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High-spin systems with orbital degeneracy are studied in the large spin limit. In the absence of Hund’s
coupling, the classical spin model is mapped onto disconnected orbital systems with spins up and down,
respectively. The ground state of the isotropic model is an orbital valence bond state where each bond
is an orbital singlet with parallel spins, and neighboring bonds interact antiferromagnetically. Possible
relevance to the transition metal oxides is discussed.

DOI: 10.1103/PhysRevLett.88.027201 PACS numbers: 75.10.Hk
In many transition metal oxides, there is an orbital
degeneracy in the electron occupation energy, resulting
in rich and novel magnetic phenomena [1]. The orbital
ordering and orbital density wave have been observed
experimentally in a family of manganites [2]. In these sys-
tems, the spin coupling depends on the electron’s orbital
occupations. The simplest model to describe spin-1�2
systems with twofold orbital degeneracy is the SU(4)
model where the Hund’s rule coupling and the orbital
anisotropy are neglected [3,4]. Some transition metal
oxides, such as manganites and lanthanum vanadium
oxides, have higher spins, which has attracted much
theoretical interest [5–9]. Mathematical models for high
spin systems are generally complicated. The Hund’s
rule coupling favors ferromagnetic (FM) spins, and the
anisotropy of the electron hopping integrals breaks orbital
SU(2) symmetry. While the phase diagrams of these
complex spin systems are rich, there is lack of a tractable
method to systematically study these systems. In this
Letter, we study a class of spin systems with twofold
orbital degeneracy in the limits of large spin. Our model
can be derived from a lattice of ions with high spins ferro-
magnetically coupled to the strongly correlated electrons
with double orbital degeneracy. In the classical limit of
spin, such a system can be mapped onto two decoupled
black and white subsystems, representing classical spin up
and down, respectively. This provides an efficient method
to study the ground states [10]. We apply this method
to study the case where the electron hopping integrals
are isotropic and use the linearized spin wave theory to
examine the effects of the quantum spin fluctuation. The
ground state in a 1D chain is a spin disordered valence
bond state, in which each bond is an orbital valence
bond (orbital singlet, parallel spins) and neighboring
bonds interact antiferromagnetically. The ground states
in a 2D square lattice and in a 3D cubic lattice are spin
antiferromagnetically ordered orbital valence bond (OVB)
states. We discuss the possible relevance of the theory to
some transition metal oxides.
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We start with a Hamiltonian describing correlated elec-
trons coupled to the spins of local ions,

H � t
X

�ij�,a,s

�cyiascjas 1 c
y
jascias�

1 U
X

i,asfia0s 0

niasnia 0s 0 2
X
i,a

JHS
�e�
i ? S

�ion�
i . (1)

In the above equation, a � 1, 2 are the orbital indices and
s is the electron spin. The sum over �ij� runs all the near-
est neighbor (nn) pairs. The electronic part of the Hamil-
tonian is a generalized Hubbard Hamiltonian with twofold
orbital degeneracy, where the Hund’s rule coupling and
anisotropy of the electron hopping integrals are neglected.
S

�e�
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i are the spin operators of the electron and

the ion at site i, respectively. We consider JH $ 0, con-
sistent with the Hund’s rule. In the strong coupling limit,
U ¿ t, sJH , with s the quantum number of the ion spin,
the projection perturbation theory may be applied to study
low energy physics of the system. At the filling of one
electron per site, and up to the order of t2�U, this leads to
an effective Hamiltonian [11],
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where Ti is the electron orbital operator, J � 4t2�U. Fur-
thermore, in the case sJH . t2�U, the electron and ion
spins strongly bind ferromagnetically to form a state with
total spin st � s 1 1�2. The effective Hamiltonian within
this Hilbert space of total spin st can be obtained by ap-
plying the projection operator [12],
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The new coupled spin-orbital model is found to be

Heff � PHpP
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with Si � S
�e�
i 1 S

�ion�
i the total spin operator with maxi-

mal eigenvalue st at site i.
The model has SU�2� 3 SU�2� symmetry, representing

rotational invariance in both spin and orbital spaces. A
special case is at st � 1�2, corresponding to S

�ion�
i � 0.

In that case, the Hamiltonian possesses a higher SU(4)
symmetry and the model has been studied extensively. In
this Letter, we focus on another limit where st ¿ 1. We
start with the classical spin to replace Si by a classical
vector of length st described by two angles ui and fi. The
Hamiltonian then reads

Hc � J
X
�ij�

cos2 Qij

2
�Ti ? Tj 1 1�4� , (5)

where Qij is the angle between the two spin vectors. To
investigate the ground state, we use the variational prin-
ciple to find the equations for ui and fi: dHc�dui � 0
and dHc�dfi � 0. We see that fi � fj and ui � u0

and/or u0 1 p at all the sites are solutions of the equa-
tions. Below we consider these solutions. In 1D it can be
shown that these solutions give the lowest energy [13]. In
2D or 3D we speculate these solutions contain the lowest
energy states, although a rigorous proof is absent. We set
u0 � 0 below and label all the lattice sites with ui � 0 by
blacks, and all the sites with ui � p by whites. The bond
Hamiltonian is then reduced to

Hc�ij� �

Ω
J�Ti ? Tj 1 1�4�, if ui � uj ;
0, if ui � uj 6 p . (6)

Therefore, the coupled spin-orbital system is decomposed
into disconnected black and white sites or blocks (collec-
tion of the connected same colored sites). In the same
colored block, all the spins are parallel but the orbitals in-
teract antiferromagnetically, and the interaction vanishes
between different blocks. The total energy of the system
is then the simple sum of these blocks. This greatly sim-
plifies the calculations.

