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Ferromagnetic ground state of an orbital degenerate electronic model for transition-metal oxides:
Exact solution and physical mechanism
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We present an exact ground-state solution of a one-dimensional electronic model for transition-metal oxides
in the strong-coupling limit. The model contains doubly degenerated orbit for itinerant electrons and the Hund
coupling between the itinerant electrons and localized spins. The ground state is proven to be a full ferromag-
net for any density of electrons. Our model provides a rigorous example for metallic ferromagnetism in
narrow-band systems. The physical mechanism for ferromagnetism and its relevance to high-dimensional
systems, likeR;_,X,MnQ;, are discussed. Due to the orbital degeneracy of itinerant electrons, the superex-
change coupling can be ferromagnetic rather than antiferromagnetic in the half-filled one-band case.
[S0163-182699)11001-4

The origin of ferromagnetism in narrow-band systems is avhere
long standing problem and has recently attracted renewed
attention. Essentially speaking, there are three basic routes to H.— 2 et e,
ferromagnetism{l) it is formulated in the Hubbard model t o Hhyehyho
for an intermediate short-range Coulomb interaction with a
pronounced peak in the density of state near the band edge;

(2) the Hund’s rule coupling in the presence of the orbital Hy= > (165, 85,6)UyyNi yoNiy o s

ij,v.v.0

degeneracy of itinerant electrons leads to ferromagnetism:; L.y oo

and (3) the motion of electrons in the localized spin back-

ground forces the spins Fo align parallelFQc&gmﬂcant Hj=— E Jw'(CiT,y,aCi,y,o'CiT,y/,a/Cj,y',o
progress has been made in our understanding of ferromag- iy£y o0

netism in last several years. Recent reviews on this subject + t

are seen in Refs. 4—6 and references therein. On the other +Ci,wciv?’-vcimn’ciﬂ’ﬁ’)'

hand, ferromagnetism iR, _,X,MnO; and related ordering

states have stimulated extensive interests due to the phenom- Hp=— 2 S-S ..
enon of the colossal magnetoresistance. The physical origins iy v
still lack full understanding. Electronic models for this fam- 4 . I
ily of materials contain all the three factors which favor fer- Ci.».c @1dCi ., are creation and annihilation operators égr
romagnetism, and are ideal candidates to test all physic&l€Ctron with spino (==1) on orbital y(=*1) at sitei,
mechanisms for ferromagnetism. Various techniques are ap€SPectively.S is the maximal total spin of threg, elec-

plied to investigate magnetism in these modeBue to the  trons (S=3/2), andS ,==,,/0,,:C, ,Ci , ,/2 is a spin
complexity of the systems quite a few rigorous solutions oroperator for are, electron andr are the Pauli matrice$d,
rigorous results are obtained from the models. Usually rigordescribes the process of electrons hopping between nearest-
ous results are very helpful to shape the physics of theoretineighbor sitesH,, is of the on-site Coulomb interactiohl;

cal models, especially in such a strong correlated electrofs the Hund exchange coupling between itinerant electrons
system. on different orbitals at the same site ahg, is always posi-

In this paper, we shall present an exact solution of thaive. H,, is the Hund coupling between localized spins and
ground state for a one-dimensional electronic model folitinerant electrons at the same sites. In this model the total
transition-metal oxides in the case of strong coupling. Thespin operator
ground states are proven to be ferromagnetic by means of the
Perron-Frobenius theorem. The physical mechanism and its
relevance to three-dimensional cases are discussed. Due to Sot= iez/\ S+i27 S,y
the orbital degeneracy of itinerant electrons, the superex- '
change coupling can be ferromagnetic rather than antiferrosommutes with the HamiltoniafS;,H]=0. Hence the to-
magnetic in the half-filled one-band case. tal spin and itz component are good quantum numbers. The

An electronic model Hamiltonian for the transition-metal maximal total spin isSy,,=NAS+ N/2 (N is the number
oxides is defined on a discrete lattibewith N site and is  of electrons and we just consid&t,<2N,). We call the
written as state withS;,,« @ ferromagnet.

