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Abstract

This paper concerns the stochastic partial differential equatlon with multiplicative n01se = Lu+uW,
where L is the generator of a symmetric Lévy process X, W is a Gaussian noise and u W is understood both
in the senses of Stratonovich and Skorohod. The Feynman—Kac type of representations for the solutions
and the moments of the solutions are obtained, and the Holder continuity of the solutions is also studied.
As a byproduct, when y (x) is a nonnegative and nonnegative-definite function, a sufficient and necessary
condition for fot fé |r — s|7/30)/(X r — Xs)drds to be exponentially integrable is obtained.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

In [37], Walsh developed the theory of stochastic integrals with respect to martingale measures
and used it to study the stochastic partial differential equations (SPDEs) driven by space—time
Gaussian white noise. Dalang in his seminal paper [13] extended the definition of Walsh’s
stochastic integral and applied it to solve SPDEs with Gaussian noise white in time and
homogeneously colored in space (white-colored noise). Recently, the theories on SPDEs with
white-colored noise have been extensively developed, and one can refer to, for instance, [11,15,
14,30,35] and the references therein. For the SPDEs with white-colored noise, the methods used
in the above-mentioned literature relies on the martingale structure of the noise, and hence cannot
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be applied to the case when the noise is colored in time. On the other hand, SPDEs driven by a
Gaussian noise which is colored in time and (possibly) colored in space have attracted more and
more attention.

In the present article, we consider the following SPDE in R,

a .
a—?:ﬁu—i—uW, tzO,xeRd

u(0,x) =uog(x), xe€ R4,

(1.1

In the above equation, L is the generator of a Lévy process {X;,t > 0}, ug(x) is a continuous
and bounded function, and the noise W is a (generalized) Gaussian random field independent of
X with the covariance function given by

E[W (1, )W (s, )] = |t — s Py x —y), (1.2)

where o € (0,1) and y is a symmetric, nonnegative and nonnegative-definite (generalized)
function. The product uW in (1.1) is understood either in the Stratonovich sense or in the
Skorohod sense. Throughout the paper, we assume that X is a symmetric Lévy process with
characteristic exponent ¥ (§),i.e., Eexp(i§ X;) = exp(—t ¥ (§)). Note that the symmetry implies
that ¥ (&) is a real-valued nonnegative function. Furthermore, we assume that X has transition
functions denoted by g, (x), which also entails that lims|—. o ¥(§) = oo by Riemann-Lebesgue
lemma.

When £ = %A where A is the Laplacian operator, and W is colored in time and white
in space, Hu and Nualart [26] investigated the conditions to obtain a unique mild solution for
(1.1) in the Skorohod sense, and obtained the Feynman—Kac formula for the moments of the
solution. When £ = lA, and W is a fractional white noise with Hurst parameters Hy € (%, 1) in
time and (Hy, ..., Hy) € (%, 1)" in space, i.e., fo = 2 — 2Hp and y(x) = H?:l |x,-|2H"’2,
Hu et al. [28] obtained a Feynman—Kac formula for a weak solution under the condition
2Hy + Z?: 1 H; > d + 1 for the SPDE in the Stratonovich sense. This result was extended
to the case £ = —(—A)‘”/2 in Chen et al. [9]. A recent paper [24] by Hu et al. studied (1.1)
in both senses when £ = %A and W is a general Gaussian noise, obtained the Feynman—Kac
formulas for the solutions and the moments of the solutions, and investigated Holder continuity
of the Feynman—Kac functional and the intermittency of the solutions.

There has been fruitful literature on (1.1) in the sense of Skorohod, especially when W is white
in time. For instance, when £ = %A, (1.1) is the well-known parabolic Anderson model [1]
and has been extensively investigated in, for example, [6,7,33]. Foondun and Khoshnevisan [18,
19] studied the general nonlinear SPDEs. For SPDE (1.1) with space—time colored noise, the
intermittency property of the solution was investigated in [5,10] when £ = %A, and in [4] when
L=—(—A)"2

The main purpose of the current paper is to study (1.1) in both senses of Stratonovich and
Skorohod under the assumptions Hypothesis I in Section 3 and Hypothesis II in Section 5.1
respectively. Under Hypothesis I, we will obtain Feynman—Kac type of representations for a mild
solution to (1.1) in the Stratonovich sense and for the moments of the solution (Theorems 4.6
and 4.7). Under Hypothesis II, we will show that the mild solution to (1.1) in the Skorohod
sense exists uniquely, and obtain the Feynman—Kac formula for the moments of the solution
(Theorems 5.3 and 5.5). Furthermore, under stronger conditions, we can get Holder continuity of
the solutions in both senses (Theorems 4.11 and 5.9). As a byproduct, we show that Hypothesis |
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is a sufficient and necessary condition for the Hamiltonian fot fé Ir —s|~Poy (X, — X,)drds to
be exponentially integrable (Proposition 3.2 and Theorem 3.3).

There are two key ingredients to prove the main result Theorem 4.6 for the Stratonovich case.
One is to obtain the exponential integrability of fot fé Ir —s|7Poy(X, — X;)drds. When X is
a Brownian motion, Le Gall’s moment method [32] was applied in [28] to get the exponential
integrability, and when X is a symmetric «-stable process, the techniques from large deviation
were employed in [9,10]. However, in the current paper, we cannot apply directly either of the two
approaches due to the lacks of the self-similarity of the Lévy process X and the homogeneity of
the spatial kernel function y (x). Instead, to get the desired exponential integrability, we estimate
the moments of f(; f(; |r —s|~Poy (X, — Xy)drds directly using Fourier analysis inspired by [24]
and the techniques for the computation of moments used in [27]. The other key ingredient is
to justify that the Feynman—Kac representation (4.10) is a mild solution to (1.1) in the sense
of Definition 4.5. To this goal, we will apply the Malliavin calculus and follow the “standard”
approach used in [28,9,24].

We get the existence of the solution to (1.1) in the Stratonovich sense by finding its
Feynman—Kac representation directly, while in this article we do not address its uniqueness
which will be our future work. A possible “probabilistic” treatment that was used in [3] is to
express the Duhamel solution as a sum of multiple Stratonovich integrals, and then investigate its
relationship (the Hu—Meyer formula [25]) with the Wiener chaos expansion. Another approach
is to consider (1.1) pathwisely as a “deterministic”’ equation. Hu et al. [24] obtained the existence
and uniqueness of (1.1) in the Stratonovich sense when £ = %A and W is a general Gaussian
noise, by linking it to a general pathwise equation for which the authors obtained the existence
and uniqueness in the framework of weighted Besov spaces. For general SPDEs, one can refer
to [8,17,21,22] for the rough path treatment. Recently, Deya [16] applied Hairer’s regularity
structures theory [23] to investigate a nonlinear heat equation driven by a space—time fractional
white noise.

For (1.1) in the Skorohod sense, we obtain the existence and uniqueness result by studying
the chaos expansion of the solution as has been done in [26,4,24]. We apply the approximation
method initiated in [26] to get the Feynman—Kac type of representation for the moments of the
solution. One possibly can also obtain the representation by directly computing the expectations
of the products of Wiener chaoses as in [12].

The rest of the paper is organized as follows. In Section 2, we recall some preliminaries on
the Gaussian noise and Malliavin calculus. In Section 3, we provide a sufficient and necessary
condition for the Hamiltonian fé f(; |r —s|7Poy (X, — Xy)drds to be exponentially integrable.
In Section 4, the Feynman—Kac formula for a mild solution to (1.1) in the Stratonovich sense is
obtained, the Feynman—Kac formula for the moments of the solution is provided, and the Holder
continuity of the solution is studied. Finally, in Section 5, we obtain the existence and uniqueness
of the mild solution in the Skorohod sense under some condition, find the Feynman—Kac formula
for the moments, and investigate the Holder continuity of the solution.

2. Preliminaries

In this section, we introduce the stochastic integral with respect to the noise W and recall
some material from Malliavin calculus which will be used.

Let Cg°(Ry x R?) be the space of smooth functions on Ry x R¢ with compact supports,
and the Hilbert space H be the completion of Ci°(Ry x RY) endowed with the inner
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product

(0. V)0 = / f 9(s, )Y (1, It — s 7Py (x — y)dsdrdxdy, 2.1
R2+ R2d

where Bg € (0, 1) and y is a symmetric, nonnegative and nonnegative-definite function. Note
that H contains all measurable functions ¢ satisfying

/ / 1P (s, ), VIt — 5|0y (x — y)dsdtdxdy < oco.
R%r R2d

In a complete probability space ({2, F, P), we define an isonormal Gaussian process (see,
e.g., [34, Definition 1.1.1]) W ={W(h),h € H} with the covariance function given by
E[W (@)W )] = (¢, ¥)1. In this paper, we will also use the following stochastic integral to
denote W (p),

W(p) := /OO/ o(s,x)W(ds, dx).
0 R4

Denote S(R?) the Schwartz space of rapidly decreasing functions and let S’(R?) denote its
dual space of tempered distributions. Let ¢ or F¢ be the Fourier transform of ¢ € &’ (R4), which
can be defined as the following integral if ¢ € L' (R?),

) = Fo(e) = / T ().
Rd

By the Bochner—Schwartz theorem (see, e.g., Theorem 3 in Section 3.3, Chapter II in [20]), the
spectral measure p of the process W defined by

1
/ y(Dp@)dx = ——— / PE1E), VYo e SR 2.2)
RY Q2r)¢ Jga

exists and is positive and tempered (meaning that there exists p > 1 such that fRd(l +
IE]12) P u(d€) < 00). The inner product in (2.1) now can be represented by:

1 Iy = -
(. )0 = W/Ri /Rdw(s,é)lﬁ(lsé)lt—sl Pou(dg)dsat,

Vo, ¥ € CRy x RY), (2.3)

where the Fourier transform is with respect to the space variable only, and 7 is the complex
conjugate of z.

Throughout the paper, we assume that the symmetric covariance function y (x) possesses the
following properties.

(1) y(x) is nonnegative and locally integrable.

(2) Its Fourier transform 7 (£) € S’(R?) is a measurable function which is nonnegative almost
everywhere.

(3) y(x) is a continuous functions mapping from R? to [0, co], where [0, co] is the usual one-
point compactification of [0, co).

4) y(x) < ocifandonlyif x #0 ORY € L%°(R%) and y(x) < oo when x # 0.
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Note that the function 7 is a tempered distribution, and hence it is also locally integrable.
Consequently, the spectral measure u(d§) = y(§)dé is absolutely continuous with respect to
the Lebesgue measure. The function y(x) with the above four properties covers a number of
kernels such as the Riesz kernel |x|_ﬂ with 8 € (0, d), the Cauchy kernel ]_[7: 1()cj2. +0o)7 1,

the Poisson kernel (|x|2 + ¢)~@*1D/2 the Ornstein—Uhlenbeck kernel e <*!* with « € (0, 2],
and the kernel of fractional white noise ]_[?=1 |xj|’5/ with 8; € (0,1), j =1,...,d, where the
generic constant c is a positive number.

For Borel probability measures vi(dx) and vo(dx), the mutual energy between vy and v, in
gauge y is defined as follows [31]

&y (v1, 1) 22/ / y(x — y)vi(dx)va(dy).
Re JRE

When v; = v, = v, we denote £, (v) := &, (v, v) and it is called the y-energy of the measure v.
When both &, (v1) and &, (v2) are finite, by [31, Lemma 5.6, or Equation (5.37)], the following
identity holds,

1 ~ S
/Rd /R (= ymidovdy) = 75 /R PEFnEFu@)ds, 24)

where, for a Borel probability measure A(dx), FA(§) = fRd e ) (dx) is its Fourier
transform.

