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Abstract

It has been shown that quantifying the unstable in lineatesys is important for establishing
the existence of stabilizing feedback controllers in thespnce of communications constraints. In this
context, the instability measure is defined as the sum of ¢laé parts (continuous-time case) or the
product of the magnitudes (discrete-time case) of the bilestaigenvalues. This paper addresses the
problem of quantifying the unstable in linearized systemimed from nonlinear systems for a family
of constant inputs, i.e., quantifying the largest insiaibiheasure over all admissible equilibrium points
and all admissible constant inputs. It is supposed thatyhamiics of the nonlinear system is polynomial
in both state and input, either continuous-time or disetiete, and that the set of constant inputs is a
semialgebraic set. Two cases are considered: first, wheacghiibrium points are known polynomial
functions of the input, and, second, when the equilibriunmggoare unknown (polynomial or non-
polynomial) functions of the input. It is shown that uppeuhds of the sought instability measure can be
established through linear matrix inequalities (LMIs) leasching for polynomially-dependent Lyapunov
function candidates. Moreover, it is shown that these uppends are nonconservative for a sufficiently
large degree of the Lyapunov function candidates under smmeitions. Lastly, necessary and sufficient
conditions are provided for establishing whether the olg@diupper bounds are nonconservative. Some

numerical examples also show the advantages of the promosttbd with respect to grid techniques.

I. INTRODUCTION

An important issue in control systems consists of quamgyihe unstable. Indeed, it has

been shown that this allows one to establish the existencatilizing feedback controllers

DRAFT



for linear systems in the presence of communications caingst In this context, the instability
measure is defined as the sum of the real parts (continumesdase) or the product of the
magnitudes (discrete-time case) of the unstable eigeesalkor instance, [1] shows that the
coarsest quantizer that quadratically stabilizes a siimglat discrete-time system is logarithmic,
and provides a closed form for the optimal logarithmic basterms of this instability measure.
Also, [2] considers the design of encoders, decoders, antiatiers to achieve different control
objectives, and provides upper and lower bounds on the negjudhannel rate based on the
instability measure. Analogous results are proposed inwfre the lowest quantization density
of infinite logarithmic quantizers in a single-input syst&rnvestigated, in [4] where the case
of multiple sensors that partially observe the system isittaned, in [5] where a virtual system
approach for digital finite communication bandwidth cohtsodescribed, and in [6] for the case
of channel modeled by a finite logarithmic quantizer. Thedegds also referred to [7]-[9] for
further applications of the instability measure, and to][101] for connections with the entropy
of dynamical systems.

The linear system that has to be considered when quantifyiagunstable is very often a
linearized nonlinear system. Indeed, real plants are gépaharacterized by nonlinear dynam-
ics. Moreover, considering the linearized system obtaifoeda certain equilibrium point and
for a certain constant input is generally sufficiently fosdming a locally stabilizing feedback
controller. Unfortunately, the constant input is very aftenknown, for instance because the user
is allowed to change it in order to choose a desired perfocena@onsequently, the linearized
system is unknown as well, and its dependence on the unknowstant input can be very
complex since also the equilibrium point depends on the aowkinconstant input. In the context
of uncertain linear systems, the instability measure has levestigated in [12] in the case of
uncertain parameters constrained in a polytope by exptpityapunov functions, and in [13] in
the case of uncertain parameters constrained in a semialgedet by exploiting determinants.

This paper addresses the problem of quantifying the urestablinearized systems obtained
from nonlinear systems for a family of constant inputs,, iquantifying the largest instability
measure over all admissible equilibrium points and all adibie constant inputs. It is supposed
that the dynamics of the nonlinear system is polynomial ithlstate and input, either continuous-
time or discrete-time, and that the set of constant inputs semialgebraic set. Two cases are

considered: first, when the equilibrium points are knowrypomial functions of the input, and,
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second, when the equilibrium points are unknown (polyndmmianon-polynomial) functions of
the input. It is shown that upper bounds of the sought inktabmeasure can be established
through linear matrix inequalities (LMIs) by searching foolynomially-dependent Lyapunov
function candidates. Moreover, it is shown that these uoemds are nonconservative for a
sufficiently large degree of the Lyapunov function candédatinder some conditions. Lastly,
necessary and sufficient conditions are provided for dstahf whether the obtained upper
bounds are nonconservative.

