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Periodicity of long wavelength moiré patterns is very often destroyed by the inhomogeneous strain
introduced in fabrications of van der Waals layered structures. We present a framework to describe massive
Dirac fermions in such distorted moiré pattern of transition metal dichalcogenides homobilayers,
accounting for the dynamics of layer pseudospin. In decoupled bilayers, we show two causes of in-
plane layer pseudospin precession: By the coupling of layer antisymmetric strain to valley magnetic
moment; and by the Aharonov-Bohm effect in the SU(2) gauge potential for the case of R-type bilayer
under antisymmetric strain and H-type under symmetric strain. With interlayer coupling in the moiré, its
interplay with strain manifests as a non-Abelian gauge field. We show a genuine non-Abelian Aharonov-
Bohm effect in such field, where the evolution operators for different loops are noncommutative. This
provides an exciting platform to explore non-Abelian gauge field effects on electron, with remarkable
tunability of the field by strain and interlayer bias.
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Long-wavelength moiré patterns by van der Waals
stacking of graphene and transition metal dichalcogenides
(TMDs) have led to the observation of a plethora of novel
electron correlation phenomena [1–9], as well as moiré
excitons as highly tunable quantum emitters [10–15]. In
these findings, the moiré pattern is exploited as a super-
lattice energy landscape to trap electrons and excitons,
arising from the spatially modulated interlayer coupling
[16]. Theoretical studies revealed that interlayer coupling in
the moiré manifests as a location dependent Zeeman field
on the layer pseudospin (e.g., Fig. 1), which exhibits a
skyrmion texture in real space [17–19]. For holes, Berry
curvature from the adiabatic motion in such moiré field is
an Abelian gauge field that realizes fluxed superlattices
[18,19], underlying the quantum spin Hall effect discovered
in low energy minibands [17,20]. Links between the moiré
induced gauge field on massless Dirac fermions and
flattening of minibands in twisted bilayer graphene have
also been explored [21–23]. For electrons in homobilayer
TMDs, the moiré field has similar spatial texture but is much
weaker at certain spots in the supercell [Figs. 1(b)–1(c)] [24],
where nonadiabatic pseudospin dynamics need to be
accounted for. This points to the relevance of intriguing
SU(2) Berry phases on massive particles in the moiré. In
particular, genuine non-Abelian gauge field—origin of the
noncommutativity of successive loop operations—in real
space is of great interest [25], but has only been realized
recently in synthetic optical systems [26].
In experimental reality, inhomogeneous strain is often

unintentionally introduced [27,28]. In monolayers, strain
can be described by a pseudovector potential with valley

contrasted signs, which is associated with an effective
magnetic field when strain is inhomogeneous [29]. In the
moiré, dramatic distortion of the periodic landscape occurs

FIG. 1. Effective moiré field and strained moiré pattern.
(a) Schematics of layer pseudospin σ (green line) precessing
around the moiré field V (blue arrow). (b) Color map plots V in a
rigid moiré unit cell, for valley electrons in R-type twisted bilayer
MoSe2. Arrows denote the in-plane components of V̂. (c) Same
plot for H-type MoS2. (d) An example of strained moiré pattern
(adapted from Ref. [27]). The parallelogram denotes a distorted
moiré cell. (e) The moiré field of (c) mapped onto such distorted
moiré pattern.
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in the presence of layer dependent heterostrain [30].
Figure 1(d) is an example of a 0.86° twisted moiré subject
to inhomogeneous heterostrain of peak magnitude ∼0.5%,
where the moiré wavelength varies appreciably over a few
periods. For carrier dynamics in such moiré, the momentum
space description in terms of minibands is not validated
with the broken periodicity.
Here we present a framework to describe massive Dirac

