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Abstract

This paper investigates the instability measure of lingatesns defined as the sum of the unstable
eigenvalues in the continuous-time (CT) case and the ptarfibe unstable eigenvalues in the discrete-
time (DT) case. The problem consists of determining thegstrqstability measure in systems depending
polynomially on parameters constrained in a semialgelseaic It is shown that upper bounds of the
sought measure can be established via linear matrix inig{laMI) feasibility tests. Moreover, a priori
and a posteriori conditions for establishing noncons@watre proposed. Lastly, two special cases of
the proposed methodology are investigated, the first oneeroing systems with a single parameter,
and the second one concerning the determination of the dagpectral abscissa and radius. Three

applications in control with communications constraints discussed.

. INTRODUCTION

Measuring the instability, in particular the sum of the aide eigenvalues (CT case) and
the product of the unstable eigenvalues (DT case), is impbrior establishing whether a
stabilizing controller can be designed in a number of framé&s in control with communications
constraints. Indeed, [1] considers stochastic systemslandes that a stabilizing controller can
be designed if and only if the data rate of the channel exca@dstain function of the instability
measure. Analogous results are proposed in [2] which cersithe case of multiple sensors

that partially observe the system, in [3] which addressesdisign of controllers to achieve
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different control objectives, in [4] which describes a wat system approach for digital finite
communication bandwidth control, and in [5] where the clemmmodeled as a finite logarithmic
guantizer. Moreover, in [6], [7] it is shown that the lowestagtization density for stabilizability
can be computed from the instability measure. See also [& feview of the instability measure.

As it always happens when dealing with physical systems,ntaghematical model of the
plant to be controlled is not exactly known in general. Irdlee coefficients of such a model
depend on some parameters, which represent physical esutiiat cannot be measured exactly
or that are subject to changes. These parameters are unkaodrypically one addresses the
case where the available information is that the paramdtelsng to a set of interest. This
means that the instability should be measured not just ferrandel but, instead, for a family
of models. This problem is studied in [9] for the case of sétpavameters with known points
by exploiting determinants, and in [10] for the case of DTypmbic systems by exploiting
generalized eigenvalue problems.

This paper addresses the determination of the largestbitistaneasure in linear systems
depending polynomially on parameters constrained in a agegtiraic set. It is shown that a
sufficient condition for establishing upper bounds of thegd measure can be obtained in
terms of an LMI feasibility test based on polynomially paster-dependent quadratic Lyapunov
functions and sums-of-squares (SOS) matrix polynomialsredver, a sufficient condition is
proposed for establishing nonconservatism of a computpdrdmund. These conditions are also
necessary under mild assumptions on the semialgebraitisete, it is shown that a sufficient
and necessary LMI condition with upper bounds on the degfébeoLyapunov functions can
be obtained in the case of a single parameter constrained imerval. The paper is concluded
by explaining that the proposed methodology can also be tsetktermine the largest value
of the spectral abscissa and radius. Three applicationkeoptoposed methodology in control
with communications constraints are discussed, hamehakig-noise ratio (SNR) constrained
feedback stabilization, quantized feedback stabilizatmd stabilization with multirate sampling.

The paper is organized as follows. Section Il provides tladipinaries. Section Il describes
the determination of the upper bounds. Section IV studiesrtnconservatism of the upper
bounds. Section V investigates the special cases. Sectipresents the examples. Lastly, Section

VII concludes the paper with some final remarks.
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[I. PRELIMINARIES
A. Problem Formulation

Notation: R, C: sets of real and complex nhumbers;identity matrix; A’: conjugate transpose;
A >0, A > 0: symmetric positive definite and semidefinite matf(A), I(A): real and imag-
inary parts;|a|: magnitude;(A); ;: (4, j)-entry; det(A): determinantitrace(A): trace; adj(A):
adjoint; ker(A): right null space;spec(A): set of eigenvalues);(A): i-th eigenvalue),,;,,(A):
minimum real eigenvaluefiag(A, B, ...): block diagonal matrix with blocksl, B, ...; E(A):
statistical expectationjeg(A(p)): degree ofA(p), i.e., largest degree among the entries\gp);
Hurwitz/Schur matrix: a matrix whose eigenvalues have tiega@eal parts/magnitude less than

one.

Let us define the instability measure &f € R™*" in the CT and DT cases as

imax {0, R(N(X))} ifa=CT

Pa(X) = (1)

[[max {1, \(X)]}  if a=DT.
=1

where )\;(X) is thei-th eigenvalue ofX. In the DT case, this measure is known as Mabhler
measure [11].
Let A: R? — R™™ be a matrix polynomial (i.e., a matrix where each entry is mpamial),

and let us define the semialgebraic set
P={peRi: r(p) >0, Vi=1,...,n,.}, (2)

wherery, ..., r, : R? — R are polynomials.

Problem 1. Determine the largest instability measureAyfy) over P, i.e.,

¢y =sup ¢a(A(p)), a€{CT,DT}. 3)

peEP

Solving (3) is challenging sincecr(A(p)) andépr(A(p)) can be non-concave functions of

p even whenA(p) is linear. This is shown by Figure 1 for the matrices

Ai(p) = ( o ) , As(p) = ( pot ) 4)
p2 1 -1 po
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Fig. 1. Instability measuregcr (A1 (p)) (@) andgpr(Az2(p)) (b).

