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Reliable H, Control for Affine Nonlinear Systems [l. PROBLEM FORMULATION
o Consider an affine nonlinear systeéfhdescribed by equations of
Guang-Hong Yang, James Lam, and Jianliang Wang
the form
Abstract—This paper addresses the reliableH.-control problems &= f(x) 4+ g1(x)wo + 2021(”7)"1 (1)
for affine nonlinear systems. Based on the Hamilton—Jacobi inequality J=1
approach developed in the H.-control problems for affine nonlinear yi = hoi() + w;, i=1,2,---,q 2)
systems, a method for the design of reliable nonlinear control systems ha ()
is presented. The resulting nonlinear control systems are reliable in that iz,
they provide guaranteed local asymptotic stability andH -, performance o u1
not only when all control components are operational, but also in the 2= : ®)
case of some component outages within a prespecified subset of control ’
components. A numerical example is also given. Um
Index Terms—H, control, Hamilton-Jacobi inequalities, nonlinear wherex is a state vector defined on a neighborhdof the origin
systems, reliable control. in B, u = [y us -+ un]” € R™ denotes the control input,
w, = [w{ wi --- wy]" € R" the disturbance input; € R*
the output to be regulatedy = [y1 y2 --- w4’ € R? the
I. INTRODUCTION measured OUtpUtf(-"?) 1(x), ha(2), g2;(x) (j = 1,---,m) and
. . . ho =1,---, re known smooth mappin fined in
In recent years, considerable attention has been paid to the de- x) (i +¢) are known smoot appings defined in a

sign problems of reliable linear control systems achieving vario nelghborhood Of the orlgln iz, and £(0) = 0,71(0) = 0, and
By =06 =10

reliability goals, and some design methods have been given Denote
several authors (see [3], [9], [12]-[14], and the references therein).

In partlcular,_ Vellle_tteet al. [12] present a methodology for the _ g2(2) = [go1(2)  goa(2) -+ gam(2)] (4)
design of reliable linear control systems by means of the algebraic T
Riccati equation approach from linedt ..-control theory, such ha(x) = [han(x)  haa(w) - hag(@)]". ®)

that the resulting designs guaranteed closed-loop stability fand 0, C {1,2,--.m} andQ, C {1.2,---.q} correspond to a

L
erformance not only when all control components are operatin buetI
P y P P o ected subset of actuators susceptible to outages and a selected
also in the case of some admissible control component outages.
subset of sensors susceptible to outages, respectively. Then, the

In the area of nonlineaf.. control, some important advances®
have been made by several authors (see [1], [4]-[6], and [8]— [115’5rObIem considered in this paper is as follows.
Given the systent described by (1)-(3) and a positive constant
In particular, in [11] it was shown that the solution of tHe,-control find a controllerk of the followina form:
problem via state feedback can be determined from the solution of 9

a Hamilton—Jacobi equation (or inequality), which is the nonlinear €= a(€) + b(E)y
version of the Riccati equation for the corresponding linéar - (6)
control problem in [2]. The solution to the problem in the case of u(§) = c(¢)

measurement feedback has also been given in terms of the solutlo S
of a pair of Hamilton—Jacobi inequalities in [1], [5], and [8]. For/ q ; ding © 0. th
the computational method to find Taylor series approximations to tHe {2, and sensor outages corresponding to anyc (l,, the

solutions of the Hamilton—Jacobi inequalities, the reader is referréﬁsumng clos_ed-loc_)p s_ystem is locally asymptotically stable and has
to [7] and [11]. ocal L, gain which is less than or equal to

Forw, C ©, andw,s C €, introduce the decomposition

re& € RY, such that for actuator outages corresponding to any

In this paper, we investigate the reliabte. -control problem for
affine nonlinear systems by using the Hamilton—Jacobi inequality PN N »
approach. A new method is given to design controllers that are 92() = 9200 (¥) + 922, ()
reliable in the sense that closed-loop internal stability dhd- U= U, + Ua,
disturbance attenuation performance are guaranteed not only when hz(z) = haw () + how, (@)
all sensors and actuators are functional, but also when some sensor
and/or actuator outages occur. This extends some of the reliable
control results for linear systems to nonlinear systems. An example
is given to illustrate the design procedure and to show (by computer ~ b(z) = [bi(x) ba(z) -+ bg(x)] = bo,(2) + bz, (2)
simulation) the effectiveness of the proposed design method.

