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Central limit theorems (CLT) of linear spectral statistics of general Fisher matrices
F are widely used in multivariate statistical analysis where F = S, MS; IM* with a
deterministic complex matrix M and two sample covariance matrices S, and Sy from
two independent samples with sample sizes m and n. As the first step to obtain the CLT,
it is necessary to establish the CLT for linear spectral statistics of the random matrix
MS, 1M*7 or equivalently that of S; 1T, that is a sample precision matrix rescaled
by a general non-negative definite Hermitian matrix T = M*M. Because the scaling
matrix T in many large-dimensional problems may not be invertible, the result does not
simply follow from the celebrated CLT by Bai and Silverstein (2004). Thus we have to
alternatively derive the CLT of linear spectral statistics of S 1T where the inverse of T
may not exist, thus extending Bai and Silverstein’s CLT. As a further innovation of the
paper, general populations for the sample covariance matrix S, are covered requiring
the existence a fourth order moment of arbitrary value, that is not necessarily matching
the values of the the Gaussian case.

Keywords: linear spectral statistics, central limit theorem, precision matrix, rescaled
precision matrix, Fisher matrix

Mathematics Subject Classification 2000: 15B52, 60F05, 60B20

1. Introduction

For a p x p random matrix A,, with eigenvalues {\; }?zl, the linear spectral statis-
tics (LSS) defined by p~* ?:1 f(A;) for the function f are of central importance
in the theory of random matrices and its applications. Two main questions arise for
such LSS: (1). determine their point limit in term of a limiting spectral distribution
(LSD), say G, such that they converge to G(f) = [ f(z)dG(x) (in an appropriate

sense and for an appropriate family of functions f); (2). characterise the fluctuations
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p~ ' 30_1 f(A))—G(f) in term of an appropriate central limit theorem (CLT). Both
questions on such LSS of large dimensional random matrices have a long history,
and received considerable attention in recent years. They have important applica-
tions in various domains such as the number theory, high-dimensional multivariate
statistics, wireless communication networks and signal processing, e.g. ; for more
information, the readers are referred to the recent survey paper [14], [11] and [25].
The rescaled precision matrices considered in this paper belong to a particular
class of random matrices involving products of two independent matrices, and the
early works [29] and [30] about Voiculescu’s S-transform provide tools based on free
probability for the study of the LSD of such products. Other references on LSD of
product of random matrices include [1], [12], [20], [21] and [26]. Concerning the so-
called Fisher matrices (see below for examples), their LSD are derived in [27] and
[8]. As for the second question on fluctuations, the CLT for (tr(A,,),--- ,tr(Ak)) is
established in [15] for a sequence of Wishart matrices (A,,), where k is a fixed num-
ber, and the dimension p of the matrices grows proportionally to the sample size n.

Subsequent works [10] and [16] considered the extensions of the classical Gaussian

ensembles to the non-Gaussian ensembles, and [28] considered the Gaussian fluctu-
ations for the LSS of Wigner matrices with a class of more general test functions.
A general CLT for LSS of Wigner matrices was given in [7] where in particular,
the limiting mean and covariance functions are specified. Similarly, [6] established
the CLT for general sample covariance matrices with explicit limiting parameters.
In [19], the authors use characteristic functions rather than the Sticltjes transform
to obtain the limiting spectral distributions for Wishart type matrics. In [18], the
authors reconsider such CLTs but with a new idea of interpolation that allows the
generalisations from Gaussian matrix ensembles to matrix ensembles with general
entries satisfying a moment condition (notice however this approach does not pro-
vide information on the centring parameters in the CLTs and can only characterise
the asymptotic covariance function). Recent improvements are proposed in [22],
[23], [24] and [33] that propose a generalisation of the CLT in [6].

The main purpose of this paper is to establish a CLT for LSS of a rescaled
sample precision matriz of form S™IT, where S is a sample covariance matrix with
the sample size n from a p-variate population with independent components, and T
is a pXp non-random non-negative definite scaling matrix. The research is motivated
by considering the CLT of LSS for general Fisher matrices that are widely-used in
multivariate statistical analysis. The asymptotic distributions of several meaningful
test statistics depend on the related Fisher matrices For example, in testing the
proportionality of two covariance matrices X, and X, in [17], Hy : 3, = ¢,

A1~ A —1 ~
where c is unknown, the commonly used test statistic is tr(X, 3,)?/[tr(2, X,)]?
where X, and X, are two independent sample covariance matrices. More examples
in multivariate analysis involving a Fisher matrix are can be found in [4], [5], [13]

A—1 A
and [17]. Moreover, the Fisher matrix 3, 3, can be rewritten as F = S, MS_'M*
where M = 2;/22;1/2 is a p X p deterministic matrix, * denotes the conjugate
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and transpose, and S, and S, are two p x p sample covariance matrices of two
independent samples which are assumed to have independent components with
zero mean vectors and identity covariance matrices. Notice that here we denote the
degrees of freedom of S, and S,, by n; and ng, respectively. In the large-dimensional
context, [32] establishes a CLT for the LSS of a standard Fisher matrix where the
two population covariance matrices are equal, i.e. the matrix M > 0 is an identity
matrix and F = S,S_*. It is however of significant importance to obtain the CLT
for the general Fisher matrices F with an arbitrary M matrix, especially when
the powers of the tests are concerned with, e. g., for the test of equality of two
population covariance matrices, the null distributions of test statistics rely on a
standard Fisher matrix with M = I, while those under the alternative hypothesis
depend on the general Fisher matrix with an arbitrary M.

In order to establish the CLT of the LSS of the general Fisher matrices
F = SyMS;lM* and following the approach of [32], one proceeds in two steps.
First, conditional on S, and applying [6], one establishes a (conditional) CLT for

1;:1 f(A;). In this step, we need to determine the LSD of the conditioning factor
MS, 'M*, or equivalently the scaled precision matrix S;'M*M. In this step, it is
necessary to find the LSD of S;'M*M as the centring parameter as well as limiting
mean and covariance functions for the conditional CLT all depend on complex con-
tours integrals involving this LSD. The second step consists on an un-conditioning
calculation that leads to the final CLT for LSS of a general Fisher matrix. In this
step, one needs a CLT for LSS of the scaled precision matrix S;!M*M. Details on
the implementation of this approach is reported elsewhere, see [34]. In this paper,
we will only focus on the research of the scaled precision matrix S, 1IM*M.

Despite the close connection between scaled precision matrices and general
Fisher matrices described so far, limiting theorems for scaled precision matrix
of type ST!T have their own interests. Specifically, when T is invertible, since
S™IT = [T~'S] ! the CLT for LSS of S~LT can be derived from the CLT of [6].
In this case, the LSD of S™!T can also be easily derived from the existing literature
on general sample covariance matrices. However, the scaling matrix T is usually
not invertible or has eigenvalues close to zero, and in this case both questions on
the LSD and CLT for associated LSS cannot be answered using the existing results
such as [6].

In summary, this paper treats a general scaled precision matrix where the non-
negative definite scaling matrix is allowed to be singular. The main contributions
are the establishment of a LSD for the matrix and a CLT for the family of its linear
spectral statistics. Particularly and it will be seen, the establishment of the CLT is
challenging and needs the implementation of new methods of proof. Compared to
the CLT in [6], we show in Section 2.1 that the popular CLT can now be considered
as a special case of our new CLT. As a further innovation of the paper, general
populations for the sample covariance matrix S are covered requiring the existence
a fourth order moment of arbitrary value, that do not necessarily match the values
of the the Gaussian case, i.e. the value 3 for real variables and the value 2 for the
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complex variables. As it is known in the literature on CLTs for LSS of random ma-
trices, allowing arbitrary values for the fourth order moment of the matrix entries
is quite delicate and requires supplementary effort.

The organisation of this paper is as follows. Section 2 presents our main results.
Theorem 2.1 establishes the limiting spectral distribution (LSD) of the matrix S;!'T
under appropriate moment conditions. CLTs on LSS of the matrix are developed in
two steps. First, our main Theorem 2.2 provide a CLT for linear spectral statistics
while requiring that the independent components in S have zero mean, unit vari-
ance and a fourth moment matching the Gaussian case. Next in Proposition 2.1,
this matching condition is removed under some tricky technical conditions. This is
not surprising since we know that the fourth moment matching condition cannot
be removed “for free”, see e.g. discussions in [33]. Such technical conditions can
be simplified in the case of diagonal scaling matrix T and this is done in Proposi-
tion 2.2. Next in Section 2.1, we explain the fact that when the matrix T is indeed
invertible, Theorem 2.2 is equivalent to the well-known CLT of [6]. It is also in this

sense that Theorems 2.2 proposes a valuable extension of [6]’s result.
The next three sections provide proofs for Theorem 2.1, Theorem 2.2 and the
two Propositions 2.1 and 2.2, respectively. The last section collects some lemmas

use in these proofs.

2. Main results

Following [6], let {x:}, t = 1,...,n be a sequence of independent p-dimensional
observations with independent and standardised components, i.e. for x; = (xy;),
Ex¢; = 0 and E|J;t]~\2 = 1. The corresponding sample covariance matrix is

1 n
S=- thxf . (2.1)
n
t=1

The inverse S~! is the sample precision matrix and we consider its scaled product

~1
1 n
S—1m — (n thx;“> T, (2.2)
t=1

where T is a p X p scaling matriz which is deterministic and non-negative definite
Hermitian matrix. Notice that we do not require T be invertible. When T = T*
and S = S* is invertible, the eigenvalues of S™!'T are all real.

