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In the current urban rail transit systems, nearly 15% of passengers are noncommuter travelers who use single-trip ticket cards
(ticket cards). Accordingly, the effective management of ticket cards is of great importance. ,is article suggests a time series
model for use in predicting ticket card storage based on the characteristics of ticket cards collected by an automatic fare collection
(AFC) system.,e distribution cycle, station types, and distribution volume of each station are also determined.,en, drawing on
small package transportation feasibility theory, an unbalanced distribution model between production and demand (unbalanced
distribution model), as well as a hybrid distribution model of loading and unloading (hybrid distribution model), is established.
Application of these models to the Beijing Subway system is used to verify the efficiency and feasibility of such a hybrid dis-
tribution model. ,e analysis and results offer insights into usage patterns of urban rail transit ticket cards, providing solid
evidence for a relative decision-making process.

1. Introduction

One notable barrier to effective management of ticket cards
is the geographical imbalance of ticket card storage among
subway system’s stations. After ticket cards are sold by an
AFC system, they are collected by an automatic gate machine
(AGM) as passengers exit the station. However, uncertain
passenger flows inevitably result in geographical imbalances
of ticket cards. Furthermore, ticket storage capacity man-
agement in each station is based on the assumption that
“more is better.” Flexible distribution of ticket cards based
on the specific circumstances of each station has thus far
rarely been investigated. However, the present approach to
managing ticket cards is not sufficient to effectively respond
to growing traffic demand. In response to these issues, this
paper proposes a set of positive management methods for
forecasting and dynamically distributing ticket cards among

stations so as to reduce total storage demand for ticket cards,
improve ticket card turnover rate, and ensure better travel
experiences for passengers.

Precise short-term predictions of passenger flows are the
basis for determining distribution cycle, distribution vol-
ume, and other basic statistics of ticket cards. Many existing
studies have explored short-term passenger flow prediction.
After Box and Jenkins [1] proposed a systematic method for
identifying, analyzing, and predicting time series, a number
of other researchers improved their time series model [2, 3],
applying it more broadly [4]. In recent years, the emergence
of big data has done much to improve the stability and
applicability of the time series model. As the data collected
become complicated, many data mining methods are used as
a complement operator to the classic ARIMA model, pro-
cessing unstable smart-card data. ,e hybrid model is also
used to predict short-term passenger flows. Common
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applications include the ARIMA-Kalman filter model [5],
ARIMA-ANNmodel [6], ARIMA-SVMmodel [7], ARIMA-
GA model [8], and EMD-BPN [9] model. ,us, the time
series model has been proved to be an effective approach
with which to predict short-term passenger flows in an
urban transit system.,is paper uses the classical time series
model for prediction, based on AFC records, to establish a
storage prediction model.

Second, although ticket card distribution is seldom
addressed in the literature, distribution itself has been
studied extensively, especially in relation to surface trans-
portation for time and cost savings. Many logistics models
have been introduced to solve problems relating to delivery
of goods. However, little research has been conducted on
dynamic distribution in a subway setting primarily because
single-trip ticket cards are rarely recycled and because the
potential cost savings associated with distribution models
have been underestimated by decision makers and subway
companies alike. To tackle the distribution problem in a
subway environment, a logistics model is needed that reflects
specific constraints corresponding to the actual situation of
each station. ,is paper mainly introduces two distribution
models, the unbalanced distribution model and the hybrid
distribution model, which are based on two logistic models:
the unbalanced production-marketing problem and the
vehicle routing problem with simultaneous pickup and
delivery (VRPSDP). ,e hybrid distribution model offers
more cost savings than the unbalanced distribution model
by considering both “pickup” and “delivery” demands si-
multaneously, thus saving time and manpower. Within the
context of card collection and distribution, “pickup” refers to
the collection of surplus cards at a station and “delivery” to
the transporting of surplus cards to stations having a card
deficit. Essentially, it can be considered an extension of
VRPSDP.

