PHYSICAL REVIEW B 93, 245418 (2016)
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Majorana bound states (MBSs) nested in a topological nanowire are predicted to manifest nonlocal correlations
in the presence of a finite energy splitting between the MBSs. However, the signal of the nonlocal correlations
has not yet been detected in experiments. A possible reason is that the energy splitting is too weak and seriously
affected by many system parameters. Here we investigate the charging energy induced nonlocal correlations in
a hybrid device of MBSs and quantum dots. The nanowire that hosts the MBSs is assumed in proximity to a
mesoscopic superconducting island with a finite charging energy. Each end of the nanowire is coupled to one
lead via a quantum dot with resonant levels. With a floating superconducting island, the devices show a negative
differential conductance and giant super-Poissonian shot noise, due to the interplay between the nonlocality of the
MBSs and dynamical Coulomb blockade effect. When the island is strongly coupled to a bulk superconductor,
the current cross correlations at small lead chemical potentials are negative by tuning the dot energy levels. In
contrast, the cross correlation is always positive in a non-Majorana setup. This difference may provide a signature

for the existence of the MBSs.
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I. INTRODUCTION

Quantum transport through topological insulators and
superconductors has received a large amount of attention in
condensed matter physics over the past few years [1-3]. One
of the most influential discoveries is that topological phases
supporting Majorana fermions can be realized and engineered
in the heterostructures based on s-wave superconductors and
materials with strong spin-orbit interaction [4-9]. The search
for Majorana bound states (MBSs) is motivated in part by
their non-Abelian characteristics and potential application
in fault-tolerant quantum computations [10-20]. It was pre-
dicted that the signature of the MBSs may exhibit as a
zero bias conductance peak in the normal metal/topological
superconductor junctions, as has been observed in hybrid de-
vices of superconductor and semiconductor nanowire [21-25]
and in ferromagnetic iron atomic chains on the surface of
superconducting lead [26]. Nevertheless, an unambiguous
experimental verification remains elusive because zero-bias
peaks can also have non-Majorana origins, such as the Kondo
effect or disorder effect [27-31].

The signal of current noise cross correlation could provide
an alternative, even confirmative proof, to verify the existence
of MBSs. In non-Majorana devices, it has been demonstrated
experimentally that Cooper pairs can split into spin-entangled
electrons flowing in two spatially separated normal metals,
resulting in a positive current-current correlation [32-35].
Although many theoretical studies have been devoted to
investigate the property of the noise cross correlation induced
by MBSs [36—45], the Majorana-modulated nonlocal transport
signal has not been reported experimentally up to now. One
of the possible reasons is that the energy splitting of MBSs,
which is essential to induce the noise cross correlation, is
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usually weak. The Majorana energy splitting is at most tens of
neV in a topological nanowire with a length of 1-2 pum [46],
and it approaches zero near the critical Zeeman field between
the trivial and topological phases [7,46]. Compared to the
Majorana energy splitting, other energy scales, such as the
intra- and interdot Coulomb interaction and superconducting
pairing energy, are much stronger. For instance, a typical
value of the interdot Coulomb interaction is of the order of
0.1 meV [47,48], and the pairing energy of a Cooper pair
is of the order of 0.1 eV. Therefore, it is highly desirable to
produce robust current-current correlations by combining the
nonlocality of Majorana fermions and other robust physical
mechanisms.

Recently, quantum transport properties modulated by
Coulomb interactions in Majorana devices have attracted
much attention [49-54]. In an interacting transistor coupled
to MBSs, it is found that the conductance shows Coulomb
oscillations with universal halving of the finite temperature
peak under strong blockade conditions [S1]. Altland and
Egger studied multiple helical nanowires in proximity to a
common mesoscopic superconducting island with a finite
charging energy [52]. The MBSs prepared in a supercon-
ducting island with Coulomb interactions are suggested to
realize the topological Kondo effect [53,54]. Béri and Cooper
studied the simplest case with three leads coupled to two
pairs of Majorana fermions with a charging energy [53]. The
superconducting Coulomb island supporting MBSs offers a
new playground to generate nonlocal current-current corre-
lations in the absence of a finite Majorana energy splitting.
However, since the large global charging energy is itself a
strong nonlocal perturbation, it becomes troublesome whether
the measured nonlocal current correlations are essentially
generated by the charging energy or MBSs. It has been pointed
out that Poissonian shot noises are generically obtained by
MBSs in a floating topological superconductor in the absence
of charging energy [55]. However, it does not provide a
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unique signature to confirm the existence of MBSs. Although
the Coulomb-modulated conductance properties in Majorana
devices have been well studied, it remains unknown how
Coulomb interaction affects the nonlocal current noise cross
correlations in Majorana systems.