Let us observe that a possible way to address this problema igrid techniques. Specifically,
one could generate samples of the set of admissible corisfauts and evaluate the instability
measure for each of them. However, this technique suffersewéral issues. The first issue
is that, in spite of the number of samples used, only lowembsuof the largest instability
measure can be obtained (since the set of admissible comgparts is continuous), while upper
bounds are needed in order to ensure stability. The secsneé is that, for each sample, one
should compute the set of admissible equilibrium pointsicivtamounts to solving a system
of polynomial equations. Unfortunately, solving a systehpolynomial equations is a difficult
task and no reliable method does exist for this. Indeed, sfimimethods like resultants suffer
of the problem that the univariate polynomial generatedttare huge degree, while numerical
methods like homotopy methods suffer of the problem thatitsmis might be lost, see [14],
[15] and references therein. The third issue is that the coatipnal time can be very large
depending on the the number of samples used. These issudlssrated with some numerical
examples in Section V.

The paper is organized as follows. Section Il introducespifedlem formulation. Section Il
describes the derivation of the upper bounds. Section I'ggmrs the conservatism analysis and
the extension to the case of discrete-time nonlinear syst8ection V presents some illustrative
examples. Lastly, Section VI concludes the paper with sona femarks. A conference version
of this paper (considering only continuous-time dynaméeg without the conservatism analysis)

appeared as reported in [16].

[I. PRELIMINARIES

The notation used throughout the paper is as follaksspace of real numbers§;: space of

complex numbers),,: n x 1 null vector; Ry: R™\ {0,}; I: identity matrix (of size specified by
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the context);A”: conjugate transpose of matrik A > 0, A > 0: hermitian positive definite and
semidefinite matrix4; £(a), S(a): real and imaginary parts af € C; |a|: magnitude ofu € C;

spec(A): spectrum of matrix4; \,.;,(A): minimum real eigenvalue of matri®.

Let us start by considering the continuous-time nonlingatesn

2(t) = f(x(t), u(t)) (1)

wheret € R is the time,z € R is the state vector, € R™ is the input vector, and (x(t), u(t))
is a polynomial function inc(t) andu(t).
Let ¢ € R™ be a reference value of interest of the input vector, an®let) C R" be the set

of equilibrium points of the nonlinear system (1) corresgiog to ¢, i.e.,

O(¢) ={0 eR": [f(0,¢) =0}. (@)

Let & € ©(¢) be an equilibrium point of interest of the nonlinear systelh dorresponding
to ¢. For local stabilization in a neighbourhood of the pdir¢), the nonlinear system (1) is

generally approximated with its linearized form

x(t) = A0, 9)3(t) + B(0, 9)a(t) (3)
where
z(t) = z(t)—40
) (a)
ut) = u(t)—¢
are the variations of the state vector and input vector wepect to¥ and ¢, respectively, and
df (x,u
Ap.0) = T
T l@u=0.0)
5)
df (z,
B.6) = T
Ul @u=0.0)

are the matrices that describe the local behaviour of theesys
In the literature, several conditions for the existence stiadilizing controller for the linearized
system (3) under communications constraints have beem dgiesed on a certain instability

measure of the matrixi(6, ¢), which has to be smaller than a specific value depending on the
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communications constraints considered. SpecificallyMlet R™*". In the continuous-time case,

such an instability measure is defined as

p(M) = Zmax {0, R(A(M))} (6)

where \;(M) is thei-th eigenvalue of\/.

If the reference valué of the input vector and the equilibrium poiftof the nonlinear system
(1) are known, then the instability measure to consider @knas well, since the matrik (6, ¢)
is a constant for such values éfand ¢.