Y=Y, + Yo,

"
w=1[w - wy] =w.,+ ws,

where
P00 (2) = [Buy (D)g21 () b0y (2)ga2(®) v Sy (m)gom ()]
U, = [%a( Uy ﬁwa(Z)uz s b, (m)um]l
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with 6., andé.,, defined as follows: b) there exists & positive definite functiod/ (), locally
1 ificw defined in a neighborhood of = 0 and vanishing at
bug (1) = {0, if z ¢ wa x = 0, which satisfies the Hamilton—Jacobi inequality
(i) = {})' fice Ho(2.UY) + v(x) < 0 (16)
Applying the controllerl of (6) to the systenk, when actuator and and such thaflo(z, UY) 4 (=) has nonsingular Hes-
sensor outages correspondingute C €2, andw, C €, occur, the sian matrix atz = 0;
resulting closed-loop systed.., .., is given by c) U(x)— V(x) is positive definite, and
i = f(z) + 920, (2)cw, (€) + g1(z)wo @ (U, = Vi)L(x) = 27*hs () 17)
€= a(&) +ba, (Hve, _
= al€) + by (O hos, () + bis, (Ews, ®) has a solutionL();
i = |:hl(1") } (9) WhereV, andU. are the Jacobian matrices bfandU, respectively.
¢ Lewa (§) Then, the controlleds of (6) with
The goal is to select the functiong¢), b(¢), and e(§) such that o
for any w, C Q, andw, C ,, the systemX. ., is locally a(€) = FO)+ 55 22 ‘“(Ogl OV (&)
asymptotically stable and is locally dissipative with respect to the 1
supply rates(w, e, . 22, ) = ¥V |lwrs,||? = |20, ||, where 2920 (g0, (OV (&) = L(Oh:(&) (18)
o b(&) = L(ﬁ) (19)
e, = |w wg | . 10 . 1 4 .
wres = oo we,] 10 €)= —Lal OV (0 (20)
The next section will present a design procedure for the reliable
controller design problem. is a solution of the reliable controller design problem for the system
The following two inequalities are obvious and will be used i of (1)—(3). . o . )
the sequel: The following preliminaries are required in the proof of
Theorem 3.2.

9200 (2) g3, (2) < 202, (2)g30, (), forw, CQa (11) For the systert described by (1)—(3), consider an extended system
how, (x hzds(T) < haq, (T)hm (), forw, C Qs. (12) ¥, given by

T = f( )+ [91 (l) Y929, (»’U)]'lf’o + gz('l’)’u (21)

. . . . y = ho(z) +w (22)
In order to describe the main result of the section, we first recall I ()
a notion of detectability. - [ e }

Ill. MAIN RESULTS

Definition 3.1 [4]: Supposef(0) = 0 and 2(0) = 0. The pair hae, () (23)

{f, 1} is said to be locally detectable if there exists a neighborhood “

U of the pointz = 0 such that ifx(¢) is any integral curve of Applying the controllerK of (6) to the systen¥., the resulting
& = f(x) satisfyingz(0) € U, thenh(x(t)) is defined for allt > 0  closed-loop systent... is as follows:

andh(x(t)) = 0 for all ¢ > 0 implies lim;—..c «(t) =

Define the Hamiltoniang?, (=, p) and Hy(x,p) as follows: ie = fe(w) + ge(we)w (24)
. hy(x
H(r.p) = p" f(x) + b (2)ha(2) + kg, (), (2) o [»,/;f.iﬁ)w)} 25)
1 /1 . e
+ 7' <3g1 ()91 (x) = gma<:c)géga<:c))p (13) (&)
y
1 , wherez, = [¢7 717 w = [wg w]"
Ho(w,p) = p" f(a) + ﬁpTgl(w)ng(w)P
L ) Fe) = {f('r) +gz(x)c(£>}
+ Zp[ 920, () gaq, (2)p + hi (2)hi(x) - a(€) + b(§)ha(x)
Y . z) ygeq, (@ 0
~3*hig, ()hag, (2). (14) O
Then the following theorem presents a sufficient condition for ft .
solvability of the reliable controller design problem. hﬁ]e closed-loop systed.,, .., of (7)-(9) can be written as
Theorem 3.2: Consider the systent described by (1)-(3) and = fas(e) + Gas (e )wra, (26)
suppose the following: Iy ()
144
1) the pair{f,h:} is locally detectable; o, = L@ (&)} 27
2) there exists somé? function () > 0 with +/(0) = 0 such ‘
that: where w,, is given by (10)
a) there exists &° positive definite functio’ (), locally Fuslan) = f(x) + g2w, (x)ca, (€)
defined in a neighborhood of = 0 and vanishing at asiTe a(&) + bo, (Ehaw, (2)
x = 0, which satisfies the Hamilton-Jacobi equation (22) = {JI(JJ) 0 }
oy (]!Z-S - -
Ho (2, V,)) +¢(z) =0 (15) 0 bz, ()
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Let X(x.) be aC' function defined in a neighborhood ¢0,0),
and denote

