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Quantum transport of vortices in a weakly dissipative ring threaded

by an Aharonov-Casher flux: A tight-binding model
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Based on the tight-binding model and taking into account the effect of dissipation as well as the disorder, we
study quantum interference via the Aharonov-Casher effect for fluxons in a ring-shaped superconductor. The
electrical resistance in terms of the transmission probability for a quantum vortex to traverse the ring is
calculated. It is shown that a quantum interference effect is exhibited in the resistance in the presence of weak
dissipation. Our analysis may also be applied to a Josephson-junction array system. In particular, by including
the disorder effect, we are able to explain the experimental measurements in the dissipative regime done by
Elion et al. [Phys. Rev. Lett71, 2311(1993].
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In 1984 it was shown by Aharonov and Cash@C) that
a neutral particle carrying a magnetic moment may exhibit &tant external ma
guantum-mechanical interference effect, which is a dual o
the Aharonov-Bohrh(AB) effect in which a charged particle

creates a radial Coulomb electric fielfl=(2A/r)r. A con-

gnetic field (Hy<H<HL<H,,) is ap-
lied perpendicular to they plane such that fluxons, each of

which carries a quantized flu,=hc/2e and has a direc-

is deflected in the presence of a vector potential even whefo, 510ng the line segment that traces out the normal core of
the force exerted on the particle is absent. This AC effect haﬁwe fluxon, are induced in the mixed-state regime. Under this

also been discussed for fluxorimagnetic vorticesin a
type-1l superconductdr® and for vortices in a ring-shaped

arrangement, we assume that the fluxon moves only in the
azimuthal direction along the fixed contour of radiysif a

two-dimensional array of Josephson junctions in the absencgriving current is introduced. When considered in its essen-
of dissipation’ Recently, Elionet al® observed quantum in- tial nature as a topological excitation, a fluxtrortex line
terference of vortices in a Josephson-junction array, whicltan be regarded as a quantum partitieson at extremely
may be again a manifestation of the AC effect. As pointedow temperatures. In particular, these fluxons or vortices in
out by these authors, however, the phase-interference oscil-
lation was observed in the flux-motion resistance. According

to the conventional wisdom, the dissipation should destroy
the phase-interference effect, and so Elion and co-workers’
experiment presents a rather unique and challenging
problem® which, to the best of our knowledge, has not been
tackled seriously. In this paper, by taking into account the
dissipation effect, we study the quantum coherence of flux-
ons via the AC effect in a ring-shaped type-Il superconductor
or a Josephson-junction array. It is shown that the interfer-
ence could survive in the presence of weak dissipation. In
addition, the disorder and the temperature effects have also
been discussed. A satisfactory interpretation for the interfer-
ence oscillation of the resistance observed in the experimen-
tal measurement by Elioet al® is presented.

Figure 1 shows schematically a ring-shaped type-Il super-
conducting thin film lying in thexy plane. This ring is of
inner radiusr, and outer radiug; and thicknesd. The

width of the ring army;—r,<<r,, is comparable to the pen-
etration depth. Each branch of the ring is attached to a type-I g, 1. Schematic drawing of a ring-shaped type-Il supercon-
superconducting film, characterized by a critical magnetiGyuctor. The fluxons are induced by a magnetic field. A straight
field H, and they in turn are coupled to the driving current charge line with charge density passes through the center of the
and voltage contacts. A straight line charge with charge dendng, andQ=Ad whered is the thickness of the ring. The dashed
sity A pierces perpendicularly the center of the ring, whichlines picture two trajectories traveled by fluxons.
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type-ll superconductors or Josephson-junction arrays havia the eigenenergy representation, the Hamiltonian of the
infinite repulsive on-site interaction, leading to the hard-corefluxon system then becomess= 3 E,f!f,, wheref and
constraint. Therefore, they can be treated as standard neutgl are the fermion operators defined in the energy eigenstate
hard-core bosons carrying an effective magnetic morpent space. The environment Hamiltonian is modeled by the har-
=(q>0d/47-,)2, wherez is the unit vector orthogonal to the monic oscillators, and in second quantization can be written
xy plane. On the other hand, it is still a macroscopic objec@s

in all other respects. We are therefore in a position to study

the dynamics of a macroscopic quantum particle, which is H :2 w.ala 4
influenced by its interaction with the environment. The ef- R4 et

fective model Hamiltonian of the system plus environment N _ o
may be written as wherea, anda, are creation and annihilation operators of

collective excitions which inelastically scatter the transport-
H=Hg+Hgr+H,. (1) ing quantum vortex. We use the independent boson nhbdel
to describe the coupling between the quantum vortex system