Remark 1. Problem 1 considers systems depending polynomially oarpeters constrained
into a semialgebraic set. The first reason for consideriob systems is that they include classical
models typically adopted to describe parametric systeral as interval models and polytopic
models. The second reason is that the methodology propos#dsi paper can be applied to

such classical models as well as to all the models whyg andr;(p) are polynomial. [

B. Motivation
Determining ¢f.,, and ¢}, is important for a number of problems related to control with
communications constraints. Hereafter we provide thresmgtes, namely 1) SNR constrained

feedback stabilization, 2) quantized feedback stabibpatand 3) stabilization with multirate

sampling.

1) SNR Constrained Feedback Stabilization: Consider
o(t) = Az(t) + Bu.(t)
u-(t) = wus(t) + h(t) (5)
us(t) = —Kux(t),
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wherex € R” is the state of the plant;,. € R is the received inputy, € R is the sent input,

andh € R is a zero-mean white Gaussian noise with power spectralitgeNs

Theorem 1 ( [12], Theorem Il.1)Suppose thatA, B) is stabilizable. There exist& such
that A — BK is Hurwitz and the sent input,(t) = —Kxz(t) satisfies the power constraint

lusllpow = B (us(t)?) < M, (6)
for someM € R, if and only if
M
~ 2¢cr(A). (7)

Whenever the matricegl and B are affected by parameters, Theorem 1 can be used to
investigate stabilizability over the set of admissiblegmaeters. Specifically, the following corol-
lary provides a sufficient and necessary condition for thisterce of a parameter-dependent

controller (the proof is a direct consequence of TheoremdLtha definition ofpf.;).

Corollary 1: Suppose thatA(p), B(p)) is stabilizable for allp € P. There existg<(p) such
that A(p) — B(p)K (p) is Hurwitz and the sent input,(t) = —K(p)z(t) satisfies the power
constraint (6) for allp € P if and only if

M
~ > 200 (8)

Corollary 1 provides a sufficient and necessary conditissetlanly ony;.,. for the existence
of a parameter-dependent controller that stabilizes theesy and satisfies the power constraint.
An interesting question is whether one can find a common cb@trwith such properties.
However, the existence of such a common controller cannestablished throughy.. only as

shown in the following example.

Example 1 For (y, (1 € R let us consider
Alp) = 2p* -1

B(p) = G+ap
p € P=[-1,1].
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The largest instability measure is independent@and ¢;:
Por = 1.

Hereafter we consider two cases. The first case is

One has thatA(p), B(p)) is stabilizable for allp € P, and there exists a common controller
K such thatA(p) — B(p)K is Hurwitz for all p € P (indeed, anyK € (—oo, —1) satisfies this

property). Next, let us consider the second case with

C0:O7 <1:1

One has thatA(p), B(p)) is stabilizable for alp € P, however there does not exist any common
controller K such thatd(p)— B(p) K is Hurwitz for allp € P. Indeed, fopp = —1, A(p)—B(p) K
is Hurwitz if and only if X' > 1, while, forp = 1, A(p) — B(p)K is Hurwitz if and only if
K < —1. U

Remark 2. Example 1 shows that the existence of a common contrédlezannot be es-
tablished throughy;.,. only. Clearly, ¢¢, can be used to provide a necessary condition for
the existence of such a common controller, since a requimerite this is the existence of
a parameter-dependent controller, which can be investigatth the sufficient and necessary

condition provided by Corollary 1. O

2) Quantized Feedback Stabilization: Consider
z(t+1) = Ax(t)+ Bu(t)
u(t) = f(v(?) (9)
o(t) = Ku(t),
wherez € R" is the state of the plant, € R is the quantized input; € R is the unquantized
input, f(-) is the logarithmic quantizer
u if (1+0)u<v<(1-86"tu,v>0
fw)=1 0 if v=0 (10)
—f(—=v) if v<O,
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whered > 0 defines the quantization level.

Theorem 2 ( [7], Theorem 2.1B8uppose thatA, B) is stabilizable. There exist& such that
(9) is stable if and only if

1
0% G (A)

(11)

Whenever the matriced and B are affected by parameters, Theorem 2 can be used to provide

conditions for the existence of a parameter-dependentatartsimilarly to Corollary 1.