Jee(X,2c0)
- I 1 e 0
=X, fo(x)+ 2" 2+ M_ZY Ge(x)ge (v )X, (28)
Jas (X-/Ewa,;us)
_ v T 1 . T -1
= Xo, fas(we) + 25, 20, + Whegus(me)gas(m}ue. (29)

Then, we have the following lemmas.
Lemma 3.3:For anyw, C €, andw, C €, the following
inequality holds:

']as (X~ Ewa,ws) S Jce()(-, z:ce)- (30)
Proof: By (24)-(27), we have
‘X-l'e f(ls($e) = ‘X-l'e f;(l' ) ‘.X-Le {giwié;‘}zija((ig}
— X_q;efg(,’rﬁ) _ Xa:e |:.(/2wa( Sr‘va(f):|
0
e {wahzws(m)}
< Xo felwe) + i)g {g%a (5”)6";%(1) 8}
x X7 4 e (£)eu, (6) + g X
i
0 0 I o
(31)
zzaz W = th(.r)hl(;L') + C’Za (&)es, (€)
= hy (2)hi () + " (£)e(€) = eu, (E)ew, (&) (32)
_ v [n@)el (@) 0 7
/‘176(],,,( )(]as(TP — AXa:e 0 b_; (f)bz (6) ‘Xffe

g1(2)gl (x) 0 T

‘X“{ 5 o [
- |0 0 -T

¥ [0 wa&)bi;(&)})‘;e‘ (33)

Combining equations (31)—(33), (25), and inequalities (11) and (13)enotec;

it follows that

Jas (X, S, M)

< Xo, Fola —|—hl Vha ()
e (©el€) + KL, (), () F 5 X,
g (2)gf () + 7 920, (2) 93, (v) 0 T
< 0 b(E)b[(E)P“
1
< Xofola) + 554 21X
g1 ()91 (#) + 7’ 20, (1) 930, (2) 0 } -7
: { 0 b ()| ¥ o
= Jee(X,Se0). O

Lemma 3.4: Under the assumptions of Theorem 3.2, the equili
rium xz = 0 of the system
o— ,,k 1 '/» T oy /'I1 ,,k . oy
&= f(x)+ ﬁgl(i)gl ()V, () — L(z)ha(x) (34)

is locally asymptotically stable.
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Proof: Let Q(x) = U(x) — V(x) and

Ho(e.QY) = Q. <f(w) + ool (V!

+ ok, (V) = Qe (x)
+ 17 Q [ (@)a (0 + e (), (0] Q]
+ ' (2)e() o)L (2)Q; (35)
Then, by (13)—(17) and (20), it follows:
H.(2,Q)) = Ho(2,U} ) — Ho(2. V")
= Ho(2.U}) + v(x) <0. (36)
By computing directly, we have
H(2.QY) 2 Q <f(:r) sz (@l @)V L(w)in(w))

+ c%)c(m) - fxfrgzaa<x)g£za<x)t/irT

T2 Qe (] (21QT + T3 QL(nLT(1)Q

> Q. <f(:r) + ool (V2 = L) )
which further implies from (36) and the condition under which
Ho(x,UL) 4+ ¢(z) has a nonsingular Hessian matrixaat= 0 that
the system (34) is locally asymptotically stable. O
Lemma 3.5: Under the assumptions of Theorem 3.2, dtr) =
U(z) = V(z), X(z.) = V(a) + Q(x — &), then there exists a
neighborhood of(x, &) = (0,0) in which the following inequality

holds:
Jee( X, Xee) <0. 37)
Proof: In the extended system. described by (21)—(23), let
gi(2) = [91(2) Y20, (@)] and hu(x) = [,12C) 1. Then, from

(13), we have
Ve f(a >+hl<Ji’u«ﬂﬁﬂ(%m@) () = g2(x)gs (v >)1f£
=H, (2, V).