We first specify the framework for our main results. Recall that the empirical
spectral distribution (ESD) of a complex-value p x p matrix A is the measure pa =
p~! ?:1 dx, where {);} are the eigenvalues of A and ¢, denotes the Dirac mass
at a point a. When the sequence of ESD {14} has a limit u, p is called the limiting

spectral distribution (LSD) of the sequence of matrices {A}.

Assumption 1 The p x n observation matrix (z4,t = 1,---,n,j5 = 1,---,p)
are made with independent elements satisfying Ex:; = 0, E|xtj|2 = 1.
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Moreover, for any n > 0 and as p, n — oo,

n P
nipZZE [\xtﬂzf{waﬁ} =0, (2.3)
t=1 j=1
where Iy is the indicator function.
The elements are either all real or all complex and we set an index
k =1 or k = 2, respectively. In the later case, E{:z:?]} =0 for all ¢, 7 in the
complex case.
Assumption 1* In addition to Assumption 1, the entries {z;;} have a uniform
4-th moment E|z;;|* = 1+ k. Moreover, for any n > 0 and as p, n — oo,

1 <&

ZZE ['xtj|4l{|mtj|277\/ﬁ} — 0. (24)

P =

Assumption 1** In addition to Assumption 1, the entries {a;} have a finite 4-th
moment which are not necessarily the same. Moreover, for any n > 0 and
as p, n — 09,

1 r

> E [lxtjl‘*l{wz,w} — 0. (2.5)

t=1 j=1

Assumption 2 As p — oo, the ESD H,, of {T} tends to a limit H, which is a
deterministic probability measure and H # ¢y (Dirac mass at 0).

Assumption 2* In addition to Assumption 2, the sequence {T} is bounded in
spectral norm.

Assumption 3 The dimension p and the sample size n both tend to infinity such
that y, = p/n —y € (0,1).

np

Assumption 1 states that the entries are independent, not necessarily identically
distributed, but with homogeneous moments of first and second order, together with
a Lindeberg type condition of order 2. Assumption 1* reinforce Assumption 1 with
similar conditions using a homogeneous fourth order moment that matches the
Gaussian case. Assumption 1** generalises the previous one by allowing arbitrary
values for the fourth moment of the entries.

First we identify the LSD of S™!'T.

Theorem 2.1. Under Assumptions 1, 2 and 3, with probability 1, the ESD F,, of
S~IT tends to a non-random distribution FY'"H whose Stieltjes transform s(z) =
[ (@ — 2)"YdFY¥H (2) is the unique solution to the equation

zs(z) = -1+ / lgjdzfs((tz))H (2.6)

subject to the condition that s(z) has the same sign of imaginary part of z, where z
belongs to the set of complex numbers outside the real axis. The distribution FY-H
is then the LSD of S™'T.
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Notice that from (2.6), it is easy to obtain zs(z) # 1. Next, we consider the
linear spectral statistics of S™''T of form

0= [ f@r@ =310

where the {\;}’s are the eigenvalues of the matrix S™!'T and f a given test function.
Similarly to [6], a special feature here is that fluctuations of F,(f) will not be
considered around the LSD limit F¥ (f), but around F¥»Hn»(f), a finite-sample
proxy of F¥H obtained by substituting the parameters (y,, H,) for (y, H) in the
LSD. Therefore, we consider the random variable

2u(5) = p [Ea(P) = P (1)] = [ F@)d[Fn — P 1a)
Throughout the paper, we use the following notations

b(z) = 1+ yzs(2) |

N1 (1+yzs(z))2dH(t): 2 L(t)
S y/ (t/2 b))’ : yb()/(t/z—b(z))2’

We even write g, b for g(z) and b(z) if no ambiguity can arise. Notice that we have

3
14 oeg(z) = 1 v GEng g / tdH (t)
2dz 8g\2 22 (1_ f bZdH(t))z N 22g2 (t/Z—b)3
YJ @/=—b)2

Define also the interval

lim inf )\min (T) lim Sup )\max (T)
p p
I+vy? = (0=-yy)? ’

where Apin (T) and Apax(T) are respectively the smallest and the largest eigenvalue
of T.
The main result of the paper is the following CLT.

2.7)

Theorem 2.2. Assume that Assumptions 1%, 2* and 8 hold. Let f1,--- , fx be func-
tions analytic on an open domain D of the complex plane enclosing the interval I in
(2.7) Then, the random vector [Z,(f1), - , Zn(fr)] weakly converges to a Gaussian
vector [Zy,,-- -, Zy,] with mean function

_ k-1 yb3(2) tdH (t) »
T f 56 20 | @ —atam (2:8)

and covariance function

fi(z1) fi (2 ng(m)) a(zzab(ZZ))
C Z Z Z1 z2 d d ) 2.9
OV( fi» fJ 47T2 %}4 Zlb 21 — 22[)(22)}2 z1dzo ( )

Ca Cy
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The contours C, C1 and Co are closed, positively oriented and enclosing the interval
I. Moreover, the contours C; and Co are mon-overlapping.

As said in Introduction, this theorem essentially parallel the CLT in [6] and
requires also the fourth moments of the independent variables in S match the value
k+1 as in the Gaussian case. We next introduce two variations of this main theorem.
First in Proposition 2.1, this moment matching requirement is removed under some
tricky technical conditions.

Proposition 2.1. Assume that Assumptions 1"*, 2* and 3 hold. Let f1,--- , fr be
functions analytic on an open domain D of the complex plane enclosing the interval
I in (2.7) Moreover, assume that the following non-random limits exist:

(1) *Z(E|xij|4 -1 — k) [(T/Zl - Si)fle [(T/zz - Si)fl} ~ converges to

pio di
h(zzl), z9) uniformly in i;
(2) % D (Bloy '~ 1-5) [(T/z - sl)*lL_j (T/z =807 T (T/2 = BB (:)D) ;
coiz:vlerges to has(z).
Then the random vector [ X, (f1), -+ , Xn(fr)] weakly converges to a Gaussian vec-

tor [Xy,,- -+, Xy, ] with mean function

K — 3(z
EX, — - .1 %fj(z) yb°(z) / tdH (t) &

2mi J 22g%(z) | (t/z—0b(2))3
1 yb*(2)
c

and covariance function

fi(z1)f(z zéb(m)) 3(231;(22))
Cov(Xy,, Xy,) 21 EXRp
ov( fi f; el ]{]{ Z1b (z1) — 2’25(22)] 21022

Ca C1
2[yb(21)b(z2)h
- L f f e o Ee )
Ca C1

The contours C, C1 and Co are closed, positively oriented and enclosing the interval
1. Moreover, the contours C; and Co are non-overlapping.

The appearance of the two tricky conditions (1)-(2) in Proposition 2.1 are sur-
prising since it is known in the literature of CLTs for linear spectral statistics that
the fourth moment matching condition cannot be removed without additional hy-
potheses, see e.g. discussions in [33]. Similar conditions have been also introduced
in [23] in the case of a general sample covariance matrix. In Proposition 2.2 below,
we consider a special case where the fourth moments are asymptotically identical
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to a value not necessarily matching the Gaussian case and the scaling matrix is
diagonal, and the above tricky conditions can be worked out properly.

Proposition 2.2. In addition to the assumptions in Proposition 2.1, assume that
E|z;;|* —1—k = By +0(1) uniformly in i, j and T is a diagonal matriz with positive
eigenvalues. Then the random vector [X,(f1), -+, Xn(fr)] weakly converges to a
Gaussian vector [ Xy, ,--- , Xy, | with mean function

o yb3 2) tdH (t) 3
EXp = =55 ]{fﬂ (z)/(t/z—b(z)) az,

e

and covariance function

COV(Xfi y ij )

(z1b(z O(z2b(z
_ j{% fi(z1) £, (= éz(l 1)) 9( zzg 2)) s
Tl zlb (21) — 22b(22)]? 192

Cay C1

i § ez o [ R e e

The contours C, C1 and Cy are closed, positively oriented and enclosing the interval
I (given in Proposition 2.1). Moreover, the contours C1 and Co do not cross.

2.1. Theorem 2.2 is equivalent to the CLT in [6] for invertible T

As said in Introduction, Theorem 2.2 can also be viewed as a complement to the
CLT in [6] while moving from the sample covariance matrix S to its inverse S~1.
When the scaling matrix T is not invertible, these CLTs are not directly compara-
ble. If T is indeed invertible, these CLT’s become comparable; we now prove that
they are indeed the same in this case. More precisely we prove that the mean and
covariance functions given in Theorem 2.2 are the same as those given in Theorem
1.1 of [6].
Actually, when T is invertible, we have

B ;12”: Ai(ST)
 pz — Xi(ST1) — 27!

_ 15—1,
1Z2nT(’Zl)

=—— - —m (Z_l) )
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where \;(ST™1) is the ith eigenvalue of random matrix ST~! and m,, is the Stieltjes

transform of X, T7!X* with X} = (xy, -+ ,X,) is p x n. That is,
1 1
s(z) = i ﬁm(fl), bz)=1-1-z"m(z"") = —z"'m(=""), (2.10)

where s(z) is the limit of s,(z) and m(z) is the limit of m, (z). So the CLT of
p(sn(2) —s(2)) is the same as —z~2n(m,,(27!) —m(271)). By Lemma 1.1 of [6], we
know that the process

converges weakly to a Gaussian process with the mean function

yf t(m(1/2))*d(H (¢))

71 (t+m(1/2))°
P iy S
and covariance function
om(z) Om(z)
1 9% Lmx 05 [_a B 1
25 (m(g) —m(3))? (21 — 22)?

as p — oo. It is easily to verify that

W o
22 yf (m((tl_(m(i%ggt))]z
fz2(b z))QdH(t)} 22 n- f(b(z ZdH(t)]

(t—2(b(2)))? (t/2—b(2))?
and
om(2) om(z)
Lo ey Ty o)
25 (m(5) —m(3))? (71— 22)%  [;b(21) — 22b(22)]2 (21— 22)?

which are the same as given in Theorem 2.2. This establishes the equivalence be-
tween Theorem 1.1 of [6] and Theorem 2.2 in this paper when the scaling matrix
T is invertible.