fermions with the nonadiabatic layer pseudospin dynamics
in inhomogeneously distorted TMD homobilayer moiré.
We first outline several Abelian SU(2) Berry phase effects
purely from the layer symmetric and antisymmetric com-
ponents of strain under R-type (parallel) and H-type
(antiparallel) stacking. Coupling of the electron’s valley
magnetic moment to the strain induced magnetic field
causes in-plane precession of the pseudospin in layer
antisymmetric strain. Moreover, R-type (H-type) bilayer
under antisymmetric (symmetric) strain features a SU(2)
gauge potential in which the Aharonov-Bohm (AB) inter-
ference also manifests as in-plane pseudospin precession.
When interlayer coupling is considered, its interplay with
the strain can be formulated in terms of a non-Abelian
gauge field, whose matrix forms at different locations are
noncommutative. Evolution in this field has the genuine
non-Abelian AB effect where the evolution operators for
different loops are noncommutative [25].
In a long wavelength moiré subject to a general strain

pattern, the low energy carriers are described by the
continuum Hamiltonian [19,20,31]

H ¼
� vπt · σ0τt þ

Eg

2
σ0z þ Vt U

U† vπb · σ0τb þ
Eg

2
σ0z þ Vb

�
;

ð1Þ

with πl ¼ pþ τlAl
ϵ, l ¼ t, b the layer index, and τl ¼ �

the valley index in layer l. The effect of strain (tensor ϵij)

is accounted for by the vector potential Al
ϵ ¼

ð ffiffiffi
3

p
ℏβ=2aÞðϵlxx − ϵlyy;−2ϵlxyÞ [32], where a is the lattice

constant, and β ≈ 2–3 [37]. σ0
τl
¼ ðτlσ0x; σ0yÞ and σ0z are Pauli

matrices spanned by the metal d orbitals at the conduction
(c) and valence (v) band edges [38]. Vl ¼ diagðṼl

c; Ṽl
vÞ and

U ¼ ðŨcc
Ũvc

Ũcv
Ũvv

Þ accounts for the interlayer coupling, which
are functions of interlayer registry with location depend-
ence [17–19,24]. Because U couples only states of the
same spin [Fig. 2(a)], we consider one spin species per
valley at a time.
The large band gap Eg allows one to perturbatively

eliminate the valence bands [17–19], to reach a reduced
Hamiltonian on the electron

H ¼ 1

2m
ðpþAϵÞ2 þ U þ Zϵ: ð2Þ

It has a 2 × 2matrix form, spanned by the layer pseudospin
σ. Aϵ ¼ diagðτtAt

ϵ; τbAb
ϵ Þ is the matrix of strain induced

vector potential. Hereafter, we focus on the τt ¼ þ valley
of the top layer, which is coupled with the τb ¼ þ (−)
valley of the lower layer in the parallel (antiparallel)
stacking [Fig. 2(a)]. Results for the other valley can be
obtained by time-reversal symmetry.
The term U ¼ ð Ṽt

c
Ũ�

cc

Ũcc
Ṽb
c
Þ is responsible for the moiré

potential and layer hybridization of the carriers
[17–19,32]. We can write U ¼ V0σ0 þ σ · V, where σ0 is
the identity matrix. V is an effective field that causes the
layer pseudospin precession [Fig. 1(a)]. Figures 1(b)–1(c)
plot its magnitude and in-plane texture in a moiré unit cell
showing the strong location dependence, in R- and H-type
TMD bilayer examples, respectively.
Zϵ is the Zeeman energy of the valley magnetic moment

in the strain induced pseudomagnetic field Bϵ ¼
ð1=eÞ∇ ×Aϵ. In monolayers, Dirac electron of effective
mass m carries an intrinsic magnetic moment τμ�B ¼
τðeℏ=2mÞ in out-of-plane direction [39]. Interestingly,