A function is called a kernel of positive type [31, Definition 5.1] if it satisfies properties (1)
and (2). For kernels of positive type, we have Parseval’s Formula and the maximum principle as
stated in the following lemma.

Lemma 2.1. Let g and [ be kernels of positive type. Assume that g € L'(RY). Then if
Jra 8X) f(x)dx < 00 or [pa 8(§) f(§)dE < 00, we have

/R 800 flxdx = /R O T 2.5)

Furthermore, the following maximum principle holds,

fd oG+ a) f0dx < / ¢ () F(x)dx,
N —~ . . (2.6)
/ BE +mFE)dE < / &) F(&)de,
Rd ]Rd

foralla,n e RY.

Proof. Without loss of generality, we assume fRd g )f(é )d§ < oo. Let p(x) € C° (RY)
be a symmetric probability density function such that p(£) > O for all & € R?. Denote
De(x) = Eid p(3). Note that g € L'(RY) implies that g is continuous everywhere. Consequently,

pe % g converges to g in L' and almost everywhere, and p, * g converges to g everywhere. For
any fixed a € R,

/ g0 +a) f(¥)dx = / lim (pe % §)(x + a) f (X)dx
R4 R4 e—0

< limO/ (pe x g)(x +a) f(x)dx (Fatou’s lemma)
E—> R4
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= lim / Pe(E)2(£)e's F(£)dE  (Parseval’s Formula)
e—0 Jrd

< lin}J / ) De(&)g (& )f(é)d &= / ) g(g)f(g)d & (dominated convergence theorem).
e—0 JRr R

2.7
In particular, we have
[ swrwax = [ 2@ <. 38)
R4 R4
Therefore, in the same way of obtaining (2.7), we can show that, for any fixed € R?,
[ BE+mfE)ds < f g(x) f (x)dx, 2.9)
R4 R4
and especially we have,
| z©Fene < [ 0 sea @2.10)
R4 R4

Hence under the assumption f]Rd G )f(s)dg < 00, the Parseval’s identity (2.5) follows from
(2.8) and (2.10), and the maximum principle (2.6) follows from (2.7), (2.9) and (2.5). N

This allows us to have the following result for the computation of E[y (X;)]. Recall that g; (x) is
the transition density function of the Lévy process X and ¢; (§) = Eexp(i£ X;) = exp(—t ¥ (§)).

Lemma 2.2. If [pa e 7®)1(d€) < 00 or E[y(X,)] < 00, we have

/R YO ),

1
Ely (X)) = /Rd Y (X)g; (x)dx = 2y

and
Ely (X, + a)] < E[y(X,)], VaeR‘.

Another consequence of Lemma 2.1 is the following property of the spectral measure ji.

Lemma 2.3. For any bounded set A € B(R?),

sup u([§ +z € A]) < oc.
zeR4

Proof. Since A is bounded, there exists a positive constant C such that I4(§) < C exp(—lélz)
for all £ € R?. Therefore

Wl +2 € A]) = /R IAGE + pudg) < C /ﬂ; exp(—I& + 2PInds)
<c / exp(— [P (de),
Rd

where the last step follows form Lemma 2.1, noting that exp(—|§ |2) € Ll(Rd) is a kernel of
positive type. Then the result follows from the fact that fRd exp(—|& Hu(dé) <oo. W
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Now we briefly recall some useful information in Malliavin calculus. The reader is referred
to [34] for more details. Let D be the Malliavin derivative, which is an operator mapping from
the Sobolev space D2 C L?(£2) endowed with the norm ||F|;» = \/IE[FZ] +E[|DF|3,]
to L?(£2; H). The divergence operator & is defined as the dual operator of D by the duality
E[F8(u)] = E[(DF, u)y] for all F € DY and u € L?(£2; H) in the domain of 8. Note that
when u € H,5(u) = W(u), and that the operator § is also called the Skorohod integral since

it coincides with the Skorohod integral in the case of Brownian motion. When F € D!? and
h € 'H, we have

8(Fh) = F ¢ é§(h), (2.11)

where ¢ means the Wick product. For u in the domain of §, we also denote §(u) by
fooo Jra u(s, Y)W®(ds, dy) in this article. The following two formulas will be used in the proofs.

FW(h) = 8(Fh) + (DF, h)y, (2.12)
forall F e D'2and h € H.

E[FW )W) =E[(DF, h ® g)ps2 ] +ELF1(h, g, @.13)

forall F e D*2 h e H, g € H.

The Wiener chaos expansion has been used in, e.g., [26,5], to deal with (1.1) in the Skorohod
sense. Here we recall some basic facts. Let F be a square integrable random variable measurable
with respect to the o-algebra generated by W. Then F has the chaos expansion

F=EFI+) Fn

n=1

where F, belongs to the nth Wiener chaos space H,,. Moreover, F, = I,,(f,,) for some f, € H®",
and the expansion is unique if we require that all f,,’s are symmetric in its n variables. Here
I, : H®" — H, is the multiple Wiener integral. We have the following isometry

E[ L (fi)l*] = n!l full3gen. (2.14)

where fn is the symmetrization of f;,.
3. On the exponential integrability

In this section, we will show that Hypothesis I is a sufficient and necessary condition such
that forall A, ¢t > 0

t t
E [exp (Af / Ir —s|7Py (X, — Xs)drds)i| < 00.
0 JO

Hypothesis I. The spectral measure p satisfies

1
/Rd [ (w@) A e =
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Remark 3.1. When £ = —(—A)*/2 for & € (0,2] and y(x) is |x|~# with B8 € (0,d) or
H?‘:l |xj|_ﬁ/' with 8; € (0,1),j = 1,...,d, Hypothesis I is equivalent to 8 < a(1 — o),
denoting 8 = B1+ -+ + B4

The following proposition shows that Hypothesis I is a necessary condition.

Proposition 3.2. Hypothesis 1 is a sufficient and necessary condition such that

t pt
E/ / |r —s|7ﬂ°y(Xr — X5)drds < oo, forallt > 0. 3.1
0 JO

Proof. Since ¥(£) goes to infinity as |£| goes to infinity, Hypothesis I implies fRd

e "V (dg) < oo for all t > 0. Hence by Lemma 2.2, either Hypothesis I or inequality
(3.1) holds,

t t
/ / Ir —s|PE[y (X, — X;)]drds
0 Jo

1 rort _ e
:—(27T)d[0 /0 lr —s| o A‘%de Ir AIW(S)u(dé;)a?rds,

and the result follows from Fubini’s theorem and Lemma 3.7. W

The sufficiency is provided by the following theorem which is the main result in this section.

Theorem 3.3. Let the measure p satisfy Hypothesis 1, then for all t, A > 0,

t t
E [exp (k/ / |r — s|_ﬂ0y(X, — Xs)dsdr>:| < 0.
0 JO

Remark 3.4. The above theorem, together with Proposition 3.2, actually declares the
equivalence between the integrability and the exponential integrability of fé f(; lr—s|=Poy(X, —
Xs)dsdr. This result is surprising since, for a general nonnegative random variable, its
integrability does not imply its exponential integrability. The equivalence in our situation is
mainly a consequence of the Markovian property of the Lévy process X. A result in the same
flavor for fot f(Bg)ds where B is a standard Brownian motion and f is a positive measurable
function has been discovered by Khasminskii [29] (see, e.g., [36, Lemma 2.1]).

Proof. Note that [y [ Ir — s|™Py(X, — Xy)dsdr = 2 [ [q Ir — s|7Py(X, — X,)dsdr, and
equivalently we will study the exponential integrability of f(; for lr — s/ Poy(X, — X,)dsdr.
Inspired by the method in the proof of [27, Theorem 1], we estimate the nth moments as follows.

t r n
E (/ / Ir—s| Py (X, — Xs)dsdr)
0 JO

n
=/ ]E(l_[ rj =il Poy (X, —xsj)) dsdr
[O<s<r<t]" j=1
n

:n!/ ]E(l_[ Irj — sl Py (X, —XS,.)> dsdr
[0<s<r<t]"N[0<r)<ry--<ry<t] j=1 ’
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n
§n!/ [T = nil B[y (X, - X,,)] dsdr.
[O<s<r<t]"N[0<ry<ry---<r,<t] j=1
The last inequality, where 7n; is the point in the set {r;j_1,s;, Sj+1,...,S,} which is closest

E [y(X,j - X, j)] by the independent increment property of X and Lemma 2.2. Note that dsdr
actually means ds . ..ds,dr; ...dr, in the above last three integrals. Throughout the article, we
will take this kind of abuse of the notation for simpler exposition.

Fix the points r; < --- < r,, we can decompose the set [0 < s < r < ]"N[0 < r; <
ry--- < rp < t]into (2n — 1)!! disjoint subsets depending on which interval the s;’s are placed
in. More precisely, s; must be in (0, 71), while s, could be in (0, s1), (s1, r1) or (r1, 2). Similarly,
there are (2j — 1) choices to place s;. Over each subset, we denote the integral by

to r; from the left, holds since E[y(X,j —ij)] = E[y(X,j - Xy, + Xy, —ij)] <

n
I, = A l_[ |Za(j) - Za(j)—l|7ﬂo]E [V(XZ,,(J-) - ng(j)_1)] dz,

O<zy<--<zp,<t] j=1

where o(1) < -+ < o(y) are n distinct elements in the set {2, 3, ..., 2n}. Hence

t t n
E [(f / Ir—s| Py (X, — Xs)dsdr) ]
0 JO

<n!x [sum of the (2n — 1)!! terms of I(;s:|. (3.2)

Next, for fixed n, we will provide a uniform upper bound for all I/ s. Noting that X
d

o(j)

Xzpijyo1 = Xzp(j—20(j1 and letting y; = z; — z—1, we have
n
L= TT 1o By (X, )1dy
[O<yr+y2t-ty2n <t, 0<yi,...ym<t] j=
" =
<= [Tl PELy (Xy)1dy
o J0<yi+yr+-+yn<t, 0<yi,...,yn<t] j=1
" -
=— [11z5 = zj-1l PEly (X, )ldz
n: J0<zy<-<zp<t] j=1
v - g2z V)
= [Tz — 21l Poe= @m0V ED yag)dz. (3.3)
n: J0<zy <<z, <t] JR j=1
Note that
n
/ [T =zl e @m0 e ez
[0<zy <<z, <t] JR1d j=1
n
Z/ / [Ts; e nag)as, (34)
n JRrnd 7 J
t j=1
where
n
Qt”={(sl,...,sn)e[O,OO)"IZSjSl . 3.5)
j=1
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For fixed large N, denote

1
EN = /[E N (U(&))1—Fo n(d&), and my = u([|§] < N). (3.6)

Thus, by (3.2), (3.3), (3.4) and Proposition 3.5, we have

t n
E[(k/ /l|r—s|’3°y(X,—Xs)dsdr> }
0 JO

n.n - n (F(l _ﬂ())tl_ﬂo)k k n—k
< @n— DI D (k) TR "N [Agen]" % . (3.7)

Now, for fixed ¢ and A, we can choose N sufficiently large such that 4ApgAtey < 1. Consequently,

t t
E[exp(k/ / |r—s|’30y(Xr—XS)dsdr>:|

S n.n (2}’1 - 1)” n (F(l - IBO)tl_ﬁo)k k n—k
= D M ,; (k) Tk — o+ 1 " Aoend

(K —por'=#)" RS 1)'
T — oy + 1) " HAoen] Zl ()[AOSN]

(r'a = poy'~ ’3")
I'(k(1 = Bo) + 1)

1 i (I(1 = Boyr!=Fo)*

T 1—drAgtey &~ T(k(1—Bo) + 1)

S

n=

miy [Agen] ™ Z [42Aotey]"
n=k

I A

@rtmy)* < oo,
k=0

where in the second inequality we used the estimate (2n— 1)”( ) < 2" .2" = 4" The proof is

concluded. W

k

The following proposition, which plays a key role in this article, is a generalized version of
Lemma 3.3 in [24].