Clarke and Wright [10] proposed the traveling salesman
problem (TSP), a special case of the VRPSDP. Min [11] first
abstracted the VRPSDP model from the real-world problem
of delivering books among libraries and solved it using the
genetic algorithm. Since then, the VRPSDP model has been
gradually improved to apply to different practices, including
by adding time windows [12], allowing multiple vehicles
[13], and reservations for repeated service [14]. Beyond
improvements to constraints, its objective is becoming in-
creasingly generalized from just distance [14] and time [12]
to generalized cost savings, such as through manpower
arrangements for accomplishing distribution [13]. At
present, methods of solving the VRPSDP include mainly
stereotype algorithms [15] and heuristic algorithms. Instead
of providing the best solution, heuristic algorithms are more
adaptive to big data demands—for example, tabu research
[16], the tourism partition heuristic algorithm [17], the
genetic algorithm [18], simulated annealing [19], and ant
colony systems [20]. To improve algorithmic efficiency and
avoid single method limitations, a hybrid algorithm is widely
accepted as tabu research with guided local research [21], ant
colony systems with a tabu research operator [22], and a
combination of the metaheuristic algorithm [23], and the
like, and has become a focus of mainstream research. ,e

genetic algorithm is particularly powerful when used in the
VRPSDP logistics model. It has been used to tackle certain
types of the vehicle routing problem in recent decades, often
in combination with other algorithms to improve its ef-
fectiveness. However, existing studies have mostly con-
centrated on applications to road traffic problems, with few
having focused on distribution balance. ,is paper proposes
a distribution model based on the urban rail transit network
and the characteristics of ticket card distribution.

,is paper is organized as follows: Section 2 proposes a
storage prediction model based on a time series model.
Section 3 develops a reasonable distribution model on the
basis of the forecast data. Section 4 offers a feasible distri-
bution plan using data for the Beijing Subway from De-
cember 2016.

2. Storage Prediction Model of Single-Trip
Ticket Cards

A time series model is used to predict ticket card data. For
this step, ticket card flow volume, distribution volume, and
storage settings are considered, which are defined in the
current management standards [24] as follows:

(1) Flow volume:

F � S − R, (1)

where F is the flow volume of ticket cards, S is the
total volume of ticket cards sold, andR is the recycled
number of ticket cards.

(2) Distribution volume:
,e distribution volume of ticket cards is the number
of ticket cards to be deployed from stations that have
a ticket card surplus to those that have a deficit.

(3) Storage capability settings:

Cmax � a∗ S∗ 120%, (2)

Cs � a∗ S, (3)

Cmin � a∗ S∗ 80%, (4)

where Cmax is the maximum storage capability, Cs is the
safe storage capability, Cmin is the minimum storage
capability, a is a coefficient that equals 5 for public
holidays but equals 4, otherwise, and S is the average
daily sales volume of the last distribution cycle.

2.1. ARIMA Model. ARIMA(p, d, q) is the most general
form of the classical time series model. ,e classical ARIMA
model can be applied only to stable time series, so the test
ADF is used to judge whether a time series is stable. ,en,
parameters can be estimated, and the t-test and q-test are
used to ensure that the ARIMA model is error-tolerant
compared with the actual times series. Several possible
ARIMA models may be proposed in the foregoing steps,
after which the AIC test [25] is used to select the best ARIMA
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model. Using the inverse difference operator, final predic-
tion results are acquired. ,e general process of establishing
the ARIMA(p, d, q) model [26–28] is shown in Figure 1.

According to the general process of the ARIMA(p, d, q)

model, this paper uses STATA [29] to make a short-term
prediction concerning the sales volume and flow volume of
each station. Data cover the period from December 19, 2016,
to December 25, 2016.

2.2. Prediction Model. Depending on ticket card charac-
teristics, the minimum storage capacity of each station
should satisfy the sales volume of the first day in this dis-
tribution cycle as well as in the next. ,e associated
mathematical expressions are given in equations (5) and (6):

Cmin > S1, (5)

Cmin − 􏽘
N

i�1
Fi > SN+1, (6)

where Si is the sales volume or the prediction of sales
volume, i � 1, 2, . . . , N + 1, Fi is the flow volume or pre-
diction of flow volume, i � 1, 2, . . . , N, and N is the pre-
diction cycle.

,e ARIMA model is applied to each station to estimate
its sales volume for the first day in the next distribution cycle.
Using equations (5) and (6), final minimum storage capa-
bility is obtained. ,e number of ticket cards in one ticket
box is added to the final minimum storage capability of 2,000
pieces to address uncertainty about passenger flow. Under
the current regulations (equations (2) and (4)), the relative
ratio between the maximum storage capability and the
minimum storage capability is fixed, so the maximum
storage capability can be determined.