Let us first consider a two-site problem. The ground
state of Eq. (5) is an orbital singlet with total spin 2st . We
call this two-site state an OVB, whose energy is 20.5J.
There are two competing terms in Eq. (5). One is the
spin-orbital coupled term, cos2�Qij�2�Ti ? Tj , which fa-
vors FM spins and antiferromagnetic (AFM) orbitals. The
other is the spin interaction term cos2�Qij�2��4, which fa-
vors AFM spins. Because of this competition, the ground
state of more than two sites is generally not a uniform FM
spin state as we see explicitly below. In the 1D chain, we
divide the chain into blacks and whites and calculate the
lowest energies of these spin configurations. In particular,
we consider the configurations with alternating black and
white segments of n sites (see Fig. 1a). The total energy
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of the chain is the sum of these independent segments.
The ground state energies of these segments are calculated
by using the exact numerical diagonalization method from
n � 2 to 16. The results are plotted in Fig. 2. The ener-
gies of the even n segments are lower than those of the odd
n ones. The ground state is an OVB solid with alternat-
ing spins up and down with an energy 20.25J per bond,
much lower than that of the uniform FM spin state corre-
sponding to n ! `. The energy of the latter state can be
deduced from the result of the Bethe ansatz solution, and
it is �1 2 2 ln2�J�2 � 20.193J per bond. Our numeri-
cal results approach the exact result rapidly as n increases.
Including the spin quantum fluctuation, we expect that the
1D AFM spin long range order be destroyed based on the
dimensionality consideration and the calculation of the lin-
earized spin wave theory. The system is then described by
a spin-2st chain of the OVBs with AFM Heisenberg cou-
pling J��32s2

t �. Since 2st is an integer, the ground state
is a Haldane’s gap state. The quantum ground state has
twofold degeneracy corresponding to the translational in-
variance by one lattice constant in the OVBs.

In a 2D square lattice, we consider various spin configu-
rations including an alternating colored two-site bond state
(Fig. 1b), an alternating four-site plaquette state (Fig. 1c),
stripes, and the uniform FM states. The ground states are
found to be highly degenerate [14]. The lowest energy state
in Fig. 1b is an OVB state, and the lowest energy state in
Fig. 1c is a plaquette orbital singlet state whose orbital is
given by [15] t�12�t�34� 2 t�14�t�23�, with t�12� repre-
senting an orbital singlet of sites 1 and 2. The OVB, the
plaquette orbital, and their mixed states are degenerate and
have energy 20.125J per bond. The uniform FM spin state
has a much higher energy �Ti ? Tj 1 1�4�2D � 20.085J
per bond as estimated from the known result of the 2D
spin-1�2 model [16]. The OVB state is also found to have

(a)

( b ) ( c ) 

FIG. 1. Illustration of several possible lowest energy states for
the model. Black sites represent spin up, and white sites rep-
resent spin down. (a) A one-dimensional OVB solid. (b) A
two-dimensional OVB solid. (c) A two-dimensional plaquette
OVB solid.
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FIG. 2. Energy per bond (Js2
t �2) versus the site number per

cluster on a one-dimensional chain. The solid line corresponds
to the exact energy of one-dimensional chain by means of Bethe
ansatz.

the lowest energy in the 3D cubic lattice. The large degen-
eracy of the ground states found in the classical spin limit
in the higher dimension is removed when the spin quantum
fluctuation is included. We have used the spin wave theory
to calculate the energy correction to the classical spin states
in 2D square lattice and found it to be 20.011 57J�st for
the OVB state and 20.010 12J�st for the plaquette orbital
state. Therefore the quantum spin fluctuation favors the
OVB state. In 2D and 3D, the AFM spin long range or-
der is expected to survive from quantum fluctuation. We
thus conclude that the ground state of Eq. (4) in 2D and
3D is the OVB state with AFM ordered spins between the
nn bonds.