FIG. 2. Comparison of twisted homobilayer TMD (e.g., MoX2)
with different stacking and strain configurations. (a) First column:
Monolayer Brillouin corners for R-type (upper) and H-type
(lower) twisted bilayer. The dashed circles highlight the two
coupled Dirac cones. Solid and dotted curves represent spin-split
Dirac cones. Double-head arrows denote interlayer coupling. (a1)
and (a3): Strain induced pseudomagnetic field (wide blue arrows)
and valley magnetic moment (curly arrows) for layer symmetric
strain (ϵt ¼ ϵb) in R-type (upper) and H-type (lower) bilayer,
respectively. (a2) and (a4): Same as before but with layer
antisymmetric strain (ϵt ¼ −ϵb). Green stick and black arrow
illustrate layer pseudospin precession around the strain Zeeman
field Zϵ. (b) Pseudospin precession around Π in the presence of
layer contrasted pseudomagnetic field. The AB phases gained in
the two layers are opposite (�Φ) when a particle evolves in a
loop. (c) Schematics showing the pseudospin precessing around
the net effective Zeeman field (gray dashed arrow) in the presence
of both strain and moiré coupling.
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out of the three contributions to the magnetic moment in
TMDs [40], the pseudomagnetic field couples only to this
lattice contribution associated with the Berry phase, but not
those from spin and atomic orbitals. We can write
Zϵ ¼ μ · Bϵ, where valley magnetic moment μ is listed
in Table I.
Using As

ϵ ≡ ðAt
ϵ þAb

ϵ Þ=2 and Aa
ϵ ≡ ðAt

ϵ −Ab
ϵ Þ=2 to

quantify the layer symmetric (s) and antisymmetric (a)
parts of a general strain in bilayer, one decomposes
Aϵ ¼ As

ϵ þAa
ϵ , as well as Bϵ. The Hamiltonian then

reads H¼ð1=2mÞðpþAs
ϵþAa

ϵ Þ2þUþZs
ϵþZa

ϵ . Table I
summarizes the pseudospin dependence of these physical
quantities. σ0 vs σz reflect the parallel vs antiparallel
stacking in R-type and H-type bilayers. σz marks the layer
contrasted sign of the quantities, which will affect pseu-
dospin dynamics as discussed next.
Remarkably, the two strain components, combined with

the strain dependent valley magnetic moment μ, lead to four
distinct scenarios of the pseudospin dynamics. First, in the
Zeeman term, it is the antisymmetric strain that leads to the
splitting of the layer pseudospin in either bilayer stacking
[Table I last column, and Figs. 2(a2) and 2(a4)]. Moreover,
the geometric phase in the center-of-mass (c.m.) motion
due to layer contrasted pseudomagnetic field [wide blue
arrows pointing oppositely in Figs. 2(a2) and 2(a3), i.e.,
R-type (H-type) bilayer under antisymmetric (symmetric)
strain] is another cause of pseudospin precession. Upon
closing a loop in such fields, electron picks up opposite
geometric phases e∓ieΦ=ℏ in its two layer components,
resulting in an in-plane rotation of pseudospin [Fig. 2(b)],
which is the AB effect in a SU(2) gauge field first discussed
by Wu and Yang [41].
The above effects on pseudospin can be explicitly seen

from its Heisenberg equation of motion,

_σ ¼ −
i
ℏ
½H; σ� ¼ 2

ℏ
ðΠϵ þKϵ þ Za

ϵ þ VÞ × σ: ð3Þ

Πϵ ¼ ð1=2mÞðp ·Aα
ϵ þAα

ϵ · pÞẑ, α ¼ a=s for R or H type,
reflects a pseudospin precession accompanying the c.m.
motion. The aforementioned AB effect [Fig. 2(b)] is a
manifestation of this term. Za

ϵ ¼ Za
ϵ ẑ is from the Zeeman

splitting in the antisymmetric strain (last column of
Table I). Kϵ ¼ ð1=mÞAs

ϵ ·Aa
ϵ ẑ is a cross term between

symmetric and antisymmetric strain components, which is
negligible under modest strain. Za

ϵ is function of location,
while Πϵ also depends on momentum, both pointing out of

plane. In a strain of ϵ ∼ 1% and at Fermi wavelength
λf ∼ 2 nm (corresponding to Fermi energy of ∼20 meV in
TMDs), Πϵ ∼ ðℏ2=2maÞðϵ=λFÞ ∼ 1 meV. And for strain
variation Δϵ ∼ 1% over a length l ∼ 10 nm, Za