Proposition 3.5. For By € [0, 1), assume
1

———u(d§) < oo.

/I;d 1+(&I/(§))1*ﬂou( o

Then there exists a positive constant Aoy depending on By only such that for all N > 0,

T - r(1 - poyri=po)* B
"/W(‘ff k n—k
/[nfRnd]l:[]rj pdé)dr < Z( ) o LAy,

where ey and my are given by (3.6), and (2" is given by (3.5).

Proof. The proof essentially follows the approach used in the proof of [24, Lemma 3.3].
First note that the assumption implies that limy_, o, ey = 0, and since w(d§) is a tempered
measure, then my < oo forall N > 0. For asubset S of {1, 2, ..., n}, we denote its complement
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by ¢, i.e., §¢ = {1, 2,...,n}\S.

[ [ TTre ¥ @aruae)
Rnd

tjl

n
=me1/” ]_[r]ﬁof”w@-") [ugs 1= + g 1> w1 ] drin(dg)

_ / / —n JI(EI)I“é <] 1_[ r]fﬁoe—rj W(Sf)l[|gj|>N]d"ﬂ(dE)
/' les

SC{I 2,...,n} jese

2 / / [Tr P teen TT e 7 gy o mydriecas).
]Ra’ n
n} 1 leS

jese

IA

Note that 2 C Q,S X Q,SC, where Q[I ={(ri,i el :rp =0, Zjel ri < t}forany I C
{1,2,...,n}. Therefore,

n
/R N : H ry e Y drpag)

/Rd/m e Hrz_ﬂOI[I&ISN] I1 V,-_ﬂ‘)e*” YED gy - ndr 1 (dE).
Sc{l 2,. . X

leS jese

By Lemma 3.10, we have

/ l_lr*ﬁodr _ ([‘(1 _ ﬁo)[l*ﬂo)‘ﬂ
oshs ! I'(s|d =g+

leS

On the other hand, there exists Ag > 0 depending on Sy only such that

/ o, —ri V€D gy < / [ r#e " "ar
QSC [0,t]|SC J

jeS” ‘jeS“
< / P V& gy < T Ao(wE) 1+,
jese jese
where the last equality holds since [jr=Pe=a"dr = a~'*h ['s~Poe=5ds < a~'th

N o° s—Poe—Sds. Therefore,

n
L | TTrter@arna
L]
IS]

(r(1 = Bo)r'~Fo) Cies
E I < Ao(P(&; 0Ie 1> d
: /R L(SI(T— o) + 1) ,1_! en=m [ T AoC# @)™ fg; - @)

Scil.2,...,n) jese

> (ra- ﬁo)t“ﬁ“)mAlsvlmlslg\sw

0 MyéEn
sciizn DUSIA = Bo) + 1)

F(l—ﬂo)fl ﬂ“) Nk k n—
_Z< ) k(I =+ 0 ey

and the proof is concluded. M
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Remark 3.6. If we assume the following stronger condition,

1
/Rd T (D@ foe @8 =

for some ¢g € (0, 1 — Bp), we may prove that forall A, > 0

t pt
El:kexp <}/ / |r—s|7ﬁ0y(X,—XS)dsdr
o Jo

without involving Proposition 3.5. An outline of the proof is as follows.
Now we estimate the integral over R™ in the last term of (3.3) first. By (3.3) and Lemma 3.9,
there exists C > 0 depending only on 1 — By — &9 and p(d§), such that

P
1
):| <00, whenp < , 3.8)
1—¢p

n n n

t
I, <C" lzj =zl P+ @ = 7o) Pt eldz

I J10<zy<zp<an<t] 54 =1

Denote T = (11, ..., 1,) and || = Z;Zl 7j. Then
n n
[T+ G =z ror= %" [ —z-pu it
Jj=1 te{0,1}* j=1
n
= D =) ) )
te{0,1}? m=0 |t|=m

When |t| =m and ¢t > 1, by Lemma 3.10, we have
n Cnymeot(n—m)(1—po)
. . 1~ Po
| | i —2Zj— Jrdz <
/[ e e = e =m0 — o) + D

O<zy<zp<zp<t] j=1

c""(1=Po)
=< S
~ I'(nep+ 1)

noting that g < 1 — Bo.
Note that there are (:1) J;’s for || = m, and hence

nC2=Bo) ./ 1 1(2=Bo) 1
I, <C" <Cc" N2 —m——, 3.9
7= n! Z (m> I'(neo+1) — n! (n+ 1) (neg/3)me0 G2

m=0
where in the last step we use the properties (;’1) <2"and I'(x + 1) > (x/3)*.

Combining (3.2) and (3.9), we have, for all A > O and ¢ > 0,

t pt n B
E [(/ / Ir—s|"Poy (X, — Xs)dsdr> } < (CtZ*ﬁO) (n!)! =,
0 JO

where C > 0 depends on By, €o and u(d§), and then (3.8) follows.

In the rest of this section are some useful lemmas.

Lemma 3.7. There exist positive constants Cy and Co depending on By only such that

1

t t
1
[ —Bo ,—s —Bo ,—sx 1—Bo
1+x1—ﬁ0/0 s Foe dsi/o s e ds§—1+x1_50(C1+C2t ), Vx>0.
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Similarly, there exist positive constants D1 and D> depending on By only such that

2 1 s 1 t
—1/ / rPoe " drds < / / Ir —s| e = aras
L+ xl=Fo Jo Jo 0 Jo

= 2—-Bo
< 1+x1—ﬁo(Dlt+D2t ), Vx>0.

Proof. A change of variable implies that

t tx
/ sPe™x g = xPo~l / r=Poe=" dr.
0 0

The first inequality is a consequence of the following observation. When x > 1,

t tx o0
xPo~l / rPoe " dr < xPo~! / rPoe"dr < xPo~! / rPoe="dr,
0 0 0

and when 0 < x < 1,

t t t
f s Poe=5 s 5/ s Poe=sx gy 5[ s Pogs.
0 0 0

The second estimate follows from the first one and the following equality

t 13
/ / Ir — s| e Ir=sldsdr
0 JO
t r t r
= 2/ / (r — ) Poe™* = gsdr :2/ / sPe™dsdr. M
0 JO 0 JO

Remark 3.8. Using similar approach in the above proof, we can show that the two inequalities
hold for

' topt
sup/ sPoemls+alx g and sup/ / Ir —s|Poelr=s+alxgrqs
acRJO acRJO JO

as well. It suffices to show that the upper bounds hold. We prove the first one as an illustration.
When0 < x < 1,

' '
/ s Pog—lstalxgg / s Pogs:
0 0

when x > 1,
t 0

/ s—Bog—lstalx g < xﬂo—l/ s—Pog—ls+arl gy < c o1

0 0
where

o0 1 o0
C = sup/ sPoemlstaxlgg < / s Pods —|—supf e Itaxlgg
acR JO 0 aeRJ1

1 00
< / s~Pods —i—/ e lds < oo,
0 —00

and the upper bound is obtained.
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Lemma 3.9. Suppose

1
Jos T <o

for some o > 0, then there exists a constant C > 0 depending on u(d§) and o only, such that

/Rd e VO @E)y < C1+x7Y, Vx>0.

Proof. Since limg|— oo ¥(§) = 0o, we can choose M > 0 such that ¥(§) > 1 when [§| > M.
Clearly

/ eV ) = / e VO dg) + / eV ®) (dg).
R4 [IEI=M]] [1€]>M]

The first integral on the right-hand side is bounded by w([|§] < M]) which is finite. For the
second integral, note that y*e™” is uniformly bounded for all y > 0, and hence there exists a
constant C depending on « only such that

[ e
[1§1>M]

IA

c / X (E)) " (dE)
[IE|>M]

o ). .
- Nel=mp 1+ (W(S))"‘M '

A

Lemma 3.10. Suppose a; € (—1,1),i =1,...,nandleta =a; + -+ ay. Then

n
[T I'(c; + Dot

i=1

n
(ri —ric)% dry...dr, = ,
/[\0<r1<~~<r,,<r] ll:! ' l " I'a+n+1)

where I'(x) = fOOO t*~Ye~!dt is the Gamma function.

Proof. The result follows from a direct computation of the iterated integral with respect to
TnyTn—1, ..., 11 orderly. The properties I'(x + 1) = xI'(x) and B(x,y) = FF(X—I;;})) are used

in the computation, where B(x, y) := fol t*~1(1—1)Y~1dt for x, y > 01is the beta function. M
4. Stratonovich equation

In this section, we will use the approximation method [28,9,24] to study (1.1) in the
Stratonovich sense.

4.1. Definition of [y [ga 80(X; YW (dr, dy)
Denote g;5(t) == %I[o,(g](t) fort > 0and p,(x) = ﬁp(;—‘) for x € RY, where p(x) € C(‘)X’(Rd)
is a symmetric probability density function and its Fourier transform p(&) > 0 for all &€ € R?.

We also have that for all £ € RY, lim,_, o4 ps(£) = 1.
Let

t
O r,y) = /O gs(t —s —r)pe(Xg — y)ds - Ijo,n(r). 4.1
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Formal computations suggest that

t t
lim / / G2 (r, Y)W (dr, dy) = / / So(XF_, — y)W(dr, dy),
0 JR4 0 JRd

£,610

where §p(x) is the Dirac delta function. This formal derivation is validated by the following
theorem.

Theorem 4.1. Let the measure | satisfy Hypothesis 1, then W(@S’B) is well-defined a.s. and

t,x
forms a Cauchy sequence in L?> when (g, 8) — 0 with the limit denoted by

t
W(So(X;—. — ) 0,1 () = /0 /Rl So(X;_, — y)W(dr,dy).

Furthermore, W (8o(X;_. — -)110.11(-)) is Gaussian distributed conditional on X with variance
t pt
Var [W (So(X;_. — ) 0,0(-)|X] :/ / Ir —s| 7Py (X, — Xy)dsdr. 4.2)
0 Jo

Proof. Let ¢;, §;,i = 1, 2 be positive numbers, then by (2.1)

0 ,6
(D71, %)y = /[0 . /de Pe (X5, = YD pey (X5, — y2)y (1 — ¥2)
N

X g5, (t — 51— 1r1)gs,(t — 52 — r2)|r1 — r2| "Pdy dysrdridradsidss.

4.3)
Hence
.8 ,8
(D57 #5370 2 0.
By [28, Lemma A.3], there exists a positive constant C depending on Sy only, such that
/ L 80 (=81 = 1188, (1 — 52 = r2)lr1 — ra|~Pdridry < Cls) — 5|, (4.4)
[0,7]

Therefore,

3 & —
(O e =C /0 X /R L P (X5 = ¥y (X5, = y2)lst — sal TP dyidyadsidsy
[0.7]

C
@n)?