3) Stabilization with Multirate Sampling: Consider
z(t) = Ax(t) + Bu(t)
zqg(k) = x(kT) (12)
u(t) = Hp(ui(k),...,un,(k)),
wherex € R™ is the state of the plani € R is the input,z4(k) € R" is the sampled state at
stepk, T' is the sampling intervalf(-) is the zero-order hold with period, andw;(k) is the

output of thei-th channel. The channels are modeled as either signatdo+atio (SER) model

(13)
a;(k) = vi(Kk) + Ai(vi(KGk)),
or received signal-to-error ratio (R-SER), i.e.,
wi(k) = Hg,(u;(k)) (14)

where v;(k) is the input, K; is the downsampling rate, andl;(-) is an uncertain nonlinear,

time-varying system withC, gain ;. Let us define the total network capacity as

c=) G, (15)
i=1
where(; is the capacity of the-th channel given by
_ 1 -1
C; = KT Ino; . (16)
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Theorem 3 ( [13], Theorems 4.1-4.2puppose that A, B) is stabilizable. The multirate
networked control system (12) with either SER channel manteR-SER channel model is

stabilizable by state feedback if and only if

C > ¢or(A). (17)

Conditions for the existence of a parameter-dependentatertcan be obtained similarly to

Corollary 1 whenever the matrice$ and B are affected by parameters.

C. SOS Matrix Polynomials

A symmetric matrix polynomiall’ : R? — R*** js said to be SOS if there exist matrix

polynomialsVi, ...,V : R? — R“** such that
k
V(p) =Y Vilp)Vi(p). (18)
=1

One can establish wheth®i(p) is SOS via an LMI feasibility test, see [14]-[19]. Specifigal
let d be a nonnegative integer such thiag (1 (p)) < 2d. Then,V(p) can be expressed via the
square matricial representation (SMR) (also known as Gratrixnmethod in the case = 1)

as
V(p) = (b(p) @ I)' (W + L(e)) (b(p) @ 1), (19)

whereb : R? — R°(@9) s a vector of monomials of degree not greater than p and

(g +d)!
o(q,d) = qq! o (20)

W e Ruladxuoled) jg 5 symmetric matrix satisfying

V(p) = (b(p) @ 1)’ W (b(p) @ I), (21)
L : RT(@2dw) _ Ruolad)xualad) jg g linear parametrization of the linear subspace
= {L:L’: (b(q) @ 1) L (b(g) ® I) :o}, (22)

where

7(q,2d,u) = 5 (0(q,d) (uo(q,d) + 1) = (u+1)o(g, 2d)), (23)

|
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anda € R7@% js a free vector. It follows that/(p) is SOS if and only if there exists
satisfying the LMI
W + L(a) > 0. (24)

SOS matrix polynomials are useful in order to investigatsiipe semidefiniteness of matrix

polynomials. Indeed, for the unconstrained cdégy) SOS ensures that
V(p) >0 VpeRY (25)

The conservatism of this sufficient condition can be de@@dxy multiplyingV'(p) times a SOS
polynomial, indeed it is known from Artin’s theorem [20],][Rthat any nonnegative polynomial
is the ratio of two SOS polynomials. For the constrained c8&¥S matrix polynomials can be
useful to establish whether

V(p) =0 VYpeP, (26)

where P is the semialgebraic set in (2). In the case- 1, this can be done by exploiting the
Positivstellensatz [22], [23], which consists of introdwe SOS polynomial multipliers in order
to take into account the constraipnte P. In the caseu > 1, SOS matrix polynomials can be
used by adopting an extension of this technique as proposgzf].

There have been numerous applications of SOS matrix poliaiein control systems, see for
instance [19]. In particular, SOS matrix polynomials haeeio used in the context of nonlinear
systems for establishing whether an equilibrium point &k and for estimating its domain of
attraction, in the context of uncertain systems for establig whether an equilibrium point is
robustly stable, and in several other contexts includingriaysystems, game theory, and systems
biology.

[1l. ESTABLISHING UPPERBOUNDS

Given X € R¥™ andk € {1,...,n}, let Qcr,(X) and Qpr (X)) be square matrices with
the property that their eigenvalues are all the sums anduptefk distinct eigenvalues ok,

i.e.,

{Z)\i(X), z eIk} if a =CT

spec(Q, (X)) = 4 (27)

{H MN(X), z € Ik} if = DT,
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whereZ, is the set ofk-tuples in{1,...,n}, i.e.,

T = {(z1,--21) z€{l,...,n}, z < zin (28)
Vi=1,....,k—1}
The matrix functionsQer,(X) and Qpr(X) can be built as follows. Let us define the

number ofk-tuples inZ, as
n!

(n — k)

and denote thé-tuples inZ, asz(1), ..., z(cx), where the numeration is made according to the

Cl —

(29)

lexicographical order. Thef)cr . (X) is thec, x ¢, matrix whose(i, j)-th entry is

if i =7, trace(Yr)
(Qori(X)),; =4 elseifYo €R,  (—1)®Y, (30)
else, 0,

where
. V) € RP* is the submatrix ofX built with the rows indexed by:(i) and the columns
indexed byz(j);
« Y, is the submatrix ofX' built similarly to Y; by removing fromz(i) andz(;) the common
entries;
. y3 is the difference between the sum of the indexes of the comentnies inz(j) and the
same sum ire(i).

