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Fermion-enhanced first-order phase transition and chiral Gross-Neveu tricritical point
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The fluctuations of massless Dirac fermion can not only turn a first-order bosonic phase transition (in the
Landau sense) to a quantum critical point, but also work reversely to enhance the first-order transition itself,
depending on the implementation of finite-size effects in the coupling corrections. Here, we report a case study of
the latter by employing quantum Monte Carlo simulation upon a lattice model in which the bosonic part featuring
the Landau-Devonshire first-order phase transition and Yukawa coupled to the Dirac fermions. We find that the
parameter range for the first-order phase transition becomes larger as the Yukawa coupling increases, and the
microscopic mechanism of this phenomena is revealed, at a quantitative level, as the interplay between the critical
fluctuations and the finite-size effects. Moreover, the scaling behavior at the separation point between the first-
order and the continuous phase transitions is found to belong to the chiral tricritical Gross-Neveu universality.
Our results demonstrate that the interplay of massless Dirac fermions, critical fluctuations, and the finite-size
effects could trigger a plethora of interesting phenomena, and therefore great care is called for when making
generalizations.
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I. INTRODUCTION

Fluctuations play vital roles in both first-order and continu-
ous phase transitions [1–4]. It was realized that the self-similar
fluctuating modes are responsible for the scaling behaviors in
the second-order phase transition by Wilson’s renormalization
group theory [5], which consequently brought in the notion
of the universality class—one of the organization principles
in statistical and condensed-matter physics. Moreover, fluc-
tuations can even change the order of the phase transitions.
For example, the Coleman-Weinberg mechanism showed
that the fluctuation of the gauge field can turn a con-
tinuous phase transition into a first-order one [6,7]. On
the contrary, the theory of the deconfined quantum crit-
ical point proposed that the fluctuations from the frac-
tionized spinons and emergent gauge field can round
a first-order transition (in the Landau sense) between
two ordered phases into a continuous phase [8–20]. The
Landau-Ginzburg (LG) model is the typical model to achieve
a continuous phase transition. The Landau–de Gennes [21]
model introduced the cubic term into LG, and the Landau-
Devonshire model [21–24] increased the φ6 term based on LG
with a minus φ4 term. Both of them are an effective model for
the first-order transition. In a similar spirit with the deconfined
quantum critical point, fluctuations of Dirac fermions can also
soften the Landau–de Gennes and the Landau-Devonshire
first-order transition in the bosonic sector into continuous
ones, which are dubbed as the type-I [25–32] and type-II
fermion-induced quantum critical points (FIQCP) [33].

The aforementioned model studies [8–20,25–32] are usu-
ally carried out numerically on finite lattice sizes. It is
well-known that the finite size (using L to denote the lin-
ear lattice size) provides a natural infrared truncation in the
long wavelength fluctuation, and one shall perform finite-size
scaling (FSS) [34] to extract the critical properties of the uni-
versality, i.e., treating L as a tunable relevant scaling variable
to estimate the critical point and exponents. In particular, it
was shown that the scaling form of the FSS should be drasti-
cally amended near the deconfined quantum critical point as a
result of the appearance of the dangerously irrelevant scaling
variable [15]. On the other hand, a controlled FSS analysis
in the Dirac-fermion-induced quantum critical point is still
rare [35], and it is our first motivation in this work to address
this issue.

The critical properties of the interacting Dirac fermion
systems have attracted attention from the condensed-matter
to the high-energy physics communities, not only in the
discussion of quantum electrodynamics with fermionic mat-
ter [36–41], but also in that the Dirac fermion drives the
Wilson-Fisher fixed point into the chiral Gross-Neveu fixed
point [25,42–45]. Although enormous investigations have
been devoted to this issue [35,42–44,46–62], the numerical
verification for type-II FIQCP is still lacking. Remarkably,
recent studies based on the field-theoretical effective model
propose that type-II FIQCP can also feature new tricritical
behaviors, controlled by the chiral tricritical point (CTP) [63].
This CTP separates the conventional Landau-Devonshire first-
order transition from the type-II FIQCP [33], and the universal
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scaling behavior near this CTP is quite different from its pure
bosonic counterpart. A numerical verification on such CTP
constitutes our second motivation.