However, the paifd, ¢) is very often unknown due to the following reasons:

1) the reference valug might change, for instance as the result of a choice of the use
2) the equilibrium poin® might be uncertain in the s€(¢), for instance due to the initial
condition of the nonlinear system (1).
Due to this uncertainty on the pd#, ¢), it appears clear that one should determine the largest
value of the instability measure over all admissible pé#sp) in order to ensure the existence
of a stabilizing controller for the linearized system (3)den communications constraints.

Let us denote withb C R™ the set of admissible reference values of the input vectr, i
¢ e . (7)

We suppose thab is a semialgebraic set expressed as
P={peR™: ai(¢) 20, i=1,...,n4} (8)

where a;(¢), i« = 1,...,n,, are polynomials. The first problem addressed in this paper i

formulated as follows.

Problem 1. Determine upper bounds of the largest instability measur&0, ¢)) over the
admissible pairg6, ¢), i.e.,

w = sup u(A(b,9)). 9)
peD
0c0()

O
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[Il. UPPERBOUNDS

This section describes the method proposed in this papetefi@rmining upper bounds of

in (9). Let us start by introducing the following two cases.

1) Case I: for allp € ®, the equilibrium points of the nonlinear system (1) can beressed

by polynomial functions ofp. That is, there exist polynomial functions : R™ — R",

j=1,...,n, such that the set of equilibrium poingy¢) in (2) can be written as

O(¢) = {91(¢),-- . gn,(0)} Vo € ®.

2) Case IlI: any possibility (including Case ).

The next two subsections will consider separately thesescas

A. Casel

In this section we suppose that (10) holds for some polynbimigtionsg;(¢), j =1, ...

The following example illustrates such a situation.

Example 1. Let us consider (1) with

—2x3 — 13 — 2xU3
f(IL',U) = Ty — {L'% + 0.5x1u9
1+ To+ Uy

The set® and its expression in (8) are chosen as

o = [~1,1]
w(¢) = 1-¢7 Vi=1,2,

(10)

(11)

(12)

It follows that the set of equilibrium point®(¢) in (2) can be written as in (10) for polynomial

functionsg;(¢), j = 1,2, given by

0 a(e)
gi(@) =10, 90 = B(¢)
0 —p3a(¢) — 0.56(¢)*
a(p) =—1— ¢1 + 0.5¢
\ B(¢) = —(1+ d1)a(9).

(13)
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In order to determine.* in (9) in this case, let us proceed as follows. Foe {1,...,n}

define the binomial coefficient
n!

S 14
& = k) (14)
Let M € R™", and letQ, (M) be ac, x ¢, matrix function satisfying
k
spec(Qx(M)) = {Z A, (M), z € Ik} (15)
i=1
where M € R™*" andZ, is the set ofk-tuples in{1,...,n}, i.e.,
L, = {(z,... ) me{l,...,n}, 2 <zip (16)

Vi=1,...,k—1}.
A matrix function Q. (M) satisfying (15) can be directly built frond/ following the idea

described in [17]. For instance, far= 3 one has

7y ={2(1) =1,2(2) = 2,2(3) = 3}
I = {2(1) = (1,2),2(2) = (1,3),2(3) = (2,3)}
Iy = {=(1) = (1,2,3)}
and )
(M) = M
M+ Mys My —My s
(M) = Ms Mg+ Ms s M »
—M; M My + M; 3
| Q3(M) = trace(M).

The matrix functionQ2,(M) can be exploited as follows. Let us define

Winin = 0 a7)
ando : (Wypin,0) X C — R as
o(w,\) = w— R(N). (18)
Forje{l,....n.}, k€ {1,...,n} andw € (wy,, c0), let us introduce
Djr(¢) = u(Alg;(0), ¢)) — wl (19)

DRAFT



which is a matrix polynomial since;(¢) is polynomial, A(6, ¢) is polynomial, and, (M) is

linear. Moreover, for a symmetric matrix polynomia) ;, : R™ — R%*%, let us define

Qjk(0) = =P i(¢)D;i(d) — Dji(0) P (o). (20)

Lastly, let us introduce the following definition: a symmetmatrix polynomial H : R™ —
R"<" is said to be sum of squares (SOS) if there exist matrix potyats 7, : R™ — R,

1=1,...,%maez, SUCh that

H(¢) =Y Hi(¢)Hi(9). (21)
=1
The following result provides a condition for establishiag upper bound oj.* based on a

convex optimization problem.

