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Bound states and Josephson current in mesoscopic
s-wave superconductornormal-metal—d-wave superconductor junctions
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Department of Physics, University of Hong Kong, Pokfulam Road, Hong Kong
(Received 11 April 1996

We have investigated the superconducting phase difference dependence of Andreev levels and Josephson
current through a mesoscopic normal-metal layer in contact with two superconducting electrodes with
s-wave andd-wave pairing symmetry§,NS; junction). It is shown that, regardless of the junction length, due
to the sign change of thd-wave order parameter under suitable arrangements, the zero-energy point of
Andreev levels for the negative process appeags=ad. In particular, at zero temperature, the amplitude of the
total Josephson current through the point con&btS; junction could be enhanced by the sign change of the
d-wave order parameter. However, for 8N S; junction of special length, the amplitude of Josephson current
may be suppressed by this sign change. Moreover, as a special case, the midgap surface states discovered by
Hu [Phys. Rev. Lett72, 1526(1994] are recovered naturallyS0163-182@06)06933-0

I. INTRODUCTION fects of Andreev reflection on the current-voltage character-
istic and differential conductance of a normal metal and a
Recently there has been much interest in the pairing symd-wave superconductor, Xu, Miller, and Titlgfound that a
metry in cuprate high-temperature superconductors. Manygero-bias conductance pélkappears when an insulating
theoretical studiés'? proposed that the superconducting barrier exists at the interface between the normal metal and
state of the materials could be characterizedify ,» sym- th_ed_—wave superconductor. They also predicted bound states
metry. Such ad-wave pairing state gives rise to an aniso- Within the energy gap and consequent subgap resonances in
tropic energy gap, which not only drops to zero on somghe differential conductance if the insulating barrier is lo-
nodal points of an essentially cylindrical Fermi surface butcatéd in the normal metal several coherence lengths away
also changes sign across the nodes: whils-arave super- from the superconductor surface. Along this line, in this

conductor has a finite energy gap at all directions of thework, we investigate the superconducting phase difference

Fermi surface. Indication for this type of pairing symmetry dependence of Andreev levels and Josephson current through

L . a mesoscopic normal-metal layer in contact with two super-
in high-T. superconductors comes from experiments on the

3 . tonducting electrodes wittrwave andd-wave pairing sym-
T dependence_ of NMI%?the linear te_zmp_erature_dependencemetry (SsNSy junction). It is shown that, regardless of the
of the superfluid density observed in high purity crystals Of'unction length, due to the sign change of thevave order

14 H
Y-Ba-Cu-O;" and the strong anisotropy of the energy gap iNparameter under suitable arrangements, the zero-energy point
angular-resolved photoen_’nsglbsr‘lﬂo_vv_ever, ifonly the mag- o Andreev levels for the negative process appeais=a0.
nitude of a pairing potential is sufficient to determine physi-|n particular, at zero temperature, the amplitude of the total
cal quantities of interest in an experiment, the measured r€Josephson current through the point-conBdi S, junction
sglt could- be mtgrpreted in tegms of eltheQa{vave gap or7a could be enhanced by the sign change of dheave order
highly anisotropics-wave gap’® or an (s+id)-wave gap,”  parameter. However, for 8N S, junction of special length,
wh|c_h poulq also vanish at the same nodal points. The_reforqhe amplitude of Josephson current may be suppressed by
to distinguish between d,>_,» wave and strongly aniso- thjs sign change. Moreover, the midgap surface states dis-
tropic s-wave gap in hight, supercpnductors, many mea- covered by HE are naturally recovered.
surem_ents which Io_ok at the_relatlve phase pf the pairing The paper is arranged as follows. In Sec. II, we present
potential between different points on the Fermi surface havene solution to the Bogoliubov—de Gennes equations for an
been designed or theoretically propos&d?® The experi-  s.ave superconductor—normal-metdtwave —supercon-
ments reported so far which supportiavave pairing sym-  qguctor junction. In Sec. Ill, we calculate the bound states
metry in highT superconductors include superconductingpetween an insulating barrier and the superconducting elec-
quantum interference device interferomefty;° tricrystal  trodes, and the Andreev levels for a clean junction. The Jo-

supercopdggg?g ring magnetgmefi‘y% and SI.ngle junction  sephson current through the junction is computed in Sec. IV.
modulation”™“" Theoretically, it was shown in a recent re- Finally, conclusions are given in Sec. V.