In this paper we hit the two birds with one stone by nu-
merically investigating a lattice model, which consists of a
spin (boson) part hosting the Landau-Devonshire first-order
transition, a massless Dirac fermion part, and the coupling
between them. The numerical approach is based on the de-
terminant quantum Monte Carlo (DQMC) method [35,46,
64–66]. Although the theory of the type-II FIQCP pre-
dicts that the fermion fluctuation can soften the boson
first-order transition into a continuous one [33], here we
find that apparently things can also go in the opposite
direction in that the range of the first-order transition is
extended due to the coupling with Dirac fermions. To
explain this observation, we develop a modified mean-
field theory to study the effective coupling in the free
energy and reveal that this anomalous phenomenon is in-
duced by the interplay between critical fluctuations and the
finite-size effects, in a quantitative manner. Moreover, we
pinpoint the tricritical point separating the first-order and
the continuous phase transitions, and numerically verify that
this CTP acquires the critical exponents of chiral Gross-
Neveu universality, confirming the renormalization group
predictions [63].

The rest of the paper is organized as follows. Section II
introduces the lattice model and DQMC methodology. The
numerical results are shown in Sec. III A, where we demon-
strate the Dirac fermion-enhanced first-order transition. To
explain it, in Sec. III B a modified mean-field analysis is
presented. In Sec. IV the position and critical exponents at
the Gross-Neveu CTP are revealed with FSS upon numerical
data. Finally, a summary is given in Sec. V.

II. LATTICE MODEL AND NUMERICAL METHOD

The lattice model is comprised of Dirac fermions, Ising
spins (bosons), and their coupling, on the square lattice. As
shown in Fig. 1(a), the bosonic part reads [67]

HBoson = Ja

∑
〈p,q〉

σ z
pσ

z
q − Jb

∑
〈〈p,q〉〉

σ z
pσ

z
q

−�z

∑
p

σ z
p − �x

∑
p

σ x
p , (1)

in which the Pauli matrices σ z/x
p represent a local spin at the

bosonic site p, Ja represents the nearest antiferromagnetic
(AFM) interaction, Jb represents the next-nearest ferromag-
netic (FM) interaction, and �x is the transverse field, �z is the
longitudinal field.

The fermion part reads [35,54,68]

HFermion =
∑

〈i, j〉,σ f

−ti je
iσ f θi j c†

i,σ f
c j,σ f + μ

∑
i

ni + H.c., (2)

in which ci,σ f (c†
i,σ f

) is the fermionic annihilation (creation)
operator at the fermionic site i with spin σ f = ±1/2, and
the phase θi j is set to be θi j = π/4, which allows a π mag-
netic flux on each fermionic plaquette and supports two Dirac
points in its energy bands [69]. ni is density of fermion and

FIG. 1. The lattice model and the ground-state phase diagram.
(a) The gray lattice sites and red lattice sites respectively present the
fermion and boson sites. One unit cell therefore contains two fermion
sites and two boson sites. The solid line with the arrow indicates
the fermion hopping. The dashed straight line means fermion-boson
coupling as in Eq. (2). The dashed curve between the bosonic sites
is bosonic interaction, and the dashed circle with arrow on each
fermionic plaquette means the π flux. (b) The schematic ground-state
phase diagram, AFM and FP phases of the Ising spins are separated
by a continuous (blue line) or first-order (red line) phase transition
where they meet at the tricritical point (CTP) of the model. In the
AFM and FP phases, fermion is inside the quantum spin Hall (QSH)
and Dirac semimetal (DSM) states due to the coupling with the
bosons.

μ is chemical potential. We set μ = 0 for half filling of
fermions.