In this paper, we investigate the nonlocal transport modu-
lated by the Coulomb interactions in devices comprising a Ma-
jorana nanowire contacted to quantum dots and leads, where
the nanowire is in proximity to a mesoscopic superconducting
island with a finite charging energy. The purpose to insert
the quantum dots is to offer an efficient way to modulate the
nonlocal current correlations without affecting the property of
the MBSs. The paper is organized as follows. In Sec. II, we
introduce the model Hamiltonian of the Majorana-dot device
fabricated on a superconducting Coulomb island, as well as
the current and noise cross correlation formulas. In Sec. III,
we investigate the nonlocal transport properties modulated
by the charging energy in the island. We consider the cases
that the superconducting island is floating and connected to a
bulk superconductor, respectively. For comparison, the current
noise cross correlation property in the absence of MBSs is also
discussed. Finally, a summary is given in Sec. IV.

II. MODEL AND FORMALISM
A. Model Hamiltonian

A schematic of the Coulomb-Majorana junction is illus-
trated in Fig. 1. We consider a semiconductor nanowire
proximity coupled to a mesoscopic superconducting island
with a finite charging energy, and there exists a pair of MBSs
at the wire ends under a proper magnetic field [9]. Each end
of the nanowire connects to a normal metal electrode via a
quantum dot. The intraisland Coulomb interactions introduce
correlations between the two MBSs and thereby generate
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FIG. 1. Schematic view of the device. A Majorana nanowire is
proximity coupled to a mesoscopic superconducting (SC) island
with a finite charging energy. The nanowire is in the topological
superconducting phase and a pair of MBSs (marked as the red dots)
appear in the wire ends. Each end of the nanowire is connected
to a normal metal electrode via a quantum dot (QD). In addition,
the island is coupled to another grounded bulk superconductor. The
dimensionless gate parameter n, (see main text) is proportional to
a gate voltage V, that controls the average charge on the SC island.
The leads are biased with the chemical potential V; and V. Crossed
Andreev reflections can be induced by correlating the currents that
flow into the topological nanowire via the MBSs. The nonlocal current
cross correlations could be generated by Coulomb interactions in the
absence of the Majorana energy splitting.
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the cross correlation between the currents flowing through
the two quantum dots. It is convenient to define nonlocal
auxiliary fermion operators n, = f + f,n, = i(ff — f) for
the MBSs, with the number operator iy = f f f.In the regular
fermionic representation, the instantaneous charged state of
the superconducting island is described by (N,,n s), where the
integer N, represents the Cooper pair number in the island and
n y is the eigenvalue of 7 ¢, respectively. The total Hamiltonian
is given by

H=H,+H;+H.+ H,+ H + H,. (1)

The nanowire is in the topological superconducting state and
isolated MBSs appear at the wire ends. Including the Majorana
energy splitting and a Coulomb charging term, the island
Hamiltonian is fully expressed by [51]

Hy =en(fIf —1/2)+ EQN. + s —n,)?*, (2

where &) denotes the Majorana energy splitting and the
capacitive charging effect is denoted by E, and can be tuned
by a gate voltage parameter n, < V,. Experimentally, the
charging energy in a superconducting island can reach at about
100 eV [56,57]. Next, the two quantum dots in Fig. 1 are
assumed to be in the Coulomb blockade regime such that each
dot can be modeled as a single fermion level. The energy
level in each dot can be tuned by gate voltages, and the spin
degeneracy on the dots also breaks by the Zeeman field which
induces the topological superconducting phase of the wire. As
a consequence, we can use the effectively spinless fermion

operators d j (d;) for the dots [58-60]. The Hamiltonian of the
quantum dots reads

Hy = e,d}d) + e,d)dy, 3)

where ¢; denotes the dot energy level and d; (d;) represents
the electron creation (annihilation) operator on dot j.

Different from the noninteracting case in which E, = 0,
there exists an energy cost when absorbing or emitting a
Cooper pair in the superconducting island. To ensure the
charge conservation, it is essential to add a factor e in
the tunneling terms dj f7 (d; f), which changes the Cooper
pair number N, by one unit and thus restores the charge
balance. The Hamiltonian of the Majorana-dot tunneling then
reads [58-60]

He = d{(e™ 1+ )+ Ml fT = f)d} + He., (@)

where A;, denotes the dot-Majorana coupling strength and
the operator ¢ raises (lowers) the Cooper pair number by
one unit, i.e., N, — N, £ 1. In conjunction with spin-orbit
coupling and the Zeeman splitting, the nanowire in the
topological phase resembles an effective p-wave supercon-
ductor. Therefore, the Cooper pair exchange with the bulk
superconductor involves the spin-flip scattering processes. The
spin properties of the topological nanowire as well as spin-flip
processes in the contact can be fully taken into account via the
tunnel couplings A, and E;, where E; denotes the Cooper
pair exchange strength between the nanowire and the bulk
superconductor. The tunnel couplings capture the possible spin
dependence of microscopic transition amplitudes and can be
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taken as real-valued positive [58]. We include the Cooper pair
exchange between the superconducting island and another bulk
superconductor,

Hy, = —E;cosg, &)

with the Josephson coupling E ;.
Finally, the electrodes and the dot-electrode tunneling are
described by the Hamiltonians

— § : T
H[ = 8jkajkajk,
jk

H, =Y (t;a},d; + He), (6)
Jjk

where a; « (@jx) is the electron creation (annihilation) operator
in the lead j with an energy ¢ and ¢; is the lead-dot coupling
strength.