Also, Qpr(X) is thec, x ¢, matrix whose(s, j)-th entry is

(Qpr(X)),; = det(Y7). (31)

Example 2 In order to clarify the construction dkcr (X)) andQpr(X), let us consider

n =3 and
T1 Ty T7
X = Ty Ty Tg
T3 Tg Lo
One has

7, = {2(1)=1,2(2) =2,2(3) =3}
I, = {2(1)=(1,2),2(2) = (1,3),2(3) = (2,3)}
Iy = {z(1)=(1,2,3)}.
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Consequently, from (30) it follows that

Qera(X) = X

T+ T Tg —x7
Qora(X) = T 1+ Tg T4
—XI3 ) Ty + Tog

QCT73(X) = trace(X),
and, from (31),
QDT,l(X) = X
15 — X4 X1X8 — X7 Tylg — T5X7
QDT,2<X) = T1Tg — 3Ly T1Xg — T3T7 Ty4Tg — gy
TaXe — T3Ls Lo2lg — T3xg TsLg — Ty

QDT,Z’)(X) = det(X)

O
Let us define the quantities
0 ifa=CT
Ya = . (32)
1 if a=DT
and
K=A{1,...,n}. (33)
Theorem 4Leta € {CT, DT} and X € R"*™. Then,
¢a(X) - rl?ealé( max {’}/aa 'l/)a (Qa,k(X))} ; (34)

where(, . (X) is defined by (27), and

max R(A\(Y)) if a=CT

YY) =4 T | (35)
max IN(Y)|  if a=DT

is the spectral abscissa (CT case) or radius (DT cas&) efR™*"™,
Proof. Considern = CT'. If the number of eigenvalues of with nonnegative real part is different
from &, from (27) it follows thatmax{0, Ycr(Q.x(X))} < ¢or(X). Moreover, if the number

of eigenvalues ofX' with nonnegative real part is equal k9 one hasnax{0, Yor(Q.x(X))} =
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ocr(X). Hence, (34) holds with = C'T', and similarly one proves that (34) holds with= DT'.
([

Theorem 4 states that the instability measure (1) can beesged through the spectral abscissa

(CT case) and radius (DT case) of a family of matrices.

Theorem 5:Let a € {CT, DT} andw € (v,,00). Then,
o <w (36)

if and only if, for all £ € K, there exists a symmetric matrix polynomig) : R? — R > such
that

F; > 0
VpeP (p) 37)
Ga,k(p) > 0
and
deg(Fi(p)) < d 4, (38)
where
271 (2 4+ ¢, — 2) deg(A if a=CT
d;k _ ( k k ) g(A(p)) (39)
k(cp+ck—2)deg(A(p))  if a= DT,

and G, : R? — R**% is the matrix polynomial

Ga,k (p) =
2wFy(p) — Fi(p) Bax(p) — Bax(p)' Fi(p) if a=CT (40)
w?F.(p) = Bax(p)' Fi(p) Bax(p) if a = DT,
with B, : R? — R%* given by
Ba,k<p) = Qa,k<A<p)) (41)

Proof. “=" Considera = C'T". Suppose thap; < w. From the definition ofy{., in (3) and by

exploiting Theorem 4, it follows that

w o > sug oer(A(p))

= sup max max{0,Vori(A(p))},
pEP k=1,...,n
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which means that

w>sup  max  York(A(p)),
peP k=1,....n

and, hence,
Ber(p) —wl is HurwitzVk = 1,...,n Vp € P.

From the Lyapunov stability theory, it follows that, for dlle IC, the equation
Fy.(p) (Berk(p) — wl) + (Ber(p) — wl) Fi(p) = —1
admits a unique solutioty,(p) satisfying
Fi(p) >0 ¥peP.

This equation can be rewritten as

Eork(p) fr(p) = g,

where the vectorg,(p) and g gather the free coefficients dfi(p) and —1, in number equal
to cx(cx + 1)/2, and Ecr(p) is a square matrix polynomial. Since the solution for(p) is

unique, it follows that
det(ECT,k(p)) # 0 Vp € P,

and, hence, thaf,(p) is a rational function given by

adj(Eori(p))
P = et (Berap)

Let Fi.(p) be the matrix function corresponding to the foufidp). Let us observe thak}(p)
is a matrix rational function, and can be transformed intoarix polynomial by multiplying
it times det(Ecrx(p)), which is the denominator in the previous equation. Henae redefine

F.(p) as
Fi(p) < Fi(p) det(Ecri(p)) det(Ecri(po)),

where p, is any vector inP. It follows that the newFy(p) is a matrix polynomial satisfying
(37) since
det(Ecrk(p)) det(Ecrk(po)) >0 Vp € P,
and
Geore(p) = —Fu(p) (Bork(p) — wl)
— (Berk(p) — wI)' Fi(p)
= det(Ecr(p)) det(Ecrx(po)) 1.
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Moreover, sinceleg(Ecr i (p)) = deg(A(p)), it follows thatdeg(Fy(p)) = deg(adj(Ecrk(p))g)-
Since the size ofcrx(p) is cr(ck +1)/2 X (e, + 1)/2, and since the entries of the adjoint
of a cx(cx + 1)/2 X (e, + 1)/2 matrix are sums of products af,(c, + 1)/2 — 1 entries
of that matrix, it follows thatdeg(Fj(p)) = deg(adj(Ecri(p))g) < degladj(Ecri(p))) <
(culcr +1)/2 = 1) deg(A(p) = diop