3. Proof of Theorem 2.1

Using exactly the same approach employed in Section 4.3 of [2], we may truncate the
extreme eigenvalues of T and tails of the random variables z;; and then normalise
them without altering the LSD of S™'T. So we may assume that Assumption 2* is
true and |z;;| < n,\/n where 1, — 0.

Now, we proceed with the proof of Theorem 2.1. To start with, we assume that
T is invertible and there is a positive constant w > 0 such that H([0,w]) = 0, that
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is, the norm of T~! is bounded. By Theorem 4.1 of [2] we know that the LSD of
ST~ exists and its Stieltjes transform m(z) satisfies

m(z) = / T ! dH(1/t) = / tdH(t) (3.1)

1—y—yzm(2)) — 2 1—y—yzm(z) —tz’

Note that m(z) is the unique solution to the equation (3.1) that has the same sign
of imaginary part as z.

If we denote the Stieltjes transforms of the ESD of S™IT and ST~! by s,(2)
and m,, (z), respectively. By the relation

mp(z) = f% — %sn(l/z)7

and my,(z) — m(z) a.s., we know that with probability 1, s,(z) converges to a limit
s(z) that satisfies

L - tdH (t)
=0 [ s

Changing z as 1/z and simplifying it, we obtain (2.6).

Now, we consider possibly singular T and will show that for any fixed z = u+iv
with v > 0, s,,(2) still converges to a limit s(z) that satisfies (2.6).

For any fixed € > 0, define T, = T + €¢I and define S from S by replacing its
eigenvalues less than 1a as Ja, where a = (1 — \/y)?. By the rank inequality (see

Theorem A.43 in [2]), we have

(3.2)

_ _ 1 1
|5 poim < Lo {Ai(S) < 2a} L 0.as. (3.3)
By Theorem A.45 of [2],
L(FS+'™, FS:Te) < ||STH(T - Te)| < 2a7'e (3-4)

where L is the Levy distance between two distribution functions FS+'T and FSY'Te,
Using again the rank inequality, we have

HFS_ng o FS;ITE

1 1
<=-# {)\i(S) < a} —0,a.5. (3.5)
D 2

By what has been proved for invertible T, with probability 1, s, (z) =
%tr(S’lTE) — $-(z) which is a solution to the equation

tdH_(t)
=-1 _ 3.6
i) =1+ [ e (3.6)
where H.(t) = H(t —¢).

To complete the proof of the theorem, we only need to verify that the equation
(3.6) has a unique solution that is the Stieltjes transform of a probability measure,
and the solution s.(z) is right-continuous at ¢ = 0. Let w.(z) = vz(1 + zs.(2)),
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where /z is the square root of z satisfying I(2)3(v/2) > 0, then the equation (3.6)

becomes
B tdH_(t)
we(z) = / B~ (1- )5y ()’ (3.7)

where w,(z) has the same sign of imaginary part as z.
We only need to consider the case $(z) > 0. Let wy = S(we(2)) > 0, comparing
the imaginary parts of (3.7), we have

/ N 4 (- 9)3(V7) + yws
Wy =

(1) V7 - yues)|

tdH. ()

/ gtz StdH.(t),
B (1 )y )|
which implies that
H.
/ ytdH. (1) ;<1 (3.8)
E: VE = yu()

Suppose (3.7) had two solution w® with w$’ = S(w®) > 0, j = 1,2. Then
making difference of both sides and cancelling w; — wy from both sides, we obtain

- tdH.(t)
1= | (B~ (1 -9V — ) (T — (1= y)vz - yu®)

which implies by Cauchy-Schwarz that

1< / ytdH(t
’ 1+t

where the last inequality follows by applying (3.8) for both w® and w®. The

1/2

tdH.
/ y ( ) i -1,
‘1-&-75 _

N yw(2)’

yw“

contradiction proves the uniqueness of a solution to (3.7).
Finally, we show that the solution w, is right-continuous at ¢ = 0. We have,

—= — (1 =yVz—yw(2)| 2 Ws(\/?) = (1= 9)S(V2) = yS(we(2))
> (1-y)S(V2),
so that by (3.7), {w(2)} is bounded for small enough ¢, say ¢ < c. Let {w,, (2)}x>1

be a sequence converging to some limit w, with 5 — 0. By continuity and passing
to the limit in (3.7), we see that

w _/ tdH (t)
T %—(l—y)\f—yw*'

‘14—
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By the just proved uniqueness property of solution of this equation, w, = wg(z)
and this is the only sequential limit of {w.(z)} when ¢ — 0. Since this set is
bounded, any sequence {w.(z)} with e — 0 must converge to wg(z). This implies
that sc(z) — s(z) — 0.

The proof of Theorem 2.1 is complete.

For the understanding of the proofs that will follow in next sections, we give
some notes on various identities. First notice that

m@yi/y—iﬁ—dﬂu; (3.9)

z 1—ym(z)
where m(z) is the limit of %tr(z_lT —S)~!and H(t) is the LSD of T. We have
1 1

D2) 2 8(z) =, b(2) = . (3.10)
1—ym(z) 1- ym(z) 1—y [ t/dzH(bt) -
where s(z) is the Stieltjes transform of the LSD of S™'T and 3%(z) =
' ti5§<z)dH7L(t) with the ESD H,,(t) of T. It also holds
Bfi(:) & = b(z). bi(2) > e =b(x),  (3.11)
e 1—ym(z) 2 DiE 1 —ym(z) o ’
where /81(2) = m and bl (Z) = 1—7L71Etr(zlflT_Sl)7l . Furthermore,
—z
—2(b(2)) = — i PETIC (3.12)
l—y/f t/z2—(b(2)) yft z(b
_ dH (t) 1
_ 1 = 3.13
: +y/t—4M@) () (3.13)
1 /(—2(5(2)))’dH(t) _ —(=2(6(2)) (3.14)
22 (t = 2(b(2)))* (—2(b(2))? '

z z 2 z z 2
CORF _, [ COIO oy oy, )

2 (t — 2(b(2)))?
—1 (—z(b(2))?
(_Z(b<z))/ = 3 ( (z(g )) VW2dH (t) ° (316)
f (t— z(b z)))?
Especially, when T = I,,, by (2.10), (3.10) and the definition of m(z), we have
1 -1 -1 ) -1
S — 1 _ _ Z
o) = =y = =+ ) = (1= 9) = Y ),
and
- 1 1
m(z) = —m(z7") = —

- :
2T Taym(EY)



July 17,2015 9:23 WSPC/INSTRUCTION FILE st-rev-2

CLT for LSS of a rescaled sample precision matriz 13

4. Some useful lemmas and identities

This section collects two lemmas that are used in the proofs developed in theorems.

Lemma 4.1. Under Assumptions 1-2, we obtain that as p/n — y € (0, 1),

1
—tr(z7'T — 8)™' — m(2), a.s. (4.1)
p
where m(z) is the unique solution to the equation m(z) = [ 7LfH(t)1 satisfying
z T 1—ym(z)

3(2)3(m(2)) = 0.

Proof. For any real z < 0 and complex w with $(w) > 0, by (4.1.2) of Page 61 of
[2], we have

1 1 1
—tr(z ' T =S +wl) ™' = ——tr(—T+S —wl) ™!
p p -z

— —r(z,w) = —mp, <w - ;/M{()(T)> , a.s. (4.2)

1+ 7m(z,w)

where m(z,w) is limit of the Stieltjes transform of the matrix }ZT + S, mpy, is
the Stieltjes transform of H,, the LSD of }ZT, and Ho(7) = I(r>y). By Theorem
5.11 and Lemma 2.14 (Vitali Lemma) of [2], the convergence of (4.2) is also true
for w = 0. That is,

1 1 1 - 1

—tr(z7"T -8 — —m(z,0) = —m -], a.s.

p ( ) (0) HZ( 1+ym(z,0))

1 1
1—ym(z,0) —z 14+ym(z,0)

Denoting m(z) = —m(z,0), then the convergence of (4.1) is proved for all real non-
positive z. Noting that both sides of (4.1) are analytic functions of z on the region
D~ = {z € C: z is not non-positive real number}, applying Vitali Lemma again,

we conclude that (4.1) is true for all z € D~ and m(z) satisfies

m(z) = / ﬁdH()\) (4.4)
z 1—ym(z)

Because the imaginary part of LHS of (4.4) has the same sign as z, we conclude
that $(m(z)) should have the same sign as S(z).