Theorem 1: Let w € (wpin, >0). Let us suppose that there exist- 0 and symmetric matrix
polynomialsP; , R; j ., : R™ — R%*%, ¢ € {1,...,n.}, j € {1,...,n,}, k € {1,...,n} and
I € {1,2}, such that

Pik(9) = Sjra(e) — 1
Qik(¢) — Sjka(p) —el p are SOS (22)
Rijri(®)
forallie{1,....n.}, 7€ {l,....,ng}, k€ {1,...,n} andl € {1, 2}, where
Sj,k,l(¢) = Z ai(¢)Ri,j,k,l(¢)- (23)
=1
Then,
p<w. (24)

Proof. Suppose that (22) holds. LeE {1,...,n.}, j € {1,...,n.}, k€ {1,...,n}, 1 € {1,2}
and¢ € R™. From (21) it follows that

Piy(¢) — Sjka(d) —1 > 0
Qjk(P) — Sjr2(d) —cl > 0
Rijki(¢) > 0
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Let ¢ € ®. SinceR; ;;(¢) > 0 anda,;(¢) > 0, it follows that
I < Pip(¢) = Sjxa(9)
= Piu(¢) — i ai(¢)Ri jx1(9)
Pjr(9), -

IA

Pir(¢) > 1.
Similarly, one has thaf); ,(¢) > 1. Sincee > 0, it follows from (20) that
spec(D;i(¢)) C{A e C: a(w,\) >0}.
Hence, (19) implies that

spec(Q(A(g;(¢),9))) C{A e C: a(w, ) >0}
From (15) it follows that
1(A(g;(¢), ) <w

and, thereforey* < w. O

Theorem 1 provides a condition for establishing whethervargscalarw is an upper bound
of the soughtu* in Case I. This condition requires to check the existencéneffositive scalar
¢ and symmetric matrix polynomialB; »(¢) and R; ; ,(¢) satisfying (22). For chosen degrees
of such matrix polynomials, (22) is an LMI feasibility testnd, hence, a convex optimization
problem [18]). Indeed, establishing whether a symmetrid¢rimgolynomial depending affine
linearly on some decision variables is SOS is equivalentstatdishing feasibility of an LMI,
see for instance [19]-[23] and references therein.

The LMI condition provided by Theorem 1 is based on a spe@aémf the Positivstellensatz
[24], and is sufficient for any chosen degrees of the symmetatrix polynomialsP; ;(¢) and
R, ;1.1(¢). The conservatism of the condition can be decreased byasicrg the degrees of these
matrix polynomials, see for instance [23] and referencesein for results about the necessity
of the Positivstellensatz.

Hereafter we will assume that the degrees of the symmetricixrolynomials in the LMI

condition provided by Theorem 1 are selected as followstFane arbitrarily chooses the degree
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of P;;(¢), which defines the Lyapunov function candidate. Then, thgreds ofR; ;. (¢) are
automatically selected as the largest degrees for whigH¢) — S;.1(¢) — I and Q; x(¢) —
S; k2(¢) — el have their minimum degree. Let us observe that this rulenallone to arbitrarily
increase the degrees of all the symmetric matrix polynanial(22) by increasing the degree
of Pj(¢).

Hence, for a chosen degree of the symmetric matrix polynofia(¢), let us define

Uy = '_I?ax Wy k (25)
ot
where
Wik = inf w
WE (Winin ,00)
. N : (26)
s.t. 3 >0,Pi(¢), Rijri(o): (22) holds

Vie{l,...,n.} VIl € {1,2}.
From Theorem 1 it follows that

W< (27)

Indeed, 1; is the best upper bound of* provided by Theorem 1 for chosen degrees of the
symmetric matrix polynomial$’; »(¢) and R, ; »,(¢). Let us observe that the quantities, in
(26) can be computed through a bisection searchy avhere the LMI condition (22) is checked

for any fixed value ofw.