Here and the environment

Hs=>, eb/b,— >, V;b'b; 2
S 2| €;0; Dj ; M) () HI:% Mk,qflfk(aq'f'a:;), (5)

is the Hamiltonian of the isolated fluxon systeen.are the . . .
on-site energies, which take the value of zero on the tdehefe'V' kalS a set of_cou_pllng cons_tants. Although this type
connected leads and are distributed randomly in an interv f the coupling Hamiltonian is a bid hog the advantage

[—W/2,W/2] on the ring. The hopping integrals in the leads €S in that with Eq.(5) the system plus the environment can
are taken to be/;;=V for nearest-neighbor sites and zero be solved exactly. As we are mainly concerned with a quali-

otherwise. In the presence of an external electric field genett—a_tive _description of transport properties of_quqntur_n_ vortices
with dissipation, we are content to use this simplified cou-

ated .by the straight line charge, it h.aS beeq in.dicated b)pl)ling Using this coupling Hamiltonian, one can fiAdrom
Reznik and Aharondbthat, although this electric field may e Ii.near response Kubo formula in ,combination with the
be screened in the superconductor, there is still some part gagonalizatioﬁ technique developed by Maizhat the ef

the electric field penetrating the superconductor, which i 4 - N o
able to make a flux, after traversing one round along th ective transmission probability in the presence of dissipation

ring, and acquire a correct geometric phaseac IS

=(hc) dl- (EXm)=27Q/Q,, with Q=Ad and Q,

=2e.° As a consequence, the nearest-neighbor hopping inte- T:'BJ dE;dE,fep(E)[1—fep(E))]

grals in the ring take the formv;; =VveA%i, whereA 0;j is

the phase acquired by the quantum vortex hopping from one X R t(E))t* (E,)]P(E;,E,), (6)

site to the nearest-neighbor one. Since the AC effect is a

global effect® it follows that S A 6;;=2mQ/Qg, where the whereg is the inverse temperature, the Fermi-Dirac distribu-
summation runs over all of the links on the rirtgf. andb;  tion function fep(E) ={exd BE—EF)]+1} ", the transmis-
create and annihilate one fluxon on tia site, they com- Sion amplitudet(E) is quantum mechanically calculated

mute on different sites from the quantum vortex systertls given by Eq. (3),
P(E.,E,) is the coupling function between the system and
[bl.,b/1=[b; bj]=[b] bj1=0, (i#]), the environment and, if all collective modes have the same

i . ener Einstein model is given b
but anticommute on the same siteard core constraint gyo ( olisg y

{bf \bi}=1, {bf,b}={b;,b}=0. P(E;,E))= > 8(Ey—E;+May)
As we have shown in Reb a gas ofN, hard-core bosons e
defined on the ring is equivalent to a gasNf=N, free Xexg — (2nge+1)g]
fermions except for the introduction of a global phase factor
exdim(N;—1)] into the boundary condition obeyed by the X expMBwo/2)l m( 2Vnge(Neet1)9) |
fermion wave function. Since here we are only interested in @)

the transport properties of the fluxon system, this global

phase shift has no effetf.After such a mapping, we may With o the frequency of the collective modds,(x) is the
have Bessel function of complex argument, angdg=[exp({Bwq