Our next goal is to show that for every non-real z, the equation (4.4) has a unique
solution m(z) whose imaginary part has the same sign as (z). By symmetry, we
only need to consider the case where $(z) > 0. Suppose that there are two different
solutions m(z) # ma(z). Making difference of both sides of (4.4), we obtain

Y
(1—ym1)(1—ymz)
- / dH(N)
(2= =) E — )
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1/2
1 ; 2 £ ; 2
/%dH(/\) / %dH(/\) . (4.5)
A1 A1
z 1—ym z 1—ymso
Comparing the imaginary parts of both sides of (4.4), we have
S(2)A y(m;)
& _ ER [1—ym,[? o
S(m,) = s—dH(X), j=1,2.
A 1
z 1—ym;
Since ¥(m;) > 0 implies that
/ — P _dH()) < 1,
A1
z 1—ym;
which contradicts to (4.5). The proof of the lemma is complete. [ |
Lemma 4.2. Under Assumptions 1, 2, 3, we have
1
| .
s(z)=—27"— ;s(z)
where
—z —z 1

3(2) = —(1 —y)z + y3(2), s(2) is the Stieltjes transform of the LSD of S~'T, and
5(z) is the limit of %tr (S— I)71 T.

z

Proof. We have

—1
1tlr(S_lT —) =t - %ltr (S - T) T
p z°p z
and
5 (2) = 1 Z": a7 T—S) 'y, 1 11 1
" pz —~1- af(z7 1T - Sty yz yzn —~1- af(z7'T-8;) lay

where a; = ﬁxi, i = 1--- n. Let the limit of %tr (S— %)71T be §(z) and
Sn(2) = Str(S—7T)  T. Let

In fact, we have

sn(2) = —27" = %E"(z) o
SR SR S SR
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—z
S = — 1 — S = — S = — ; 4
i) = ~(1 =) 4 98() = T B = —2EAG) (D)
where f;(z) = m Therefore, we have
-z -z 1

|t

(2)

Taloyi(z) 1oy —dH(t) 2ty [l dH (D)

t_
z  1—ym(z)

That is,

3(2) = .
—27 My [ dH ()

The proof of the lemma is complete. |

5. Proof of Theorem 2.2

The strategy of the proof follows the one devised in [6] and later improved in [2].
However, because we are dealing with a scaled precision matrix and the scaling
matrix T can be non invertible, most of the steps are different from [2] and need
to be worked out properly.

First, due to Assumption 1%, we may truncate the random variables x;; at n,/n
and normalise them without altering the CLT of Z,(f), where 7, | 0 with some
slow rate. Therefore, we may make the following additional assumptions:

(1) |zij| < mnv/n;
(2) Bz}, =k —1+o0(n");
(3) E|x?j| =1+x+o(1).

Define C as a positively oriented rectangle
C=CUC,UCuC,
where
Co={z+ivg:z€z,z]}, CG={x+iv:|v| <},
Co={z—ivg:z €[z}, C={z,+iv:|v|<uw},
(z1,2,) D [liminf Apin (T) /(1 + /)2, limsup Apax (T)/(1 — /7)),
so that it is enclosed in the analytic region D of the f;(x)’s. By the selection of
(2, x,), there exists a positive constant e such that
Amin (T Amin(T
(1+\/;7§2)+25 < (1—\/;752)—25 < )

x <

for all large n. Define

Bn - {nl - (1 - \/Zj)Q — & S /\min(S) < Amax(s) S nr = (1 + \/@)2 +5}
It is known from [6] that for any given ¢ > 0, we have

1—-P(B,) =o(n") (5.1)


https://www.researchgate.net/publication/266753514_Spectral_Analysis_of_Large_Dimensional_Random_Matrices?el=1_x_8&enrichId=rgreq-edca56a4855aadd69fbc32d84699b5e6-XXX&enrichSource=Y292ZXJQYWdlOzI4MjMzMTIwNztBUzoyNzk1NzM1MzIwMzcxMjZAMTQ0MzY2NjkzMzAyOA==
https://www.researchgate.net/publication/266753514_Spectral_Analysis_of_Large_Dimensional_Random_Matrices?el=1_x_8&enrichId=rgreq-edca56a4855aadd69fbc32d84699b5e6-XXX&enrichSource=Y292ZXJQYWdlOzI4MjMzMTIwNztBUzoyNzk1NzM1MzIwMzcxMjZAMTQ0MzY2NjkzMzAyOA==

July 17,2015 9:23 WSPC/INSTRUCTION FILE st-rev-2

16 Zheng, S. R., Bai, Z. D. and Yao, J.

asn — oo. It follows that for the proof of Theorem 2.2, we can restrict our attention
by conditioning on the event B,, without altering the central limit results. This will
be assumed in what follows in the remaining of the proof.

In particular, conditional on B,,, all the eigenvalues of S fall inside the interval
(1—y/y)?—¢,(14/y)? +¢) and all the eigenvalues of S~'T fall inside the interval
(x1, ).

Furthermore, let

Cn = Cﬂ{z DSz > )
Since f is analytic, by Cauchy’s theorem, we have

2mi
1

X, (f) = 2 fé F(2)5n(2) — $0(2) }d

2w

% f(2)M,(z)dz (5.2)
c
where 5% (2) is the Stieltjes transform of F¥=n and

M(2) = plsn(2) = sp(2)}
= p{sn(2) — Esn(2)} + p{Esn(2) — si(2)}
=: M, (2) + M;(2),
where M} (2) and M?2(z) represent the random fluctuation and the deterministic
part of M, (z), respectively. Let

M, (z), x € Cp,
M, (z) = M, (z; +in~?), Rz =21,z € [0,n72],
M, (x, +in~2), Rz =x,,32 € [0,n72].

Then, we have

/f(Z)(Mn(Z) — My(2))dz = / f(2)(My(2) = My (2))dz
C C/Cn »
<o { [ (M)
o[RS ] 4]

= 0p(1).
Thus our goal will be to prove that

e {M!(2); z € C} converges to a centred Gaussian process indexed by C with an
explicit covariance function;
e M?2(z) converges uniformly to a deterministic mean function defined on C.
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Under the finite dimensional convergence with tightness, it is well known that the
contour integration of the empirical Stieltjes transform tends to the contour inte-
gration of limit process which is Gaussian. Then the conclusion follows because the
contour integration of the limit process is a limit of a sum of Gaussian variables
(the Darbous sum). Since X, (f) is an integral of M, (z), it will converges to a
Gaussian process whose limiting covariance and mean functions are integrals of the
corresponding limits of the process M, (z).

The convergence of {M}(z); z € C} is done in two steps. Section 5.1 establishes
its finite-dimensional convergence while its tightness is proved in Section 5.2. The
convergence of { M2(z)} is established in Section 5.3. It is here noticed that since we
can make 1 arbitrarily small, the contributions from the segments C; and C, will
be negligible. Therefore, we need to establish these convergence on the segments C,
and Cp, only. It is noticed that the convergence of M} (z) on C, UCp, will be given in
Section 5.1 and the tightness of M!(z) will be given in Section 5.2.

5.1. Finite-dimensional convergence of Mrlb(z) on C, UCp

Lemma 5.1. Under Assumptions 1%, 2%, and 3, the process {M}(z) = p(sn(z) —
Es,(2))} converges weakly to a complex Gaussian process Mi(-) on the contour
z € Cy UCy, with the mean function

EM;(z) =0

and covariance function

9(z1b(z1)) 9(22b(22))

-k 0z Ozo o 1
COV(]\fl(Zl)7 Ml(ZQ)) = [Zlb(zl) — ZQb(Z2)]2 (Zl — z2)2 . (53)

Proof. Let E; denote the conditional expectation given {x1,--- ,x;} and Eq denote
the unconditional expectation. Denote z = u + iv with v > 0 fixed,

aizﬁxi, Si:S—aiaz‘, ]:)ZIT—ZS7 Di:T—ZSi,
ﬁl(z) = 17a:(z*1’i‘fsi)’1ai’ ﬁ’(z) = 1—%tr(z*11T—S,-)*1’
’%/(Z) = %tr(zilT — Si)il — (X?(ZilT — Si)’lai,

R;(z) =log (1 — Bi(2)%(2)) + Bi(2)%:(2).
Then we have
Bi(z) ' = Bi(2) T = Ai(2),  Bi(2)B; N (2) =1 = Bi(2)%(2).
Therefore, by Taylor expansion
(Ez — Eifl) log ﬂ;l(z)
= (Ei —Ei_1) (log 571 (2) — log 5; ' (2))
= (Bi — Bio)[-Bi(2)%(2) + Ri(2)]. (5.4)
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Here, we have used a formula that log B;l — log B;l = log Bz(z)ﬁfl In fact we
should add an additional term 2mik(z) where k(z) is a random integer function of
z. This term does not make any contribution to the limiting distribution because
we only need the derivative of the function log /371 in the next step.

Step 1. Show that M} (z) = p(s,(2) — Es,(2)) = ZY( ) + 0p(1) where {Y;(2)}

is a sequence of martingale differences with respect to the filtration given by the
o-algebras generated by the random variables z1,...,z,.