The coupling between Eqs. (1) and (2) is

HCoupling =
∑

〈〈i, j〉〉,σ f

λi jσ
z
pc†

i,σ f
c j,σ f + H.c., (3)

in which λi j represents the coupling strength. Thus the total
Hamiltonian is

H = HBoson + HFermion + HCoupling. (4)

Throughout the paper, we set ti j = t = 1 as the energy unit
and λi j = λ the same on every bond.

The schematic phase diagram of the model, spanned by the
axes of �x and �z, is shown in Fig. 1(b). In the absence of
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the coupling to the Dirac fermions, i.e., λ = 0, the pure spin
model with fixed Ja and Jb has two phases [67] . For small �x

and �z, the system is in an AFM phase, while for large �x or
�z, the system is in a fully polarized (FP) phase. By tuning �x

and �z, there is a phase transition between these two phases.
For small �z, the phase transition is continuous and belongs
to the (2 + 1)D Ising universality class as denoted by the blue
line. For large �z, the phase transition is first order, as denoted
by the red line. It was shown that when Ja = Jb, this first-order
transition can be casted into the Landau-Devonshire effective
model with a negative quartic coupling [22,67]. In addition,
there is a quantum tricritical point (CTP) separating the first
order and the continuous phase transition. In the following
we also perform the simulation at Ja = Jb, since in this case
the uniform part of 〈σz〉 can be treated as a background field
rather than a dynamical field, and HBoson has been solved with
quantum Monte Carlo simulation in Ref. [67].

HFermion is the π -flux model which gives rise to two Dirac
cones at (π, 0) and (0, π ) in the Brillouin zone (BZ). As
shown in Fig. 1(a), we couple a pair of next-nearest-neighbor
fermion sites in HCoupling in which the sign relies on the spin at
the bosonic site. In the AFM phase of Ising spins, a mass term
can be generated for fermions which gap out the Dirac points,
transforming the Dirac semimetal (DSM) into a dynamically
generated quantum spin Hall insulator (QSH) [54]. In the FP
phase, the bosonic field still keeps the Dirac cone at (π, 0)
and (0, π ) intact but renormalized the high-energy parts of the
bands in the BZ. Meanwhile, the original three-dimensional
(3D) Ising universality class between the AFM phase and FP
phase is replaced by the chiral Ising Gross-Neveu universality
class. This result has been numerical revealed by some of the
present authors in Refs. [35,54].

In the presence of the coupling to the Dirac fermions,
there are two main theoretical predictions: one is that the
fermion fluctuation can drive the first-order transition into a
continuous one [33]. This may indicate that the region of the
first-order transition should shrink as long as the coupling to
the Dirac fermion is introduced. Surprisingly, in the following
we will show a contrary phenomenon has occurred in the
actual DQMC simulation and provide an explanation. The
other is that the universality class of the tricritical point is
drastically changed by the gapless Dirac fermions [63]. The
first order and the continuous transition belonging to the chiral
Ising Gross-Neveu universality class is separated by this CTP
which is in the chiral tricritical Ising universality class.

The computation of H can be carried out without a sign
problem in the DQMC method, and we present the detailed
implementation in Appendix A.

III. FERMION-ENHANCED FIRST-ORDER TRANSITION

In Sec. III A we first present numerical results showing
the range of the first-order phase transition in our model
is actually extended rather than shrunk, i.e., the first-order
transition line [the red line in our Fig. 1(b)] in the �x − �z

phase diagram extends a bit towards larger values of �x and
�z compared with that of the bare spin model [67], seemingly
contrary to the expectation. Then in Sec. III B we will give
an self-consistent explanation based on a modified mean-field
analysis to reconcile the puzzle.

A. Numerical results

In the DQMC simulation, we choose the parameter Ja =
Jb = 1 and explore the phase transition properties by scanning
�z for different �x.

