2(

b
u]X2

sabu2

12 cosfX1X2(
b

Re~]X1
sab]X2

sab
† !G , ~14!

which agrees22 with the result of Ref. 20.
We now apply our formula Eq.~12! to a one-dimensiona

quantum structure which is modeled by a double barrier
tential U(x)5X1d(x1a)1X2d(x2a) where 2a is the well
width. For this system the Green’s functionG(x,x8) can be
calculated exactly.23 With G(x,x8) we can calculate scatter
ing matrix from the Fisher-Lee relation24 sab52dab
1 i\vG(xa ,xb), with v the electron velocity in the lead
The adiabatic pump that we consider is operated by chan
barrier heights adiabatically and periodically:X15V10
1Vpsin(vt) and X25V201Vpsin(vt1f). This can be
achieved by microfabricating metallic gates at the barrier
gion and applying a time dependent gate potential. Since
pumped current is proportional tov2, we will set v51 for
convenience. Finally the unit is set by\52m51.25

We first study the pumped heat current with two pumpi
potentials. Figure 1 depicts the pumped heat current exi
from left lead versus Fermi energy for the symmetric barri
at small pumping amplitude. We have also plotted the tra
mission coefficient~solid line! versus Fermi energy for com
parison. The physical picture of heat flow suggested
Moskalets and Buttiker20 is the following: as an electron is
scattered by the oscillating barriers or scatterers, the abs
tion of energy quantum\v creates an electron-hole pair. Th
flow of electron-hole pair leads to the heat transfer. In
symmetric case, we haveI q,L5I q,R . We see that the hea
current is peaked at the resonant levels and is clearly pro
tional to the density of states of the scattering region.
phase differencef53p/4 ~short-dashed line!, the line shape
of I q is approximately Lorentzian similar to that of transmi
0-2
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sion coefficient. Asf decreases, the line shape is broaden
and deviates from Lorentzian considerably. For large pum
ing amplitude~see inset of Fig. 1!, we see that there is sig
nificant heat current even in the off resonant case~when
Fermi energy is not in line with the resonant level in t
static case when pumping potential is off!. This is because in
the strong pumping regime, the instantaneous resonant
oscillates with a large amplitude and hence can generate
current in a broad range of energy. Up to the order ofv2, the
heat currentsI q,L and I q,R are all positive and flow from the
scatterers to the reservoir. It is no longer true when hi
order frequency contribution is included. Figure 2 shows
heat current as a function of phase difference for differ
pumping amplitudes. In general, there are two extre
points for the heat current atf50 and f5p, where the
former corresponds to maximum in heat current and latte
the minimum. In the weak pumping regime, the sinusoi
behavior is seen. In the strong pumping regime, however,
see significant derivation from the sinusoidal behavior. A
result, when increasingf from f50 to p, the heat current
drops not as fast as in the weak pumping regime away f
f5p. However, nearf5p, the heat current decrease
much faster. Figure 3 displays the heat current as a func
of pumping amplitude. The general behaviors of heat curr
at differentf are similar. We see that initially, the heat cu
rent increases quadratically with pumping amplitude in
weak pumping regime and then quickly approaches the
ear regime in the strong pumping regime. This behavior p
sists for single pumping potential. In the inset, we present
result for asymmetric barriers. Herev1054, v2056, and
vp50.5, I q,L is about twice as large asI q,R . This is reason-
able because it is easier for heat current to tunnel through