For this purpose, first we split s, (z) in the following way: for each i < n, we

have
1 1

sp(2) = —tr(S7!T — 2I) 7! = —trS(T — 28) !
p p
1 1

= —tr(S; + ;) (T — 28; — zaiaf) ' = ——t1(D; — T — 2z} ) (D; — zaf) ™

p pz

laiD; 1TD o

1
=z 4 —4r TD_1 -t
pz P 1-zafD; ocz

1 10
=24 —tTD; ' + =~ log Bi(2) .
pz p Oz

Therefore, using the martingale decomposition, s, (z) — Es,(z) can be simplified as

10 «—

__- Y . _ *)~1,.
sn(z) —Esp(2) = 29 ;(El E;—1)log(l — za;D; ")
10 =g 2,00 10 ¢
= 0s ;Eiﬂi(z)%(z) YR ;(Ei —Ei—1)Ri(2)
10~y 2,02
= —];a Z E;iBi(2)%i(2) + 0p(1),
=1

2
d e N T
Bl (B~ BOR(2)| ~E|g fi_ﬂ:vﬂ;@“ By TS
=C E|(Ei ac
.C_Z‘:m?} (Bir ~ BRI
E |B( 21de
?{g z\_m; 320320 acl
ZE |'Yz \dCl = nO(n_lni) - 0(1) (5.5)

[C—z|=v/2 1

where the last equation is by Lemma 9.1 of [2]) and C' depends on other constants,
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scuh as v. So we have

n

P((sn(z) = Esn(2)) = - Z Eid%Bi(Z)%(Z) +op(1) = ) Yi(2) + 0p(1),

i=1

where Y;(z) = fEid%B,-(z)’yi(z). To prove that {M}(2) = p(sn(2) — Es,(2))} con-
verges to a Gaussian process {M;(z)}, we first consider a finite sum

dary Vi) =) arYilz),
k=1 i=1

=1 k=1

from r points {z;} on the contour with arbitrary weighting numbers {ay}. We are
going to apply Lyapounov CLT for martingales.

n

Step 2: Verify the Lyapunov condition, i.e. 3. E|Y;(2)|* = o(1) as n — oo uni-
i=1

formly for z on C,.

In fact, if z € C, or Cp, by the same approach of the proof of (5.5) and the fact
that |5;(¢)| < 2[¢|/vo, we have

Y EY(2) < C ZEI% )|t d¢ — 0.
i=1

lz—=Cl=v/2 34

Step 3: Find the covariance Cov(Mj(z1), M1(22)), that is, the limits of

0? -
ZEz 1Y Zl 2) 8218222131 1 151(7«'1)’71(21) 251(22)%(22)]

Step 3.1: First we will prove

n

Z Ei_1[EiBi(21)%(21)EiBi(22)7:(22)]

i=1
= Zb 21)bi(z2)tr (1T—S»)_1E-(iT—S»)_1 + o0,(1)
Tl2 1 2 2 7 7 2 7 ) .
We have
Bi(2) — bi(2) = Bi(2)bi(2) (R Hr(z7'T = S;)~! = n'Etr(27'T — S;) ™)
where b;(2) = 1/{1-n"'Etr(z~!T—S;)~!}. Then by similar approach of martingale
decomposition, we obtain

E|i(z) — bi(2)[* < KE (n 'tr(z7'T = 8;) ' — n 'Btr(:7'T — 8;) 1)
21

1 T
< KE - Z {Ejtr(z_lT — Si)_1 — Ej71tr(; — Si)_l

j=1
J#i
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K

< .
nlp2l

where the inequality is by Lemma 2.12 of [2] and Burkholder inequality. Then
E|Bi(2) — b;(2)|* = O(n~!) uniformly in i. Consequently, we have

ZEz 1[EiBi(21)%i(21)EiBi(22)7i(22)] Zb 21)bi(z2)Ei—1[Ei%i (21)Eidi(22)] = 0p(1).
=1
Therefore, we need only consider the limit of
> bi(z1)bi(22) i1 [Bidi (21)Eidi(22))]
i=1

K T T
= — ) bi(z1)bi(z)tr |Ei(— —S;) T 'E(— —Si) 7, 5.6
T Db e [EC 80 BU -8 5.6
where the equality follows from the equation in (1.15) of [6]

E(x;Ax; — trA)(x;Bx; — trB)

= (E|Xu* — |EXE4|? —2) X aiubii + |[EXE *tr(ABT) + tr(AB).

i=1

(5.7)

Step 3.2: we will proceed as in [6] to show that
tr{Ei(lT—S) E( T S:)~ }
21
tr {("T_lbi(zl) — ZT)— (=L (29)T — iT)‘l} +0,(n/?)

1— S0, (20)by(22) (22 by (21)T — L) =1 (2Lby (2)T — LT)

n2

By multiplying (2=1b;(2)I — 27'T)~! from left and (27T — S;)~! from right on
the identity

-1
(z7'T-8;) - = —Zaka,§+nTbi(z)I,
ki
we have
T -8t = (L ()1 — 2
n
1
- Zﬁk(i)(z)(n bi(2)I — 2 ') Lagag (27T — Sp)
kit
n—1 n—1 —1my—1/,—1 -1
+ bi(2)( bi(z)I—2z7"T) (27 T-85;)
n n
n—1

bi(2) I — 27 ') — b (2)A(2) — B(2) — C(2), (5.8)

~1
A(z) = Z (n; 1bi(z)I - z_lT) (apaf — %I)(z_lT —Sa) 1,
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B(2) = 3o (2) ~ ) (" 0T - T o T -8
ki

C(z) = %bi(z) (” - Lps(2)1 — le) 3 {(,le Sy - T - 8.

ki

So we have

o [Ei(lT - Si)_lEi(iT - Si)_l]
z1 Z9

= —tI‘(n — lbz(Zl)I — Zl_lT)ilEZ(iT — Sq;)il — bq(zl)trELA(zl)El(I - Si)il
29 Z2
1 1
—trEiB(zl)Ei(Z—T -8t - trEiC(zl)Ei(z—T -8 (5.9)
2 2

In the following we will prove

E trEiB(zl)Ei(lT —-S)7H =0(n'?) (5.10)
22
1
E trEiC(zl)Ei(z—T -8, =0() (5.11)
2
and
bz(Zl)tI‘ElA(Zl)Ez(iT - Si)il
22
i—1 1 I | .
trEi(ZiT P 1bi(z1)I - ZiT)*1 + 0, (n'/?) (5.12)
2 1
Because
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e (14 ) 22 (1+ &)
r——  /pl=— "/

> j il = )
= Yo Vo

then we have

<K

3

n—1 _ -t
bj(Z)I—Z T

where K is a constant. Moreover, by Lemma 9.1 of [2]

|bin(2) — bi(2)] = |bi(2)bix(2) EEU(Z N %Etr(g — sik)—l}

1

bik(z)bi(z)Eb’k(i)(z)a,’;(g —Sin) 2| = O(n ), (5.13)

E(Bii)(2) = bin(2))* = O(n™"), (5.14)
where
B () = .
HO T T e (eI T - Si) ey
1 1
bi = ) bz =
) 1—L1Etr(z=1T —8;)~! 1(2) 1= L1Etr(z=1T — Sj)~?

Step 3.2.1: The proof of (5.10) follows easily from

1
E trEiB(zl)Ei(Z—T -8t
2
n—1 T, _ ., T T <.
<Y B(Estr(Brg (21) — bi(21)) (——b; (20T = =) o (= — Si) (= — Si)
ki n z1 21 Z2
* [ — — 1 S\ —
< ZE Bk( (2 ( )) k(Z 1T — Szk) 1(*T — Sz) 10[]€
k#i #2
1 5 2
< BV (B (2) — bil2))*[BY? i (27T = Six) N (=T = S;) ' au,
kot #2
— O<n1/2),
and S, is the analogue for the matrix S; with vectors x;11,- -+ , X, replaced by their
iid copies X;11, -+ ,Xpn. (Xit1, -+ ,Xp) is independent of x;41, -+, X,,.

Step 3.2.2: The estimation (5.11) follows from

1
a2 E
k£

1
<Y E

k#i

1 _
trEiC(zl)Ei(gT -8t

e (5 ton- ) (2 50) - (20) ) (2
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—1 1 —1 —1
bz [(2z I T o (T s T g T g
E;b;(2) (nbjl(z) > /Bk(z)ak P Sik % S; 7 Sik ag

1
--Y'E
K.

IN

Step 3.2.3: As for (5.12), we have
bi(=1 )T A (=1 )BT = 8;) !
22

-1 -1 -1
-1 T * 1 T T
= bi(z1)tr Y (L ——bi(z1)T — Z) (aray — —DE; (* - Sik) E; (5 - Si)

k<i

k<i
-1 1.\ 1 T /T -1
b (z1)tr RS & aa*ffIE-(—fS-) E-(—fS->
z( 1) ;(nbil(zl) 21 > ( k& n ) i ik i P ik
= C1+C2+C3.

Furthermore, we have

—1
bi(21) (n—1)I T (T o\
tr n Z (nb_ - Zl) Ez (* Szk) El

k<i

E|Cs| = E

bi(21) (n—1)I T . T T &4 1 (T )

= E|Z ~ =) Efunai(— —S; = -8, = s, a
n kZQ (nbzl(zl) 21 z/Bk(z) k:(zl 1k) (Zl 1k) 2 ik k

<K
and
n—1 T\ ' I T tooT -t
E‘C3| =E bi(21)trz ( bi(zl)l — 7) (aka}z — 7)Ei (7 — Sz‘k) Ei (* — Sz’k)
= n z1 n 21 Z9

-1 -1 -1 -1
T T 4 1 T T 4
aiE; (* - Sm) <* - Sik) o — —trE; (* - Sik) (* - Sik)
21 29 n 21 z2
-1 —1 -1 —1
1 T T 4 1 T T 4
aiE; (Z - Sik) (5 - Sik) g — EtrEi (Z - Sik) (g - Sik)

where the second inequality uses the Cauchy-Schwarz inequality and the last equal-

ity uses (5.7). Moreover, we have
T -t T A N tnotr T\
C1=bi(x1) > ajBEi (= -S; Ei|(=-8;) —(=-8 R
1 i(21) aply; (Zl zk) i (ZQ z) <2‘2 zk) :| <nbi1(21) Zl) g

k<i

= O(n?).
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-1
1 1 .
i(21) E Evﬂk (22 ak T Sik) (gT*Sik) ay
k<t

-1 -1
« (1 9 n—1 1
ay (;T - Sik) ( " bi(21)I — ZT) Qg
-1

-1
1 v
= 2’2 ZE ak ( T — Szk) (gT - Sik> (672

k<i

(Llp_g - Ly et 1T71 O, (nt/?
A\ 5, T Dk Tz(zl) T o+ Op(n''7)

1 1 AT
= ﬁbi(zl)bi(zg) ZEZ'M‘ (ZT — Szk) (ZT — Sik)

k<i
1 -\ ' /n-1 1 -t 1/2
tr (ngszk) (sz(zl)I* ZT) +Op(n )

1—1

1 i <\ 7!
= 2 bi(zl)bi(zQ)Eitr (ZT — Sl> (ZT - Sl>
1 N\ tn-1 1.\t
tr (—T—SZ‘) ( bi(z1)I — fT> +Op(n1/2),
n 21

22

where the third equality holds by (5.13) and (5.14). The above estimates imply
(5.12). By (5.9)-(5.12), we obtain
1 g

trE(lT S)H(—T-S;)!
Z2

[1 - %bi(m)bi(zz)tr(lT -8 .