The current noise cross correlation has been well studied
in a dot-Majorana-dot structure when the Majorana nanowire
is directly in proximity with a bulk superconductor [40—45].
In this case, a finite Majorana energy splitting is essential
to generate nonlocal correlations. In contrast, here the cross
correlations could be controlled by the charging energy of
the superconducting island as well as the Majorana energy
splitting. If we consider a one-dimensional tight-binding
Kitaev model [13], the two quantum dots look like two
extended sites of the Kitaev model. In this sense, the Majorana
zero modes will be located near the interface between the
nanowire and the quantum dots, where the tail part of the
wave function of the zero modes could enter the quantum
dots. Differently, the dot energy levels could be tunable by
applying gate voltages. If the dot energy levels are tuned to be
high enough, the wave function of Majorana mode will appear
hardly at the quantum dots.

B. Diagonalized master equation approach

We exploit the diagonalized master equation (DME) ap-
proach to investigate the electronic transport through this
system in the sequential tunneling regime [61-66]. In our
previous paper [45], the applicability of the DME approach
has been discussed in the Majorana devices, by comparing
with the nonequilibrium Green’s function (NEGF) method. It
is shown that the DME works well in most regimes of system
parameters, while it breaks down for strong central region-lead
coupling or when energy degeneracies appear. Here we extend
our discussion to the interacting case. Compared to the NEGF
method, the DME approach is convenient in dealing with
many interacting energy levels, and there is strong coherence
between different levels.

In the DME approach, we firstly diagonalize the Hamil-
tonian of the island-dot part and obtain the eigenvalues
E, and their corresponding eigenfunctions |8,). Different
from the case that the superconductor is grounded directly,
a superconducting island with a finite charging energy is
used in the proposed tunneling device. To ensure the charge
conservation, the total Cooper pair number N, should also be
considered as a degree of freedom in the calculation [60]. To
give an explicit matrix form of the island-dot Hamiltonian,
it is convenient to index the states with the occupation
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numbers
lninan s Ne) = (Y (@d))=(£1Y'7 J00ON,). )

Here the quantum numbers can take the values nj,ny = 0,1
and N, = —N,,,...N,,, where N,, is the cutoff for the Cooper
pair number.

In the Born-Markov approximation, the time evolution of
the density matrix pp(t) = {|B,)(Bw|} in terms of the states
|B,) is given by the rate equations

d
2;Pp®) =Wpop), ®)

where the elements of the rate matrix are given by [40,65]

Wan = Y TiLF (Awn + 1)1 (Burldi |B)
J

+ £ An = ) Brld 1B ©
forn # n’, and
N
Wnn = - Z Wn’n- (10)
n'#n

Here fj(w) =[1+ e®/ksT1=1 ig the Fermi-Dirac distribution

function, w; is the chemical potential in lead j, and Ay is

the Bohr frequency of the transition from |8;) to |Bi). In the

wide-band limit approximation, the dot-lead coupling for dot

J is measured by the parameter I'; = 27T|tj|2,0j, with p; the

spinless density of states near the Fermi surface of lead j.
The steady-state current /; is given by

I = "1 p L. (1)
k

where pg’) is the steady-state solution of Eq. (8), [/ is the

matrix of the current operator, and its elements are given by
g = DL B + wpliBeld; 1B P
— Ak — w)IBeld! 1B . (12)

The first and the second terms of f‘,ﬁ,k represent the tunneling
amplitudes flowing into and out of the lead, respectively.

We are focusing on the current noise correlations modulated
by the charging energy on the superconducting island. It is well
known that the noise power spectra can be expressed as the
Fourier transform of the current-current correlation function

S (@) = 2(1i(1)1;(0)) 0 — 2(1i)w (1) o- 13)

Here, I; and I; are the electrical currents across dot i and dot j,
respectively, and ¢ is the time. Furthermore, the current-current
correlation function of the currents /; and /; can be expressed
in terms of the density matrix as

(L(O1;0) = 6(0) Y [T (1)1 p O,
k
+0(=0) Y [T (=01 pO%,  (14)
k

with T'(r) = exp[Wr] the propagator governing the time
evolution of the density matrix element o (¢). Finally, the
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current-current correlation in the w space becomes

(L0 = Y _[FT (@) p® + P T (=)l p g,
k
(15)

where T'(+w) = (Fiol — W) .