—1]7? the distribution function of the collective modes,
the dimensionless coupling constang=X (M
He=20 afifi—2 Vyflf;, B My )2 fwd. Evidently, in the limit of g=0, P(E,
—E,) goes tos(E;—E,) and Eq.(6) reduces to the nondis-
wheref and f; are the usual fermion operators defined Onsipation case. In particular, we wish to point out that E&j.
the lattice that satisfy the anticommutating relation is derived in the single-particle approximatifsee Eq(3)].
For the present system, if the density of vortices is not so
{fi.f}=ay, {fi.5;}={f.f]}=0. high, this approximation appears to be acceptable as the di-
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In the following, we would like to calculate the transmis-
sion probability within the tight-binding model given by Eq.
(3). So far, pioneered by Imry, Biiker, Gefen, and
Azbel*~18the studies of the conductance behavior of a me-
soscopic electronic ring enclosing a magnetic flux are mainly
based on the continuum model and a clear physical under-
standing for the problem has been given. For our purpose,
we use instead the tight-binding model to study the quantum
transport of the vortex motion. In this model, the disorder
and the band effects can be taken into account
convenientlyt’ Suppose a vortex impinging from the left-
hand side(LHS) leads into the left junction, the Bloch state
on the LHS is ¢,=exp(kna)+rexp(—ikna), n=0,—1,
—2,...,wherer is the reflection amplitude ankl is the
longitudinal wave vector satisfying the dispersion relatéon
=—2V coska) (a being the vortex lattice constanA scat-
tering state on the right-hand sidBHS) for a vortex im-
pinging from the LHS is given byy,=texp(kna), n
=0,1,2 . ... Bysubstituting +r andt for the wave func-
tion amplitudes on the opposite junctions connecting the
leads and the ring, and solving E®) to eliminate the wave
3unction amplitudes at the sites forming the ring, we find
analytically the transmission amplitude for an eight-site ring

R (h/4e?)

R (h/4e?)
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FIG. 2. (a) The zero-temperature vortex-motion resistance as
function of Q/Qq with E /V=0 andg=0 for four different values
of the disorder strengtiV/V=1 (solid line), 2 (dashed ling 3

(dotted ling, 4 (dashed-dotted line (b) The disorder-free vortex- to be
motion resistance as a function @7 Qg with Er/V=0.5,g=0 for oo
three different values of temperatur@V=50 (solid line), 20 _ 2ie **sin(ka)Do (10)
(dashed ling 10 (dotted line. D,e ?katp, e tkat D3’
rect interaction between two vortices at different sites is tod" here
weak to be included in the Hamiltonian. (Wse(d)y () 1 (d) i i oy (U)v/(d) 7 (d)
. = + )+ el?

On the experimental aspect, the measured voltage across Do=XTXT ez "+ ez 7€) +e*XTVITZ
the gate of widthW/, at the endpoinB is the line integral of +X@DyWzW
the electric field,V=[E-dl. For the case considered here,
the contribution to the integral from the electric field created D,;=XWxX®
by the line charge can be neglected, and the only contribu-
tion comes from the type-Il superconducting region. Conse- D,=XW(Z® - y@d) 4 x(@zW _yW)
qguently, V=~EW,, whereE is the electric field induced by
the fluxon motion. This electric field is given by Da= (X @+ XWe 19) (W + dele)

1 n.d +(Z(d)_Z(U)e*iw)(y(d)ew_y(U)),
E==(bxv)= ——2(ZxV), )
c Y x(u,d) — egu,d)(e(zu,d)f(lu,d)_l)_ 6(lu,d)
whereb is the magnetic inductiory is the velocity of the (wd)— () (u.d)
fluxon, andn, the area density of fluxons. By taking into YU =e"e -1,
account the elastic and phase-breaking scattering of the flux- § () ()
ons, the measured voltage becores(d/c) snjv 7, where 20 9=1— e Vet D,
n, is the number of for fluxon r unit length in th . . .

on is the number of states for fluxons per unit length in the, | P i=1,23, are the energies of three sites on the

energy intervabe and7 is the transmission probability given
by Eq.(6). Due to the Lorentz force, the energy imbalance i
given by de=dyZ/c, whereZ is the driving current. In view
of the fact that we have a one-dimensional density of state
an,/de=1/hv, we obtain the resistante

supper and lower branch of the ring. Equati¢t0) shows

clearly that the resistance will oscillate in the external charge

Q with the periodQy=2e. Although our calculations are

Carried out for an eight-site ring as an illustration, there

should be no qualitative changes in the results when the ring

size is varied.