For finite-size systems, phase transition properties can
be reflected by the behavior of the Binder ratio near the
phase transition point. In the present case the Binder ratio is
given as

B2 = 3

2

(
1 − 1

3

〈m4〉
〈m2〉2

)
, (5)

in which

m2 = 1

L2

∑
k,l

(−1)α1−α2σ z
k,α1

σ z
l,α2

, (6)

with L being the lattice size, k, l being the unit cell in which
α1, α2 is the site of the unit cell, such that the staggered mag-
netization of the AFM phase is measured. In the ordered phase
B2 → 1, while in the disordered phase B2 → 0. In continuous
phase transitions, if the scaling correction can be neglected,
curves of the Binder ratio versus the tuning parameter for
different size cross at the critical point. In the first-order
phase transition, negative values for the Binder ratio will be
developed [70].

We show the data of Binder ratio in Fig. 2. Without the
coupling to the Dirac fermions, i.e., λ = 0, Fig. 2(a) shows
the Binder ratio for �x = 4.4. The curves of the Binder
ratio belonging to various system sizes cross at a point.
This demonstrates that a continuous phase transition [of a
(2 + 1) Ising universality] occurs for this set of parameters.
Figure 2(b) is also without coupling to the Dirac fermions, it
shows the curves of Binder ratio for �x = 4.0, where different
system sizes develop small negative values, signifying that the
parameter set is close to the CTP of the pure boson model.
This is consistent with the previous literature [67]. After in-
troducing the coupling to the Dirac fermions with λ = 0.3 but
still keeping �x = 4.0, Fig. 2(c) shows that obvious negative
values appear in the Binder ratio, indicating the appearance of
the first-order phase transition. Moreover, as L increases, the
values of the Binder ratio tend to diverge, which is a typical
signature of the first-order transition. Such results reveal that
the boson continuous phase transition is changed into a first-
order phase transition by coupling to the Dirac fermions.

To further illustrate this result, we scan the �x–�z phase
diagram with different values of the fermion-boson coupling
λ, and the phase diagram of pure boson model (λ = 0) is
repeated and consistent with the result in Ref. [67]. The phase
boundaries are obtained by inspecting the behavior of Binder
ratio as shown in Fig. 2. In Fig. 3 the blue point is the phase
boundary for the pure spin model, and its tricritical point is
denoted by a blue triangle, while the black and red points
are the phase boundaries in the presence of the coupling to
the Dirac fermions, with the coupling strength being λ = 0.3
and λ = 0.5, respectively. One finds that for fixed �x, the
value of �z at the phase boundary increases as the coupling
strength increases. Moreover, one finds that the regions for
the first-order phase transition are extended as λ increases.
Thus it seems that the first-order phase transition is apparently
enhanced by the fluctuation from the Dirac fermions.
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FIG. 2. Binder ratio B2 in different couplings λ. (a) Binder ratio
of continuous phase transition for the case of λ = 0.0, �x = 4.4.
(b) Binder ratio close to the tricritical point for the case of λ = 0.0,
�x = 4.0. (c) Binder ratio of first-order transition for the case of
λ = 0.3, �x = 4.0.

FIG. 3. Phase diagram obtained by DQMC near tricritical points
in the presence of different coupling λ = 0.0 (blue), 0.3 (black), and
0.5 (red). � represents a first-order transition,

�
with a green border

represents the CTPs, and ◦ represents a continue phase transition.

B. Modified mean-field theory for finite-size systems

To understand the fermion-enhanced first-order phase tran-
sition, we here develop a modified mean-field theory. In this
theory, we focus on the effective potential of the boson field
after integrating out the fermion fluctuations. The fermion
fluctuations can be truncated from lower bound, since the
momentum cannot be smaller than 1/L in the lattice model.