(@) = o3 (0)V) and f(z) = f(a
(17), (35), and (36) it follows:

(38)

)+ gi(x)er (). By

Qo F(x) + e (@)er () — 72hE (2)ha) + #me(mfrw)(e
= H., (T~ QZ)
= Ho(x,U; ) + ¢(a). (39)

Then, from the assumptions of Theorem 3.2, (38), (39), and the
proof of [5, Th. 3.1], it follows that (37) holds in a neighborhood
of (z,&) = (0,0). |
Proof of Theorem 3.2:By Lemma 3.3, Lemma 3.5, and [11, Th.

2], it follows that for anyw, C Q. andw, C €2,, the systent,,, ..
of (7)—(9) or (26) and (27) is locally dissipative with respect to the
supply rates(w,z, . zz,) = 72 llwrs, [I° = ||za, 1%

In the foIIowmg, we show that the system.,, .. is locally

t%:1symptot|cally stable.

From J.s(X,X., o.) < 0 andw,z, = 0, it follows:

AX (r(1) _
dt o

Xo:efas('re(f)) S _ZT

— |1 (x(t

Zog

] );)Hz _ Hcm (5)”2
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This proves that the systel®,,, .. is stable at the equilibrium is a control law such that for actuator outages corresponding to

(z,€) = (0,0), and any trajectory satisfying any w, C €2, and sensor outages corresponding to anyC (2,
dX (z.(t)) the resulting closed-loop system is asymptotically stable and has an
ar =0 H..-norm bound~.

Remark 3.7: Note that in Corollary 3.6, (44) is a strict inequality.
This is stronger than the corresponding condition in [12, Th. 4.2]
&= f(x) + g20, (@)Cw, (§) where only an equality is needed. But with this strict inequality, the
such thatr(#) is bounded and, (+()) = 0, cs, (£()) = 0, which con_troller in this_ paper need not be assumed asymptotically stable,
further follows from assumption 1) théiim, ... z(¢) = 0. Thus, the as is the case in [12, Th. 4.2]. N . .
w-limit set of such a trajectory is a subset of Remark 3.8_: The result presented in this paper prowde_s a reliable
controller design methodology for the so-call@imary contingency
M= {(2,6): 2 =0, ez, (1)) = 0}. problem where the set of sensors and actuators that are susceptible
to outages is knowra priori. This is very different from the so-
called single contingencyroblem where any single sensor or any
single actuator may have an outage. The single contingency problem

is necessarily a trajectory of

By (18), and{), C ., any initial condition on this,-limit set yields
a trajectory in whiche(¢) = 0 for all ¢ > 0, while {(¢) is a trajectory

of
. is addressed in another paper [15].
£ = a(&) +be, (Ohas, (v) = al(£)
_ 1 Ty
1 T T In this section, we present an example to illustrate the design
- = V. — L(&)hs ' ) )
2929‘1(5)g29a(£) » (8 = L(Oh2(9) procedure and the effectiveness of our reliable controller.
1y : . ) .
= (&) + ﬁgl(ﬁ)gf (é)hj (€) Consider the following second-order system:
—L(f)h2(5)+gzs’za(5)cga(5) 1| [—2a +;l'1;l'% 1] 0 1] |ur
= F(©) + 5301 (T OV (€)= LOR() TR I AP R
= 272&“( g1 OV &)h2(8). = 201 + 2s + 1w,
By Lemma 3.4, it follows thaflim; ., £(t) = 0. Thus, by the s=ler xy uwi us]”
invariance principle, the system,,, ... is locally asymptotically
stable. _ U with Q. = {2} andQ2, = 0. That is, only actuatot is susceptible
In the case of a linear system to outage and the sensgris 100% reliable. It is easy to check that
# = Az + Gwg + Bu (40) {f.h1} is locally detectable. By selecting= 0.81 and
y=Cx+w (41) )
__ |Hx (42) o(x) = llf + 287 5 oK
Tl 2 VT
a_solution of the co_rresponding reliable controller design problem é‘bproximate solutions to the Hamilton—Jacobi equality (15) and
given by the following corollary. _ inequality (16) are given by, respectively
Corollary 3.6: Consider the linear system described by (40)—(42)
and suppose the following. ) 5 . 242,
1) The pair(A, H) is detectable. Vi) = 0.4533x; + 0.3463x12; + V= a2 T2

2) The following algebraic Riccati equation and inequality U(x) = 1.593822 + 0.349621 25 + 1.266722
S\ r) = 1. Ty D3J0T 1Ty . To.