We now turn to discuss the possible relevance of our
theory to some transition metal oxides. We first examine
the ground state of cubic vanadate LaVO3. The observed
magnetic order of the vanadate is of the C-type AFM
phase (FM along the c axis and AFM in the a-b plane),
arising from a practically undistorted structure above
the Néel temperatures [17,18]. To explain the unusual
magnetic ordering, Khaliullin et al. [9] recently proposed
a spin-orbital Hamiltonian for the oxides. In the limit
h � JH�U ! 0 (the notations are the same as in their
Letter) and along a given cubic axis, their model is
reduced to Eq. (4) in the present Letter with st � 1. The
corresponding two equivalent orbitals for the coupling
along the c axis are dzx and dyz, for example. Khaliullin
et al. compared the ground state energies of the C-type
and G-type (AFM in all three directions) AFM phases.
They concluded that the C-type AFM is more stable at
h � 0 and is further stabilized at h . 0. In that work, the
comparison between the C-type AFM and the OVB state
was not included. As we discussed earlier, the ground
state is an OVB state at h � 0 in the large spin limit.
We believe the experimentally observed C-type AFM
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in that compound is stabilized by the Hund’s coupling.
Indeed we have compared the energies of C-type AFM
and OVB states in their model [Eq. (1) of Ref. [9]] and
found that the C-type AFM has lower energy for h . hc

with hc � 0.06 [19]. It will be interesting to examine
the higher order spin fluctuation or to use numerical
techniques to verify if the large spin limit applies to the
spin-1 system.

In the second example, we consider the spin-orbital
model for LaMnO3 assuming the lattice is not distorted.
This type of model has been studied by many authors and
the ground state is A-type AFM (AFM along the c axis
and FM within a-b planes) [20]. Here we point out that
the A-type ordering may be obtained by treating the Hund’s
rule coupling as a small perturbation. The effective Ham-
iltonian describing spin S � 2 and the two degenerate eg

orbitals of the Mn ion is given in the limit JH ! 0 [5–8],
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where g is along j 2 i and the orbital operators t
g
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eigenvalues 6
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in the large spin limit is highly degenerate. As the
expectation value of �tg

i 1
1
2 � �tg

j 1
1
2 � is always not less

than zero, the low bound for the ground state energy is
zero. Thus the G-, C-, and A-type AFM are all degenerate
ground states with zero energy. When a small Hund’s rule
coupling is introduced, the high degeneracy in the ground
state is removed. To simplify our problem, we keep the
perturbation term due to the Hund’s rule coupling up to
the order JJH�U, DH � 2�J�2s2

t �
P

�Si ? Sj 1 s2
t �h,

where h is of the order sJH�U ø 1. Including DH, the
A-type AFM spin state is most favorable in energy. In that
state, the orbitals are C-type antiferro-orbitally ordered:
dx22z2�dy22z2 alternative in the a-b plane and ferro-orbital
along the c axis. This state is favored because of the
energy gain of DH from the bonds within the a-b planes.
Our calculation shows that the superexchange interaction
including the Hund’s coupling leads to a spin A-type and
an orbital C-type structure. This state might be realized
in KCuF3 [5]. Note that the orbital ordering pattern is
different from that experimentally observed in LaMnO3
with a d3x22r2 �d3y22r2 alternating ordering. The observed
orbital ordering is due to strong Jahn-Teller distortion
[21], but not due to the superexchange [1].

Finally, we examine an extended model of Eq. (4) in
a cubic lattice to include the anisotropic coupling in a
different axis and the Hund’s rule coupling,

H �
X
i,a

Ja�Si ? Si1a 1 s2
t �

µ
Ti ? Tj 1

B
4

∂
, (8)

where Ja is the coupling strength along the direction a �
a, b, c. At the symmetric point B � 1 and Ja � Jb � Jc,
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FIG. 3. The phase diagram for high spin systems with orbital
degeneracy in Eq. (5). OVB(ab) represents the OVBs aligning
along the a or b axis, and OVB(c) represents the OVBs aligning
along the c axis.

the model is reduced to Eq. (4). In the presence of JH ,
B , 1 (see in DH in the previous example). We compare
the ground state energies of various states including the
OVB state, the uniform FM spin state, and the A-, C-,
and G-type AFMs. In Fig. 3, we plot the phase diagram
for the lowest energy states in the parameter space B and
h � Jab�Jc. The OVB state is found to be a stable ground
state in a finite parameter space around the symmetry point.
It will be interesting to find an experimental realization of
the OVB state. Since the OVB state breaks the translational
symmetry, we expect the electron-lattice interaction may
accompany a crystal structure phase transition to result in
shorter and longer bonds. At a larger h and smaller B, the
C-type AFM spin state is realized, in which the orbitals
are disordered liquid. At a smaller h and smaller B, the
A-type AFM becomes stable, in which the orbitals have a
long range AFM order in the x-y plane, and FM along the
z axis. The phase diagram is thus very rich, reminiscent
of some of the features in the transition metal oxides.

In conclusion, we have examined the ground state of a
coupled high-spin orbital model from the large spin limit
point of view. A novel orbital valence bond state is found
to be stable in a certain parameter region and may be real-
ized in future experiments. The anisotropic model contains
both C-type and A-type AFM spin states among others.
Our method should be useful in the study of more realis-
tic models when Hund’s rule coupling is weak. The large
spin approach emphasizes orbital quantum fluctuation over
spins, and special care is needed to apply the method to the
spin-1�2 case. In the SU(4) limit, there is a permutation
symmetry between spin and orbital, and we do not expect
027201-4
the method to work. The quantum fluctuation may drive
the two degenerated spin and orbital valence bond states to
a quantum state with more intricate correlations. In fact,
from the Bethe ansatz solution, the 1D chain has a gapless
SU(4) liquid ground state, which is not dimerized [22].
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