C —~ - ) _
= o /[o . fRd Py (€) Py (§) exp(—i& - (X, — X)) Is1 — 52| Pou(d&)ds)dsy
N3

/[0 ] /]Rd f(pel(Xfl - ')) éF (Psz(X§‘2 - ~)) @)ls1 — 5217 PO p(dg)dsidsy
]2

< C(e1, ) Is1 — 521 ~Podsids, < oo. 4.5)
[0.112

The second equality above holds because F (¢ (- — a)) (§) = exp(—ia - & )$(§ ). Note also that
C(e1,82) = Jpa Pey(E)Pery E)L(dE) < [a PeyO)Ipelliin(dE) = [pa pe,(X)y (x)dx < oo.
Hence, for ¢, § > 0, @if € H a.s. and W(@s’a) is well-defined a.s.

t,X

Now we show that W(@f”fcS ) forms a Cauchy sequence in L? when (g, 8) — 0, for which it

suffices to show that E[(@ilx’al, @iz);az)H] converges as (g1, 81) and (&3, 83) tend to zero. By the
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formula (2.3) for the inner product using Fourier transforms,

1 . .
Gy /[0’”4 fR F (per (X5 =) GF (pey(X5, =) )

X g5, (1 — 51— r1)gs,(t — 52 — r2)|r1 — r2| PO (d€)dridradsids;

l D. =y .
- W /[O e /Rtf Pei (6)De, (§) eXp(—l%‘ (X, — st))

X g5, (1 — 51— 11)8s5,(t — 52 — r2)|r1 — r2| PO p(d€)dridradsidsy.

(G101, @22y, =

t,X

By Fubini’s theorem and thanks to (4.4) and Proposition 3.2, we can apply the dominated
convergence theorem and get that

E[(¢81,5| i ¢82,52>H]

t,x t,x

1 _
— W/o , /RdEeXP (—i& - (X, — X)) Is1 — 52| 7P pu(d&)dsydsy
[0.7]
— / i Is1 — 52| PEy (X, — Xy, )ds1dsy (4.6)
[0,7]

as (e1, §1) and (&7, 82) go to zero.
Finally, conditional on X, W(@; ’f) is Gaussian and hence the limit (in probability)
W (80(X;_. — -)) is also Gaussian. To show the formula (4.2) for conditional variance, it suffices

to show that

(B2, &) — Jlsi— 521 Py (Xy, — Xy, )ds1dsy 4.7
[0,¢]

in L1(2) as (e, 8§) — 0. Noting that, by Lemma 4.2, the inside integral in (4.3)

/ / pe (X5, — Y1) pe(Xg, — y2)y (1 — y2)
[0,1‘]2 R2d
x gs(t — 51— r1)gs(t — 52 — r2)|r1 — r2| Pdyidysrdridra

converges to |s] — sz|_ﬁ0y(XS] — X,,) a.s. as (g, §) goes to zero, because of (4.6) we can apply
Scheffé’s lemma to get that the convergence is also in LI(Q x [0, t]z, P x m) where m is
the Lebesgue measure on [0, 7]%. Consequently it follows that the convergence (4.7) holds in
L'(2). =n

Lemma 4.2. Whena — b # 0,

lim ; pela — y)pe(b — y2)y (y1 — y2)dy1dy, = y(a — b).

e—0 JR2

Proof. The change of variables x; = y; — y2, x2 = y; implies that fRM pe(a — y1)pe(b —
vy (1 — y2)dyidys = [paa pe(@ — x1 — x2) pe(b — x2)y (x1)dx1dxs = [pa(pe * pe)(a —
b —x))y(x)dx; = [pa %(p * p)(”*i’*x)y(x)dx. Since the convolution p * p is also a smooth
probability density function with compact support, it suffices to prove the following result. W
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Lemma 4.3. Let f.(x) = ﬁf(’s—‘), where [ € Cgo(Rd) is a symmetric probability density
function. Then we have

lim . fela —x)y(x)dx = y(a), VYa#0O.
R

e—0

Proof. Suppose that the support of the function f is inside [—M, M]. Let the positive number
¢ be sufficiently small such that y(x) is continuous on [a — M¢, a + Me]. By the mean value
theorem, we have

/ fola — x)y (D)dx = / fola — )y (¥)dx
R4 [a—Me,a+Me]

=y (ae) fela —x)dx = y(a,),
[a—Me,a+Me]

where a, € [a — Me, a + Me]. The result follows if we let ¢ go to zero. W
4.2. Feynman—Kac formula

For positive numbers ¢ and §, define

t
W, x) = fo /R 85t = $)pe(x = Y)W (ds. dy) = WD), (4.8)
where
G725, y) = g5t — )pe(x — ¥) - [0, (5).

Then WG"S(I, x) exists in the classical sense and it is an approximation of W(t, x). Taking
advantage of we ’S(t, x), we can define the integral fOT fRd v(t, x)W(dt, dx) in the Stratonovich
sense as follows.

Definition 4.4. Suppose that v = {v(t,x),t > 0,x € Rd} is a random field satisfying

T
/ / |lv(t, x)|dxdt < o0, a.s.,
0 R4

and that the limit in probability lim, 5o fOT fRd v(t, x)WG"S (¢, x)dxdt exists. The we denote the
limit by

T T
f f v(t, x)W(dt, dx) = lim/ / v(t, X)W (¢, x)dxdt
0 JRd €840 Jo Jre

and call it Stratonovich integral.

Let F; be the o-algebra generated by {W (s, x),0 <s <t,x € Rd}, and we say that a random
field {F(t,x),t > 0,x € R?} is adapted if {F (¢, x),¢ > 0} is adapted to the filtration {F;};>0
for all x € RY. Denote the convolution between the function ¢; and f by Q; f, i.e.,

0, f(x) == / 4 = Yy
Rd

A mild solution to (1.1) in the Stratonovich sense is defined as follows.
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Definition 4.5. An adapted random field u = {u(¢, x),t > 0,x € R4} is a mild solution to (1.1)

with initial condition ug € Cp(R?), if for all # > 0 and x € R? the following integral equation
holds

t
u(t, x) = Qruo(x) +/0 /Rd qr—s(x — y)u(s, y)W(ds, dy), 4.9)

where the stochastic integral is in the Stratonovich sense of Definition 4.4.

The following theorem is the main result in this section.

Theorem 4.6. Let the measure ju satisfy Hypothesis 1. Then

t
u(t, x) = EX |:u0(Xf) exp (/ / So(X;_, — y)W(dr, dy)>i| (4.10)
0 JRA
is well-defined and it is a mild solution to (1.1) in the Stratonovich sense.

Proof. Consider the following approximation of (1.1)

&,8 _ &,8 &, 176,08
{I/l (ta-x)_l:u (tvx)_'_u (t7‘x)W (ta-x)v (411)

u®%(0, x) = up(x).

By the classical Feynman—Kac formula,

t
Wt x) = BX [uo(xg‘) exp ( / W, Xf_,)drﬂ — X [uo(xf) exp (W(@f;jf))]
0

where @i ’f is defined in (4.1) and the last equality follows from the stochastic Fubini’s theorem,

is a mild solution to (4.11), i.e.,

t
ute(t, x) = Quup(x) + /0 /R s = Vutl (s, )W (s, y)dsdy. (4.12)

To prove the result, it suffices to show that as (g, §) tends to zero, both sides of (4.12) converge
respectively in probability to those of (4.9) with u(¢, x) given in (4.10). We split the proof in two
steps for easier interpretation.

Step 1. First, we show that us"s(t,x) — u(t,x) in L? for all p > 1. By Theorem 4.1, as
(e,8) — 0, W(@i )‘f ) converges to W (8o(X;_. —-)Ijo,;1(-)) in probability, and hence it suffices to
show that

sup sup  E[u®?(t, x)|P] < oo.
£,6>01¢[0,T],xeRY

Note that W(él"f ’f) is Gaussian conditional on X, and hence

E[exp (pW(ofD)| = [exp (”;u o ||%)] :

By (2.3) and (4.4), in a similar way of proving (4.5), we can show that there exists a positive
constant C depending on By only such that

195213 < C /[O . /R L (Pe®) exp(—ik - (Xr = X)r = 5| P (dg)drds.
,
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Therefore,
n
E[ll 7131 < C" fo 2 /R T (Been) Eexp (—lZE, (X, — xs,>)
[ ,t] n n ,:

X l_[ lrj —s;I” Po n,u(déj)drjdsj

/0 1]2)1 /Rnd EeXp (_l ZE] (er - S])>

n n
x [T1ri =sit™% ]| ndéjdrids,

Jj=1 j=1

t t n
=E[(C/ f Ir —s| 7Py (X, —Xs)drds) ]
0 JO

The second inequality above holds because supg cga De(&) < 1 and Eexp(—i Z?:l & (X, —
X;)) is a positive real number. Thus there is constant C > 0 depending only on S such that

2
p K
sup sup E |:exp (7|| o ||%_l>:|
£,6>01€[0,T],xcRd

[exp< /f Ir —s| 7Py (X, —X)drds)]

where the term on the right-hand side is finite by Theorem 3.3.
Step 2. Now by Definition 4.4, it suffices to show that

t
= / f Gr—s(x — Y)W (s, y) — uls, Y)W (s, y)dsdy
0 JRd

converges in L2 to zero. Denoting v?j‘; = u®%(s, y) — u(s, y) and noting that Wed(s, y) =
W(¢§j§) we have

E[(I%)?] = / / Qr—s; (X = Y1) qr—s5, (X — ¥2)
0 t 2 2d

X B[00, 060 W5, W @0,) | andyadsids.

Use the following notations V50 (X) =[5 Wo0(r, Xi_)dr = W(2(X)), Vix(X) =
fé Jra S0(XF_, — W (dr,dy) = W(8o(X;_. — )]j0,11(-)), and

2

A (s yisa, o) = [ o, + v [exp (Vid, (X7)) = exp (Vi X))
j=1

where X! and X? are two independent copies of X. Then
s 8
B [v5, v, W@, )WL,

— gx'.x? [EW [Ag 2(s1, y1, 52, YW (@52, YW (85 M)]] '
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By the integration by parts formula (2.13),
EY [A%2 1. vt 52, ) W (@55, )W (@55, ) |

=B (D24 51, y1, 52, 72), 65, @ 64 )3
+ EYTAS (51, y1., 52, DU, 850,03

and hence we have
5 60
B [v5, v, W@, )W)
= E[A" (51, y1. 52, y2) B (s1. y1. 52, y)] + BIoS2, 52 1e5°, . 5% )

where
2 . .
B9 (sy, Vi, 82,)2) = Z (qbs1 " @f}i (X7) — S(ij_, + 3 = Mo.s;1O)H
jk=1
(¢S2 y2? ¢§k8)’k (Xk) - S(X.Yk— + Yk — ')I[O,Sk](')>7‘[
Therefore,

E[(1°%)) = J7" + 03",

with the notations

Jf"s = / / Gr—s; (X — Y1) Gr—5,(x — ¥2)
[0’”2 R2d
x E[A*%(s1, y1, 52, y2) B (51, V1, 82, y2)1dy1dy2dsidsy

< /[o P /de Gr—s; (X — Y1) G155 (X — ¥2)
N

1/2 172
x (BLA“ 1,152, 3202)  (ELB™ (51, y1,82,320)%1)  dyidyadsids

and

/[0 2 /RM Gimsy (X — YD G1—s, (x — yDEEE 050 1S L 65° yndyidyrdsids,

< / / Gr—s; (X — Y1) G1—5,(x — y2)
[0’”2 R2d

1/2
x (ELg,,) ]) (E[% ) ]) (@50, 850, )ndyidyadsids,.