B. Case Il

In this section we consider any possibility, i.e., eithéd)(tholds for some polynomial functions
gi(¢) or not. The following example illustrates a situation wheteh polynomial functions do

not exist.

Example 2. Let us consider (1) with
4+ ah—u
f(a,u) = L : (28)
14+ 21 4+ 329 + 3T129 — 220U
The set® and its expression in (8) are chosen as

o = (0,2 9)
ar(¢) = 26— %
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Fig. 1. Example 2. Zero level sets ¢f(0, ¢) (dashed line) ang (0, ¢) (solid line) for some values af € ®. The intersection
between the two level sets are admissible equilibrium goint

It follows that the set of equilibrium point3(¢) in (2) cannot be written as in (10) for polynomial
functions g;(¢). Figure 1 shows the zero level sets 9, ¢) for ¢ € ®. Figure 2 shows the
equilibrium points in©(¢) for some values ofy € ®. Figures 3—4 show the first and second

entries, respectively, of the equilibrium points in Fig@eersuse. O

In order to determing* in (9) in this case, let us proceed as follows. Eog {1,...,n} and

w € R let us define the matrix polynomials
Ei(0,¢) = Qu(A(0, ¢)) —wl. (30)
Moreover, for symmetric matrix polynomialg, : R” x R™ — R%*  |let us define
U(0.¢) = =Ti(0, ) E(0, ) — Ex(0, ) Ti (0, ). (31)

Lastly, let us introduce the following definition: a symmetmatrix polynomialH : R” x R™ —

R"*" is said to be sum of squares (SOS) if there exist matrix pohials [, : R” x R™ — R">"
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1=1,...,%ma, SUCh that

tmax

H(0,¢) =Y Hi(0.6)Hi(0,9). (32)

i=1
The following result provides a condition for establishiag upper bound of.* based on a

convex optimization problem.

Theorem 2: Let w € (w,m,00). Let us suppose that there exist- 0 and symmetric matrix
polynomials Ty, V; 1, Wiy + R® x R™ — R%*% 4 ¢ {1,...,n,}, j,k € {1,...,n} and
[ € {1,2}, such that

T30, 0) — Xp1(0,0) — 1
Ui(0,6) — Xi2(0,0) —el p are SOS (33)
I/Vz,k,l(97 (b)

DRAFT



14
forallie{1,...,n.}, k€ {1,...,n} andl € {1, 2}, where

Xkl Z'U] ) wmzne )‘/jk)l(e ¢)

_E az zkl

andv;(0, ¢) are arbitrarily chosen polynomlals (their role will be istigated in Theorem 5).
Then,

(34)

w < w. (35)

Proof. Suppose that (33) holds. Lete {1,...,n.}, £k € {1,...,n}, L € {1,2}, § € R" and
¢ € R™. From (32) it follows that
Ti(0,¢) — Xpa(0,0) — 1
U(0,0) — Xi2(0,0) —el > 0
Wika(0, ¢).
Let » € @ andf € O(¢). SinceW,;(0,¢) > 0, a;(¢) > 0 and f;(8, ¢) — wpinb; = 0, it follows
that

Vv
o

I < Tu(0,9) — Xia(0,0)

= Tk(9>¢) - Zvj(9>¢) (fj(9> ) wmme )V;kl(e ¢)

IA
=
=
<

Similarly, one has that/;(0,¢) > <I. Sinces > 0, it follows from (31) that
spec(Ex(0,¢)) C{AeC: o(w,\) > 0}.
Hence, (30) implies that
spec(Q(A(0,9))) Cc{AeC: o(w,\) >0}.

From (15) it follows that
1(A(0,9)) < w
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and, thereforey* < w. O

Theorem 2 provides a condition for establishing whethervargscalary is an upper bound
of the sought* in Case Il. This condition requires to check the existencthefpositive scalar
e > 0 and symmetric matrix polynomial®, (0, ¢), V;x.(0,¢) and W, ;. (0, ¢) satisfying (33).
For chosen degrees of such matrix polynomials, (33) is an fédsibility test analogously to
(22) in Theorem 1.