III. NUMERICAL RESULTS AND DISCUSSION

In the following, we present numerical results for the
sequential tunneling currents and their correlations in the
presence of the charging energy on the superconducting island
in the nonlinear response regime. The negative noise cross
correlation is related to the antibunching between tunneling
events, which arises as a result of the Pauli exclusive principle
of scattered electrons, while the positive cross correlation is
usually related to the bunching of tunneling processes, e.g.,
due to the interchannel Coulomb blockade or crossed Andreev
reflection [32-35]. In the calculation, we adopt the symmetric
coupling strength as I'j , = I'g and A}, = 10"y, where I'y
serves as a convenient energy unit. The energy levels & » of
the quantum dots are tunable by applying gate voltages.

For comparison, we separately discuss two different cases:
one is with E; = 0 and the other is with E; > I'g, o, kpT.
The case of E; = 0 corresponds to a floating superconducting
island, and the electrons in the island can only tunnel through
the quantum dots. For E; = 0, the current flows from the
left lead to the right lead when a bias voltage V, is applied
and we take u; = —ur = V,/2 in the calculation. For E; >
o, o,k T, the island is strongly coupled to the bulk supercon-
ductor. In this case, we take ; = ur = Vj and the currents
flow from the two electrodes into the superconducting island.
The sign of the current noise cross correlation sensitively
depends on the interplay between the intraisland Coulomb
interaction and the crossed Andreev reflection. In the limit
that Ec — 0 and E; — oo, the result should reduce to the
case when the bulk superconductor is grounded, which has
been well studied previously [40—45].

A. Floating superconducting island (E; = 0)

Firstly we address the n, dependence of the linear con-
ductance (V;, — 0), as shown in Fig. 2(a) for the symmetric
dot energy level configuration (¢; = ¢;), and in Fig. 2(b) for
the antisymmetric level configuration (¢; = —&3). In both
configurations, the conductance shows clear n, dependent
oscillations in addition to a constant part. With the increase
of the charging energy E., the constant part is considerably
suppressed while the oscillation amplitude increases. As
shown in the charging part of H,, in Eq. (2), a shift n, —
ng &£ 2 can be compensated by absorbing or emitting a Cooper
pair N, — N, £ 1. Therefore, all observables are periodic in
ng with a period of An, = 2. This feature is different from the
case when the MBSs are directly coupled to the two electrodes,
in which a zero-energy Majorana mode (g), = 0) is considered
and the oscillation period is An, =1 [51]. When Majorana
fermions are directly coupled to two leads, the parity change
in the superconducting island costs a finite energy and the
period becomes An, =2 for gy # 0. When two quantum
dots are inserted, the period is Ang, = 2 for either £y = 0 or
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FIG. 2. The linear conductance G as a function of n, for
different charging energies E. on the superconducting island. (a) The
symmetric configuration of dot energy levels (¢ = &;). (b) The
antisymmetric dot level configuration (¢; = —&;). Other parameters:
E] = 0, kBT = 2r0,81 = SFO,sM = 0, )»1_2 = IOF(), and FO is taken
as the energy unit.

ey > 0.In Fig. 2, it is indicated that the value of conductance
is much smaller than e?/ k. This is because a relatively high
temperature (kgT = 2I'y) is adopted in the calculation. In
this case, the conductance would be considerably suppressed
compared to the case of zero temperature [51].

Another feature in Fig. 2 is that the conductance curves
are symmetric about n, = 1/2 for the antisymmetric dot level
configuration, which is absent for the symmetric case & = ¢;.
By applying a particle-hole transformation that exchanges the
creation and annihilation operators, the total Hamiltonian is
invariant under the replacement n, — 1 —n, for &y = —é,.
Due to the periodicity, the observables are symmetric about
ng = 2n + 1/2, where n is an integer.

The effects of the charging energy on the transport prop-
erties are presented in Fig. 3. Due to the current conservation
I} = —I,, the current correlations in a floating two-terminal
setup obey the relationship S;; = Sy = =8 = —Sp = S.
Compared to the noninteracting case, the most important
difference in the transport is that the Coulomb interaction could
induce a negative differential conductance (NDC) and strongly
enhance the shot noise. As the bias voltage increases from
Vi, = 0, the current appears and increases gradually when the
voltage sweeps through the lowest positive eigenenergy of the
central region. However, as the lead voltage increases and other
energy levels lie in the transport window, the charging energy
induces a strong competition between different tunneling
paths, leading to a decrease of the current. In Fig. 3(a),
the current shows an oscillating behavior for small charging
energies. As the bias voltage V, increases, the Cooper pair
states | N.) are involved in the transport one by one, resulting in
the current oscillation. A similar behavior can also be observed
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FIG. 3. (a) The current /, (b) the shot noise S, and (c) the Fano
factor F as functions of the bias voltage V,, for different charging
energies E.. Other parameters: E; = 0, kgT = 20y, &1 = &, = 5T,
Ey = O, )\.1,2 = 10F0, and ng = 0.