v h o) We plot in Fig. Za) the vortex motion resistance at zero
temperature as a function of the external charge for different
values of the disorder strengilv but with the fixed Fermi

This formula relates the quantum vortex-motion resistance tenergy E/V=0 and no dissipationg=0. Here Er=

the transmission probability of a vortex, in which the —2V coskga) is the Fermi energy of fermions used to rep-

guantum-mechanical interference effect and the dissipatioresent hard-core bosons, wheke= wp with p the linear

effect are essentially included. density of vortices. In our case, the disorder comes from the

= T.
I (2e)?
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vortex pinning fluctuations. At weaker disorder, the resis-
tance oscillates with the amplitude as largeha&2e)?. As

the disorder strength increases, the resistance oscillation de-
creases. In particular, the resistance maxima decrease while
the resistance minima increase. Moreover, the positions of
the resistance maxima changes with the increase of the dis-
order but those of the resistance minima are always fixed at
Q=Q/2. With such a feature, the resistance period halving
may occur at some specific value of the disorder strength. As
can be seen, in the strong disorder limit, the resistance is
almost independent of the change of external charge via the 4

R (h/4e?)

(b)
AC effect, and approaches a nonzero constant value. Figure pe e®%e o %%,

2(b) shows the disorder-free vortex-motion resistance as a 0.6 ]

function of the external charge for different values of the
temperaturel but with the fixed Fermi energir/V=0.5 ' L I
and no dissipation. As one can see, the resistance oscillation o2}
amplitude decreases with the increase of the temperature. In | | .
contrast to the disorder case, this decrease of the resistance 0-3,00 0.25 0.50 0.75 1.00
oscillation is uniquely due to the reduction of the resistance QQ
maxima with the increase of the temperature. As long as the °
ring is ordered_, the resistance always vanishes when the ex- g, 3. (a) The disorder-free vortex-motion resistance as a func-
ternal charge is aQ =Q,/2 regardless of the temperature. jon of Q/Q, for five different values of the dissipation strength,
In Fig. 3(@) we plot the disorder-free vortex-motion resis- g=0.1 (solid line), 0.2 (dashed ling 0.3 (dotted ling, 0.4 (dashed-
tance as a function of the external charge against differerdotted ling, 0.5 (dashed-double-dotted lingb) The vortex-motion
values of the dissipation strength. In the calculatiga, resistance versuQ/Q, with W/V=2 for a typical value of the
=0.5 is taken so that there are thermally activated collectivelissipation strengthg=0.2. Here Er/V=0.5, BV=1C, B,
modes available to scatter the quantum vortex. In the weak0.5.
dissipation limit,g/ Bwg=<1, which is physically reasonable.
In addition,Ex/V=0.5 andgV =10 are taken. Comparing from Fig 3b), by taking into the disorder effect, we can
Fig. 2(b) with Fig. 3(a), we can see clearly that the increaseexplain essentially the experimental measurement by Elion
of dissipation decreases the amplitude of the resistance aseaal!® in the dissipative regime since our analysis may also
whole, showing the similar effect of the temperature. Thisbe applied to the ring of a Josephson-junction array. As for
resemblance between the two effects demonstrates, at leastfinxons in a ring-shaped type-Il superconductor as we pro-
the weak dissipation limit, that the phase-breaking time igpose in Fig. 1, the transmission probability of the fluxon
determined by both the temperature and the coupling betraversing the system may be smaller, but the full AC effect
tween a quantum system and the environment. In Hig), 3 is still expected to be observable in a very clean sample.
we plot the vortex motion resistance as a function of the
external charge by takingV/V=2 andg=0.2 to include This work was supported by the RGC grant of Hong
both the disorder and the dissipation effects. The values dfong under Grant No. HKU262/95P and the Texas Center
other parameters are the same as those for Fijy. 8 seen for Superconductivity at the University of Houston.
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