ϵ∼
ðℏ2=2maÞðΔϵ=lÞ ∼ 0.2 meV.
In comparison, V from the interlayer coupling has its

orientation vary spatially [Figs. 1(b)–1(c)], determined by
the local atomic registry in the moiré [17–19]. Its magni-
tude V ∼ Oð1Þ meV at certain spots, and reaches
O(10) meV over the rest area in the moiré, well exceeding
that of Πϵ and Za

ϵ . Figure 2(c) illustrates the collective
effect of these noncollinear pseudofields from both inter-
layer coupling and strain. As we show below, their interplay
leads to genuine non-Abelian Berry phase effects that are
absent with either moiré coupling or strain alone.
Non-Abelian Berry curvature.—As the pseudospin

dynamics is dominated by the interlayer coupling, it is
natural to switch to the basis of its local eigenstates,
satisfying σ · Vjχ�ðrÞi ¼ �Vjχ�ðrÞi. The Hamiltonian
in this basis reads

H̃ ¼ Q†HQ ¼ 1

2m
ðpþAÞ2 þ Ec þ Z̃ϵ; ð4Þ

where Q ¼ ðjχþi; jχ−iÞ. The interlayer coupling is diagon-
alized, i.e., Ec ¼ diagðV0 þ V;V0 − VÞ, which character-
izes the scalar moiré potential experienced by the two
pseudospin branches [18]. The gauge potential is now a
composite one A ¼ A∇ þ Ãϵ. The first part is due to the
transformation in the non-Abelian group [42],
A∇ ¼ −iℏQ†∇Q ¼ −ðℏ=2Þð∇ϕÞσ̃z þ ðℏ=2Þð∇ζÞσy,
where ζðrÞ and ϕðrÞ are the polar and azimuthal angles of
the local V, respectively [Fig. 1(a)], and σ̃z≡
Q†σzQ ¼ σz cos ζ þ σx sin ζ. Its explicit form is gauge
dependent and we adapt the one in Ref. [19]. The second
part is from the strain Ãϵ ¼ Q†AϵQ ¼ Aα1

ϵ σ0 þ
Aα2

ϵ σ̃z, where α1 ¼ s (a) and α2 ¼ a (s) for R-type
(H-type) bilayers (see Table I). The associated gauge field
reads [25,42]

B ¼ 1

e
∇ ×A þ i

eℏ
½Ax;Ay�ẑ ¼ ðBα1

ϵ σ0 þ Bα2
ϵ σ̃zÞẑ: ð5Þ

It corresponds to a transformation of the strain induced
pseudomagnetic field B ¼ Q†BϵQ (Table I). The Zeeman
coupling of the valley magnetic moment toB appears as the
last term in Eq. (4), Z̃ϵ ¼ Zs

ϵσ0 þ Za
ϵ σ̃z.

The non-Abelian nature of the gauge field is evidenced
from its noncommutativity at different locations:
½BðrÞ;Bðr0Þ� ¼ 2iσyB

α2
ϵ ðrÞBα2

ϵ ðr0Þ sin ½ζðr0Þ − ζðrÞ�. This
is endowed by the fact that the interlayer hopping Vxσx þ
Vyσy varies spatially in the moiré, and does not commute
with the strain inducedAϵ with a σz part. We can compare
with situations where only either of the above causes is
present. In the limit ϵ ¼ 0, the gauge potential A ¼ A∇ is

TABLE I. R-type vs H-type bilayer TMDs with inhomo-
geneous strain. Bα

ϵ ẑ ¼ ð1=eÞ∇ ×Aα
ϵ , Zα

ϵ ¼ μ�BB
α
ϵ , α ¼ a, s.