in the bias voltage dependence of the shot noise, as shown
in Fig. 3(b). A giant shot noise S can be generated in the
Coulomb blockade regime. One usually introduces the Fano
factor F' = S/2el to represent the deviation from Poissonian
shot noise for which F = 1. The noise Fano factor F is
demonstrated as a function of the bias voltage in Fig. 3(c).
In the noninteracting case E. = 0, the shot noise is always a
sub-Poissonian type, i.e., F < 1. In the presence of a finite
charging energy, the super-Poissonian shot noise (F > 1) is
induced in most transport regimes.

The NDC and the giant shot noise S arise from the same
mechanism, known as the dynamical channel blockade effect.
Different from the Schottky noise, which is independent of
the frequency, the shot noise reflects the dynamical tunneling
correlations and is frequency dependent. In the case of a
floating superconducting island (E; = 0), the electrons in the
island can only tunnel through the quantum dots. In this case,
the superconducting island behaves like a normal quantum dot
with multiple interacting energy levels. The giant shot noise
has been demonstrated in an interacting quantum dot with mul-
tiple tunneling channels in several previous studies [67-74].
The reason is traced to a dynamical channel blockade of
the mechanically aided shuttle current that occurs in devices
with high polarization or asymmetry of the channel-lead
coupling strengths. In Fig. 4 we present the dependence of
state populations in the superconducting island on the charging
energy E. to demonstrate the coupling asymmetry. By tracing
out the freedoms of n; , in two quantum dots, one can obtain
the state distribution p(n s, N,) in the island. For E, = 0, all
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FIG. 4. The state population p(n ) in the island as a function of
the charging energy. The inset shows the distribution of p(n,) as a
function of the Cooper pair number N.. For E. = 0, all the states
[ns,N.) in the island have equal probability and we take a cutoff
of the Cooper pair number (N, € [—5,5]). Other parameters: V, =
30F0, E, = O,kBT = 2F0,81 =& = SF(),SM = 0,)»1_2 = IOFO,and
ng =0.

the states |n,N,) in the island have equal probability and
p(ny=1)= pn; =0)=1/2. In the presence of the charg-
ing energy, the eigenenergies of the Majorana-dot device
become E. dependent and the degeneracy is lifted. This
dependence remarkably modifies the electronic occupations
in comparison with the noninteracting case. For the strong
charging energy, the island prefers to occupy the state |n; =
0,N. = 0) and the occupation probabilities of other states are
strongly suppressed. With the increase of bias voltage, more
eigenenergy levels of Majorana-dot part enter the transport
window. The long time occupation of the state [ny = 0, N, =
0) impedes the entry of electrons into the island region through
other channels, leading the suppression of the current and
enhancement of shot noise. This mechanism has been illus-
trated in several quantum transport systems, such as multilevel
quantum dot devices [70-74], Franck-Condon blockade in
single molecules [75], and nanoscale oscillators [76].

The picture presented above is based on the sequential tun-
neling regime. In the Coulomb blockade regime, the first-order
tunneling is exponentially suppressed, while higher-order pro-
cesses can contribute a small current. For a weak dot-lead cou-
pling strength and high temperature, the current contributed by
higher-order tunneling processes is rather small, which cannot
remove the interchannel blockade remarkably. To elucidate
the role of higher-order tunneling processes, a relatively high
temperature (kg T = 2T"y) has been considered in our calcula-
tion, in which the current induced by thermal fluctuations is
activated. In this case, the current contributed by higher-order
tunneling processes is overwhelmed by thermal currents.

B. Strong coupling between superconducting island
and a bulk superconductor (E; > Ty)

Now we consider a three-terminal case in which the
superconducting island is strongly coupled to the bulk
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superconductor. In this case, the Cooper pairs can tunnel
freely between the island and the bulk superconductor. All
states | N.) are strongly mixed. To investigate the current noise
cross correlation modulated by the charging energy, symmetric
chemical potentials w; = uy = Vp are applied to the two
electrodes, and the currents flow from the two electrodes to
the superconducting island.