This model has been investigated by many authdrs.
order to establish some rigorous results for this model we
H=H+H,+H;+Hy, (1) first consider a one-dimensional open chain and focus our
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attention on the case théb tivjy’: —t8,,/8 ;- andt>0; On this basis we come to show that the Hamiltonian sat-
(i) U, =U=+o if y=9'; (iii) U, =U"if y#y'; (iv) isfies the cond_mon of non-positivity and connectivity. _
J,,=J>0 for y#v'; (v) Jy>0. Itis worth stressing that (1) Nonpositive off-_dlagonal elements: On _the basis we
the condition(ii) excludes the double occupancy of eIectronsChoose’ the_ Hamiltonian can b_e expressed in the form of
on the same orbital at the same site, which is essential tgquare mat,nx. AI_I nonzero off-dllagonal elements O.f the ma-
solve the one-dimensional model exactly. trix (a|H|a') are:(a) —t if x,=x,=1 and all other indices

To solve the model rigorously, we first investigate the@'® the sameth) —J if o= *0op, Xq=Xp, ¥a=— ¥y and
ground-state properties by means of the Perron-Frobenii@l other indices are the samég) —Jy if mi+o,=m;
theorenf The ground state is proven to be nondegenerater m: ¥n=Ym» Xn=Xn=i and all other indices are the
and possesses the maximal total spin. In this case we c&ame. All the nonzero elements are negative,JJ,>0.
write down the ground-state wave function explicitly by uti- Therefore the Hamiltonian matrix satisfies the first condition
lizing the Bethe ansatz. The solution is valid for any densityof the Perron-Frobenius theorem.
of electrons. The Perron-Frobenius theorgar a real sym- (2) Connectivity: all bases are connected through(a)
metric matri¥ states: the hopping terms connect all lattice sites within the ofbit

Let M={m;;} be a real, symmetric, and square matrix. If (b) the Hund coupling) connects the two orbits at the same
the matrix M satisfies the conditions: (i) all its off-diagonal site; (c) the Hund couplingl,; connects the orbits of itinerant
matrix elements are nonpositive;<0; (ii) any i and jare  electrons and the localized spins. Combination(a@f (b),
connected by the matrix, i.e., we can always find an integer @nd(c) shows all bases are connectedHby
such tha M");; #0, then the lowest eigenvalue is nondegen-  On this basis, the lowest energy state Wafy, is ex-
erate and all elements of the corresponding eigenvector capressed in the form
be taken to be positive

This theorem was §ucc<_assfully applied to prove the exis- |q,>:2 f({Xeb Ly Lot AP | ). (3)
tence of ferromagnetism in the quantum double-exchange @
model? the one-band Hubbard mod@land the orbitally de-
generate Hubbard mod®iIn order to apply this theorem to
the present mod€lEg. (1)], we have to choose a suitable

basis set to write the Hamiltonian in the form of a real coefficientsf can be chosen to be positive> 0.
symmetric and square matrix which obeys the two condi- Since the lowest energy state wi, {Eq. (3} is nonde-

tions. Consider the system contaiNs electrons. As thez generate and the total spin is a good quantum number, there-

7 fore the state must be an eigenstate of the total spin
component of the total spif, is a good quantum number,
the Hilbert space can be decomposed3jy. AssumeN; (So)?| W) = Siof( Siort 1) | ). 4)

electrons ony=—1 orbit with spinoy<o,=<...<oy, are 14 getermineS,,, we first construct an eigenstate with the
located at sites(;<x,<.. <Xy and N, electrons ony maximal total spirSya,=NAS+N/2,

=1 orbit with spin = <...< are lo-
PNON, +150N,+2 ON,+N, |0(SE,=—NAS—Ny2)