Now the problem is reduced to show that both Jf % and J; 0 converge to zero as (g, §) — 0.
By the result in Step 1, we have

lim E[(vE3)?] =0,
S [(v5y)7]
and similar arguments imply that

lim E[(A%%)?] =0,
S [(A9)7]
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for all (s,y) € [0,T] x R?. Also note that both SUP; 550 SUP(s, y)e[0, T x RY E[(vﬁjg)z] and

SUP, 550 SUP(s, y)e[0, T x RY E[(A?jg)z] are finite. The fact that lim, 50 Jf"s = 0 can be proven
by the dominated convergence theorem, noting that Lemma 4.8 implies

sup sup sup E[(B*? (51, y1, 52, y2))*] < 00.
€,6>0 (s1,y1)€[0,T1xR? (s2,y2)€[0,T1xR4

Now we show limg 50 JZS’(S = 0. By (2.3) and (4.4), we have

(@50 850 Yp < Clsy — s o /R XD (i€ - (1 = 2) (Pe(§))° pu(df).
therefore,

t t
) _
I < C/(; fo /ﬂ;{m -5y (X = Y1) g1—s, (x = y2) K= (51, y1, 52, y2)Is1 — 52| Pdy dyrdsidsy
where

K2 (s1, 1,52, 2)
= (B, 1) (Bl 1) [ exp=i - (01 =) (Bu@) nide)
= $1,01 52,72 Rd p yr—n Pe 1%

=C /R L eXP(—iE - (1 = y2)) (Pe())° p(d§).
Denote
L g = /Rd exp(—if - (y1 — y2)) (P (6))* 11(d8).

Hence

K®%(s1, y1.52. y2) < CLS

1,527

&

51,5, We have

For the integral of L

t t
/ / / Gr—s; (X — Y1)qr—s,(x — y2)L§, ;|51 — 52| 7Pdy dyrdsidsy
0 Jo JRAM ’

t t
=/ / / / qr—s; (X — Y1) qr—s, (x — y2) exp(—=i& - (y1 — ¥2))
0 0 RZ:[ Rd
X (Pe(E)* |51 — 5217 1u(d€)dy1dyrdsidsy

t ot
:/ / / exp (—(1 — s1) ¥(§)) exp (=t — 2) ¥(§))
0 Jo JRd

X (Pe(€))? Is1 — 52l PO u(d&)ds1dsy

e—0

t t
—>/0 /(; /Rd exp (—(t — s1) V(&) exp (—(t — 52) U (&) s1 — 52| u(d&)dsids;

t t
= /O /0 /ﬂ;{ﬂ Gr—s; (X = Y1) G1—5, (x — 2Dy (V1 — y2)Is1 — 821 Pdy1dyrdsidsrw,
(4.13)

where the convergence follows from the dominated convergence theorem, the last equality
follows from the formula (2.4), and the last term is finite by Lemma 3.7.
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We have shown that K& 5(s1, Y1, 52, y2) which converges to zero almost everywhere, is
bounded by the sequence Lg, , which converges to y(y1 — y2), and thanks to (4.13), we can

apply the generalized dominated convergence theorem to get that lim, 50 J; d=0. m

Using Theorem 4.6, by direct computation we can get the following Feynman—Kac type of
representation for the moments of the solution to (1.1).

Theorem 4.7. Let u satisfy Hypothesis 1, then the solution given by (4.10) has finite moments of
all orders. Furthermore, for any positive integer p,

Elu(t, x)”]
p .
—E ]_[ uo(X; + x) exp / / Ir —s| Py (x{ — x%drds (4.14)
j=I ] k 1
where X1, ..., X, are p independent copies of X.

In the proof of Theorem 4.6, the following result is used in order to apply the dominated
convergence theorem.

Lemma 4.8. Let the measure u satisfy Hypothesis 1. Then, for any n € N,

n
sup sup sup sup K [((4553, ot (X))H) ] < 0,
£,6>0¢",8'>0 (5,y)€[0,TIxR (r,2)€[0, T]1xR4

and

n
sup sup sup [(((ﬁb v 0(XG_ — ')I[o,r](')m) ] < 0.
£,6>0 (5,y)€[0, TT1xR4 (r,z)€[0,T]xRY

Proof. First of all, (¢’ ‘ys, Q"f 2 (X ))7¢ 1s a nonnegative real number by (2.1), and by (2.3)

(50, B (X))n / / / / Pe(8) P (8) exp(—ik - (X2 — ) gy (r — ju — 7)

x gs(s — )| — v|"Pu@)drdudv.

Therefore, denoting D = [0, r] x [0, s] x [0, r], as in the first step of the proof for Theorem 4.6,
we have

E[(53, 25 o)’ ]

n
= /Dn /ﬂém{ [ st —mj—rigsts — vl — vl
Jj=1

x | | Pe(€))pe (E)E |:€Xp (-i ij (X3 - y)):| w(d&)drdpdy

j=1 =1

_C"/ / li[|r—s—rj|_ﬂ°exp —EJr‘E/iléjl2
[0,r]" Rnd =1 2 j=1
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E [exp (—i D& (X - y))}
j=1

=< /[‘0 /Rndnlr—s—r]| Bofg |:exp (—1251 ):| w(dé)dr.

Thus, we have, denoting n; =&; + &1+ - + &g,

n
E[ (5. o2 com)' |
n
< C"n!/ /
[O<t) < <1y <r] R”djl:II
:C”n!/ / Ir—s—t;| P
[0<t)<--<Ty<r] R”d l_[
n
x E |:CXP (—i Z nj - (Xg; — Xr,_l)ﬂ u(d&)dr (let 7o = 0)

j=1

n(dé)de

r—s—t| PR |:exp <—i > g XT,.)} w(dé)dr

j=1

1 n
= C"n!/ / l_[ Ir —s — ;1M exp (— Z(Tj - rjl)lI/(nj)> w(dg)de
[0<t)<--<T,<r] JRH =1

J=1

< C”n['/[o ]/Rd l_[ ITj + (s — )| Pexp (— Z(Tj —7j_1) W(Sj)) u(dé)dr
<7< <Ty <r n j=1

(by Lemma 4.9)
=: C"nl\U,(r, s).

Whens —r >0, forall0 <r <s <T,

U < [ / ]'[|r,| P exp (—Z(rj—rj_l)wsﬂ) n(dg)dz
[O<t<<Ty <r] ]R”" j=1
s 7. 7 Po _n T ) W(E; d€VdT.
S/[\0<‘L'1<..-<1',,<T] And ]1:11 IT'] r'l ]| CXp( ;(t‘] T‘] ]) (E])) M( é:) T

By Proposition 3.5, U, (r, s) is uniformly bounded by a finite number depending on (7', n, Bo)
and the measure p only.

Whenr —s > 0,theset[0 <11 <--- <71, <] istheunionofA;{s fork=0,1,2,...,n
where Ay =[0=1 <11 < <Tpx <7 —8 < T4 < -+ < T, <r].Oneach Ag, we have

/ / [Tir—s—z e (-Z(fj—rjl)ws,-)> w(dé)dt
Ay JRd j=1 =
/Ak /Rnd H(I’—s—r) ﬂoexp( Z(IJ —Tj- 1)@(51))

=1

X (Tep1 — (r — ) P exp (— (1 — (r — $) + (r — 8) — ) U ()
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x J] @—e-snPexp (— > (r,-—r,-mv(s,-)) p(dg)de

Jj=k+2 Jj=k+2

k k
<[ [ Tlo=s—m e (— > —r,»lms,»))
Ae JRM Gy =1
X (Ter1 = (r =) exp (= (Tr1 — (r = ) U(Er1))

x [T @—o-snoexp (— > (rj—rj_nwsj)) u(dg)dr

j=k+2 j=k+2

k k
= / / [ =s—t)Pexp (— Y =) av(sp) p(dé)dz
[0<7) < < <r—s] JRK j=1 =1

X /[r—s<rk+1<--~<r,,<r] /Rm—k)d l_[ (tj — (r — )P0 exp (= (1 — (r — $)) U (Ext1))

j=k+

X exp (— > @i- rj_mv(sj)) u(dé)dt

j=k+2
= Mi(s,r) x My(s,r).
By Lemma 3.9, we have
sup  Mi(s,r)
O<s<r<T

k

<C* sup / [[o=s—t) 0+ @ -7 *Foyde
O<s<r<T J[0<t < <7 <r—s] j=1

< Q.
For My(s,r), let 0; = t; — (r —s),j = k+1,...,n, and assume ¢y = O, then for all
O<s<r<T,

n

M) = | [ e
[0<Bpy) <-<Oy<s] JRO=DM

j=k+1

X exp (— >0 -0;-) W(Ej)) 1u(dg)do

j=k+1

<

n
[ @ —6;-n"

AO<9k+1<-~v<9n<T] R(—k)d j=k+1

X exp (— PRI msn) u(dg)ds,

j=k+1

and the last integral is bounded by a finite number depending on (n — k, T, Bp) and u by
Proposition 3.5.
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Thus we have shown that when r — s > 0,supy_,_,.7 Un(r,s) < oo, and the first
inequality is obtained. Finally, since (q}f;}s, dif,zﬁ‘; (X))7 converges to (¢§”f,, 8(XZ_ =) 0.1 ())H
in probability as (¢, 8’) — 0, the second the inequality follows from the first one and Fatou’s
lemma. W

In the proofs of the previous lemma, Theorems 5.3 and 5.9, the following maximum principle
is needed.

Lemma4.9. Foranyt > 0and a € R,

/Rd exp(—t ¥ (§ +a)pdé) = /Rd exp(—t ¥ (§))u(d§).
Proof. The result follows directly from Lemma 2.1. W
4.3. Holder continuity

Hypothesis (S1). The spectral measure u satisfies that for all z € R, there exist a1 € (0, 1] and
C > 0 such that

T pT
/ / / r _s|*ﬂoe*|r*S|W(§) (1 _ efii*z) w(dg)drds < C|Z|2°”-
0o Jo JRd

Hypothesis (T1). The spectral measure p satisfies that for all a in a bounded subset of R, there
exist ap € (0, 1] and C > 0 such that

T pT
[ o
0o Jo JRd

< Cla|™.

exp(—|r —s| gz/(s)) — exp(—|r —s+a W(S))‘u(dé)drds

Remark 4.10. A sufficient condition for Hypothesis (S1) to hold is the following

[

due to Lemma 3.7 and the fact that 1 — cosx < |x|?*. Note that «; < 1 — S is a necessary
condition for (4.15) to hold. This is because (t(A) < oo for any bounded set A C RY, w(R?) =
Y (0) = 00, limg 00 ¥(§) = 00 and lim sup g, 0 ﬁ < 00.

Similarly, a sufficient condition for Hypothesis (T1) to be true is that

(V)™
—————nu(d&) < o0 4.16

/Rd C+ (wenA (10
because of Remark 3.8 and the fact that [e™ — e ™| < (e7™ +e7Y)|x — y|* forx, y > 0 and
o € (0,1]. Indeed fora > 0,e¢* — 1 < (e* + 1)(a A 1), and hence ¢* — 1 < (e? + 1)a* for
o € (0, 1]. One necessary condition for (4.16) to hold is ax < 1 — Bp.

Theorem 4.11. Let ug(x) = 1. If the measure | satisfies Hypothesis (S1), then the solution
u(t, x) given by the Feynman—Kac formula (4.10) has a version that is 01-Holder continuous
in x on any compact set of [0,00) x R?, with 61 < ay; similarly, if u satisfies Hypothesis
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(T1), the solution u(t, x) has a version that is 63-Holder continuous in t on any compact set of
[0, 00) x RY, with 6> < az/2.

Remark 4.12. The above theorem coincides with Theorem 4.9 in [24] when £ = %A and W is
a general Gaussian noise. Now we consider the case when £ = —(—A)"‘/2 with a € (0, 2], 1i.e.,
Y (&) =§|" and y(x) = |x| 7P, B € (0,d)ory(x) = l_[?zl lxj17Pi, B € (0, 1), j=1,....d.
Note that the Fourier transform 7 (£) is |£|#~¢ or ]_[‘;=1 1&; |#i=1 up to a multiplicative constant.
We also denote 8 = Z?Zl B;. Then condition (4.15) is equivalent to a; < % [e(1 — Bo) — B]

and condition (4.16) is equivalent to ap < (1 — Boy) — g Assuming conditions (4.15) and
(4.16), Theorem 4.11 coincides with the results obtained in [28,9], i.e., on any compact set
of [0, 00) x R4, the solution u(#, x) has a version that is 6;-Holder continuous in x with

61 € (0, L [a(1 — Bo) — B1) and 6,-Holder continuous in 7 with 6, & (0, 1 [(1 — Bo) — g]).