port by Hu® that there exist midgap surface states in

?-Waye Sl;pﬁrconduc_:tors when the pair potential is Ian c;]dd Il. BOGOLIUBOV —DE GENNES EQUATIONS

unction of the Fermi wave-vector component normal to the FOR AN SNNS, JUNCTION

specular surface. This result can be used as a clear signature

to distinguish betweed-wave and anisotropis-wave super- To relate the physics to highz superconductors, we as-

conductors. As another direct consequence of the sigaume that the system under consideration is two-
change of al-wave superconductor, by investigating the ef-dimensional. A nors-wave superconducting order parameter
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niteness, a beam of electronlike excitations are incident from
the left superconducting electrode with an anglvith re-

» Ay,el® spect to the normal direction of the interface, we can write
105 d+
Ase e <: ipd
Age _ — i
: Ad+—Ado|00320+2a)|e¢Jr. (4)
0 a L E— . : o
X For our purpose, we also introduce safunction impurity

which is located in the normal conducting region
FIG. 1. Scattering potential of 88N S; junction. V(X)=V8(x—a), O=a<L. (5)

(or pair potential not only depends on the center-of-mass The motion of elementary quasiparticles in tBeNS;
coordinatesk but also on the relative coordinatgsor after  junction is described by the Bogoliubov—de Gennes

a Fourier transform, on the relative wave vedtowhich in  equation&®*°
the weak-coupling theory is fixed on the Fermi surface such
that only its directiorke=kg/|kg| is a variable. In particu- ,/ +J A " —
; . . X 7 R =E
lar, the pair potential of a two-dimensiondjz_,2-wave su- Her)u(r) dr’A(s,Ryv(r’) =Eu(r), (63
perconductor could be expressed as

Ad0|0012¢))|ei(¢d+¢‘]), (1) _.]Kg(r)v(r)‘f‘Jdr’A*(S,R)U(r’):EU(r), (6b)

whereAy >0, ¢ is the azimuthal anglep, is the ordinary ~Wheres=r—r’ and R=(r+r")/2, and the single electron
phase, and the gauge-invariant phase is Hamiltonian.7Z(r) in the absence of vector potential is

2
0, for co%2¢)>0, To(r)=—

P37 &, for cog24)<0. @

VZ4+V(r)—Eg. (7

2mg

o i Here the excitation energf is measured relative to the
If quasiparticles travel in a bulk superconductor along aggrmi energyEq. As a special case\(sR)=A5(r—r')
straight line, they will feel a constant pair potential. HOW- \yhen the order parameter has an isotrapigave symmetry.

ever, for a normal-metal-superconductor junction, these |, the WKBJ approximation, Eq(6) reduces to the An-
quasiparticles, e.g., electronlike excitations, will be partially 4 eey equatiorid=32 ’

reflected as electronlike and holelike excitations and partially

transmitted through the interface between the normal-metal EU(r)= —i(hzlme)kF-VU(r)+A(I2F No(r), (83
and superconductor. If the order parameter in the supercon-
ductor has al-wave symmetry, the effective pair potentials E?;'(r)=i(ﬁzlme)kF‘V'J(r)wLA*(IzF ,HU(r), (8b)

experienced by the reflected electronlike excitations and

holelike excitations are different from each other due to thevhere

change of the wave vector after the reflection, and they even

have opposite signs under appropriate arrangements, which (
does not happen if the order parameter of the superconductor v(r) v(r)

has an either isotropic or strongly anisotrogievave sym- In the presence of an incident electronlike excitation and

metry. As shown in Fig. 1, we consider a mesoscopic onsidering the translational invariance of the system along
normal-metal layer spanning between two superconductin ey axis, we find the wave functio’l =(u(r),v(r)) s

electrodes with s-wave and d-wave pairing symmetry by solving the Andreev equatior8)
(SN'S; junction), and assume that theaxis is normal to the y 9 q '
interfaces of normal-metal and superconductors, andythe e %s
axis is parallel to the interfaces. TN S, junction is mod- = g'keY sinﬁH S
eled by a step change in the pair potential Us

u(r)>=eikp-r(u(r)>. (9)

asei Ps .
. e TksX
Us

v
B—TS)
uS

: (109

)e”‘seX+A

Asei(Ps’ X<01
A(X)= 0, O<x<L, ©)
Ag,e'¥d, x>L. for x<O0;