We begin with the pure spin (boson) model, whose
Hamiltonian is shown in Eq. (1) and mean-field analyses is
reported in Ref. [67]. The expectation value of σz can be
decomposed as

〈σ z
i 〉 =

{
s + φb (i ∈ A)

s − φb (i ∈ B)
, (7)

in which φb is the boson dynamical field, s is the background
field for Ja = Jb, which is just the condition employed in the
present work, and A, B represents the indices for the sublattice.
Then by doing the following replacement,

σ z
i σ z

j → σ z
i

〈
σ z

j

〉 + 〈
σ z

i

〉
σ z

j − 〈
σ z

i

〉〈
σ z

j

〉
, (8)

one obtains the mean-field bosonic Hamiltonian as [67]

HMF
Boson

N
= (J−s − J+φb − �z )σ z

A − �xσ
x
A

+ (J−s + J+φb − �z )σ x
B − �xσ

x
B

− J−s2 + J+φ2
b , (9)

where J± = 4(Ja ± Jb). With J− = 0 or Ja = Jb, this Hamil-
tonian gives the bosonic free energy per unit cell according
to fb ≡ − 1

βN logTr(e−βHMF
Boson ). At T = 0, near the phase tran-

sition, the free energy can be expanded as a function of φb as
follows:

fb = f0 + r

2
φ2

b + u

4
φ4

b + v

6
φ6

b + · · · , (10)
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in which the coefficients f0, r, u, and v read

f0 = −
,


 =
√

�2
x + �2

z ,

r = 1

2
J+

(
1 − �2

x J+

3

)
,

u = (�2
x − 4�2

z )�2
x J4

+
8
7

,

v = (12�2
x �

2
z − 8�4

z − �4
x )�2

x J6
+

16
11
,

(11)

and the ellipsis represents the higher-order terms which are
irrelevant and can be neglected. For �x > 2�z, u > 0 and
the system hosts a continuous phase transition, while for
�x < 2�z, u < 0 and the system hosts the Landau-
Devonshire first-order phase transition [22]. In the
continuous case with u > 0, the order parameter
φb develops as φb = √−r/u continuously when r
decreases from its critical point r = 0. In contrast,
when u < 0, φb jumps from zero to φb = ±√−3u/4v

at the transition point rt = 3u2/16v. In addition, when r < 0,
the ordered phase is the only stable phase; when r > u2/8v,
the disordered phase is the only stable phase. In between
when 0 < r < u2/8v, both phases can coexist. When
rt < r < u2/8v, the disordered phase is more stable, and
when 0 < r < rt , the ordered phase is more stable.

To explore the effects induced by the coupling to the
Dirac fermion, in principle one should consider the boson
and fermion fluctuations simultaneously and investigate the
renormalization flow on all relevant and marginal operators.
However, for the finite-size system, such a procedure is quite
complex to implement. We have to take a step back and
study the influence of the Yukawa coupling on the boson
free energy. The mean-field free energy density reads f ≡
− 1

βN log Tr(e−β(HMF
Boson+HFermion+HMF

Coupling ) ), in which HMF
Coupling is the

mean-field version of the coupling Hamiltonian (4), with
σz being approximated by its mean-field expectation value
Eq. (7). Note that in f , HFermion keeps intact as in Eq. (2),
and contributions from both valleys are included. At zero
temperature, we have

f = fb + (−)
1

π

∫
d2k

√
λ2φ2

b + 2t2k2, (12)

in which the last term comes from the coupling with the Dirac
fermions. In the thermodynamic limit, the range of integral

∫
is from zero to � (� is the ultraviolet cutoff). By explicitly
integrating out Eq. (12), one finds that the Yukawa coupling
between the Dirac fermion and the boson fluctuations can not
only change the coefficients in Eq. (11), but also generate an
additional nonanalytic term λ3|φb|3

6t2 . This cubic term is traced
back to the gapless Dirac points in the thermodynamic limit.
Actually, at these singular points the fermion functional inte-
gral is ill-defined.