In the noninteracting case where E. = 0, the degree of
freedom of Cooper pair number N, decouples from those
of the fermionic part |nnyn ) in the limit E; — oo. Cor-
respondingly, the transport properties reduce to the results
for a noninteracting dot-MBS-dot structure, which has been
well investigated previously [40—45]. To verify this physical
picture, we present the current noise cross correlation S, for
different E;, as demonstrated in Fig. 5. For comparison, we
also show the results when the semiconductor nanowire is in
proximity to a grounded superconductor. We take E. = 0 and
ey = 10T to ensure that the noise cross correlation is only
induced by the Majorana energy splitting. For the grounded
case, the cross correlation Sy, is exactly solved by using the
NEGF method [45]. According to Fig. 5, even for E; = 50¢,,
S12 shows quite different behavior, compared to that in the
directly grounded case. However, when E; is of the order of
100¢)y, the cross correlations in the two cases are in good
agreement with each other in all regimes of the lead chemical
potentials. Above this strength of E;, the superconducting
island can be regarded as being grounded directly.

The discussion above serves as a ground to extend the dis-
cussion to the situation in which the current cross correlation is
purely induced by the charging energy in the superconducting
island. The Hamiltonian of the central region is exactly
diagonalized in the DME approach. The approximation of the
DME approach is that the dot-lead coupling strength is taken

1 1 1
2+ ~ T =
_ 7T
< / T~
o VA ittt et
N‘D 1F 4 ’_,”' 7
o \ y grounded
n 'l‘ y - - E=20r,
! 100r
0 { °
! —-—  300T,
500r,
----  800T, |
1 ) , ) , ) ...I ...... .10001"0
0 50 100 150 200
Vv, [r,]

FIG. 5. The zero-frequency current noise cross correlation Sj,
as a function of the lead voltage V, for different £, at E. =
0. The cross correlation is induced by a finite Majorana energy
splitting e, = 10I"y. The black line corresponds to the case in
which the semiconductor nanowire is in proximity to the grounded
superconductor. The result denoted by the black line is exact and
obtained by using the nonequilibrium Green’s function method. Other
parameters: kgT = 2I'y, &; = &, = 5, A1 2 = 1007y, and n, = 0.
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FIG. 6. The zero-frequency current noise cross correlation S,
as a function of the lead chemical potentials u; = u, =V, for
different £, at e = 0. We consider the symmetric configuration
of the quantum dot levels in (a) E; =200y, (c) E; = 100,
(e) E; = 500Iy,1000Ty and the antisymmetric level configuration
in (b) E; =20T, (d) E; =100T, (f) E; = 500I,,1000I, re-
spectively. The cross correlation is induced by the charging energy
E. = 30T. For strong couplings with the bulk superconductor, such
as E; =500T or 1000T"y, the Coulomb blockade induced by the
charging energy is smeared out. This case is equivalent to the case that
the superconducting island is grounded directly. Other parameters:
kBT = 2F0, & = SF(), )‘LZ = IOF(), and ng = 0.

as a perturbation parameter and is much weaker than other
system energy scales.

In Fig. 6, we demonstrate the current noise cross correlation
S12 as a function of the lead chemical potentials 1 = pu, = V.
To ensure that the cross correlation is induced only by the
charging energy, we take €5y = Oand E, = 30I"y. We consider
the symmetric (¢; = ¢;) and antisymmetric (¢; = —¢&;) con-
figurations of the dot levels. For the cross correlation induced
by the Majorana energy splitting, S}, is always positive in the
antisymmetric level configuration [40,41]. However, Fig. 6
shows that the current cross correlation Sj, modulated by the
charging energy is always negative in both level configurations
at small lead chemical potentials. For small Vj, the device
lies in the Coulomb blockade regime. The transport through
the two dots compete with each other, leading to a negative
S12. With the increase of V;), more eigenenergy levels of the
dot-Majorana island-dot part are involved in the transport
and the Coulomb blockade is partly relieved. The crossed
Andreev reflection becomes dominant gradually, resulting in a
positive cross correlation. The coupling E ; between the island
and the bulk superconductor helps to remove the dynamical
Coulomb blockade. For a strong E;, the Coulomb blockade
induced by the charging energy is smeared out. This case is
equivalent to the case in which the superconducting island is
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40

FIG. 7. The zero-frequency current noise cross correlation S,
as a function of the dot energy levels ¢, and &, for different lead
chemical potentials p; = pu, = V. (a) Vo = 2@, (b) 10I, (c) 20T,
and (d) 50T. A strong coupling E;, = 500I" between the island and
the bulk superconductor is considered. Other parameters: E. = 30T,
Em = 0, kBT = Sro, )\1’2 = 10F0, and ng = 0.

grounded directly. Forasmall E; = 20T, Fig. 6(b) shows that
the current cross correlation is strongly enhanced, due to the
nonlocality of the MBSs and the dynamical channel blockade
effect. Such an enhancement of the current cross correlation
provides a new signature for the existence of the MBSs.