Similarly, in the case: = DT, one has

w > sup max ¢DT,k(A(p))>
peP k=1,...n

w™ ' Bpr(p) is Schurvk € K Vp € P.
Hence, for allk = 1,...,n the equation

w_lBDT,k(p)/Fk(p)w_lBDT,k(p) — Fi(p) = -1

admits a unique matrix rational functiaf,(p) which is positive definite oveP. Let Epr x(p)
be the matrix analogous t&cr (p) for the DT case. Multiplying this matrix rational function
timesdet(Eprx(p)) det(Eprx(po)), @ matrix polynomialFy(p) satisfying (37) can be obtained
since

Gpri(p) = —w? (w_zBDT,k(p)/FIc(p)BDT,k(p) — Fk(p)) .

Moreover, sinceleg(Eprx(p)) = 2k deg(A(p)), one hasleg(Fi(p)) = deg(adj(Eprx(p))g) <

deg(adj(Epri(p))) < 2k(cr(ck +1)/2 — 1) deg(A(p)) = dpry-
“«<" Suppose that, for alk = 1,...,n, there exists a matrix polynomidly(p) satisfying
(37). For the case = C'T this implies that

Berk(p) — wl is Hurwitz VE € IC Vp € P,

and, hence,

w > sup max ?/)CT,k(A(p))~
pEP ke

Sincew > 0, it follows that

w > sup max max{0,Yerr(A(p))}
pEP kel

= ¢*CT~

Similarly, for the case: = DT, (37) implies that

w™'Bpri(p) is Schurvk € K Vp € P,
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and, hence,

N A(p).
w 2161712 max Ypre(A(p))

Sincew > 1, it follows that

w > sup max max{l,¥pri(A(p))}
pEP kex

= ¢*DT-

Theorem 5 provides a sufficient and necessary condition $tabéshing whetherv is an
upper bound ofyf., and ¢}, based on the existence of a symmetric matrix polynorhjap)
satisfying the inequalities in (37). An upper bound on thgrde of F;.(p) is also provided in
Theorem 5.

Let us observe that,(p) defines a polynomially parameter-dependent quadratic lyap
function candidate of the form

() = 73 Fi(p) 2y, (42)

wherez;, € R%, for the CT system

iu(t) = (Beralp) = 5 1) @) (43)
or for the DT system
B0 +1) = Z=Bonp)t) (44)

Theorem 6:Let a € {C'T, DT} andw € (v,, o). Then,
or < w (45)

if, for all £ € K, there exist symmetric matrix polynomials;, Q; x, Six : R? — R%*%, ¢ =
1,...,n,, ande € R satisfying the LMI condition
Hi(p) — I is SOS
Jor(p) —el is SOS
Qir(p) is SOSVi=1,...,n, (46)
Sik(p) is SOSVi =1,...,n,

e >0,
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where

Hy(p) = Fi(p)— ) 1:(p)Qixr(p)
' (47)
Jok(p) = Ga,k(p)—l ri(p)Sik(p),

with G, x(p) defined as in Theorem 5.
Proof. Suppose that (46) holds. The first and third conditions B) {#ply that

Vp € R? Hi(p)
ngk:(p)

v

I
0.

v

Let p € P. Sincer;(p) > 0, it follows that

I < Fyp Zﬁ )Qik(p

=1
< Fi(p).
Similarly, one gets thatz, (p) > I by exploiting the second and fourth conditions in (46).
Sincee > 0 from the fifth condition in (46), it follows that (37) holds. dfeover, from Theorem

5 we conclude thap; < w. O

Theorem 6 provides a sufficient condition for establishimpger bounds of;., and ¢},,.
The matrix polynomialsy(p), @, x(p), Six(p) and the scalas are the decision variables of this
condition.

The condition provided by Theorem 6 is based on SOS matrixnoohials and is equivalent
to an LMI feasibility test as explained in Section 1I-C sinBg(p) — I andJ, x(p) — eI depend
linearly on the decision variables,(p), @Q; x(p), Six(p) ande.

The search for the decision variablegp), Q; x(p), Si x(p) ande satisfying (46) can be directly
performed with software for SOS programming such as SOST®25], which converts the
SOS conditions into LMIs and then exploit software for sesfiitite programming such as
SeDuMi [26] in order to solve the obtained LMIs.

The condition provided by Theorem 6 is sufficient for any @egof the matrix polynomials
Fi(p), Qix(p) and S, x(p). As it will be shown in Theorem 8, this condition is also neszey

by using matrix polynomials with degree sufficiently largeder mild assumptions oR.
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Let us define the upper bound of, a € {CT, DT}, provided by Theorem 6 as

~

Gq = max Dk (48)

where

AF(p), Qik(p), Sin(p), € = (46) holds (49)
St deg(Fi(p)) < dy

(Qix(p)) < eik
| deg(Six(p)) < fir

anddy, e;, and f;, are any chosen bounds on the degrees of the matrix polyr®ijap),

deg

Qix(p) and S; x(p). Let us observe that, whenever is variable, the condition (46) involves
either bilinear matrix inequalities (BMIs) in the CT casenmamlinear matrix inequalities (NMIs)
in the DT case because eitheror w? multiplies Fy(p). Nevertheless, (49) can be simply solved
through a bisection algorithm om where the LMI condition (46) is tested for fixed values of

w at each step.