However, in finite-size systems, fluctuations are truncated
from the IR limit by the system size L. In this case a fermion
gap appears proportional to 1/L. Subsequently, after inte-
grating out the fermion fluctuating modes with length scale
from 1/L to �, the nonanalytic term vanishes and the ef-

FIG. 4. Phase diagram obtained from modified mean-field the-
ory for finite-size systems according to Eq. (13) with fixing the
coefficient L = 10, � = 1. Black (red) lines represent a first-order
(continue) phase transition, and dotted (solid) lines are phase bound-
aries with the coupling of λ = 0.0 (0.5), respectively.

fective quadratic and quartic coupling in the boson part free
energy reads

r′ = r − λ2(L� − 1)

4
√

2πLt
,

u′ = u + λ4(L� − 1)

64
√

2t3�π
,

(13)

respectively, with the fermion hopping t = 1.
At first we study the change of the phase boundary after

turning on the coupling between the Dirac fermions and the
dynamical boson field. The phase transition occurs at r′ = 0.
By substituting this condition and Eq. (11) into Eq. (13), one
finds that for fixed �x and λ, at the phase transition, the value
of �z changes as

δ�z = λ2(L� − 1)
5

4
√

2πLtJ2+�2
x �z

, (14)

in which L� > 1 since the lattice constant is chosen to be 1
and other parameters are all positive. Thus, one finds that the
value of �z increases with λ growing. The result is shown in
Fig. 4. It is interesting to see that this result is qualitatively
consistent with the DQMC numerical results shown in Fig. 3.

Then we explore the phase transition properties via this
modified mean-field approach. By substituting Eq. (11) into
Eq. (13) and setting r′ = 0, one gets

u′ = u +
(

� − 1

L

)[
Lλ4

64
√

2t3�π
− 5J2

+
(
3�2

x − 4�2
z

)
λ2

48
√

2πt
4

]
.

(15)

According to Eq. (15), Fig. 5 explicitly shows the dependence
of u′ on L and λ. From Fig. 5(a) one finds that for small system
size, L ∼ 10, u decreases as L increases. This explains the en-
hancement of the first-order phase transition with the increase
of the system size, as shown in Fig. 2(c). In addition, Fig. 5(b)
shows that for small system sizes, u decreases as λ increases.
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(a)

(b)

FIG. 5. Quartic term u′ depending on λ and L according to
Eq. (15): (a) u′ vs L for three types of bosonic quartic contribution u
by fixing λ = 0.5, and (b) u′ vs λ by fixing L = 10.

This is consistent with the numerical result that the first-order
phase transition is enhanced for larger Yukawa coupling, as
shown in Fig. 3. Therefore, as for the model investigated in
the paper, the fermion-enhanced first-order phase transition is
revealed numerically and understood analytically. We shall
also stress that although this mean-field approach explains
the enhancement of the first-order phase transition for small
system sizes and small Yukawa coupling, there are also limita-
tions in such analysis and open questions remain to be solved.
For instance, for any ultraviolet value of u, u′ will change back
to positive values. This is contrary to the theoretical prediction
that there exists a tricritical point for finite Yukawa coupling.
Such limitation can be traced back to the procedure that we
do not treat the boson and fermion fluctuations on the same
footing, so the ultimate fate of u′ in the renormalization flow
is still largely unknown. Moreover, since the computational
complexity of DQMC scales with a high power with respect
to L, numerical calculations for even larger system sizes are
increasingly difficult to carry out. For larger λ, numerical
results show apparent unstable results. The reason may be the
effects induced by the higher-order terms. Therefore, despite

(a)

(b)

(c)

FIG. 6. Data collapse of 〈m2〉 for different critical exponents
close to the CTP at (�∗

x = 4.2, �∗
z = 3.6) with the fermion-boson

coupling strength λ = 0.3. (a) Chiral Ising Gross-Neveu CTP uni-
versality class, (b) mean-field Ising tricritical universality class, and
(c) chiral Ising Gross-Neveu universality class. The critical expo-
nents used are shown in Table I.
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TABLE I. Different critical exponents for the tricritical point.