3. Balanced Distribution Model of Single-Trip
Ticket Cards

,e subway itself is believed to be an effective carrier for
distributing ticket cards. A large number of existing studies
have demonstrated the rationality and feasibility of using the
subway to transfer goods during nonpeak hours. Liu [30]
and Shen [31] studied the feasibility of using the Beijing
Subway system as a nighttime logistics circulation system in
urban areas. Some studies [32, 33] have also explored the
feasibility of using the Tyne rail transit for cargo transport in
the United Kingdom. ,e benefits of using rail transit as a
carrier include improving the utilization rate of the subway
in low-peak hours and avoidance of technical problems such
as alterations to subway coaches and subway tracks. Ticket
cards are smaller and easier to transport than other heavy
goods, confirming the feasibility of distributing ticket cards
using the subway system itself.

In distribution models, station-to-station distribution is
often applied to actual situations, especially distribution
between an AFC clearing center (ACC) and subway stations.
Furthermore, in practice, distribution follows a “more is
better” approach, so subway companies generally neglect full

utilization of ticket cards and manpower. An unbalanced
distributionmodel is established as a simulation of the actual
distribution, and a hybrid distribution model is proposed as
an effective alternative. In this part, some necessary pa-
rameters and concepts used in distribution models are
defined, after which two distribution models are introduced.
Next, the reasons for proposing these two models, with a
particular focus on total distance and management cost, are
illustrated in detail.

3.1. DistributionVolume. Assuming that the current storage
of a station is c, the number of ticket cards to be allocated is

Δc � Cs − c, (7)

where Δc is the number of ticket cards to be distributed, Cs is
the safe storage capability, and c is the current storage.

For a station x,
Δc> 0, stationx is a loss station,

Δc< 0, stationx is a surplus station.
􏼨 (8)

Whether the station participates in the distribution
depends on distribution volume and actual sales volume.
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Figure 1: Classical time series model flowchart.
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Different types of stations should have different standards.
For a loss station i,

|Δc|> Sl, station i participates in the deployment,

|Δc|< Sl, otherwise,
􏼨

(9)

where Sl is the loss number threshold of ticket cards.
Similarly, for a surplus station j,

|Δc|> Ss, station j participates in the deployment,

|Δc|< Ss, otherwise,
􏼨

(10)

where Ss is the surplus number threshold of ticket cards.

3.2. Distribution Model Unbalanced between Production and
Demand. In practice, total distribution between surplus
stations and loss stations is not equal, according to Beijing
AFC data. ,e ACC conducts the distribution of the subway
system and provides or recycles ticket cards. Suppose that
the total surplus is greater than the total deficit—specifically
that m stations have a surplus of ticket cards and n stations a
deficit. Because more ticket cards need to be reused, ACC is
taken as a station with a deficit of ticket cards so that the total
number of loss stations is n + 1. Based on the unbalanced
logistics model, some constraints in the context of the
subway system are added, with the ultimate mathematical
expressions of the unbalanced distribution model given in
equations (11) to (14):

min􏽘
m

i�1
􏽘

n+1

j�1
Dijxij, (11)

s. t 􏽘
n+1

j�1
xij � si, i � 1, 2, . . . , m, (12)

􏽘

m

i�1
xij � lj, j � 1, 2, . . . , n + 1, (13)

􏽘

m

i�1
si � 􏽘

n+1

j�1
lj, (14)

where xij is the distribution volume between surplus station
i and loss station j (xij ≥ 0), Dij is the distance between
surplus station i and loss station j, si is the total distribution
volume of surplus station i (si > 0), lj is the total distribution
volume of loss station j (lj > 0), m is the number of surplus
stations, and n is the number of loss stations.

3.3. Hybrid Distribution Model of Loading and Unloading.
According to the logistical model that is the basis of the
unbalanced distribution model, the foregoing distribution
model determines optimal station-to-station distributions.
According to the Ticket Distribution Management Regu-
lations [34], at least one ticket management crew and one
security guard are required for each station-to-station

distribution. Accordingly, this method will cause significant
wastage of human resources. Furthermore, distribution itself
is arranged at night or other nonpeak hours when in re-
sponse to reduced workload, fewer staff are present. As a
result, human resources should be more fully utilized.
Another disadvantage of unbalanced distribution is that no
distribution tasks are involved in the backhaul of station-to-
station distribution, meaning that the objective value, the
total distance, can still be reduced by a change in distribution
methods.