According to the Perron-Frobenius theorem, we conclude
that the lowest energy state wislj, is nondegenerate and all

cated at sitey, +1<Xn +2< ... <Xy, Xm=1,... N, and

m;=0,...,5. AsN;—N, is also a good quantum number, _ + +

thus we choose speciff,, N; andN,. (We shall show the e Orm1m10 Oy -1
lowest energy state is located I =N, if N, is even, or : :
N;=N,*1 if N, is odd) Denotea to be one of the configu- XCXN1+1,1,—1' . 'CxNe,l,—1|0>'

rations of electrons and localized spins, ) ) )
The other B,,,, eigenstates with total spi,,,,and different

|a>:CT ot z components are expressed by utilizing spin(@lsymme-
Xl,—l,al XNl'_l"TNl try
XCX oy i Cxy i
M |2 (S50) = (S|P (So=~NAS—N2) = X ),
X(Sf)ml(sg)mz---(SﬁA)mNA|0>, (5)
where the stat¢0) has the properties: where M =S+ N;S+Ng/2 and the summation runs over

(1) ¢, »|0)=0 for anym=1,... Ne; all possible configurations in the subspaceSfif. The main
@ S—m|0>m:8 for anyi=1,... Nu. feature of the state is that all coefficients on the basis in the

subspaces;,; are equal. This state is not orthogonal to the
lowest energy statgl’) if they have the same component
of total spin,

As we just construct a basis within the subsp8ge it is
required that

Ne NA

S= 2 S50+ 3, (M=S). @

(¥|®)#0, (6)

since all coefficients ifW') are positive. As both states are

A complete set of bases consists of all possible conﬁgura(-a'genSt"’ltes of the total sp8,, we have

tions of {{Xyn}{ Y} {7m} {Mi}} With the condition(2). & in (W[(Si)2l®) =Sl Sort L)W | )= Syl Smanct 1) (| D).
|) represents one of the possible configurations. (7)
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Hence we conclude th&,= Sy i-€., the lowest energy ferromagnetism and its possible relevance to realistic and
state possesses the maximal total spin. In other words, tharee-dimensional systems. The model we discuss contains
state is fully ferromagnetic. all possible factors which favor ferromagnetism: large on-
The lowest energy state wit8f, is fully ferromagnetic. site Coulomb interaction, orbital degeneracy of itinerant
According to spin S2) symmetry of the model, the ground electrons and the Hund’s rule coupling. In the caseJof
state is (Bt 1)-fold degenerate. This property makes it =Jy=0, the model has a highly spin-degenerated ground
possible to write down the ground- state wave function ex-state whenU=+c. Any finite U will remove the degen-
plicitly. The coefficients in the ground state are independeneracy to form a spin singlet state. Thus without the Hund’s

of spin indices, i.e., rule coupling the only strong on-site Coulomb interaction
cannot drive electrons to form ferromagnetism. On the con-
f({Xmb { Ymb {omb M) = 9({Xmb { Ym}) - (8 trary, the nonzero Hund’s rule coupling, i.d+0 andJy

# 0, will also remove the degeneracy to form a ferromagnet.
This indicates that the interplay between the on-site Cou-
lomb interaction and the Hund’s rule coupling plays an es-
sential role in the stability of ferromagnetism in the model.
_tm 5z:+1 9({X1, .. Xm+ S, X b Ymb) The ferromagnetism may also be survived in the case of
T finite U and largel andJ, . To see this effect, we consider a
more realistic and three-dimensional model which is used

Hence the Schdinger equationH|¥)=Ey|V), is reduced
to

+ Ueffr;m O, %17 8y, .y VI Xmb { Ym}) extensively to describe the doped lanthanum manganese ox-
ides. The final consequences are also valid to the one-
=(Eg—NeJ12—=NAS)I({Xm} { ¥m}), (9) dimensional case. The transfer integrals in the model for