1
bi(Zl)I — fT)_l
Z1

n_lbi(zl)I—ZiT) E( T - S)7'| + 0,(n'/?).

= —tr [(

Furthermore we have

bi(z1)I — Z—lT)*l( bi(22)I — ;2T)*1

1
b»L(ZQ)I — ;T)_l + Op(nl/Q)
2

because

-1 1
trA (z2)( (2T = T) ™ = 0,(n'7),

-1 1
B (22) (" —bi(2)T = T) ™ = 0y(n'/?),

-1 1
trC(zg)(nTbi(zl)I - Z—lT)_1 = 0,(n'?).
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That is,
tr Ev(inS-)*lEv(inS-)*l
1 2,’1 1 1 22 K
tr [(”T_lbi(zl) — A1) (L () - 2T) ] 4 0,(n'/2)
1 — S0, (20)b(2)tr (252 by(21)T — L) =1 (22 (20)1 — L)

Step 3.3: Obtaining Cov(M;i(z1), M1(22)), the limit of

ZEFlYé(Zl)Yé(@)
i=1

F
82182’2 ZE'L 1 1/81(21)71(21) 1,81(2’2)")/74(22)}

2 kK 1 1
=—— ; ; Ei(—T —S;) 'E;(—T -8S,)™* 1).
G e ;221a<zl>bl<zz>tr BT -8B -807 o0
By Lemma 9.1 of [2] and (3.10), we have
max [bi(2) = b(z)| = o(1), |bi(2) = Efi(2)] < Kn~'/2,

]%ZE(—H@(Z)) — Bon(2), [Bsn(z)—s2(2)] < Kn~",
1=1

EBi(2) = ynzEs,(2) + 1.

So we have
1 1 9
tr[E; —-S) (=T -5;
BT - S) K@ )7

tr [T = LT) 7 (=) T = 2T) 71| + 0,(1)
1 82z ><><<aﬂ——Trwm@ﬂ—iTrl

Thus we have

bz s (T = 8) 7T - 81)

b(z )b(z2) 1/2
2] Ge ez MHa(t) + Op(n'/?)

T oG b(z)b(z2)
L= | g Tnocn—ZnHn (1)

Moreover, we have

ey Z2§jt -8 (T8

Z2

1 b(21)b(22)
/ yf - L 00— L (1)
4>

b(Zl)b(Z2)
:vyf )~ L 0)(b(z2)— %t)dH(t)

dx
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I
=
=
A LT
‘ S~—
= B

¥
N‘FA“
S—

NS
/N
—

~
+
2~
—
Nt
—
|
—
~
+
3|~
8|
S~—
=%
o
—
=
~

3
—

N‘,_.
~ |~
|

3
—_
‘»—A

_1+m@3mgp)<1__1>’ (5.15)

and

dH (t) = (5.16)

where the second equality uses (4.4) and (3.10) and the last equality uses (3.10).
Notice that by Lemma 7.1, a(z1, z2) < 1. We have

a(z1,22)
0? 1 0 (8(1(21,22)/8,21)

Y 4| =L
0210z29 1—2 i 029 \ 1 —a(z1,29)

and

m()m(L
o= 5 (st (5 2)
_l’_
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So we obtain
Oa(z1,22)/0z1

1—a(z,22)

S ) gy ()] e

m(,o) —m(;; 21 22 m(z) —m(s) \ 21 Z);(zlz) (21 _ Z)
 @)md) 1)
(@) m(L)  1a—1/z
and
KA (3a(z1,zg)/621> _ (@(%)),(@(i))/ 1 1
Oz2 \ 1—a(z1,22) () —m(55))? 2123 (/21— 1/2)°
C@Ey@md)y 1
" @) - mL)E  GioaP
_ [=b(z)] [z2b(z0)] 1
[210(21) — 22b(22)]2 (21 — 22)?

That is, the limit of

- ? Rk 1 a1 .
is
a(z1,22)
. 0? 1 PO - [210(21)]' [22b(22)]" K
021029 1—z T [zib(z1) — 22b(22)]2 (21 — 29)2
0
So we have
[216(21)]'[z2b(22)]" 1 )
Cov(Mi(z1), M1(z9)) = K — . 5.17
i) b (o) = (G - ) G

Then the proof of Lemma 5.1 is completed. |

5.2. Tightness of M}(z)

Lemma 5.2. Under Assumptions 1*, 2° and 3, the sequence of random functions
{M}(2)} is tight for z € C,, := C N {|S(2)] > n™2}.

Proof. We proceed to prove the tightness of {M!(z)} for z € C. We will use Theo-
rem 12.3 in [9]. Since {Y;(2;)} is the martingale difference sequence and E|Y;(z;)|? =
O(n™"), Bl 321_, >°7-, aiYj(2:)[? is bounded by #3737 [ai|* E|Y;(2)|* when-
ever {aq,...,a,} are constants: so Condition (i) in this Theorem 12.3 in [9] is


https://www.researchgate.net/publication/271512781_Probability_and_Measure?el=1_x_8&enrichId=rgreq-edca56a4855aadd69fbc32d84699b5e6-XXX&enrichSource=Y292ZXJQYWdlOzI4MjMzMTIwNztBUzoyNzk1NzM1MzIwMzcxMjZAMTQ0MzY2NjkzMzAyOA==
https://www.researchgate.net/publication/271512781_Probability_and_Measure?el=1_x_8&enrichId=rgreq-edca56a4855aadd69fbc32d84699b5e6-XXX&enrichSource=Y292ZXJQYWdlOzI4MjMzMTIwNztBUzoyNzk1NzM1MzIwMzcxMjZAMTQ0MzY2NjkzMzAyOA==

July 17,2015 9:23 WSPC/INSTRUCTION FILE st-rev-2

28 Zheng, S. R., Bai, Z. D. and Yao, J.

satisfied. We will verify Condition (ii) of the same theorem by proving the moment
condition (12.51) in [9], that is

1 ot 2
sup E|Mn(zl> Mn(ZQ))|

n521,22€Cn, |21 — 22/

M, (1) =M, (22) as
Z1—22

Step 1: We simplify

Mrll(zl) - Mrlz(z2)

21 — 22

= (B — Ei1)(;D; 'S ' TF; ! (22) i) Bi(21) Bi(22)

i=1

(Ei — Ei—1)Bi(21)a;D; 'F;  (22)S, ' TF;  (21) s

(Ei — Ei_1)Bi(22)a; Dy 'F; ' (21)S; ' TF; ! (22)evi

M: i M:

Il
-

K2

where F;*(z) = (S;'T — 2I)~!. First we have by the martingale decomposition

My (21) = My (22) = p(sn(21) = sn(22)) = PE(sn(21) = sn(22))

n

Z (Bi —Ei_1)sn(21) — sn(22),
Sn(z1) — sn(22) = %tr [(S7T'T — 1) = (S7!'T — 2I) ']

~.

zZ1 — 22

tr(S(T — 2,8) 7 'S(T — 2,8)1).
Thus we have

M (21) — My (22) _ pinl21) = sn(22) = Blsn(21) = sn(22))

21 — 22 21 — 22
n

= (Bi — Bi_1)tr(S(T — 218) " 'S(T — 28) ™).
i=1

Furthermore (S™!T — 2I)~! = S(T — 2S)~! can be decomposed as
S(T —28)"! = (S; + aja})(D; — za;af) !

2S;D; 'y Dt oDt
— Sinl + 174 v 4 17" 7
’ 1— za;‘Di_lai 1— zajDi_lai
=S,D;' + TD; 'av;a;D;  Bi(2),
where f3;(2) = ——L——. That is,

1-za!D; 'a;
(ST'T —2I)! = (S;'T —2I) ' = TD; ()i D ' (2) 3 (2).
So we obtain
tr(STIT — 2,1) "1 (STIT — 2o1) ™ — tr(S;'T — 1) 71 (ST — 2I) !
= |a;D; ! (21)TD; ' (22) il *Bi(21) Bi (22)
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+8i(z1)a; Dy (21)S:D; H (22)TD; (1) e
+Bi(22)c; D; H(22)8,D;  (21) TD; * (29) v
Thus we have
M (1) — M (22)
21 — Z9

(Ez — Ez_l)tr(S(T — 218)*1S(T — 228)71)

I
NE

1

2

3

3

(Ei — Ei-1)|a;D; ! (21)TD; * (22) [ Bi(21) Bi(22) (5.18)

.
Il

-

+ (Ez — Ei,l)ﬁi(zl)afol(zl)Sinl(zg)TDfl(zl)ai (519)

i=1

-

i=1

Step 2: Our goal is to show that the absolute second moment E

M (1) =M1 (=) |
Z1—22

is bounded.