FIG. 1. The transmission coefficient~solid line! and heat current
as a function of Fermi energy at different phase differences betw
two pumping potentials:f50 ~dotted line!, f5p/2 ~dot-dashed
line!, f53p/4 ~short-dashed line!. The heat current for a single
pump ~long-dashed line!. For illustrating purpose, the heat curre
has been multiplied by 10/3. Other parameters,v105v20580 and
vp54. Inset, the heat current as a function of Fermi energy
different pumping amplitudesvp55 ~dotted line!, vp510 ~dot-
dashed line!, vp520 ~dashed line!. The transmission coefficient i
also shown~solid line!. The heat current has been normalized
one. The scaling factors are 8/3 forvp55, 4/3 forvp510, and 2/3
for vp520. Other parameters,v105v20580, f50.
12531
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lower barrier. In general, the electric pumped current is lin
in frequency for two pumping potentials whereas for sing
pumping potential, it must be zero up to the first order
frequency.8,16 The heat current is different. For both sing
pump and two potential pump, the heat currents are of or
v2. In the weak pumping limit, there is a simple relationsh
between the following three heat currents:20 I p/25I L1I R ,
whereI p/2 is the heat current of two pumping potentials wi
phase differencef5p/2, I L is the heat current of single
pump due to the left oscillating barrier, andI R heat is the
current due to the right barrier. In the strong pumping
gime, the scattering matrix depends on bothX1 andX2 in a
nonlinear fashion, this simple relation is no longer val
Denoting the ratiot[I p/2 /(I L1I R), we found that at small
pumping amplitude,t;1. As one increases the pumpin
amplitude the ratiot decreases and quickly saturates arou

en

t

FIG. 2. The heat current as a function of phase differencesf/p
at different pumping amplitudes:vp51 ~solid line!, vp520 ~dotted
line!, vp540 ~dot-dashed line!. The heat current for a single pum
~long-dashed line!. For illustrating purpose, the heat current h
been multiplied by a factor of 200, 20/3, 10/3, respectively forvp

51, 20, 40. Other parameters,v105v20580 andEF52.4069.

FIG. 3. The heat current as a function of pumping amplitude
different phase difference:f50 ~solid line!, f5p/2 ~dotted line!,
f53p/4 ~dotted-dash line!. The heat current for a single pum
~dashed line!. The heat current has been multiplied by a factor
10/3. Other parameters are the same as the inset of Fig. 2. InsetI q,L

~solid line! and I q,R ~dotted line! vs pumping amplitude for asym
metric barriers. Heref50 andEF51.65. The scaling factor is 1/3
0-3
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t;0.8. This is understandable since the behavior ofI p/2 ,
I L , andI R is similar as one increases the pumping amplitu
one obtains the nearly constant ratio in the linear pump
amplitude dependence regime~see Fig. 3!.

Finally, we study the dissipation of the pump by comp
ing the heat current and the power of Joule heat produce
the electric current.26 We found that the heat current is a
ways larger than the corresponding power of Joule hea
predicted by Ref. 19. In Fig. 4, we plot the pumped cha
per cycle and the ratio between the power of Joule heat
the heat current as a function of pumping amplitudevp . We

FIG. 4. The pumped charge per cycle~solid line!, the ratio be-
tween the power of Joule heat and the heat current~dotted line! as
a function of pumping amplitude. The system parameters arev10

5v20580, f53p/4, andEF52.4069.
n
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see that the pumped charge increases asvp increases. In the
large vp limit, the pumped charge will eventually reach th
maximum valueQ5e.14,17We see from Fig. 4 that the rati
also approaches to one just like the pumped charge. Th
fore, we conclude that the double barrier pump we stud
can be optimal in very strong pumping limit.

In summary, we have developed a general theory for
pumped heat current at finite pumping amplitude and
quency which allows us to investigate the pumped heat
rent in both weak and strong pumping regimes as differ
system parameters vary. As the pumping amplitude var
we observed the crossover of pumped heat current from
dratic dependence in the weak pumping regime to linear
pendence in the strong pumping regime. In the strong pu
ing regime, the pumped heat current shows stro
nonlineality as a function of phase difference between t
pumping potentials. For the single pump, we found that
amplitude of pumped heat current is of the same order as
of two pumping potentials. Finally, our numerical resu
show that the double barrier structure we examined can b
optimal pump in the strong pumping regime. Due to the p
turbative nature of our approach, it is very difficult to calc
late the pumped heat current for general frequency in
strong pumping regime. However, it is possible to solve t
problem using the scattering matrix approach by Wagner27
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