Remark 3. The computational burden of the LMI condition (46) growghwihe dimension
of the problem and the degree of the decision variables. ftinfately, this growth is faster than

linear due to its combinatorial nature. O

V. ESTABLISHING NONCONSERVATISM

This section investigates the nonconservatism of the ndetbgy introduced in Section Ill.

Theorem 7:Let a € {CT, DT}. Without loss of generality, suppose that > ~,. Then,
ba = 0 (50)
if there existsk™ € K andp* € R? such that

Armin (J;,k:* (P*)) =0
da(A(p")) = ¢a (51)
preP,
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where,.;,,(-) denotes the minimum eigenvalue, ang, (p) is J, »(p) evaluated for the optimal
values ofw, Fy(p), S;x(p) ande in (49). Moreover, ifP is compact, this condition is not only
sufficient but also necessary.

Proof. “<” Suppose that (51) holds for sonmi¢ € K andp* € RY. Then, since Theorem 6
ensures thab, > ¢r, and since the second condition in (51) ensures that ¢, it follows
that ¢, = ¢7.

“=" Suppose that%a = ¢! and thatP is compact. Since,(A(p)) is continuous, it follows
that there exists a global maximizer in the optimizationbtem (3), i.e.,p* € P such that
H(A(p*)) = ¢. Sinceg, > 7a, it follows from Theorem 4 that there exists € {1,...,n} such
that

Ui (A(p")) = 5.

Let us consideB, x-(p*). This matrix has an eigenvalu¢ € C such thatR(\*) = ¢} in the CT
case, and\*| = ¢ in the DT case. Lef* € C be an eigenvector aB, ;-(p*) corresponding
to \*. Let us denote withv*, F;(p), G} .(p), S;,(p) ande* the optimal values ofv, Fj(p),
Gax(p), Six(p) ande in (49). Observe that* = ¢:. Moreover, ifa = CT,
TG ()7
= & Quw'F(p") — Fe-(p") B (p°)

—Borg-(p*) Fi (p*)) *
= 2057 Py (p*) 3 — 2017 By (p*) 7

= 0,
and, ifa = DT,
f*IGZ,k*(p*)f*
= & ((w*)*Fe(p*) — Bory=(0*) Fy-(0°) Bor- (07))
= (¢})°8" By (p) 7" — (¢3)%7" Py ()2
= 0.
Hence,
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Since J; .. (p*) > 0 and S}, (p*) > 0, this implies thati*' J; . (p*)Z* = 0, and, hence,

)\min ( ;7;;;*(29*)) = 07

i.e., (51) holds. 0

Theorem 7 provides a sufficient condition for establishirgether the computed upper bounds
dor anddpr are tight. This is important because, if one can establiahttie computed upper
bounds are tight, then the search for less conservativer uppends of¢;.,. and ¢}, can be
terminated.

Observe that there is no loss of generality in supposing foata € {CT, DT}, one has

ngSa > v,. Indeed, since)’ > ~, for definition, it follows that

gga =% = an = ¢: (52)

The condition provided by Theorem 7 is also necessary whegrnBvis compact. Let us
observe that this assumption @nis a mild one since the parameters are typically bounded
when representing physical quantities.

The condition (51) consists of a numerical test, namelybdistsing whetherp, (A(p*)) = ba
for somep* € P satisfying \.in (J;’k*(p*)) = 0 for somek* € K. Since J;,.(p) is a SOS
matrix polynomial due to the second condition in (46), cotimsuch a poinp* amounts to

looking for vectorsp* € R? andz* € C% such that
P @a* € ker (Kyp+), (53)

where K, ;- is the matrixWW + L(a) in (19), obtained by replacing’(p) with J;,.(p), and
evaluated for anyr such thatiV + L(«) > 0. As explained for instance in [19], the vectors

p* € R? andx* € C satisfying (53) can be searched for through linear algepexations.
In order to present the next result, let us introduce theofalg definition.
Definition 1. The semialgebraic sé® in (2) is said to be strongly compact® is compact
and the polynomials;(p), : = 1, ..., n,, have even degree and their highest degree forms have

Nno common roots except zero.

Theorem 8:Let a € {CT, DT'}. Suppose thaP is strongly compact. Then:
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« the sufficient condition provided by Theorem 6 is also neagss
. there exist sufficiently large degree bountls e; , and f; , such that the upper boung,
is tight, i.e., ¢, = 7.
Proof. Suppose that)! < w. Then, from Theorem 5 it follows that there exists a matrix
polynomial F(p) with deg(Fi(p)) < d;, satisfying (37). Such a matrix polynomial can be

scaled in order to satisfy
Fe(p) -1
vp eP Ga,k(p) —el = 0

v
o

\Y
o

€

This can be rewritten as

fil@r,p) = |2l > 0
V(Zk,p) € Sk X P § gap(@i,p) — el > 0
e > 0,

wherez;, € R%,
fi(Zy,p) = T Fp(p)Tx
9ok (T p) = T.Gap(p)k,
and
Sy = {1 € R*: ||7}] = 1}.