X

0%\
SA e|kshx
Us

The order parameters of two superconducting banks have

isotropic s-wave symmetry andl,z_,.-wave symmetry, re- ¥ =glkey sin?
spectively. We denote by 4. the effective pair potentials
experienced differently by the electronlike and holelike ex-
citations in thed-wave superconducting region. If the crys- +A
talline a axis of the d,2_,2>-wave superconductor, along

which the magnitude of the pair potential is arranged to

reach a maximum, is misoriented with an anglevith re-

spect to the normal direction of the interface, and for defifor 0<x<a;

~ ~ ~ I(P
Us Vs 0

Uge' s

0 e kX4 B

0 eithx
Ug ’

(10b

0
)e‘”‘NeX+A R
Us
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Uy €e'(eates) 1
_ Aikgy sing + iky (x—L) = _
by elleates) e 0 . and
- —iky (X— R Ky, (X—
+D e et G P o MeVs/fi2kgcosd 18
0 1+i(myVs/hkecosh) -
+D| - )e‘”‘Nh"l, (100
Ud_ Ill. MIDGAP STATES AND ANDREEV LEVELS
for a<x<L; In the limit that the amplitude of the scattering potential is
s oater ) infinitely large, which is equivalent to an insulator inserted
ey sing Ug, € Py, iy (x=L) into the normal-metal layer, the transmission and reflection
V=g rY = C 5 e'de amplitudes then becomie=0 andr=—1, respectively. In
ds this case, thes- and d-wave superconducting regions are
Dy elleates) decoupled into two independent systems which share the
+D T g ik, (-L) | (109 same insulator layer. By computing the polesBfand C
Ug_ determined from Eq915) and(16) and with the help of Eq.
) (11), we find
for L<x. Here the “coherence factors” in the superconduct-
ing regions are, respectively, { 2meaE
E=A. 08 -5—— (19
hkecosd
2 2
" 1 Ez_As,dt " 1 Ez_As,dt F
Usa.= 5 1+T Vs, =5\ L — | for the bound-state energie§E(<A ) in the s-wave
(11) superconductor—normal-metal—insulator system, and
and the wave vectors are determined from the dispersion law, cos'! E |\ cos! E Amg(L—a)E
|Aq, | |Aqg_| f1°kecosp
ky =k cose+m—eE (12 ) 7
L =1, —¢s (20
M, /Ez_Ag for the bound-state energighE|< min(|Aq [,[Aq4_[)]in the
ks, =KrCOHE—o——r, (13 insulator—normal-metal-wave superconductor system.
e,h fkeCcOSH
Both of these two groups of bound states stem from the
and normal reflection at the infinite barrier potential and the An-
dreev reflection at the interface between the normal metal
me\/EZ—Ad{ and the superconducting electrode. It follows from EL)
kdeh:kFcoseim (14)  that no zero-energy bound state is trapped between the infi-
, F

nite barrier potential and the-wave superconducting bank.
To obtain the wave function, we have assumed that th&lowever, sincep; —¢; =0,=a, Eq. (20) could imply a
Fermi energy is much greater than the pair potentials so thatero-energy bound state trapped between the barrier potential
the difference between the wave vectors can be neglecteahd thed-wave superconducting bank, which lies on the
except those appearing in exponents. Fermi surface. To illustrate this point, we take= 6= n/4

At the impurity, the amplitudes of the outgoing waves arewhich yieldsg; =0 ande; =m, and|Ag |=[A4 |=Aq,.
related to the incoming waves by the scattering matrix foRye therefore find
both electrons and holéd3i.e.,

— H 2
Al e E=—Ag Si2\2me(L—a)E/fi2Ke], (21)
(Cﬁd ei(¢d+¢‘]+)eikNe(a7L)
+

which evidently has a zero-energy solution. Such a midgap
state was originally discovered by Fion a{110 surface of

0s U - a dxz_xg-wave superconductor, which is separated from a
~oal i a a
| t B- 0_+ 5 v FseNe (15) vacuum or an insulator by a clean normal-metal overlayer.
tor A s | For a clean SNS, junction (V=0),t=1 andr=0, we
Doy e'(¢atealgmikn@ find from Egs.(15) and(16) that the Andreev level spectrum
d is determined from
an
T IkN a * * - —ikN a _ —1 E _ —1 E -+ _
Buge™Nn r* t Av e KN, cos Ay | cos | ¢ *(e—@3.)
Dl e Mm@ | e || Cog eman | (19 - :

2L E
where the transmission and reflection amplitudes are +<7T§ST$> (A_s) =21n, (22)
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FIG. 2. Andreev levels as a function of the superconducting
phase difference for a point-contact junctidn<0) under the ar-
rangementsy= =0 (a) anda= 6= 7/4 (b).