Based on the two preceding reasons, the VRPSDP is used
to establish a hybrid distribution model. Assuming that n

stations participate in distribution, the total surplus exceeds
the total loss. ACC is equivalent to a loss station, and its
station number is 0. ,us, the hybrid distribution model can
be expressed as

min􏽘
n

i�0
􏽘

n

j�0
Dijxij, (15)

s.t􏽘
n

i�0
xij � 1, i≠ j, (16)

􏽘

n

j�0
xij � 1, i≠ j, (17)

zij ≥ 0, i≠ j, (18)

􏽘

n

j�1
z0j � 􏽘

n

i�1
li − si( 􏼁, (19)

or 􏽘
n

j�1
z0j � 􏽘

n

i�1
si − li( 􏼁, (20)

􏽘

n

i�0
zij + si − li( 􏼁 􏽘

n

i�0
xij � 􏽘

n

i�0
zji+1, (21)

li > 0,

or si > 0,
(22)

xij �
1, there is deployment between station i and station j

0, otherwise
􏼨 (i≠ j),

(23)

where Dij is the distance between station i and station j, i≠ j,
xij is a parameter, i≠ j, zij is the number of ticket cards
involved in distribution from station i to station j, li is the
number of ticket cards to bring to station i, where if li > 0,
then station i is a loss station, and si is the number of ticket
cards to bring out for station i, where if si > 0, then station i is
a surplus station.

Objective function (15) minimizes the total distance.
Constraints (16) and (17) mean that each station can be
served only once; constraint (18) ensures that the number of
ticket cards during the distribution is positive; and
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constraint (19) indicates that when starting from ACC, the
number of ticket cards equals the sum of the distribution
number in all loss stations minus the sum of the distribution
number in all surplus stations. Constraint (20) represents the
opposite situation. Only one of these two constraints can be
met in the actual circumstances. Constraint (21) ensures that
the demand of ticket cards for each station could be met;
constraint (22) requires that the distribution volume be
positive.

4. Case Study

To better investigate the performance of the preceding
models, the Beijing Subway is taken as a real-world example.
In the Beijing Subway system, single-trip ticket cards ac-
count for 15% of all total ticket cards in the AFC system.,e
data used in the case study cover the period from December
23, 2016, to December 26, 2016. We took the initial number
of ticket cards for all stations to be baseline of safe storage
capability on the beginning of December 23. Section 4.1
analyzes the advantages and feasibility of the storage pre-
diction model and then determines the distribution cycle of
ticket cards; Section 4.2 solves, compares, and analyzes the
two distribution models in a MATLAB environment.

4.1. Distribution Cycle. Taking Wangfujing Station as an
example, we used the prediction model to forecast the as-
sociated statistics, given in Table 1.

Wangfujing Station is a loss station, with an average sales
volume of 12,732 pieces. Under the current regulations, the
storage for the next distribution cycle should be
40,743–61,114 pieces. However, a storage predicting model
predicts that storage will be 20,851–31,277 pieces or 49% less.

,us, the storage prediction model can significantly
reduce total storage of ticket cards while improving ticket
card circulation frequency and utilization rate. However,
because the model has some limitations that prevent it from
guaranteeing an opportune response to unexpected fluc-
tuations in passenger flow, storage settings should be raised
commensurately in actual application. Even with such ad-
justments, the Wangfujing example indicates that the
storage predicting model can still save ticket card resources
and attendant costs of management.

Determination of the distribution cycle is intended to
stabilize the number of stations involved and the total
distribution volume of ticket cards within a reasonable
range. According to relevant regulations [24] and studies
[35] of the Beijing Subway, Sl is set at 2,000 and Ss at 1,000.
,e number of stations to be deployed after day’s end is
shown in Figures 2 and 3.