Step 2.1: We want to prove that the absolute second moment of (5.19) is ;miformly

bounded, i.e., E ‘ S (B — Eim1)Bi(21)aD; 1 (21)S:D; H(22)TD; H(z1)es| < C.
First (5.19) can be decomposed as

E —Ei_1)Bi(z1)a; D (21)8;D " H(20)TD; ! (21)exs

M: I M:

(B — Ei1)8i(21)(@ D (21)$:D ™ (22)TD;  (z1)a — (D] (21)8,D ™~ (22)TD; ! (21)))

=1
lz E;—1)Bi(21)bi(z1)ei(z1)tr(D; ' (21)8;D ™ (22) TD; ' (21))
=W — Wzy

where €;(2) = o} (z7'T — S;) 'a; — 2Etr(z7'T — S;) 7. Then by Lemma (9.9.6)
of [2], we have

W [?

n 1 2
= ZE|51(21>|2 afD;l(zl)SiD_l(ZQ)TD;l(zl)ai - Etr(Dfl(Z’l)SiD_l(ZQ)TD;I(Zl))
<K.

Moreover we have

E[Ws|* = ZE\(E@' —Ei1)Bi(21)bi(21)ei(z21)a;D; ' (22)8, TR (1) e
=1
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= nE|(E; — Ei_1)Bi(21)bi(21)ei(21)a; Dy 'F; ! (22)S; ' TF; ' (21) i
< 2003 (21)EB2 (21)e2 (21) (@) D 'Fy ! (22)87 ' TF; H (21)en) < K

where
a;D;'F ! (22)S; ' TF; (21)a < Klow|? +n'I([|S]| = n, or A, < my).

So we obtain

n 2

D (Bi — Ei1)Bi(z1)a Dy 'F  (22)S  TF; (1) e

i=1

E <K

where K is a constant. Similarly, it can be proved that the absolute second moment
of (5.20) is uniformly bounded.

Step 2.2: Now we prove that the absolute second moment of (5.18) is uniformly
bounded, that is,

n 2

> (Ei —Ei_1)(e;D; 'S, TF; *(22)ti)* Bi(21) Bi(22)
=1

E < a constant

where the constant depends on C. First (5.18) can be decomposed as

Z(Ei —Ei1)(a;D; 'S ITF;  (20) ) Bi(21) Bi(22)

. - :

=Y (B, —Ei )| |aD;'S;ITF; H(20)a| — | —tr(D; 'S TF; H(22)| ) bi(21)bi(22)
e |-[: 1)

*Z(Ei —Ei-1)(0;D; 'S TF;  (22) ) Bi(21) Bi(22)bi(22)ei (22)

=Y (Ei — Ein) (@D 'S TF;  (22) i) bi(21)bi((22) Bi(21 )i (21)
1=1
— 7 — Zy— 7.

By a method similar to the one employed for W5, we prove that the second moments
of Zy and Z3 are uniformly bounded. For Z;, we have

E|Z.|?
<KYF
=1

- 1
<2K) E ’afDilsilTFil(ZQ)ai - Htr(D;ls;lTF;l(zQ))

i=1

212

2
1
[afD;ls;lTFgl(ZQ)ai] - {ntr(Di_lSi_lTFi_l(zg))]

4

n 2
K 1
+E]ﬂ(aﬁx4$4TF;%@yn-uax4$”TF;%@»)HEJ$JTF;%@M
n n
=1
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< K.

Because the absolute second moments of (5.18)-(5.20) are uniformly bounded, then
we have proved that

E[M,(z1) — M, (2)[”

sup 5 < K.
n;z1,20€CT ‘21 - ZQI
Then the proof of Lemma 5.2 is complete. |

5.3. Uniform convergence of M?2(z) = p(Es,(z) — s%(z)) for
z€Cp

Lemma 5.3. We have

s ) [ tdH ()
sup [M2(2) — (5 — 1) / :

sup 220 ) Wz by 70w

Proof. Before the core of the proof, we first establish the following two facts:

sup |[EB1(2) —b1(2)] = 0 as n — oo; (5.21)

z€Cn

and there exists a positive number K > 0 satisfies

sup [[(T — 2EB1(2)I) 7| < K. (5.22)
n,z€Cp
First, (5.21) can be obtained by a method similar to the one used on page 287 of

[2]. Moreover, (5.22) is equivalent to sup ||[T — 2z(1 + yn2Es,(2))I] 7| < K, a
n,z€Cy,
bound we now prove.

Let = x; or x,. Since z is outside the support of the LSD of S7IT, by (3.13),
for any t in the support of H, we have t— zb(z) # 0 where b(z) = 1+yzs(z). Choose
any to in the support of H. Since s(z) is continuous on C° = {z +iv : v € [0, 1]},
there exist constants d; and g satisfy

inf |to — 2b(2)| > 01, sup |zb(2)| < po-
z€C0 2€C0

Using H, 2 H , for all large n, there exists an eigenvalue A of T such that |A—tg| <
01/(4po) and  sup |Esn(2) — s(2)| < 1/4. Therefore, we have

zeCUCr
A —2(1 + ynzEs,(2))] > 61/2.

z€CUC,

This leads to the announced bound and establishes the two facts in (5.21) and
(5.22).
Now we develop the main parts of the proof in several steps.
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Step 1: Show that
n(E3,(2) - 3,(2))

T

E3,(2)3° (2)nR,

— 2n
1

B y J(t+E5,(2)) "t +5,(2)) " dHa (1)
(=27t +y [t +E5,(2)'dHu(t) = Ra) (=271 +y [(t + 5,(2)) " dHq (1))

where s¥(2) is the Stieltjes transform of FYn-n

D) == = (), B(E) =~ - y)z+ (),

- Z—an(z)7 $.(2) = —(1 —y)z + y3n(2),

Rp— -t y(Eén(z)—&—/W).

Es, (2) z t/z+E3,(2)/z

—n

First we have

11 T\ '
tr(STIT —2I) ' = —27" — — —tr (s - ) T
22p
1 & 1T —8) ey 1 11¢ 1
S"(Z):iz az(f 1 ) O; Tur T uan P 1
pzlzllfai(z*TfS)* a; yz yzn ‘= 1-a;(z"'T-8;) 'y
By Lemma 4.2, we have s(z) = —z~! — £ 5(z) where
- 1
(2) - -

Cl-ym(z) 1oy [ ——dH(t) 27l ty [ g dH ()

2 T—ym(z)
m(z) is the limit of %tr (z7'T - S)_1 by Lemma 4.1, 5(z) is the limit of
%tr (S - %)_1 T and §(z) = —(1 — y)z + y5(z). Then we have
1

Es,(2) =

Thus we obtain

(B3,(2) = 30Dy | grme oy A (1)
(1 + 9 J b dHa(t) — Ra) (=27 40 [ mrshydHa(0)

That is,
n(Es,(2) - 5)(2))
B3, (2)3, (2)n Ry
y J(t+E5,(2)) " (t + 50 (2) " dHn(t)
(=27t y [t + E5,(2) 7 dH () = Rn) (=271 +y [(t+ 55(2) 7 dH, (1))

1—
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Step 2: Show that

_ZE;MRn = —(Eﬁly(Z))QE[aT(z‘lT —S1) ' T(z ' T = EB1(2)I) ey
_lEtr(z—lT — ST (T — BBy (2)T) e,
(EB;TE))Et (z7'T = 81) *T(z ' T —EBi(2)) ' + 0(%)

where o(1) is uniform in z € C,. First notice that

(z7'T—-8)=(z"'T+ ESZ(Z) I - EEZ(Z)I — En:aiaf.

Then we have

(z7'T-8)!

n

= (z7'T —EBi(2)I) 'T+ (z7'T — EB;(2 Zal —EBi(2)T)(z~ T —8)~!
= (z7'T —EBi(2)I) " 'T — EBi(2) (2 'T — Eﬁi(z)l)_l(z_lT -9)!
+Z(z’1T—Eﬂi(z)l)’laiaz‘(z’lT—Si)’lTﬁi(z).

Taking trace and expectation on both sides and dividing by p, we get
1
—Etr(z7'T-8)~'T
p

= %tr(z_lT —EB(2)I)7IT — Eﬁl(z)%Etr(z_lT —Eg(x)D) 7z T -8)7iT

n

+%Etr Z(Z_lT — Ep; (z)I)_laiaf(z_lT — Sl)_lTﬂl(Z)

=1

= %tr(zilT —EBi1(2)I)"'T — EB; (z)%Etr(zflT —E (D) 7T - 8) 7!