FIG. 3. Same as Fig. 2 except tHat2&;.

for an SN junction. These zero-energy states exist regard-
less of the junction length. As a general result, ghdepen-

where {s=fvg/mAs is the BCS coherence length for the yonce of the Andreev levels for a cle&NS, junction of
s-wave superconducting electrode, apg- ¢ is the usual o junction lengthL =2¢, is plotted in Fig. %) when

superconducting phase differences 0,=1,=2,.... Werefer _ o_0 and in Fig. 8) whena= 0= /4, from which the

to the upper branch as the positive process and the lower ,n,qe shift of the zero-energy point for the negative pro-
branch as the negative process. It is evident that the Andre€\.<s ould be observed clearly.

energies are periodic in the superconducting phase difference
with period 27. Equation(22) also shows that, under appro-
priate arrangements, there may occutrgphase shift in the
dependence of the Andreev energies on the usual superco
ducting phase difference for aBNS; junction. Such a
m-phase shift does not occur in @aawvave superconductor— The Josephson current induced by the superconducting
normal-metals-wave superconductor(SNS,) junction, phase difference consists of the currkytp) carried by qua-
whether thes wave is isotropic or anisotropic. In the follow- siparticles occupying each discrete Andreev level and
ing, we assume for simplicime:Ason, which does not |.(¢) carried by quasiparticles flowing in the continuum lev-

alter the essential physics of interest. In the short or pointels, that is,
contact junction limit L—0), we obtain the Andreev ener-

v SUPERCURRENT THROUGH THE S,NS4 JUNCTION

gies for the positive process wher= =0 or a= 0= /4, I(@)=l4(@)+1(0). (26)
E"=Aqcod¢/2), ¢e[0,27]; (23)  The current contributed from the Andreev levels is given
5
and for the negative process, wher =0, by?
E"=—-Aqjcoq¢/2), ¢e[0,27], (24 ~ B
, la(@)=2 {15 () FEq (@) +1, (@) F(E, (@)}, (2D
while whena= 6= n/4 n
£ sin(¢l2), ¢e[0,7], - where the Fermi  distribution  function f(E)
T | —sin(¢l2), ¢e[m2m]. (25 —1/[1+expElksT)], and
The corresponding result is graphed in Fig(a2 for 2e dE*
a=6=0 and in Fig. 2b) for «= 0= m/4. Notice that the 15(@)=— —. (28)
Andreev levels fora=6=0 are equivalent to those for a Ao de

cleanSN 'S junction. Consequently, we see that, for a clean

SNNS, junction, the zero-energy point&€E0) of Andreev  The co.ntipuum contr?bution can be calculated by using the
levels always appear gt= for both the positive and nega- transmission formalism of van Wees, Lenssen, and
tive processes. Remarkably, for &N, junction and under Harmans’® which is analogous to the LandauefBker for-
suitable arrangements as shown in Figp)2the zero-energy Malism  for currents through ~mesoscopic  normal
point of Andreev levels for the positive process still appearonductors’ For two special cases ofx=6=0 and

at o=, while for the negative process the zero-energy®= 0= /4, Where|Ad+|:|Ad,|:A01 we find this con-
point appears ap=0, which is different from those results tinuum contribution to the current to be
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2e —Ap N\ o . 1
lo(@)=— f +f 0—0fl| = ———— @' ®"°
(o h( . Ag | 0 O| H(E,go—(pj+)
1 1.0 1.0
——=————|f(E)dE, 29
H(E,—<P+<PJ)) (E) @9
05 05k
where //
5
2L E g 0.0 é 0.0 Ny
NAL ~A 5202 /]
II(E, @) =Ug+uvg 2u0vocos{¢ (wgscoso)(Ao”’ al I %
(30) o o
with Uy ando g given in the form of Eq(11). In the short or ol ol
point-contact junction limit L—0), there is no continuum
contribution whena= 6=0 becausdl is an even function
of the usual phase difference, and the total current is only %5 02 04 06 08 10 %0 02 02 06 o8 1o
determined from the discrete spectrum, which, at zero tem- oi2n o

perature kgT=0), can be obtained analytically
FIG. 4. Josephson current as a function of the superconducting