Proof. Recall that V; , = fot Jra 8(XF_s—y)W (ds, dy). Noting that le® —eP| < (e +eP)|a—b),
we have for any p > 0

EY HIEX [exp(Vix) — eXp(Vs,y)]‘p]
< CEV |:(EX [exp(zvt,x) + exp(ZVs’y)])p/2 (]EX [|Vt,x - s,y|2i|>p/2i|

<CE [exp(pr,x) + exp(pvs’y)] (IEW [(EX [|Vf,x — Vs,y|2])p])1/2.

By Theorem 3.3, E [exp(pV,,x) + exp(p Vt,y)] < 00. On the other hand,

(B [(2* [ - s,y|2])”])1/2 < (]EX (EY V... - s,ylz"])l/p)

p/2
< Cp (BXEY 1Vie = iy P1)

p/2

where the first inequality follows from Minkowski’s inequality and the second one holds because
of the equivalence between the L”-norm and LZ-norm of Gaussian random variables. For the
spatial estimate, by Hypothesis (S1),

EXEV[|Vix — Viyl*]

t t
= 2/ / Ir = sIPEX [(y (X, — X;) — y (X, — X +x — y)]drds
0 Jo

1 t
= 2/ / / Ir = s e =IO (1 = TG p(@g)drds < Clx -y,
0 Jo JR
Therefore
p
EY[|EX [exp(Ve.0) = exp(Ve)]| 1 = Cpl = y117,

and the Holder continuity of u(z, x) in space follows from Kolmogorov’s continuity criterion.
Now assume that 0 < s <t < T, then

E[(Vix — Vs.x)?]
=E[< | [ 6o, =2 - s0xs, - 2) waarn.d
0 JRd

Please cite this article in press as: J. Song, On a class of stochastic partial differential equations, Stochastic Processes
and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.05.008




J. Song / Stochastic Processes and their Applications 1 (1111) IIE-111 27

t 2
+ / / So(X;_, —2)W(dr, dx)) :|
s JRA

<2(A+B),

where

K 2
A=FE [( / / (So(X}_, —2) — 8o(X1_, — 2)) W(dr, dz)) }
0 JRY
t 2
B=E [(/ / So(X)_, — 2)W(dr, dx)) } .
s JR

For the first term A, by Hypothesis (T1), we have

N N
ame[[[ [l
0 JO

X [V(Xt—sl - Xt—sz) + V(Xs—sl - Xs—sz) -2y (Xt—s] - X‘v—‘vz)]dsld52:|

s s
52/// |51 — 52| PO
0 0 R6d

exp(—Isi = 521 U(©)) = exp(—lt =5 — 51 +52] W(a)‘u(d@dsldsz

< Clt —s|*.

and

X

For the term B, we have
t t
B = / / Is1 — 52| OBy (X5, — Xy,)ds1dsa
N N
t—s t—s
= / / Is1 — 52| PRy (X5, — X, )ds1dsy
0 0

t—s t—s
= / / f Is1 — 52| P exp (—|s1 — 52| W(§)) dsi1ds2pu(dE).
R4 JO 0
By Lemma 3.7, we have that for (¢ — s) in a bounded domain, there exists a constant C such that

1

t—s r—s
/O /0 s1 — 52 7P exp (—|s1 — 52| U(§)) dsidsy < C(¢ —S)W-

Hence B < C(t — s), and
p
EV [ [exp(¥i.0 — exp(vi 0|
/2
< C (Bl = Vo) = Ca+ B < €t — sy,

The Holder continuity in time is obtained by Kolmogorov’s criterion. W
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5. Skorohod equation

In this section, we consider (1.1) in the Skorohod sense, i.e., we consider the following SPDE,

u . d
Ezﬁu—i—uoW, t>0,x eR .1
u(0, x) = up(x), X € Rd,

where the symbol ¢ means the Wick product.
5.1. Existence and uniqueness of the mild solution

In this subsection, we will obtain the existence and uniqueness of the mild solution to (5.1)
under the following assumption.

Hypothesis II. The spectral measure p satisfies

1
/Rd [+ o) s =

Remark 5.1. When £ = —(—A)*/2 for « € (0,2] and y(x) is 1‘[?2l Ix; 7% or |x|7#,

Hypothesis II is equivalent to 8 < «. It is also a necessary condition for (5.1) to have a unique
mild solution [4].

Definition 5.2. An adapted random field u = {u(¢, x),t > 0,x € Rd} is a mild solution to (5.1)
with initial condition ug € Cp(R?), if for all r > 0 and x € R?, E[u>(t, x)] < oo, and the
following integral equation holds

t
u(t, x) = Qruo(x) +/0 /Rd Gi—s(x = Y)u(s, YW°(ds, dy), (5.2)

where the stochastic integral is in the Skorohod sense.

Suppose that u = {u(t,x),t > 0,x € Rd} is a solution to (5.2), then for fixed (¢, x),
the square integrable random variable u(¢, x) can be expressed uniquely as the Wiener chaos
expansion,

w(t, x) =Y Li(fal 1, %), (5.3)

n=0
where f,,(-, ¢, x) is symmetric in H®". On the other hand, if we apply (5.2) repeatedly, as in [26,

27], we can find explicit representations for f,, withn > 1

fl’l(sl7-x17 ces S, Xn, L, X)
1
= 9=som (X = Xom) "+ Gsy2y—s1) KXo (2) — X (1)) Qsy 1) 40 (Ko (1))

Here o denotes the permutation of {1,2, ..., n} such that 0 < s;(1) < -++ < 55(») < . Note that

Jo(t, x) = Qruo(x).

Therefore, to obtain the existence and uniqueness of the solution to (5.2), it suffices to prove

o
Dl faCot, ) Fgen <00, V(£ x) €[0,T] x R (5.4)
n=0
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Theorem 5.3. Let the measure p satisfy Hypothesis 11. Then (5.4) holds, and consequently,
u(t, x) given by (5.3) is the unique mild solution to (5.1).

Proof. As ug is a bounded and continuous function, without loss of generality, we assume that
up(x) = 1. Now we have

nU fa Gy 2, ) 1 gen
n n
= n!/ / hn(s, y, t, R (r, 2, t,%) [ Isj = il P [ v vj — 2j)dydzdsdr,
[0,t]2" Ran j=1 j=1
where
h}’l(slv .. '9s}’l7x17 .. -9xn’ tvx)
= 9i=som (x = Xom)) sy —se(1) KXo (2) — Xo(1))- (5.5)
Then by (2.1) and (2.4),
nU fu Gyt ) 13 e
n
<n! / Fha(s. - 1. ) E Fho(r. . £, )@ (@) [ | Isj — rjIPodsar,
[0’[]271 Rnd =1
n
<n! / L Arx(9)Arx(r) [[1s; —rjl Pdsar
0,112

j=I1

n
< n!/ A7 ) [T Isj = rjI Podsdr,
[0,1]2 =1
(using 2ab < a” + b* and the symmetry of the integral)

where

12
Arx(s) = </Rnd [Fhy (s, -, t,X)(€)|2M(d$)> ; (5.6)
with

Fhu(s, - 1, x)(&)

1 . 1
= —e e @rteetn) l_[ exp[—[sa(,/ﬂ) —So( NPy +- -+ éo*(j))]» 5.7
! i

where we use the convention S5 (,41) = ¢.
Note that [y 5 f(s)ls — r|™Pdsdr < 2 [y r=Pdr [;|f(s)|ds and let D, = 2 [; r~Podr.
Therefore,

P fuCer , ) 3gen < D! / A2, (s)ds
[OJ]n

= Di'n! / / | Fhas, -, 1, x) (&) n(d§)ds
[0,£]" Rnd

1 n
= Dfl_,/ / H CXP[—Z[SU(,'H) —So(NIPCsy +--- + Ea(j))]u«(d%')ds
n: Jp,:n JR =1
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1 n
<D'— I1 exp[—z[s0<j+1) — So )] W(gg(j))]u(dg)ds (by Lemma 4.9)
n! 0.t Rnd —1

= Dzn/ / Hexp[_2[5j+l — sl W(Ej)]u(df)ds-
[0<s) <---<sp<t] JRM j=1

Similar as in the proof of Theorem 3.3, we can apply Proposition 3.5 with fy = 0 for the last
integral and then get the following estimate

n

k
n
Al fuCo o) 3en < DY (k)k,mN [AgenT"

k=0

where ey and my are given in (3.6) with 8y = 0. Hence, if we choose N sufficiently large such
that 2D; Apeny < 1, then we have

9] ) [ee] n n k .
! 51, n = Dn A a
§n||ﬁl< 030 _Z té(,c)k,mm 0en]"

"[A _ —myD;2 oco. N
; o = 13D, Agen ; g NEE =

= I

Remark 5.4. Let 1(x) be a locally integrable function, then as in [24], the result of the above
theorem still holds if the temporal kernel |r — s|=Pois replaced by n(r — s).

The following theorem provides the Feynman—Kac type of representations for the solution
and the moments of the solution when the spectral measure v satisfies the stronger condition
Hypothesis I. The proof is similar to the one in [28] and we omit it here.

Theorem 5.5. If we assume that  satisfy Hypothesis 1, then
t
u(t, x) = EX [uo(x;‘) exp ( / f 8o(X1_, — y)W(dr,dy)
0 JR4

t t
— %/O /0 Ir—s| 7Py (X, —Xs)drds>:| (5.8)

is the unique mild solution to (5.1) in the Skorohod sense. Consequently, for any positive integer
p, we have

Efu(z, x)P]
P . t pt .
=E ]_[uo(x,f + x)exp Z / / Ir —s| 7Py (X} — XMdrds ) |, (5.9)
j=1 1<j<k=<p’0 70
where X1, ..., X, are p independent copies of X.

5.2. Feynman—Kac formula for the moments of the solution

When the measure u satisfies Hypothesis II but not Hypothesis I, the representation (5.8) may
be invalid since fot fé lr —s |_ﬁ0y(Xr — X,)drds might be infinite a.s. (see [28] for the case that
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X is a d-dimensional Brownian motion and y (x) = ]_[;{=1 |xj|’/3/‘, Bie©,j=1,...,4d).
However, the Feynman—Kac formula (5.9) for the moments still holds as stated in the following
theorem.

Theorem 5.6. Let the measure i satisfy Hypothesis 11, then the Feynman—Kac formula (5.9) for
the moments of the mild solution to (5.1) holds.

Proof. We will adopt the approximation method used in [26, Section 5] to prove the result. The
proof is split into three steps for easier reading.

Step 1. Consider the approximation of (5.1),

£,8 _ e,8 e,8 17€,0
{u (t,x) = Lu®°(t, x) +u>°(t, x) o W*°(, x), (5.10)

u®%(0, x) = up(x).

Recall that W&9(z, x) is defined in (4.8). If u®% (¢, x) € D'2, then by (2.11)

t
utd(t, x) o We(1, x) = /0 /R 8ot = )pelx = Wusl (e, x)W°(ds, dy).

Therefore, the mild solution to (5.10) is, as defined in [26], an adapted random field
{us"s(t,x),t > 0,x € ]Rd} which is square integrable for all fixed (z, x) and satisfies the
following integral equation,

t
WS (1, x) = Quuto(x) + /0 /R s = s, y) 0 WA, ydsdy

t t
— Quuo(x) + / / ( f / q,_s(x—y)ga(s—r)pg(y—zms’a(s,y)dsdy)
0 JRd 0 JRd
x Wo(dr,dz).