R;_,XyMnO3 are assumed to take a Slater-Koster form
%lven by the hybridization betweesy orbit and nearest oxy-
genp orbit**

whereE, is the ground-state energy of the model. In the cas
of ferromagnetism, the Schiimger equation is reduced to a
one-band Hubbard model with the on-site Coulomb interac=

tion, Ug=U’—J if we use the orbit indices instead of usual 7 = _t Ly
el ) , YW=—t7 -t ,,—t7 14
spin indices. This equation can be solved exactly by means ! vy vy 7Y’
of the Bethe ansafZ The solution tog is expressed as for ry=r;=X,r;=§ andr; =2, respectively, where
N
o~ 1 V3 1 3
9(DXmb {ymh) =2 [Q.Plexdi X ke Xq |, (10 7 I e
P m=1 m ~m 4 4 4 4 1 0
™= , 7= , = .
whereP and Q are two permutations of (1,2,.,Ng). The _ E E \/_§ § 00
coefficients[ Q,P] have the relation 4 4 4 4
[Q,P]=YH*1Q,P']; (1)  y==1 representy)=3z2—r? orbit and §)=x*—y? orbit
B of the e, electron, respectively. In reality, the parameters of
. (sink,—sinky,) P T1—iU 44/2 the model for the manganites are roughly estimatedJas
ii+1__ . . . .
nm Tl —ai - ' (12 >Jy,J>t. Hence we can obtain an effective Hamiltonian at
(sink,—sink,,) +iU g4/2 S o
N.=N, by means of combination of the projection tech-
where nique and the perturbation technidtie
P=(Py,...Pi=n,Pis1=m,...Py); o t2 (S|SJ+(S+1/2)(S+3/2))
P'=(Py,...P/=m,P/,,=n,...Py). u- 29 (S+1/2)(S+3/2) ’
k, (n=1,... NA) are determined by Eqg1l) and (12). t? S—(S+ 1/2)2
The ground state is located in the subspaie=N, if the Y <~ | (S+1/2)(S+3/2
number of electrons is even, b, =N,* 1 if the number of U+ 332+ 3,ST ¢ )
electrons is odd. Its lowest energy is N t2 S~ (S+ 1/2)2 . s
Ne U+3,S% (S+1/2)2 n

Eg=—2t cosk,— NJ NAJLS. 13
2 N a3 whereS; is a spin operator witls+1/2 as a ferromagnetic

combination of the localized spin and itinerant electron at the

The properties of the Lieb-Wu's solution have been dls_same sitePiSj(d) is the projection operator for the orbital oc-

cussed extensivel? Except for the fillingN,=N, , there is

no energy gap. Hence the ground state is a metallic ferro cupancy

magnet. pS = ;o a-
We have obtained the exact solution of the ground state of were

the electronic model for transition-metal oxides in a one- d_ ra(q— 7o)

dimensional open chain for any density of electrons in the
case ofU=+. The state is proven to be fully ferromag- with a=x,y,z, which depends on the direction of—r;.
netic. Here we come to discuss the physical mechanism dfrom the effective Hamiltonian, the first term favors ferro-
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magnetic correlation and the other two terms favor antiferro-of freedom is very important for us to understand the phase

magnetic correlation. Wheld = + < or sufficiently large, the

diagrams of doped manganese oxides. When the system is

third term is suppressed. Comparing the first and secondoped, i.e.N,<N,, due to the strong Hund couplindy
terms, we find that the ferromagnetic coupling is alwayss-t, the motion of itinerant electrons tends to force the lo-

stronger than antiferromagnetic coupling since
t2 t2

>
U'=J/2 U’'+33/2+J4S

(16)

and Pﬂ- always has nonnegative eigenvalues. WHg8 is
sufficiently large andJ’—J/4 is kept unchanged, the first
term is predominant even for a finit¢. However, wherJ

decreases to finite, an antiferromagnetic frustration is intro

duced. The stability of ferromagnetism depends on the co

- : fion
petition between the strong Hund coupling and the effect g}erromagnetism can be survived in finite and higher di-