%Sin(go/Z) eoe[0,7] phase difference for a point-contact junctidn<0) under the ar-
h ' T rangementsy= =0 (a) and a= #==/4 (b). The total Josephson
I(p)=Il4(p)= oA (31 current(solid) consists of the contributions from discref@otted
— Tosin( ©l2), oel[m27]. and continuun{dashed spectrum.
from the Andreev levels is given by the junction length, due to the sign change of thevave
order parameter under suitable arrangements, the zero-
0, o¢e[0], energy point of Andreev levels for the negative process ap-
(o) = eA 32 pears ate=0, which differs from those results for an
d\® _ —0\/§sir(<p+ wld), ¢el[m,2m]. S\NS junction where the zero-energy points of Andreev lev-
h els always appear ap= . Moreover, for a point-contact

Equation(32) shows that the discrete spectrum contributionSsN Sy junction at zero temperature, thephase shift in the
is limited to one half of the period, due to the sign change offuPerconducting phase difference dependence of Andreev
the d-wave order parameter. In addition, due to this signleVels leads to the discrete spectrum contribution to the Jo-

change, the continuum spectrum makes also a contribution §£Phson current only in one half of the period, and nonvan-
the Josephson current when= 6= m/4. These results are ishing continuum spectrum .contrlbutlon to the QOsephson
significantly different from the case af=6=0. At zero current.. ansequently, -relat|ve to that for a point-contact
temperature, the Josephson current corresponding to Fig. 2 %N Ss junction the amplitude of the total Josephson current
plotted in Fig. 4. Figure @) actually shows the result for a through the point-conta&N S, junction could be enhanced
clean point-contacBN'S; junction. Fig. 4b) shows the re- by the_S|gn_ change of thd-wave order p_arameter. For an
sult for a clean point-contact junction under the arrangemen®sN Sy junction of special length, the amplitude of Josephson
that = 0= w/4. Comparing Fig. &) with 4(a), we see that

the amplitude of the Josephson current for a point-contact
S(N'S, junction at zero temperature could be enhanced by the @
sign change of thel-wave order parameter. Corresponding
to Fig. 3, the Josephson current through a cl8aws,; junc-

tion of the lengthL =2¢, is plotted in Fig. 4. Certainly, upon
the sign change of thé-wave order parameter, the pattern of
the current-phase characteristic for &NS; junction is
quite different from that for afs;NS; junction. In this spe-

cial case, the amplitude of the Josephson current is however
suppressed by this sign change.

® *

nifeA,
nlleA,
o
T

V. CONCLUSIONS AND DISCUSSIONS

We have studied the superconducting phase difference de-
pendence of Andreev levels and Josephson current in a clean R I == N
SN'S; junction. By inserting an insulating barrier in the nor- 00 02 04 06 08 1.0 00 02 04 06 08 10
mal conducting region, we obtain the Andreev levels and the o @/
midgap surface states in a unified fashion. It is shown that,
the Andreev energies are periodic in the superconducting FIG. 5. Same as Fig. 4 except tHat2¢;.
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current may be suppressed by this sign change. In additiony= =0 anda= 6= m/4. The computation will be compli-
the midgap surface states is also discussed as a special casgted if the values of the energy gaps in two superconducting
Finally, we would like to make several remarks on ourelectrodes are not identical to each oth®). The effects of
calculations:(i) The WKBJ approximation which we have finite temperature and disorder on the bound states and the
made is valid under the condition that the superconductingosephson current in &N S, junction has not been touched
coherence lengtlf is much greater than the inverse Fermiyet. However, the main results of this work do not deviate
wave vectok * because the wave function oscillates on thetoo much if these effects are taken into account.
scale ofk;1 while the anisotropic energy gap varies on the
scale ofé. (i) The Andreev approximation, which is used in
most works on the Josephson effect in superconductor—
normal-metal—superconductor junctions, requires that the One of the authorgJ.-X.Z) is grateful to the Robert
Fermi energy is much greater than the energy gap. In highBlack College of the University of Hong Kong for an offer
T, superconductors, the ratio of the Fermi energy to the enef the Wang Gungwu Scholarship, and also for the Hung
ergy gap is not so large as that in conventional superconducHing Ying Scholarship of the University of Hong Kong. This
ors. (iii) The mismatch of the Fermi wave vectors in normalwork was supported by the RGC grant of Hong Kong under
conducting and superconducting regions has been neglectedrant No. HKU262/95P and the CRCG grant at the Univer-
(iv) We are only concerned with two very typical cases, i.e. sity of Hong Kong.
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