MX#XA—X%ﬁaX+%X&fX
) o v By solving (17) we have the following approximate solution:
+H'"H+~°C4,Ca, =0 (43)
" I ” _ 0a11”
A'Y £ YA4YBo, BLY + 2YGG'Y Liz)=[1.0132 0.8961]".
42
+H'H - 720512‘5 Cs. <0 (44) Then the final controllefs is given by (6) witha(z), b(x), andc(x)
' as given in (18)—(20).
Computer simulations are performed to check the actual system
response. The actual achieved disturbance attenuatisnapproxi-

have positive definite solutionX’ and Y, respectively, and
Y > X, where the matrice®q,, Bg_, Ca,, andCq_ have
meanings similar to those @bo, (), 920, (2), heq, (¢), and

N mated by
hag, (x) in (13) and (14).
Denote Ymax = max y(t)
. 1 7. 0<t<T
Gy =[G 7vBa,]. Kap =G X TR
’ 2 )
K=-B"X - olél%XT \//0 w2 (t) + wi(t) dt @7

L=+ -X)'c".
Then th roll whereT = 50 s and the disturbances, andw, are taken as
en the controller

£=(A+BEK + G Ky — LO)E+ Ly (45) wo(t) = 0.3 sin(4nt)
u= K¢ (46) w1 (t) = square wave of amplitud@05 and period 0.1.s
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gamma --- Nonlinear controller, u2 outage y --- Nonlinear controller, u2 outage
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Fig. 1. Response foms outage.
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which calculates the model parameters from the frequency domain data . . .
set. transfer function. Note that one difference between the previous two
approaches is that the system®, k¥ = 0,1,---} is not a basis in
the disc algebra. What we expect from our approach (in addition
to the uniform boundedness of the partial sum operator) is a faster
convergence to zero of the approximation error with respect to the
I. INTRODUCTION model order when compared to the algorithms based on some types of
summation procedures. This rather heuristic expectation is supported
by the fact that the proposed algorithm is optimal in the chosen basis
m an approximation point of view), which is not true for the

Index Terms—Disc algebra basis,H .. identification, parameter esti-
mation, system identification, summation technique.

System identification withH .. criteria has received a growing
interest since the appearance’éf. formulation of robust control.
The recent state of the art is characterized in most recent sunf& ) )
papers like [13] and [15]. Information-based complexity (IBC) theor§t€r summation algorithms. o
offers a common framework for the setup of the different identifica- | '® USe of specific basis functions appeared recently identifi-
tion algorithms and for examining their properties, such as optimaliftion; see [20] and [19]. This idea is extended to approxirhate
and convergence [14]. Until now several linear and nonlinear alg@_e_ntlflcapon of S)_/stems with transfer function in the disc algebra_l.
rithms have been developed for solving the identification problerhiS basis is derived from the Faber-Schauder system and using
A large class of nonlinear methods is built by the interpolatory-typ%rth()gonal'Zat'on from the _Franklln system defined on the u_nlt circle.
algorithms [5], [6]. Another type is based 6. approximation of The order of the model, i.e., the number of basis functions, can
systems inC... Examples for these so-called two-stage algorith e much less _than_t_he _number _of measurement data. In the case
can be found, e.g., in [12], [17], and [11]. Nonlinear algorithmgf equality the identification algorithm reduces to a Faber—Schauder

obviously need much higher computational effort compared to tifierpolation of the frequency response function.
linear ones. Meanwhile, it is proved that no linear algorithm exists The outline of the paper is as follows. This introduction is followed

under unknown but bounded noise condition which is converge the problem formulation of the identification in thé.. setting.
in worst case and is not tuned to the prior information on thaection 11l considers thél identification using a disc algebra basis.

system. However, linear algorithms do not show such dramatic—TiPe basis will be constructed first; the model is a partial sum of the

any—divergence in practice. This is due to the (possibly) slow speBigrthogonal expansion of the transfer function of the system with
of divergence under worst case conditions and that the worst c4§8P€ct o this basis. Then the estimation of the model parameters is
situations happen rarely. con5|dt_ared on the bas_ls of_f_reqyency domaln_measurements. Finally,
Among the existing approaches, our problem setup is relatBf estimate for the |de.nt|f|cat|on error is given. The results are
to linear identification given in [16] and [11] and also to th&lemonstrated by simulation examples in Section IV. (The conference

terminology in [17] and [L2]. In [16] the approximate model was th¥ersion of this paper has appeared in [3].)

truncated Taylor series of a rational transfer function (FIR model).
The parameters were estimated under the criterion that the frequency ||, ProBLEM FORMULATION OF IDENTIFICATION IN Mo

response of the model should exactly match the frequency reSPONSEhe usual frequency-domain problem formulation of the identifica-
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