μ As
ϵ Aa

ϵ Bs
ϵ Ba

ϵ Zs
ϵ Za

ϵ

R type μ�Bẑσ0 As
ϵσ0 Aa

ϵ σz Bs
ϵẑσ0 Ba

ϵ ẑσz Zs
ϵσ0 Za

ϵ σz
H type μ�Bẑσz As

ϵσz Aa
ϵ σ0 Bs

ϵẑσz Ba
ϵ ẑσ0 Zs

ϵσ0 Za
ϵ σz
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non-Abelian, but the gauge field simply vanishes [19]. In
the limit of decoupled layers, ζðrÞ ¼ 0, the gauge field
reduces to BϵðrÞ whose forms at different locations always
commute. In aligned bilayers, the ratio of interlayer
hopping to the band offset (Vz) is spatially uniform
rendering ζðrÞ constant, which also ensures that B at
different locations commute. Indeed, the moiré pattern
combined with the inhomogeneous strain creates a unique
scenario for the genuine non-Abelian gauge field to
emerge.
A force operator can also be defined to illustrate the

effects of the non-Abelian Berry phase effect on the c.m.
motion: F ¼ m_v ¼ −ði=ℏÞ½mv; H̃� ¼ −ðe=2Þðv ×B−
B × vÞ −∇ðEc þ Z̃ϵÞ − ði=ℏÞ½A; Ec þ Z̃ϵ�, where v ¼
−ði=ℏÞ½r; H̃� ¼ ð1=mÞðpþAÞ is the velocity operator.
The first term is the magnetic force by the non-Abelian
gauge field, while the rest two terms are reminiscent of
electric force [25]. For comparison, in an unstrained moiré
superlattice, the force reads F ϵ¼0¼−∇Ec−ði=ℏÞ½A∇;Ec�
without the magnetic part.
Figure 3 gives an example of the non-Abelian gauge

field for H-type bilayer MoS2 featuring the moiré pattern
shown in Fig. 1(c). The nonperiodic moiré is produced by a
0.86° twisting and a modest layer antisymmetric strain with
peak magnitude ϵa ∼ 0.5% [32]. Often, inhomogeneous
heterostrain of this magnitude is unintentionally introduced
in the fabrication of moiré lattices [27]. Interestingly, such a
system naturally provides a platform for studying non-
commutative phenomena.
The moiré lattice and strain can also be independently

controlled to engineer the non-Abelian gauge field. Stress
of various forms can be applied first on the bottom layer
using movable substrates [43], before the top layer is
deposited with the control of twisting angle. Strain can
also be introduced by depositing 2D materials on pre-
engineered substrates with tailorable shapes and sizes
[44,45]. Figure 4 illustrates an example of R-type bilayer
MoSe2, whose bottom layer is triaxially strained over a
circular area [32]. Figure 4(b) plots the interlayer coupling
VðrÞ in the strain distorted moiré landscape under a 2° twist
of top layer, and a peak strain magnitude ϵb ∼ 0.5%.
Figures 4(c)–4(d) show the non-Abelian gauge field B
within the strained area, which can reach a few Tesla.

Intensity and landscape of the non-Abelian gauge field can
be tuned via strain, twist angle, as well as interlayer
bias [32].
Genuine non-Abelian AB effect.—Evolution in a SU(2)

gauge potential can generally lead to the change of
particle’s pseudospin due to the geometric phase
P ¼ P exp ½−ði=ℏÞ R r0

r0
A · dl�, where P denotes path order-

ing. However, such evolution is not necessarily non-
Abelian. For example, the strain induced gauge field in
decoupled bilayer can only lead to pseudospin precession
about the z direction which is Abelian [Fig. 2(b)]. In the
distorted moiré with both heterostrain and interlayer
coupling, the noncommuting nature of the gauge field
underlies a genuine non-Abelian evolution [25], which can
be illustrated by the following AB effect.
Initially on pseudospin jψ ii ¼ cos ηjχþi þ eiφ sin ηjχ−i,