Universality class ν ηφ ηψ ω

Chiral Ising Gross-Neveu CTP in this work 0.49 0.75
Ising tricritical point (mean-field) [67] 1/2 0
Chiral Ising Gross-Neveu [35] 1.0 0.59 0.05 0.8
Chiral Ising Gross-Neveu CTP from functional renormalization group [63] 0.435 0.736 0.036

that the boson quartic coupling changes to positive for large L
and λ, according to the modified mean-field method presented
here, it is still a open question as to whether to explore the
entire parameter region of the fermion-enhanced first-order
phase transition.

IV. CHIRAL GROSS-NEVEU TRICRITICAL POINT

The fermion fluctuations not only change the type of phase
transition but also influence the critical properties. A prevalent
example is the chiral universality class, in which the Dirac
fermions drive the Wilson-Fisher fixed point for the pure
boson model into the Gross-Neveu fixed point [25,42–44].
Persistent efforts, including both theoretical and numerical
works, have been devoted to unveil the critical properties in
these systems [35,42–44,48–62]. As a generalization of the
chiral critical point, the CTP manifests itself when the usual
bosonic tricritical point is coupled to the Dirac fermions.
Similar to the critical point, it was shown that the fermion
fluctuation can drive the bosonic tricritical behavior into a new
universality class [63]. However, to the best of our knowledge,
studies on the chiral tricritical point were hitherto limited
in the theoretical approach. Here we employ the DQMC to
explore the critical properties near the chiral tricritical point.

We locate the position of the CTP at �∗
z by the crossing

point of the Binder ratio, which opportunely appears at a small
negative value at �∗

x , and the obtained CTPs are shown in
Fig. 3 as the triangles with a green border. There are two
relevant directions near the CTP, one associated with the mass
term r′ and the other the quartic term u′, both of which
are shown in Eq. (13). At the tricritical point, the former
dominates.

We compute the order parameter m2 close to the CTP
for λ = 0.3 for various lattice sizes. As shown in Fig. 6(a),
by rescaling the curves of m2 versus �z − �∗

z according to
the finite-size scaling form 〈m2〉Lz+η = f [L1/ν (�z − �∗

z )/�∗
z ],

with (�∗
x = 4.2, �∗

z = 3.6) being the value at the CTP, we find
the curves of m2 collapse onto each other when the critical
exponents ν = 0.49 and ηφ = 0.75, as shown in the first row
in Table I. As a contrast, we also plot the rescaled m2 curves
with the mean-field tricritical exponents ν = 1/2 and η = 0
for the pure boson model (second row in Table I), which is at
the upper critical dimension [67], and the chiral Ising critical
exponents at the continuous transition (third row in Table I),
determined from previous DQMC simulation [35], with the
corresponding results show in Figs. 6(b) and 6(c), respec-
tively. We find that the collapse is obviously better in Fig. 6(a),
and the exponents are close to the predicted chiral Ising Gross-
Neveu CTP from functional renormalization group analysis
[33], as shown in the fourth row in Table I, which provides
strong evidence for the existence of CTP. The discrepancy of

the critical exponent between the first and fourth row in Table I
may come from the truncation approximation in the functional
renormalization group calculation in the previous literature
[63] or the finite-size scaling in the DQMC simulation in
this work.

Comparing the exponents of the CTP with those of the
Ising tricritical point as shown in Table I, one finds that a
nonzero anomalous dimension of the boson field for the CTP
is developed, while it is zero for the Ising tricritical point.
The reason is that (2 + 1)D is the upper critical dimension for
the Ising tricritical point, while for the CTP the upper critical
dimension cannot be determined from naive power counting
of the dimension analysis, since near the Gaussian fixed point,
the dimensions of the quartic boson coupling and the Yukawa
coupling are different. This behavior may also prohibit the
study of the properties of the CTP from the usual perturba-
tive renormalization group from the dimension regularization.
From this point of view, our present work provides a solid
verification of the existence of the CTP and its related critical
properties.