Denote
t
Zir2) = /(; /Rd Gi—s(x — ¥)85(s — 1) pe(y — 2™ (s, y)dsdy.

Thus to show that an adapted and square integrable process {u®°(z, x),t > 0, x € R?} is a mild
solution to (5.10), it is equivalent to show utd(r, x) = Qiuo(x) + S(Zf,’f). Therefore by the
definition of the divergence operator 8, it is equivalent to show that for any F € D2 with mean
zero,

E[Fu®(1,x)] = E[(ZE, DF)yq. (5.11)
Let
1
utd(t, x) = EX [uo(X;‘> exp (W(@if) 5l o0 ||%1)} : (5.12)

where @i )f is given by (4.1). Using a similar argument based on the technique of S-transform as
in the proof of [26, Proposition 5.2], we can show that us(r, x) given by (5.12) satisfies (5.11),
and hence it is a mild solution to (5.10).

Please cite this article in press as: J. Song, On a class of stochastic partial differential equations, Stochastic Processes
and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.05.008




32 J. Song / Stochastic Processes and their Applications 1 (1111) 111111

Step 2. In this step, we will show that

lim E [(f%, x))”]

£,610

)4 . t t .
=E []‘[ uo(X; + x) exp ( > / / Ir—s|Poy(x] — Xf)drds)} . (5.13)
= 0 Jo

1<j<k=<p

Recall that u( is a bounded and continuous function, and without loss of generality we assume
uo(x) = 1 for a simpler exposition. Denote

t
0,7 j .
ol (r,y) :=f gs(t —s =) pe(X{ +x —y)ds - Ip(r), j=1,....p.
0
The p-moment of u®°(z, x) is

)4
Sy L es
E [(us"s(t, x))P] =EVEX l_[ exp (W(df,x 7y — 5” o0 ||%1>
Jj=1

1 & S, i 1 & 5,j
— EX exp (Enzqsf;,;% —5 2 1913,
j=1 j=1

=EX exp( S e, @f:,‘f*km).

I<i<j<p

As in the proof of Theorem 4.1, we can show that

. 1 .
¢8,5,j’ @&57]{ — / -~ 2 _iE . X.] _ Xk
Vi M Qm)? Jio,m¢ ]Rd(pg(é)) exp(—if - (X, 52))

x g5(t — 51— r1)gs(t — 52 — r2)|r1 — ra| PO p(d&)dridradsi dsa,

and that (@i’f’j, @i’f’k)H converges to flo P |s1 — sz|_’3°)/(X§1 - sz)dsldsz in L' as (¢, §)

tends to zero. Now to prove the equality (5.13), it suffices to show that for any A > 0,

sup E [exp (,\(455;)‘}]', @f;;f”‘m)] < . (5.14)
£,6>0

By (2.3) and (4.4), there exists a positive constant C depending on Sy only such that
8. 5e., -~ . j _
(@7, 0 < c/ i /Rd@g(s))z exp(—i& - (X[ — XO)Ir — 5| u(dé)drds.
[0,7]

Hence to obtain (5.14), it is sufficient to prove that for any A > 0,

>0

< oo, (5.15)

supE [exp <)»f / (Pe(®)? exp(—i& - (X, — X,))|r — Sl_ﬂou(dé)drdS)}
0,12 JR
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where X is an independent copy of X. For the nth moment of the exponent, similar to the proof
of Theorem 4.6, we have that for any ¢ > 0,

E [(/ / (P (€))% exp(—i& - (X, — X)|r — SIBOM(dS)drdS> }
0,112 JRE
= (PeE)Eexp | =iy & - (X, — X))
\/[\O’t]2n \/Rnd‘]l_[ﬂ p 7 p( l; J 4 y >

n
X ]‘[ Irj —s;17Pu(de)drds
j=1

n n
5/ / E exp —iZSJw(er—XSj) 1‘[|r,-—s,-|—ﬂm(ds)drds
[O,I]Z" Rnd =1 j=1

t t n
=E[(/ / Ir —s|~Poy (X, —is)drds> }
0 JO

Now to prove (5.14), it is sufficient to prove that for any A > 0,

B t t
E |exp (Af / Ir —s| 7Py (X, — Xs)drds>:| < oo. (5.16)
L 0 JO

Note that
r ropt - n
(A/ / |r —s|_’30y(Xr — Xs)drds> i|
L 0 Jo
n n ~
Y / ]_[ Ir; —s;|PE []‘[ y(X,, — ij)} drds
[0.01% 55 =1

=A"(n!)2/ 2 /2dhn(s,y,r,O)hn(r,z,w)
[0,¢127 JR2n

E

n n

x [Tlsj —ril ™ [ Tr ) — zpdydzdrds,

j=1 j=1

where h, is given by (5.5), and the last equality is obtained by using the independent increment
property of X. Then (5.16) can be obtained as in the proof of Theorem 5.3.

Step 3. As in the proof of Theorem 4.6, we can show that sup, 5. Sup; [0, 77.xerd E[|u®d(t, x)|7]
< o0, u®%(t, x) converges to a limit denoted by u(z, x) in L? for any p > 0 as (e, §) goes to
zero, and moreover, u(t, x) satisfies the formula (5.9). Therefore, by the uniqueness of the mild
solution to (5.1), to conclude the proof, we only need to show that u(z, x) is a mild solution to
(5.1),1e.,

E[Fu(z, x)] = E[{Z; x, DF)n], (5.17)
for any F € D2 with E[F] = 0, where Zix(r,2) = gr—r(x — u(r, 2).
In a way similar to the proof of Theorem 4.1, we can prove that limg s 0 E[|| Zf)f —Zx ”%i] =

0. Then we can show the equality (5.17) by letting (g, 8) in (5.11) go to zero, noting that F € D!
and lim, 5,0 u®%(¢, x) = u(t, x)in L>. W
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Remark 5.7. In the second step of the proof, actually we proved that under Hypothesis II, (5.16)
holds, i.e., for any A > 0

t pt
E [exp (A/ / |r — s|_’3°y(Xr — Xs)drds>i| < 00.
0 JO

5.3. Holder continuity

Hypothesis (S2). The spectral measure 4 satisfies that for all ¢ € R?, there exist a; € (0, 1]
and C > 0 such that

T
sup / / VD (1= TEED) Ldg)ds < Clal,
0 JRd

zeRd

Hypothesis (T2). The spectral measure p satisfies, for some o, € (0, 1),

()™

i T w48 =02

Remark 5.8. Similar to the Stratonovich case, we have the following sufficient condition for
Hypothesis (S2) to hold:

& + 7|2
Tevesa | 5.18
zsel]llglw/Rdl-i-W(E_{_Z)M( &) < o0 ( |

Furthermore, if () = W (§)/|€]** is a Lévy characteristic exponent (which is equivalent to
say that —n (&) is continuous, conditionally positive definite and n(0) = 0, see, e.g., [2, Theorem
1.2.17]; a special case in which n(£) is the characteristic exponent of a symmetric stable process
is that ¥ (&) = |£|* with @ > 2a), then condition (5.18) is equivalent to

/ B e < oo (5.19)
R 1+ U(E) ’ ’

Clearly (5.18) implies (5.19). Now we show that the inverse is true. Let M be a positive
number such that n(§) > 1 for all |§] > M. Noting that sup,cge n([|§ + z| < M]) < o0
by Lemma 2.3.

e / £ + 2P
g P
/Rd T DR N v T VA
& + 2|2
" /[|§+z|>M] mﬂ(dé)

1
< M sup u([|E +z| < M) +2f —_—
zeRd re 1 +nE+2)

o0
=C+2/ f e e METI 4t (dE)
R4 JO

n(dé§)
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00
<C+ 2/ / e e MO dru(dg)  (Lemma 2.1)
R4 JO

HE

1
/]Rd 1+ n(§) a1+ ¥(§)

where D is another constant that may be different from C.

=C+2 u(d§)§D+2f n(dé§),
R

Similarly, Hypothesis (T2) actually implies and hence is equivalent to the condition

(V(E+2)*

Indeed, for all z € R,

(U + 7)™ 1 1=z
/Rd T oE+H¥o = /Rd (1 U +z)> wds)

‘l o0
— 2, U+YERDN 44 14
/Rd F(l—az)/o ¢ Hide)

1 o
S/d m/ 172 IOV g (dg)  (Lemma 4.9)
R - 0

1 1—ay
:/Rd (1 n ms)) s,

where the first equality follows from the formula ¢™% = ﬁ f0°° 1“~le=¢dt for ¢ > 0 and
a € (0, 1). Finally Hypothesis (T2) implies (5.20) because of the following equivalence

M d&) <oo<=>/ <;>1_“2 d&) < 0
wa 1+ 0(&)" e \1+0@)) M

which is due to the facts limjg|—oo ¥(§) = 00 and (A) < oo for bounded A e B(RY),

Theorem 5.9. Let uo(x) = 1 and u(t, x) be the unique mild solution to (5.1). If u satis-
fies Hypothesis (S2), then u(t, x) has a version that is 61-Holder continuous in x with 61 < «
on any compact set of [0,00) x RY; similarly, if w satisfies Hypothesis (T2), the solution
u(t, x) has a version that is 0y-Holder continuous in t with 0y < [aa A (1 — Bo)1/2 on any
compact set of [0, 00) x R,

Remark 5.10. As in Remark 4.12, we apply the above result to the case when £ = —(—A)%/2
with ¢ € (0,2], and y(x) = [x|7%, 8 € (0.d) or y(x) =[]/, Ix;I 7P, B; € 0. 1).j =
1,...,d. Since condition (5.19) is equivalent to o1 < %(a —B) and Hypothesis (T2) is equivalent
toay < 1 — g, if we assume condition (5.19) and Hypothesis (T2), the solution u(z, x) has a
version that is ;-Holder continuous in x with 6; € (0, %(a — B)) and 6,-Holder continuous in ¢
with 6, € (0, %(1 — g) A (1 — Bp)), on any compact set of [0, oo0) x R4,

Proof. Let u(t,x) = 1+ Y 00 Iy(hy(-,t,x)) and u(s, y) = 1 + > oo | L, (hs(-, 5, y)), where
h, is given by (5.5). Then for p > 2,
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(e, x) = u(s, Dlee < D Malha(, ) = Li(haC 5, 9) I Lr

n=1

<Y (0= D" 1, 2)) = L (s, )2
n=1

=Y (p = D"Vl 1, %) = haC, 5, Y l3gen, (5.21)
n=1

where the last inequality holds due to the equivalence of L?” norms for p > 1 on any Wiener
chaos space H,, [34, Theorem 1.4.1], and the last equality follows from (2.14).