The quantum dot offers an approach to control and modulate
the MBSs and related nonlocal transport by tuning the dot
energy levels. Figures 7 and 8 demonstrate the current noise
cross correlation Sy, as a function of the dot energy levels
€1 and &, for different chemical potentials ©; = pur = Vy
in the strong and weak E; limits, respectively. It is shown

100

-1004090 "~ 100 0 100

FIG. 8. The zero-frequency current noise cross correlation Sy, as
afunction of the dot energy levels ¢, and &, for different lead chemical
potentials @) = u, = Vo. (a) Vo = 2T, (b) 20T, (c) 50, and
(d) 100T". The coupling between the island and the bulk supercon-
ductor is assumed to be comparable to the charging energy by taking
E; =500 and E. = 30Ty. Other parameters: ¢y = 0, kgT = 5T,
)\1’2 = 10F0, and ng = 0.
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that for different Vj, the cross correlation shows distinct
correlation patterns. For a small V{, the currents are mainly
contributed by the thermal activation, and only a negative
cross correlation is induced and centered near &; = 0. This
feature is different from the correlation property induced by
the Majorana energy splitting, in which a four-peak cloverlike
pattern of noise cross correlation appears when tuning the dot
energy levels [40,41,45]. With the increase of Vj, the cross
correlation S); becomes positive gradually along the line
of &1 = —&p. The antisymmetric level configuration tends
to enhance the crossed Andreev reflection processes. As Vj
increases further, Si» in the region of &;, <0 becomes
positive. The sign reversal of the cross correlation occurs in the
region of £) » > 0 when V) is large enough. In this regime, the
transport channels through all eigenenergy levels are open and
the competition between different tunneling paths leads to the
positive Si, in all regions. In this case, the cross correlation Sy,
in the region of antisymmetric level configuration (&; = —&3)
is much stronger than those in other regions. When the
coupling strength E; is comparable to the charging energy
E., the enhanced current cross correlations appear in the large
Vo limit, as a result of the dynamical Coulomb blockade effect.
When E; is strong enough, all the Cooper pair number states
|N.) are well mixed, which suppresses the Coulomb blockade
effect. Therefore, the positive cross correlation in the strong
E; limit becomes much weaker.

Above we consider the case of exact Majorana zero
mode (g, = 0) to ensure that the current cross correlation is
purely induced by the charging energy in the superconducting
island. Now we turn to investigate the effect of a finite
Majorana energy splitting. In the noninteracting case and
at small voltages, previous studies [40-42,45] have shown
that a finite Majorana energy splitting induces a four-peak
cloverlike pattern of cross correlation with two positive parts
(for €162 < 0) and two negative parts (for ,&, > 0) when
tuning the two dot energy levels. Figure 8 shows the current
noise cross correlation i, as a function of dot energy levels for
the case of symmetric (¢; = &;) and antisymmetric (g, = &;)
level configurations of two dots at small lead voltages. We
take ey = 200"y and different intraisland charging energies. It
is illustrated in Fig. 9 that a finite energy splitting &,, favors to
suppress the negative cross correlation. In the noninteracting
case E, = 0, the cross correlation is negative (positive) for
the symmetric (antisymmetric) level configuration, consistent
with the previous studies [40—42,45]. If E. is comparable
to &y, the positive cross correlation is suppressed almost
completely, while the negative cross correlation is enhanced.
It is shown in Fig. 9 that a small charging energy E. could
smear the four-peak cloverlike correlation pattern formed in
the noninteracting case.

C. Comparison with a non-Majorana setup

For comparison, we also consider a non-Majorana setup. It
consists of a superconductor island coupled to two quantum
dots, and each dot is connected to a normal metallic electrode.
In the case that the pairing strength in the superconducting
island is much stronger than other system parameters, the
quasiparticles in the superconductor are inaccessible, and one
can trace out of the degrees of freedom of the superconducting
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FIG. 9. The zero-frequency current noise cross correlation S,
at (a) symmetric (¢; = &;) and (b) antisymmetric (¢ = —¢,) level
configurations of two dots for different intraisland charging energies
E. =0, 10Ty, 20I"y, and 50T. A finite Majorana energy splitting
ey = 20T is considered. Other parameters: £; = 100T, Vy = 2T,
kBT = Sro, )‘1,2 = IOF(), and ng = 0.

island without inducing any dissipative dynamics. An effective
Hamiltonian to describe the dynamics of the double dots
could be obtained by performing a real-time perturbative
expansion [77,78]. In the limit of an infinite intradot Coulomb
interaction, the effective model Hamiltonian of the dots-
superconducting island part is given by

Hey = gld;rdl + gzdgdz + Aeff(d;rd;e_i(p + dadye'?)
+E (N, —ng)* — E;cos . (16)

Here A is the effective pairing strength between the quantum
dots, and it is determined by the coupling strength between the
superconducting island and quantum dots. The pairing terms
in Hey describe the formation of nonlocal superconducting
correlations between the two dots induced by the splitting of
Cooper pairs into the two dots.