Figure 2 shows a steep increase on the fifth day in both
number of loss stations and number of surplus stations,

indicating that most stations need distribution after 4 days’
operation. If setting the distribution cycle to a week, total
distribution volume will increase to 55,129, and the total
number of stations to be deployed to about 70, or fourth of
total stations—a difficult task to accomplish in a single
distribution. Accordingly, 4 days is a more suitable threshold
than a week. For a 4-day distribution cycle, as Figure 3
shows, the total number of stations that needs to participate
in distribution is approximately 25, of which about 5 are loss
stations. Not only the number of distributed stations but also
total distribution volume varies within an acceptable range,
with 19,780 ticket cards needing deployment in the first 4
days and 21,249 in the next 4. Accordingly, the distribution

Table 1: Prediction data of Wangfujing Station.

Date Dec. 23, 2016 Dec. 24, 2016 Dec. 25, 2016 Dec. 26, 2016
Flow volume(pieces) 1,242 1,618 1,767
Sales volume (pieces) 9,593 14,421 12,690 14,224
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cycle for nonholidays is determined to be 4 days. Because
holidays in China generally last 3 days, the distribution cycle
for holidays is set to 3 days.

4.2. Distribution Plan. According to the foregoing analysis,
21 stations will need distribution on December 26, 2016: 6
loss stations and 15 surplus stations. ACC participates in the
distribution as well.

In two distribution models, the Dijkstra algorithm [36] is
used to solve for key parameter Dij, the shortest distance
between two stations. ACC is a certain location at the center
of all stations, so D0j orDi0 is simplified as the mean of all
distances between ACC and each station: 17 km. Results
show that total distance in the unbalanced distribution
model is 550.5 km, with 21 station-to-station distributions.
Figure 4 shows a schematic of the distribution.

A few points should be explained concerning the hybrid
distribution model:

(1) When calculating fitness, two constraints were added
to improve distribution reasonableness. ,e first is
intended to limit the degree of dispersion among
stations. If the cumulative distance reaches 100 km (a
value determined through multiple experiments),
the crew should return to the ACC and restart
distribution with a new branch line. ,e second is
that the remaining number of ticket cards must meet
the demand of the next station in the branch line
after serving one station. If it does not, the crew
should return to the ACC and restart with a new
branch line.

(2) ,e population size is set at 400 and the number of
iterations at 200 (values determined through
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Figure 4: Schematic of the unbalanced distribution model.

Table 2: Partial simulation results.

Number Total iterations Shortest path Number of best iterations Total distance (km)

1 100
0–14–8–1–7–10–12–11–9–6–18–3–2–0;

0–21–20–15–13–4–5–16–17–0;
0–19–0

70 215.36

2 150
0–21–20–15–6–10–9–13–4–5–16–17–0;

0–14–8–1–7–12–11–18–3–2–0;
0–19–0

66 235.75

3 150
0–8–7–9–10–12–11–13–4–6–18–3–2–0;

0–21–20–15–1–14–5–16–17–0;
0–19–0

106 227.4

4 200
0–14–8–11–12–10–7–1–9–6–18–2–0;
0–21–20–15–13–4–3–5–16–17–0;

0–19–0
132 220.05

5 200
0–14–8–7–1–9–11–12–10–6–18–2–0;
0–21–20–15–13–4–3–5–16–17–0;

0–19–0
121 218.88

6 200
0–21–20–15–6–18–3–2–0;

0–14–8–1–11–12–9–10–7–13–4–5–16–17–0;
0–19–0

92 215.35
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multiple experiments), with a probability of
chromosome crossing PC (term of genetic algo-
rithm) of 0.85 and a probability of variation PM of
0.01.

To obtain better optimization results, several simulation
experiments were carried out. Table 2 shows the results of
partial experiments.

,e best experimental result is for 215.35 km, with three
branch lines. Figure 5 shows a schematic of distribution.

Figure 6 shows the convergence result of the optimal
experiment.

Clearly, the final convergence result is inconsistent with
the optimal solution, which appears in the early stage.
Considering the change of path, it can be reasonably inferred
that the final convergence result is generated from the
optimal solution, which is itself generated by the cross-over
operation—indicating that room remains for improvement
of the algorithm.

To solve this problem, a simulated annealing operator
[37] is added to enhance the global search ability and prevent
the optimal chromosome from occupying the entire

population too quickly. We set the initial temperature t0 to
90 and the attenuation coefficient α to 0.95. Because sim-
ulated annealing reduces convergence speed, the number of
iterations is doubled to 400. Table 3 gives partial experi-
mental results.