mensional systems. Due to the orbital degeneracy of itinerant

finite U. In LaMnQO;, whereN.=N, , a ferromagnetic and
insulating phase was observed at low temperattfr@his

experimental observation is in qualitative agreement with ou
analysis. Oppositely, if we neglect the orbital degeneracy o

calized spins to align parallell. Thus the double-exchange
mechanism as well as the orbital degeneracy and sttbng
should be also responsible for the metallic ferromagnetism in
Ri_,X,MnO;. The detailed discussion of the phase dia-
grams will be published elsewhere.

Summarizing, the model on an open chain is solvable in
the case ofJ = + 0. The ground state is a metallic ferromag-
netic except for the densitiM,/N,=1. The charge and or-
bital degrees of freedom are determined by a Lieb-Wu solu-

for the one-dimensional Hubbard model. The

F:-Iectrons and strong on-site repulsidn the superexchange
oupling can be ferromagnetic rather than antiferromagnetic
n the one-band case.

€y electrons and use a one-band Kondo lattice model to de-

scribe the sample, we always have an antiferromagnetic This work was supported by a CRCG research grant at the

phase at low temperatur&slt implies that the orbital degree

University of Hong Kong.

IM. C. Gutzwiller, Phys. Rev. Lettl0, 59 (1963; J. Hubbard,
Proc. R. Soc. London, Ser. 276, 238 (1963; J. Kanamori,
Prog. Theor. Phys30, 275(1963.

2J. C. Slater, Phys. Rev9, 537 (1936; J. H. van Vleck, Rev.
Mod. Phys.25, 220(1953; L. M. Roth, Phys. Rev149 306
(1966.

3C. Zener, Phys. Rew82, 403 (1951); P. W. Anderson and H.
Hasegawajbid. 100, 675 (1955; K. Kubo and N. Ohata, J.
Phys. Soc. Jpr33, 21 (1972.

4H. Tasaki, Prog. Theor. Phy89, 489 (1998.

5D. Vollhardt, N. Bimer, K. Held, M. Kollar, J. Schlipf, and M.
Ulmke, Z. Phys. B103 283(1997.

6S. Q. Shen, Int. J. Mod. Phys. B, 709 (1998.

K. 1. Kugel and D. I. Khomskii, Sov. Phys. JETH, 725(1973;
S. Ishihara, J. Inoue, and S. Maekawa, Physic263 130
(1996; Phys. Rev. B55, 8280(1997; R. Shiina, T. Nishitani,
and H. Shiba, J. Phys. Soc. J&6, 3159(1997); S. Ishihara, M.

Yamanaka, and N. Nagaosa, Phys. Rev5® 686 (1997).F.
Zhong, J. Dong, and Z. D. Wandhid. 58, 15310(1998.

8See B. SimonStatistical Mechanics of Lattice Ga®rinceton
University Press, Princeton, New Jersey, 1993

9K. Kubo, J. Phys. Soc. Jpbl, 782(1982.

104, Tasaki, Phys. Rev. B0, 9192(1989.

115, Q. Shen, Phys. Rev. B7, 6474(1998.

2E H. Lieb and F. Y. Wu, Phys. Rev. Le®0, 1445(1968.

13see V. E. Korepin and F. H. L. Essldfxactly Solvable Models of
Strongly Correlated ElectrongWorld Scientific, Singapore,
1994).

14H. Shiba, R. Shiina, and A. Takahashi, J. Phys. Soc. 8aro41
(1997.

155, Q. Shen and Z. D. Wang, Phys. Rev58 R8877(1998.

183, B. Goodenough, Phys. Red00, 564 (1955; P. Schifferet al,
Phys. Rev. Lett75, 3336(1995.

17s. Q. Shen, Phys. Rev. B3, 14 252(1996); 55, 14 330(1997.