Here we neglect the processes that electrons tunnel via
the superconductor from one dot to the other, which involves
virtual occupation of quasiparticle states above the gap. It
should be noted that this device can still host MBS on each
dot if the electron tunneling processes between two dots
are considered [79]. Meanwhile, an inhomogeneous magnetic
field is considered to make two dots fully spin-polarized, but
in different directions with an angle 6. The amplitude for
tunneling between the dots therefore depends on the angle
0 as t = tycos(6/2), where 1y is the tunneling amplitude for
parallel fields. Similarly, the effective pairing A also depends
on the angle and is given by A = Agsin(6/2), where Ay is
the pairing strength between two dots for antiparallel spin
polarizations. In the case of t = A and either &, or &
being equal to zero, zero energy solutions of MBSs could be
obtained [79]. When the superconducting gap is much larger
than other energy scales, electrons tunneling between two dots
via the superconductor will be strongly suppressed. Therefore,
the validation of the non-Majorana setup we considered is that
the processes of electrons tunneling between two dots via the
superconductor are rather weak, i.e., t < Agg.
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FIG. 10. The zero-frequency current noise cross correlation Sj,
as functions of dot energy level ¢, and &, for (a) E; = 20Ty and (b)
E; =500T" in the absence of the MBSs. Other parameters: E, =
30F0, V() = 2F0, kBT = 51"0, )\.1,2 = IOF(), ng = 0, and Aeff = IOFO

In the absence of MBSs, there are no other low-energy
quasiparticle states in the superconducting island and electrons
tunnel from the quantum dots into the island in pairs. In the
limit of infinitely strong Coulomb interaction in the quantum
dots, the currents are dominated by the crossed Andreev
reflection. Only a positive current cross correlation could be
generated, and the sign of the cross correlation is independent
of the dot energy levels and the charging energy. In Fig. 10
the current noise cross correlation is plotted as a function of
dot energy levels in the absence of MBSs. Only a positive
cross correlation exists for the non-Majorana device. This is
quite different from the results in the presence of MBSs. In
Figs. 6-8, only a negative cross correlation is generated at
low lead chemical potentials. Therefore, we can check the
existence of MBSs from the sign of the current noise cross
correlation at the small lead chemical potentials.

We have assumed that the on-site Coulomb interaction in
the two dots is so strong that only one electron is allowed to
stay in the dot at one time. In this case, the direct Andreev
reflection processes are suppressed. Finally we briefly discuss
the effect of the direct Andreev reflection processes on the
current noise cross correlation. If the two dots are connected to
a bulk superconductor, the crossed Andreev reflection induces
positive cross correlation, while the direct Andreev reflection
processes do not contribute to the cross correlation. However,
if the two dots are coupled to a superconducting island with a
finite charging energy, the direct Andreev reflection processes
through one dot will compete with the tunneling in another dot
to lower the energy in the island. In this case, it is expected
that a negative cross correlation is induced.

IV. CONCLUSION

In conclusion, we investigate the currents and their noise
cross correlations modulated by a global charging energy
in a hybrid device of MBSs and quantum dots. The MBSs
are created in a semiconductor nanowire in proximity to a
mesoscopic superconducting island. Each end of the nanowire
is weakly connected to a quantum dot and a normal metal lead.
This configuration is motivated by the possibility to switch
the sign of current noise cross correlation by varying the dot
energy levels. We have studied two cases: the superconducting
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island is floating, and the island is connected to another bulk
superconductor. The floating island case shows a negative
differential conductance and a giant super-Poissonian shot
noise, resulting from the interplay of the nonlocality of the
MBSs and dynamical Coulomb blockade.

When the superconducting island is coupled to the bulk su-
perconductor, we show that the current noise cross correlation
is always negative as a function of dot energy levels at low lead
chemical potentials. In contrast, the current cross correlation
is always positive in a non-Majorana setup. For current cross
correlations induced by the energy splitting of MBSs, a four-
peak cloverlike pattern of the noise cross correlation appears
when tuning the dot energy levels. However, the pattern
becomes more complex in the presence of a charging energy on
the superconducting island. With the increase of lead chemical

PHYSICAL REVIEW B 93, 245418 (2016)

potentials, the cross correlation becomes positive gradually
for the antisymmetric configuration of the dot energy levels.
When the coupling strength between the island and the bulk
superconductor is comparable to the charging energy, the noise
cross correlation is strongly enhanced in the antisymmetric
level configuration. The sign of the current cross correlation
in the low lead chemical potentials can serve as a signature for
the existence of the MBSs.
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