Since P is strongly compact, it follows from [23] that there existlyromials g; (%, p) and

Sik(ZTx,p), 1 =1,...,n,, such that

hi(Zr, p) — ||Zx||* is SOS
Jas (T, p) — ]| Tk]|* is SOS
¢ix(Tx,p) is SOSVi =1,...,n,
Sik(Tx,p) is SOSVi =1,...,n,
e >0,

where

Ny

hi(Zr,p) = fe(@r,p) — ) 1i(0)ik (T, p)

=1
Ny

Jak(@r,0) = Gak(Ti,p E 7i(p)si k (T, D
=1

Since f;.(Zy, p) and g, x(Zx, p) are homogeneous quadraticip, andz, is constrained on the

unitary sphere, the polynomiads;.(Zx, p) ands; »(Zx, p) can be chosen homogeneous quadratic
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in 7, as well. Hence, such polynomials can be expressed similarfy(zx, p) and gq x(Zx, p)
for symmetric matrix polynomialg); (p) and S; x(p). This implies that the previous condition
coincides with (46) by observing that alé@(z,, p) andj, (%, p) are homogeneous quadratic
in Z;, and can be expressed similarly #a(Zx,p) and g, (Zx,p) for the symmetric matrix

polynomialsHy(p) and J, x(p) in (47). O

Theorem 8 guarantees that the upper boupis and ¢}, are tight for sufficiently large
degree of the matrix polynomialBy(p), Q:x(p) and S;x(p) under the assumption tha is
strongly compact. This is a mild assumption. Indeed, tharmpaters are typically bounded when
representing physical quantities. Moreover, the congsain the polynomials;(p) are typically

satisfied wheneveP is bounded, for instance this is the case of hyper-cubes gper{spheres.

V. SPECIAL CASES

This section investigates two special cases of the proposgttiodology, the first one con-
cerning systems with a single parameter, and the second @reeming the determination of

the largest spectral abscissa and radius.

A. Single Parameter

Here we investigate the case of a single parameter {i-e.]). In particular, we consider

P =[0,1]. (54)

Theorem 9Let a € {CT, DT} andw € (v,,00). Let P be defined as in (54). Then,
¢r <w (55)

if and only if, for all £ € IC, there exist a symmetric matrix polynomia), : R — R%*% and
e € R satisfying the LMI condition
Ti(p?) — (1 + p?)deeFcP) ] js SOS
Uar(p?) — (1 + p?)dee@arx®)] is SOS (56)
e>0

and
deg(Fi(p)) < d (57)
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whered; ; is given by (39),7},, U, . : R — R%*“ are the matrix polynomials

Ti(p*) = (1+p?)tsBOE(0(p?))
(58)
Uak(p®) = (14 p?)s@erG, 1 (0(p)),
and# : R — R is the rational function defined by
2
00?) = . (59)

1+ p?

Proof. “=" Suppose that (56) holds. By proceeding analogously to thefpof Theorem 6 and
exploiting the definition off},(p*) and U, x(p?) in (58), one gets that

- { ROG?) > I

Let us observe that
P = {9(1)2), pE ]R} )

By expressing the previous inequalities in termsief 6(p?), one can write

F5) > 1
Vi€ P KP) 2
Gmk(]}) Z 6].

Therefore, (37) holds, and from Theorem 5 we conclude #fjat w.
“«<" Suppose that! < w holds. From Theorem 5, this implies that, for &lle X, there
exists a matrix polynomiak}, : R — R with deg(Fy(p)) < d, such that (37) holds. Since

P is bounded, it follows that(p) can be scaled in order to satisfy
F > 1
WpeP Kp) =
Ga,k’(p) Z 517
for somee > 0. Since the image oR through the functiorf(p?) is P, one can also write that

v e R F(0(p%)) I
Gr(0(p?)) > el.

v

Moreover, sincel + p? is positive, this implies that

Vp € R { (")

v

(1 + p?)desF®) T
£(1 4 p?)dee(Gar®) ],

o
ko
3
2
v
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The proof is concluded by observing that univariate matakypomials are positive semidefinite
if and only if they are SOS [19]. O

Theorem 9 provides a sufficient and necessary LMI conditidth wn upper bound on the
degree of the Lyapunov function for establishing upper lisuof ¢f.,- and ¢7},,- in the case of
a single parameter.

Let us observe that the condition of Theorem 9 does not red& introduction of multipliers
as done in Theorems 6 and 8. Also, the matrix polynomials énLtlill condition (56) contain
only even powers op and, hence, the number of LMI scalar variables requireddstirig this
condition can be reduced as explained in [27].

Let us define the upper bound ¢f, a € {CT, DT}, provided by Theorem 9 as

¢a = rl?ealé( ¢a,k> (60)
where .
Gar = 1inf w
W= Ya (61)

s.t. § JFi(p),e: (56) holds
deg(Fi(p)) < di
anddy, is any chosen bound on the degree of the matrix polynofjigl). The nonconservatism
of these upper bounds can be established as done in Theorenttefupper boundgé-r and

épr, and the details are omitted for brevity.