Step 1. First, we study the spatial continuity. Suppose that s = ¢, similar as in the proof of
Theorem 5.3, we have

nllln (o £,x) = 1, 9) [ e
= 1t (I e 12 ) on + Wn s £ D) gon = 20n 1.3 a5, ) pon)

_ E/ / [1_e—i(x—y)-@1+-~+sn)]
n! [0,71?" JRnd

n
X l_[ exp[_[ra(j+l) —ro(N]¥(Esy +--- + Ea(j))]
j=1

n n
X l_[ CXP[—[Sn(j+1) —sy(]¥Eyy +- -+ én(j))]ﬂ(dé) l_[ Irj —s;|"Pdrds
j=1 j=1

where o and 7 are permutations of the set {1, 2, ..., n} suchthatrs (1) < r52) < -+ < ro(» and
Spy < Sp) < - -+ < Sp(n)- Denote

A2(r) :/ [l_e—i<x—y>-<s.+--~+sn)]
Rnd

X H exp[—z[ra(jﬂ) —ro(N]¥(Esy +--- + Ea(j))],u(dé).
j=1

Recall the notations D; = 2f0t s~ Pods and o = {(sl, ..., 8,) €10, 00)": Z'}:l 5j < t}. We

have

nU (ot %) = B, ) [ Fgen

2 n 2
<= A%(r) | | ls; —rj| Pdsdr < —|D;’/ A%(rydr
n! [0,1]211 j=1 n [0,£]7

Y / /
[0<ry<rp<---<r,<t] JRM

% [1 _ e—i(x—y>-<sl+~-+sn)]

J

= 2D[n/{’ /Rnd [1 - e"'("ﬂ')'@l*”'*f")]Jll[lexp[—Zsj v+ +5§j)]//~(d$)ds

exp[—Z[er —rj]vé +--- + Ej)]u(dé)dr
=1

Please cite this article in press as: J. Song, On a class of stochastic partial differential equations, Stochastic Processes
and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.05.008




J. Song / Stochastic Processes and their Applications 1 (1111) IIE-111 37

t
< 2D} sup / / [1—e*““')'(”&)]exp[—zs,,mz+sn)]u<d§n>dsn
zeRd JO JRA

n—1
X ff?,"' /le)d]l:[lexp [—2s; W&+ + &) ndE) - u(dE—1)dsy ... dsp—

n—1

< CDMx — yP f 1_[ exp [—2s; W(&;)| u(d€)ds. (By Hypothesis (S2))
_Q" 1 R(r—Dd j=1

Applying Proposition 3.5, we have

n—1

n—1
m”hﬂ("tyx)_hn(',t,y)”H@n < |x_y|051CD;1/2Z ( k
k=0

>k|mN [AOEN]H 1— k'

As in the proof of Theorem 5.3, we can choose N large enough, such that

ZD"/ZZ ( ) mN [Aoen]" % < oo,
n=1

and hence there exists a constant C such that

lu(t, x) —u(t, Yy < Clx — y|[*!,
which implies the spatial Holder continuity of u(z, x).

Step 2. Now we consider the Holder continuity in time, assuming that0 < s <t < T andx = y.
Then for the estimation on the nth chaos space, we have

nllhn (ot x) = R, 8, ) 13 4m

= 1! (s 1) o + a5, ) gon = 20000 1,3, (e 530300 )

=n!|:/[0 ] Rd}"hn(u,~,t,x)(§).7-'hn(v,-,t,x)(E),u(dé)Hmj —vj| P dvdu
't 2n n

j=1
n

+ /[0 - Rd]:hn(u,-,S,X)(";“)]:hn(v,.,s,x)(“g‘)u(dg)1_[|uj —Ujlfﬂodvdu
Ky n n j:1

- 2/ Fhu(u, -, t,x)(E)Fhy(v, -, s, x)(E)n(dE)
[0,£]" x[0,s]" JIRnd

n
< [T 1u, —vj|_’3°dvdu:|.

j=1
Therefore
mU (o t, %) = b (o 8, X) a0 < n!(Dy + D)), (5.22)
where

D, :/ Fho(ut, -1, Fhin (0, - 1. 0@ () [ ] luj = vjl Podvdu
[0 1]2" Rnd j=1

n
- Fhalt, - 1,0 Fhin(o, 5, @) [ ] luj — vj [ dvdu,
[0,71" x[0,s]" Rnd j:]
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and

n
D, =‘/' Fhn(it, 1, X)E) Fh (v, . 1. 00 (d8) [ | s — v;| Podvdu
[0,1"x[0,5]" JR Jj=1

— / Fhy(u, -, t,x)E)Fh,(v, -, s, x)E)u(d) l_[ luj — vjl_ﬂodvdu.
[O,S]Z” Rnrd =1

We will just estimate D,, and D], will share the same upper bound of D,,.
Clearly, D,, = A,, + B, where

An=/ Fh(tts - 1. ) Flin (0 1 D@ (dE)
[0,717 % ([0,£]1"\[0,5]") /R4
n
< [T1uj = vjl Pdvdu (5.23)
j=1

and

5= [ [ (Ft i 0@ - P s @)
[0,617 x[0,5]" JRnd

X Fhy(u, -, t,x)(E)u(dE) 1_[ | — vj|7ﬁ°dvdu. (5.24)
j=1

To get an estimation for the right-hand side of (5.22), we will separate the rest of the proof into
three parts for easier reading.

Step 2(a). In this part, we will estimate A, given in (5.23). Note that [0, 7]" = Uy, e0,1) Ix, X
I, x --- x Iy, with I1 = [0, s] and I» = [s, ¢]. Hence [0, ¢]" \ [0, s]" is the union of 2" — 1
disjoint interval products, each of which contains at least one [s, #]. Denote E, ; the product of
n intervals, all of which are [0, ¢] except that the jth interval is [s, ¢]. Therefore, for the term A,,,
we have

A, <2" sup / Fhp(u, -, t,x)(E)Fhn(v, -, 1, x)(E)u(d§)
n J[0,t)" x Ey, ; JR

x [Tlu; —vjl~Podvdu

n
j=I

n
<2" sup f (At%x(u) + Aix(v)) [T1uj — vl *dvdu (5.25)
nJ[0,t]"xEp, j=I1

with A; x(u) given in (5.6). Denoting D; = 2f0t |s|’ﬁ0ds, for positive function f, we have the
following estimates

t t t

//f(u)m-vrﬂﬂdvdu D,f fw)du,
0 JO 0
260

t t t
/ f f)lu — v Pdvdu < (t — s)l—f‘O/ fu)du,
0 Js I—pBo 0
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t pt t
/ / f)u — v|7ﬂ0dvdu < D,/ f)dv.
0 Js K

Applying those estimates, we get

n
/ (A?,x(“) + A;Z,x(v)) 1_[ luj — vjl_ﬂodvdu
(0,61 X Ep ; H ]

and

280
< (t —s)Popr-t / A? (u)du + D! / A? (v)dv. (5.26)
1—fo 0.0 Enj
Note that Hypothesis (T2) implies
/ : (dé§) (5.27)
_ < o0, .
R L+ (DE)@

and hence there exists C > 0 depending on p and «; such that for all x > 0
/ e O < Ctah
R

by Lemma 3.9. On the other hand, by Lemma 3.10, we have

/[0 ]/Rdl_[<1+<v,+1 — )= Hus)dv
<V <V <--<Up <t "

H PEjl-D+D & sty

<c Y <’1 >ﬂ=1 . (5.28)

re{0,1)" 1
Y tilee—D+n+1
Jj=1

Combining (5.27) and (5.28) and using the approach in Remark 3.6, we have for ¢ € [0, T] with
T=>1,

cr n n tm(az—l)-i-n (ZC)n "
A% (w)du < — < . (5.29
/,O,t,n re(Wdu < <5 m; (m> T —D+ntD = n Tamtn O

Similarly, forall j € {1,2,...,n}and 0 <s <t < T with T > 1, we have

/ Alz’x(v)dv
E .

n,j
1
Sl A | d]"[exp “2(0a1) = VeV o)) REND
n— xX|[s n

cn 1 _
= W /[o 1 xs.1] 1_[ (1 + Wo+n) = (i)™ 1) dv
! s, =1

(n')2 (/0 7] /0 ] ) 1 + @+ = va(j))az_l) dv
n s n ._
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Cn n
=—‘(/ —/ >H<1+(vj+1—vj)“2_l)dv
n: [0<v) <---<v, <t] [0<vi<-<vy<s]t/ 54

n

o j];[l I'Tj(az =1+ 1) i Tj(@r—1)+n i Tj(ea—1)+n

=0 Z (= — s/

| n
ey (Y. til@a— ) +n+1)
j=1

1 ct
<

_ n _ [¢%)
< n!—F(na2+ 1)nT (t —s5)*2. (5.30)

The last inequality holds because 1= T @Dt Yl gDt o ppnip _ 0@ for all n
and 7. Combining the above (5.29) and (5.30) with (5.25) and (5.26), we have
1 n
Ap < ————
n!' I'(nay +1)

where C depends on u, T, By and «».
Step 2(b). The term B,, given in (5.24) will be estimated in this part.

5 Joeionn
B, <
"= @) Joup o Jraa

n—1 n
x 1_[ e_(UrT(j+])—Uo-(j))W(gd(l)‘i‘"""ga(j))fhn(u’ e LX) (E)(dE) 1_[ |Mj _ vjl_ﬂ‘)dvdu
=1 j=1

1
4 4+ E))*
(n)? /[o,t]"x[o,s]" /R"d & &)

e~ Wo(i+) =V (j) ¥ € (1) ++Eo(j)

((t — )P~ s)“z) : (5.31)

e_(t_U(r(n)) Y ++én) _ e_(s_va(n)) V(& t+én)

<2t —s5)*

n

X
j=I
n n
x | e~ nurn=tai) T Em+-+&i) 1, (dg) H luj — vjl_ﬂodvdu,
j=1 Jj=1
where v, 11 =5, u,41 = t and o and 5 are permutations such that 0 < v5(1) < -+ < Vo(n) <t
and 0 < u,1) < -+ < Uy@ < t, and in the last step we used the inequality |[e™ — e™Y| <
le=™ + e V||x —y|* <2|x — y|*forx,y > 0and a € (0, 1].
Let

n
Af(u) = / | (TE 4+ &) l_[ e—z(unww—un(j))W(En<|>+~-+fn(./>)u(dg)
Ril

j=1
and
n
A(v) = A ) (U(E + -+ &) 1_[ ¢~ 20o (41~ () ¥ Eo ) +Fo () (dE)
n j=1
we have
/ A% (u)du
[0,]"
n
_ n!/ / (U(E + -+ E))2 1_[ e—z(uj+1—llj)W(§1+-<~+$j)u(dé)du
[0<uy<---<u,<t] JR

j=1
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t
<n! sup f / (¥ (& +2)*? e_z(t_"")W(E”H)IL(dEn)dun
0 JRd

zeRd

n—1
X / / He—z(uj+1—uj)W(§1+--~+$j)u(d%-)du
[O<uy<---<u,_1<t] R@=Dd j=1

n—1
< n!C/ / 1_[ 6*2(“j+l*uj)w(€j)u(d$)du
[0<uy<---<up_q1<t] JRO=Dd j=1

Cn+1Tn
<l
- TI'(nap+1)

where the last second step follows from Lemma 3.7, Hypothesis (T2), Remark 5.8, Lemma 4.9,
and the last step follows by a similar argument for (5.29). Now we have the estimation for B,,,

1 n
B, < (t — s)“z—/ (A2u) + A2) [ T 1u; — vl Podvdu
" )2 Jo.prxposp * 11:11 T

<2(t —5)® D! / A% (u)du
[0,7]"

(n!)?
1 Cn+1Tn

<2(t — s)az—D?—. (5.32)
n! " I'(nopy+1)

Step 2(c). Therefore, combining (5.31) and (5.32), we have that there exists a constant C
depending on u, T, ap and By such that

o o
D (p=D"PVnl/Dy =3 (p = )*Vnl Ay + B, < C(t — )l =AV2 1 (5.33)
n=1 n=1

Note that we can get estimation for D), analogous to (5.33), by an argument similar as the
above for D,,. Finally, by (5.21), (5.22) and (5.33), we have

lut, x) = u(s, e < Y (p = D">Vnlllha (o 1, %) = ha (-, s, 3) Fpgen

n=1
o

<Y (p— D*Vnl/D, + D}, < C(t — s)l2rI=F0N/2,
n=1

The Holder continuity in time now is concluded by the Kolmogorov’s criterion. [l
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