+iE51(z)aT(z*1T —S) ' TE'T —Ef(2)) ey

n

= %tr(zflT —EBL()I)7IT + iEﬂl ()i (z'T =S ' T (' T — EBL(2)I) eny

n

—%Etr(zilT —8) ' T("'T —EB1(2)I) 7]

+[—iE61(z)%Etr(z_1T —EB ()T - 8)7!

n

—i—iEﬁl(z)%Etr(z_lT —EB(2)I) (27T — S1) ')

n

= %tr(z_lT —EB()I)7 T + iEﬁl ()i (z'T =S ' T (' T —EB1(2)I) 'eny

n
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Eir(= T - $0) DT - B ()]
(y())znletr(le =87 T BRI T T - 8) T o).
So we obtain

—2E5,(2) , tdHn(t) (s
y R"‘/;—Em(z) Hén(2)

1 1
= ~tr(z7'T - EB1(2)I) " !'T — —Etr(2~'T - 8)~!
p p

= fnyﬂl(z)[a;(zflT —S) ' TE'T —EB(2)D) tay
f%Etr(zflT —8) 7 'T(z7'T — EB1(2)I) 7
(Eﬂly( )) EtI‘( 71T o Sl)sz(zflT . Eﬂl(2)1)71 + O(%)
1

= f—EBf(z)[aI(zflT —S) ' TE'T —EB(2)D) tay

n

%Etr(zflT — STz — BBy (2)T) Ve,

+(Eﬁly(z))21Etr( ST 8 PTG T - BA ) ()
= (Eﬁly(z))ZE[aT(le = S1)7'T('T ~ B4 (2)]) '

BT - 8) T~ B ) s

HEAE L pie - 8T T - BA G + ol)
— _(Eﬁly(z))QE[a;(le S1)'T(z7'T — EBi(2)) '

_%Etr(zflT — STz — BBy (2)T) Ve,

E 2 1
—1—7( 61(22)) Etr(z7'T — 81) ?T(z 7 'T — EB1(2)I) ™ + o(—),
yn n
where 8; = B; + B7e; + BiBje3, €5 = (T — S;) 'a; — 2Etr(T — S;)7" and
Bi(2) = = T O (3)
t(b(2))*dH (t)
yf (t/z=b(2)%

(b(2))2dH(t)
1 _yf (t/2—b(2))2

72E§n(z)

Step 3: Show that pR, =

+o(1).

By (1.15) of [6] and (5.23), when all z;; are complex R,, = 0. For the real case,
Y

Ry,
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:(Eﬂyl(z))Z?;Etr(le — ST (7' T - EB(2)I) ! + o(%) (5.23)
—(E 12 2 1
AL f
— T T —EB()D) N EL () —21T) 1z 'T -8, !
B(:) By (2027 - S TE ) (- 807 - (- sw )
k£l
FERG) B Ganai (S~ Su) B () (5 - 807 - (5w
kA1

+y ' (ER() )
k#1
aj(z7!

Eaj(z7'T — S13) 'TE; ' (2)a

T — S1x) °TE; ' (2) 1

1-— a;(z—lT —Sik) lag

(EB1(2))* 1

_ ~1
(EB1(2))* ]
+ yn? Z Eo (2
k#1

1
aZ(z_lT — Slk)_ZTEfl(z)ak + O(

+0(—75)
T — EB (2)I) ' T(EB (2)I — 27 'T) 2

T — S1,) I TE; ' (2)ag

w7

where
Ei'(2) = (z7'T - EB(2)D) 7},
E;'(2) = (BB (2)I —27'T) 7},
A=Y (" ; L ()T = 2~1T) (et — %1)(2—1T ~Su)7L
ki
because
—1 1 T 1 1 _11 T .
_mﬁEtr(; —EBi(2)I)” ;(Eﬁl(z)I — ') (< = Swy)
(=807 = (£ =Sw) ™) =0()
and
—1 1 T = B I .
SO —gm(a)E 2 (S ~EAE) Y (BA(T- )

k#1
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Furthermore, we have

y pRn = _ZEén(Z)an

BB 8 (B ()1 - 2~ T) T (=T — Efy (2)T)~

nRk,

1= gym n H(EB ()L — 271T) 2
1 f ytdH(t)
_ (-ym(2))* ] (BB (2)—1)2(£-EBfi(2)) +o(1)
o 1— y f dH (t)
(A—ym(2)2 J (EBi(2)—1)2
( 1( )? J (t/ y/t(dH(t)( )3
_ 1—ym(z t/z—1/(1—ym(z)))-
= . I THD +0(1)
(I—ym()? J (t/z—1/(1—ym(2)))?
H(b(2))2dH (1)
v/ t/z=b(2))%
= 1 — f [CENITIo) +o(1), (5.24)
YJ ==
where Ef;(z) — #h(z) by (3.11).
Conclusion. By (5.24), (4.6) and (3.10), we have
P(Esn(2) — 55 (2))
-1 N -1 . -
= 2 P(Esa(2) — 5p(2)) = —a MBS (2) - 35(2))
_ 1 E3,(2)3,(2)
2? 1 y J(t +E5,(2)) " (t + 5,(2)) " 'dHn(t)

(_ _1+yf t‘i‘Eén(Z))_ldHn()_Rn) (_ _1+yf<t+§9z

t(b(z)) dH(t)
== J G wenT 7 +o(l)

22 (b(=))2dH(t
(1*” = b(z))Q)

So we conclude that in the real case

t(b(2))3dH (t)
y/ Et/z b(z))(3

(b(2))2dH ()
(1 —yf t/z b z))2>

kr—1
2

sup | M2(z) -

z€Cyp z

Hence the proof of Lemma 5.3 is complete.

—0 asn— +oo.

(2))~'dHy (1))

(5.25)
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6. Additional proofs
6.1. Proof of Proposition 2.1

In this case, the fourth moments of the entries are different from the Gaussian
matching value x 4+ 1 (3 or 2), the expression (5.6) has an additional term

LS i@w 1) [B (T80 7] [B (T80 7]

27

and the expression (5.23) has an additional term

2 D -
— G2 Zl(E|X1j|4 —1-r) [(zilT —S1) 1L‘j

[(jz__lT —8) T (T - Eﬂl(z)l)‘le

where 21, zz belong to the complex plane C with 27 # 22, S; = S — n~!x;x} and
Bi(2) =1/(1 —=n='x}(T/z —S;)"x;). Then the covariance (5.17) and mean (5.25)

will have additional terms, the limits of almost surely convergence of

2 1 & L _ -1
92105 {n2 ; bi(21)bi(22) Z(E\Xij|4 —1—k) |:Ei71 (21 I S;) ]jj

j=1

[Eior (27T~ si)‘l]jj }

and

3 p
ey {mr 1w [T s

g(z) et
[Ea N W Eﬁl(z)I)_ILj }

Therefore, if % Z (E|Xi;|* —1— k) [(zl_lT — Si)_l] N {(zz_lT - Si)_l] ~ con-
Pz 33 Ji
verges to h(z1, z2) uniformly in ¢, then the covariance (5.17) will have the additional
term
82

972107 [yb(z1)b(22)h(21, 22)]

because Eb;(z) — b(z) by (3.10). Collecting these limits lead to the given limiting
mean and covariance functions.

6.2. Proof of Proposition 2.2

Here we have by assumption that E|X;;|* — 1 — x = 3, + o(1) uniformly in i, j and
T is a diagonal matrix with positive eigenvalues. Then we have

;i(mxljr‘ —1-k) [(z—lT - sl)*l}jj [(z_lT —8) T (T - Eﬁl(z)l)*l}jj
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43
— hu(z) = 5x/[t_tif(g)]3

and
2 1
S (EBIXy 1 k) [(zl_lT ~8) }
j=1
z122dH (1)
— h(zq, =0, .
(21, 22) =5 / [t — 210zl — 22b(22)]
Then the mean (5.25) has the additional term
Bryzb3(2) / tdH (t)
9(2) [t — 2b(2)]?
and the covariance (5.17) has the additional term
82 Zlb(Zl)Zgb(ZQ)
b e [y/ [ zb(e)lt — zab(z)] )

Applying Proposition 2.1 easily lead to the limiting mean and covariance functions
given in this proposition.

(2T -5)7"]

SRR

Jj Jj

7. One lemma
Lemma 7.1. Under the assumptions of Theorem 2.2, it holds that

(1) the function a(z1, z2) defined in (5.15) satisfies a(z1,22) < 1; and
(2) 14yzs(z) # 0 for z # 0 where s(z) denotes the Stieltjes transforms of the LSD
gwen in Theorem 2.1.

Proof. For the first assertion, we have by the formulas given after (5.15),

/;dﬂ(t) _m) E(z*1 +(m(z"1))7).

t+m(z~1) z y

Then we have

m Zil 2 m Z*l 2
~3(: ) [ s dH () = 3m(:)/2) = -3~ s ).
o (7.1)
When $(z) > 0, then we have
m(z~ 1|2
~aa ) [ AEE L an() < -see) 72)

because J(m(z71)) # 0. By (4.1), we have m(z)/z is the limit of
A1 —R(z) Ap — R(2)
=P = 2P

3(:) SG)

e

pr(T — 28)™! = p~ trS™ T diag( )T

+ip~HtrST'TT diag(
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where {\;}¥_, are the eigenvalues of S™'T. By J(z) > 0, we have S(1n(z)/z) >
By (7.1), we know that —3(m(271)) > 0. Then by (7.2), we have

ylm(z"H?

e p O <1 (7.3)

By (5.16), we have

- —1\|2
a(z1, %)) \//|y|m L 34 () _yim(z )P gy < 1.

t+m(zy ") |t +m(zy )[?
That is,

la(z1, 22)] < 1.

As for the second assertion, we have by (7.2), S(m(271)) # 0 by z # 0. Also
by Line 3 in the equation (5.15), we have m(z71) = —2b(2) = —2(1 + yzs(2)). It
follows then 1+ yzs(z) # 0 for z # 0. O
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