B. Largest Spectral Abscisa and Radius

The methodology proposed in this paper can also be used ¢éonuiee the largest spectral

abscissa and radius of(p) over P, i.e.,

Y, =sup ¥.(A(p)), a€{CT,DT} (62)

pEP

where ¢, is given by (35). Indeed, sincg,(X) = X from (27), it follows thaty;; can be
studied with Theorems 5-9 by simply redefiningand I in (32)—(33) as
—o0 ifa=CT
Yo = . (63)
0 if a= DT
and
K={1}. (64)
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VI. EXAMPLES

In this section we present some illustrative examples. Tki¢ fieasibility tests (46) and (56)
are solved in Matlab on a personal computer with Windows &l1€ore i7, 3.4 GHz, 8 GB
RAM. We denote with NuVa the number of LMI scalar variablesos one (since these tests are
defined up to a positive scale factor). Moreover, we denotk @oTi the average computational
time in the bisection algorithm.

A. Example 3 (SNR Constrained Feedback Stabilization)
Consider an example in the framework of the SNR constraieedlfack stabilization intro-
duced in Section 1I-B1. The matrice$ and B in (5) are chosen as
0 14+ py —1
Alp) = 2 —po 0 1
-1 I pi+pe
Bp) = (100)
p € P={peR?: p?+pi<1}.

The power spectral density of the zero-mean white Gauss&ens chosen ad/ = 1, while
the bound in the power constraint is chosenlas= 8.

Let us compute the upper bourg in (48)—(49) ofpt. We expressP as in (2) by defining
ri(p) = 1 — pf — p3. We choose the degree boundls=¢;;, = f;, = 0 for all k = 1,2,3. We
find )

¢cra = 2.154 (NuVa=21, CoTi=0.2 s)
doro = 3.628 (Nuva=21, CoTi=0.4 s)
dors = 1414 (Nuva=2, CoTi=0.1 s)

which provideéCT = 3.628.

Let us establish whether the found upper bound is tight bygu3iheorem 7. We have that
der = dore for k* = 1. By using (53) we find that (51) holds witht = (0.953, 0.303), hence
implying that¢¢r is tight, i.e., ¢, = 3.628.

Therefore, sinceél//N > 2¢¢., from Corollary 1 it follows that, for alp € P, there exists a
controller K (p) such thatA(p) — B(p)K (p) is Hurwitz and the sent inpui,(t) = —K(p)x(t)

satisfies the power constraint (6).
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B. Example 4 (Stabilization with Multirate Sampling)

Here we consider an example in the framework of the stalitizavith multirate sampling
introduced in Section II-B3. The matrices and B in (12) are chosen as

0 1 0 0 0 0
0 0 1 0 0 0
0 0 01 0 0
Alp) =
0 0 0 0 1 0
0 0 0 0 0 1
—3 2+43p -1 2 -3 2+p
/
100000
B(p) =
00000 1
\ p € P=[-11].

The sampling interval’, downsampling rate&’;, K5, and £, gainsd;, J, are chosen a& = 0.5,
K =1 Ky,=2,6, =03 andd, =0.2.

Since we are in the case of a single parameter, let us comipeitepper boundcr in (60)—
(61) of ¢¢.r. To this end, we replace with (p + 1)/2 in order to haveP as in (54). Moreover,
we reduce the number of LMI scalar variables in (56) as erpldin [27]. We choose the degree
boundd, =0 forall k=1,...,6. We find

;

dora = 2101 (NuVa=21 CoTi=0.2 s)
dora =2.916 (NuVa=120, CoTi=0.4 s)
dors = 3.730  (NuVa=210, CoTi=0.4 s)
dera = 4.357 (NuVa=120, CoTi=0.3 s)
ders = 3.679 (NuVa=21, CoTi=0.3 s)
dore = 3.000 (NuVa=1, CoTi=0.1 s)

which providegcr = 4.357.
Let us establish whether the found upper bound is tight. ISrhgito the previous example, we
find thatgcr(A(p*)) = ¢er for p* = 1.000, hence implying thabeo is tight, i.e., ¢, = 4.357.
Therefore, sinc€ # ¢;,, whereC = 4.017 is the total network capacity given by (15), from
Theorem 3 it follows that for some € P there does not exist a stabilizing state feedback)
for the networked control system with multirate sampling@)(With either SER channel model

or R-SER channel model.
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VIlI. CONCLUSIONS

It has been shown that upper bounds of the largest instaliigasure in linear systems
depending polynomially on parameters constrained in aagetbraic set can be established via
LMI feasibility tests. Moreover, the conservatism of thegmer bounds has been investigated
by proposing a priori and a posteriori conditions. Lastlyptspecial cases of the proposed
methodology have been investigated, the first one conagmsystems with a single parameter,
and the second one concerning the determination of thedfageectral abscissa and radius.
Future work will explore the possibility of using the propdsmethodology in the design of

linear systems for reducing the instability.
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