The condition provided by Theorem 2 is sufficient for any @oslegrees of the symmetric
matrix polynomials’y (0, ¢), V;..(6,¢) and W, ;. (0, #). The conservatism of the condition can
be decreased by increasing the degrees of these matrixqmisgts as discussed for Theorem
1.

Hereafter we will assume that the degrees of the symmetricixr@olynomials in the LMI
condition provided by Theorem 2 are selected as followstFane arbitrarily chooses the degree
of T;.(0, ), which defines the Lyapunov function candidate. Then, tlggetes ofV ;. ,(6, ¢) and
W, x.(0, ¢) are automatically selected as the largest degrees for vihigh ¢) — X, 1(0, ¢) — I
andUy (0, ¢)— Xy 2(6, ¢)—<I have their minimum degree. Let us observe that this rulevallone
to arbitrarily increase the degrees of all the symmetricrma@iolynomials in (33) by increasing
the one of7y (0, ¢).

Hence, for a chosen degree of the symmetric matrix polynofi@, ¢), let us define

prr = MmaX wy (36)
where
w, = inf w
WE (Wi in ,00)
- | | | (37)
S.t. € > 07 Tk(ev ¢)7 V;,k,l(ea ¢)7 VVz,kz,l(ev ¢) .

(33) holdsVi € {1,...,n,} VI € {1,2}.
From Theorem 2 it follows that
W< pr (38)
Indeed, ;7 IS the best upper bound @f* provided by Theorem 2 for chosen degrees of the
symmetric matrix polynomialdy (6, ¢), V;..(6,¢) and W, (6, ¢). Let us observe that the
guantitieswy, in (37) can be computed through a bisection search avhere the LMI condition

(33) is checked for any fixed value af.
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[V. CONSERVATISM AND DISCRETETIME

In this section we investigate the conservatism of the upgmemds ofu* derived in the
previous section. Moreover, we show how the proposed methgy can be extended to the

case of discrete-time nonlinear systems.

A. Conservatism: Case |

The following result states that, under some mild assumption ®, the LMI condition
provided by Theorem 1 is not only sufficient but also necgssad, consequently, the upper

boundy; is asymptotically nonconservative.

Theorem 3: Let us suppose thab is compact and that the polynomials(¢) have even
degree and that their highest degree forms have no commos egcep?. Then,* < w with
w € (Wi, 00) if and only if there exist > 0 and symmetric matrix polynomialB; ;(¢) and
R, ; 1.1(¢) such that (22) holds. Consequently, for at- 0 there exist a sufficiently large degree
of P;;(¢) such that
0<pr—p <Ee (39)

Proof. The sufficiency has been proven in Theorem 1, let us hencgdmrthe necessity. Suppose

that * < w with w € (wpin, 00). Let ¢ € . It follows that
1(Algi(9),¢)) <w Vje{l,....ng}.
Letj e {1,...,n,} andk € {1,...,n}. From (15) one has that
spec((2(A(g;(9),9))) € {A e C: o(w, ) > 0}.

This implies that
spec(D;i(¢)) C{A € C: o(wmin, A) > 0} .

Hence, the Lyapunov equation
Qj,k(¢) =1
admits a unique solutio®; ;(¢) that satisfies

Pj(¢) = el
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for somee; > 0. SinceQ;x(¢) is a polynomial function, it follows thaf; ,(¢) is a rational

function that can be expressed as

Pj,k,num(¢)

P
Pj,k:,den(¢)

k(@) =

where
Pj,k,den((b) > €2

for somee, > 0. Let us redefine?; ,(¢) as
Pii(®) < 3Pk num(9)
wheree; = max{1,e;'}. It follows that P; ,(¢) is a symmetric matrix polynomial that satisfies
Pip(dp)—1 = 0
{ Qik(¢) —egesl > 0.