we compare the final state jψfi ¼ Pjψ ii ¼ ψþ
f jχþi þ

ψ−
f jχ−i after the electron travels two closed loops in the

strained area in different orders [1 → 2 or 2 → 1, Fig. 4(e)].
Figure 4(f) plots jψþ

f j2 − jψ−
f j2, as a function of the initial

state phase angle φ, with η ¼ π=4. The discrepancy
between the two differently ordered paths is clearly seen,
a signature of the genuine non-Abelian AB effect [25].
Note that dynamical phase can also lead to a pseudospin
precession, determined by the path integral of Z̃ϵðrÞ and
VðrÞ. This, however, is expected to be loop-order inde-
pendent and does not affect jψþ

f j2 − jψ−
f j2.

FIG. 3. Strain pseudomagnetic field and non-Abelian gauge
field in strained H-type 0.86° twisted bilayer MoS2. (a) Bt

ϵ ¼
−Bb

ϵ , (b) B11 ¼ −B22, (c) B12 ¼ B21.

FIG. 4. Non-Abelian gauge field and AB effect in triaxially
strained R-type 2° twisted bilayer MoSe2. (a) Magnitude (back-
ground) and vector flow (arrows) of the strain displacement. Inset
shows schematics of triaxial stress. (b) Distribution of V with
arrows denoting the in-plane component of V̂. (c) Diagonal and
(d) off-diagonal components of the non-Abelian gauge field.
Center of the strained area has the A stacking. (e) Schematics of
non-Abelian AB effect setup with loop ordering 1 → 2 or 2 → 1.
γ1 ¼ 30° and γ2 ¼ 40°. (f) Population redistribution in the two
internal states jχ�i vs φ when the particle travels 1 → 2 (solid
blue) or 2 → 1 (dashed red). (g) Population redistribution in the
two layers hσzi at the starting or ending point [black dot in (e)] vs
φ after the particle travels the aforementioned paths. Black dotted
curve shows hσzi for the initial state.
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We note that the z component of the pseudospin
corresponds to a measurable quantity, i.e., out-of-plane
electrical polarization. Red and blue curves in Fig. 4(g) give
the corresponding plots of the final state polarization hσzi
for the evolutions in Fig. 4(f). The difference between the
two differently ordered paths is also seen, both of which are
distinct from the initial value (black dotted curve).
For comparison, we examine evolutions on the same pair

of loops with different orders in the unstrained moiré,
where the gauge field B vanishes. These are shown by the
dashed lines in Fig. 4(f). Although the SU(2) Berry
connection A∇ is finite and non-Abelian, it does not have
any effect on jψþ

f j2 − jψ−
f j2. Electrical polarization hσzi of

the final states is also found to be identical to that of initial
ones. Likewise, in the decoupled bilayer, the strain induced
pseudomagnetic field alone does not change hσzi. In either
scenario, one cannot distinguish the two loop orderings,
1 → 2 vs 2 → 1. The genuine non-Abelian AB effect
signifies the profound role of the non-Abelian gauge field
B, which arises from the interplay of inhomogeneous strain
and interlayer coupling in the distorted moiré only.
While the conventional AB effect proves the physically

measurable significance of gauge potential, its genuine
non-Abelian version can be as fundamental in demonstrat-
ing the noncommutativity in non-Abelian gauge theory.
Realization of the scenario in Fig. 4(e) relies on advances in
nanoelectronics for manipulation of electron trajectory and
readout of final pseudospin states. On the other hand, non-
Abelian gauge field can have interesting manifestations in
other transport phenomena. For instance, non-Abelian
gauge fields are expected to generate distinct fractal
patterns in the Hofstadter butterfly spectrum compared
to their Abelian counterparts [26], and whether integer
quantum Hall effect is still observable in the non-Abelian
regime also remains unresolved. Strained moiré super-
lattices can be an ideal arena for their explorations.
Moreover, moiré superlattice has also proven to be a
powerful experimental platform to explore quantum
many-body phenomena, where the manifestation of non-
commutativity of non-Abelian gauge field is also highly
interesting [25].
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