Figure 7 shows a significantly better convergence result
than can be achieved using a single algorithm, albeit a slight
difference in the minimum distance. In addition, the total
number of lines is not limited to three, indicating that the
diversity of itineraries is also increased. ,ese results thus
demonstrate the greater strength of the algorithm’s global
search ability.

In conclusion, the hybrid distribution model signifi-
cantly outperforms the unbalanced distribution model. Not
only is the total distance clearly reduced but distribution
efficiency is also greatly increased. In addition, the unbal-
anced distribution plan involves 21 station-to-station dis-
tributions, requiring at least 21 groups of staff, whereas in the
hybrid distribution model, three groups of personnel can be
assigned to the independent lines. Freed from any time limit,
one group of personnel would be sufficient, greatly im-
proving the utilization rate of human resources. ,e genetic
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Sh
or

te
st 

di
sta

nc
e (

km
)

Shortest distance

210
220
230
240
250
260
270
280
290
300

5 10 15 20 25 30 35 400
Number

Figure 6: Schematic of the optimal experimental convergence result.

Mathematical Problems in Engineering 7



algorithm used in the hybrid distribution model is highly
adaptable to various practical problems. Accordingly, after a
comprehensive comparison, the hybrid distribution model
offers better simulation effect, much room for improvement,
and a more convincing practical application.

5. Conclusions

,is paper, being based on AFC data, mainly studies forecast
and distribution problems related to ticket cards. ,e cur-
rent distribution follows the principle of “more is better,”
having the problem of low recycled rate and ineffective
manpower arrangements. To propose a feasible and efficient
distribution model, a forecast model of sales volume and a
determination of recycled threshold are demanded.With the
prediction of loss stations, surplus stations, and the total
distribution volume of ticket cards, a hybrid distribution
model is introduced and compared with the current dis-
tribution model. Its primary conclusions are as follows:

(1) A quantitative method extended from times series
prediction for determination of storage settings is

established that can improve empirical determina-
tions. Based on a case study, the storage predicting
model can reduce total storage 40%, on average, from
that seen under the current regulations.

(2) By employing the prediction model, distribution
value, loss stations, and surplus stations are deter-
mined. ,e distribution cycle is set as 4 days for
nonholidays and 3 days, otherwise, on the basis of
ticket card data.

(3) A new distribution model is established using the
theory of reverse logistics. Experimental results show
that searching behavior can be enriched, with con-
vergence and diversity stressed and well balanced
with multiple operators. Compared with the current
distribution method, simulations demonstrate the
effectiveness and feasibility of the proposed distri-
bution method.

(4) However, the model does have certain limitations.
First, its lack of a buffer against emergencies is an
inevitable shortcoming: in practice, such a buffer
should be provided. Second, determination of the
distribution cycle was made based on short-term
data; further comprehensive analysis based on long-
term AFC data is expected in the future. ,ird, a
quantitative expression of manpower can be in-
cluded in the objective of the distribution model in
the future research.

Data Availability

,e data used to support the findings of this study are
available from the corresponding author upon request.
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Table 3: Partial simulation results.

Number Total iterations Shortest path Number of best iterations Total distance (km)

1 400
0–19–17–16–5–6–9–10–11–12–1–7–0;

0–21–20–15–18–2–3–13–4–8–0;
0–14–0

304 250.35

2 400
0–20–21–18–6–5–16–3–2–0;

0–13–4–11–12–10–7–1–9–15–8–14–17–0;
0–19–0

321 246.05

3 400
0–21–20–4–13–12–11–5–16–17–0;
0–14–10–7–8–1–9–15–6–18–3–2–0;

0–19–0
292 232.7

4 400

0–19–17–16–5–14–0;
0–21–0;
0–4–0;

0–13–12–11–10–7–8–1–9–15–6–18–3–2–0;
0–20–0

383 235.7

5 400
0–10–9–11–12–6–15–8–7–1–13–4–5–0;
0–19–17–16–3–18–2–0;0–21–20–0;

0–14–0
311 253.18

6 400
0–21–20–15–6–18–3–2–0;

0–14–8–1–7–10–9–11–12–13–4–5–16–17–0;
0–19–0

361 213.5
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Figure 7: Schematic of the optimal experimental convergence
result (with the simulated annealing operator).
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