V. SUMMARY

In summary, we have numerically studied the phase transi-
tions in the Landau-Devonshire model coupled to the Dirac
fermions. We find that the interplay of critical fluctuations
and finite-size effect can give rise to a fermion-enhanced
first-order phase transition. This seems to be contrary to the
theory of the type-II FIQCP. By developing a modified mean-
field theory, we show that the reason for this anomalous
phenomenon is the interplay between the fermion fluctua-
tions and the finite-size effects, and the fate of the type-II
FIQCP for larger system sizes remains to be addressed. More-
over, we have numerically revealed the critical behavior near
the chiral Ising Gross-Neveu tricritical point and obtained the
critical exponents therein. Our result demonstrates that the
interplay of massless Dirac fermions, critical fluctuations, and
the finite-size effects could trigger a plethora of interesting
phenomena and therefore great care is called for when making
generalizations. In the future it will be instructive to explore
similar behaviors in other systems with finite Fermi surfaces
other than Dirac cones and also interesting to study the full
scaling form in these fermion-boson coupled systems, includ-
ing the other relevant directions.
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APPENDIX: DETERMINANT MONTE CARLO METHOD

We use the determinant quantum Monte Carlo (DQMC) method to simulate the model, which is illustrated by Eq. (4). We
start with the partition function

Z = Tr{e−βH } =
∑
[σ z]

ωB[σ z]ωF [σ z], (A1)

where the configuration space of [σ z] is comprised of an Ising field. The bosonic part of the partition function is

ωB = exp

[
−

(

τJa

∑
l

∑
〈pq〉

σ z
p,lσ

z
q,l − 
τJb

∑
l

∑
〈〈pq〉〉

σ z
p,lσ

z
q,l − γ

∑
p

∑
l

σ z
p,l+1σ

z
p,l − 
τ�z

∑
p

∑
l

σ z
p,l

)]
(A2)

from HBoson in Eq. (1), when the two-dimensional transverse-field Ising model is mapped to a 3D classical model with γ =
− 1

2 ln[tanh(
τ�x )]. Meanwhile, the fermion part of the partition function is

ωF =
∏

σ=↑,↓
det

[
1 + Bσ

MBσ
M−1 · · · Bσ

2 Bσ
1

]
. (A3)

Due to the spin-staggered phase eiσφ in HFermion term in Eq. (2), the spin-up determinant det[1 + B↑
MB↑

M−1 · · · B↑
2 B↑

1 ] is

complex conjugate to the spin-down one det[1 + B↓
MB↓

M−1 · · · B↓
2 B↓

1 ], which indicates a no-sign problem in the system. The
Bσ

l can be decomposed into two parts:

Bσ
l = exp(−
τHFermion) exp(−
τHCoupling). (A4)

For the HCoupling term, as for the fermion-boson coupling term in Eq. (3), it is separated into four parts such that in each part
all the hopping terms commute with each other. For sampling the configuration, we update one site Ising field in which the
acceptance ratio is expressed as

r = ωB[σ ′
z]

ωB[σz]

ωF [σ ′
z]

ωF [σz]
. (A5)

Because σ z only has two possible values, the bosonic part of the acceptance ratio is

ωB[σ ′
z]

ωB[σz]
= exp

[
2

(

τJa

∑
l

∑
〈pq〉

σ z
p,lσ

z
q,l − 
τJb

∑
l

∑
〈〈pq〉〉

σ z
p,lσ

z
q,l − γ

∑
p

∑
l

σ z
p,l+1σ

z
p,l − 
τ�z

∑
p

∑
l

σ z
p,l

)]
, (A6)

assuming B(τ, 0) = B1 · · · Bτ and B(β, τ ) = BM · · · Bτ , where the fermion part is

ωF [σ ′
z]

ωF [σz]
= det[I + B(β, τ )(1 + 
)B(τ, 0)]

det[I + B(β, τ )B(τ, 0)]
, (A7)

where I is unit matrix and


 = exp(−
τHCoupling[σ ′
z]) exp(
τHCoupling[σz]) − 1, (A8)

in which σ ′
z (σz) is the updated (original) Ising spin.
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