Since ® is compact, and since the polynomialg¢) have even degree and that their highest
degree forms have no common zeros exdept follows from Putinar's Positivstellensatz [25]

that there exist symmetric matrix polynomiats; . ;(¢) such that (22) holds for some> 0. O

The next result provides a sufficient and necessary comdibo establishing whether the
upper boundu; is tight.
Theorem 4: Without loss of generality, suppose that > 0. Then,

u = (40)

if there existj € {1,...,n,}, k € {1,...,n} and¢ € Z,, such that

w(A(gi(9),0) = s 41)
o €
where
Zi = {0 €R™: Ain (Qi(0) — Sal0)) = 0} (42)

andQ; x(¢) andS; ;. 2(¢) are the matrice§); »(¢) and S; ;. 2(¢) evaluated for the optimal values
of w, Pji(¢) and R, ;x:(¢) in (26). Moreover, if® is compact, this condition is not only

sufficient but also necessary.
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Proof. “<" Suppose that (41) holds. From the definition;gf this implies that

pr < .

Hence, from (27) it follows that* = p;.
“=" Suppose that is compact ang.* = x;. From the continuity of«(A(g;(¢), ¢) it follows
that there existg* € ® such that (41) holds for somge {1,...,n,} with ¢ = ¢*. Let us

consider hereafter such a value jofand letk € {1,...,n} be such that

k
W= Z; Az (Alg(67), ).
Let us observe that _
Fie{l,. ot M((Alg;(97),¢7))) = 1"
Sincew;;, = p* for the considered values gfandk, one has
Jie{l,....c}: RO(Djr(¢7))) =0.

Since P; (¢) — S;k1(¢) — I and R, ; ,1(¢) are SOS, and since (¢*) > 0, it follows that

Piu(¢7) > 1

where P, .(¢) is the optimal value ofP;,(¢) in (26). SinceQ;.(¢) — S;.2(4) is SOS, this

implies that

Amin <Qj,k(¢*) - gj,k,z(f)) =0,

ie., ¢ € Zj, 0

Theorem 4 provides a sufficient condition for establishirgether the computed upper bound
1 1S tight, which is also necessary under the mild assumphanhd is compact. The condition
provided by Theorem 4 consists of checking whether (41) hdétdt somej € {1,...,n,},
ke {l,...,n} and ¢ € Z,,. For any admissible values gf and k, this can be done by
computing Z; . (e.g., through linear algebra operations, see for instghdp and references

therein), and then by trivial substitution ofinto (41).
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B. Conservatism: Case ||

The following result states that, under some mild assumptan® and some assumptions on
©(¢), the LMI condition provided by Theorem 2 is not only suffididsut also necessary and,

consequently, the upper bounpg; is asymptotically nonconservative.

Theorem 5: Let us suppose thab is compact and9(¢) is compact for allp € ®. Let
us also suppose that the polynomial$és) and v;(6, ¢) (f;(6, ¢) — wnint;) have even degree
and that their highest degree forms have no common zeropefcavherev;(6, ¢) can be
arbitrarily chosen under the constraint that it is posithwer O(¢) x ® for all ¢ € ®. Then,
w* < w with w € (W, 00) if and only if there exist > 0 and symmetric matrix polynomials
T8, 0), Viri(8,9) andW, ;.,(0, ¢) such that (33) holds. Consequently, for @tk 0 there exist
a sufficiently large degree dfy (6, ¢) such that

0<p—p <e (43)

Proof. The sufficiency has been proven in Theorem 2, let us hencgdmrthe necessity. Suppose

that ©* < w with w € (wyin, 0). Let ¢ € & andfd € ©(¢). It follows that

1A, 9)) <w.

Letk € {1,...,n}. Proceeding as in the proof of Theorem 1, it follows thaterestist symmetric

matrix polynomialsTy (¢, ¢) that satisfy

T(0.9) =1 = 0
Ur(0,0) —eqe3l > 0
for somee, > 0 andes > 0. Since® is compact and®(¢) is compact for alk) € ¢, and since
a;(¢) and v;(0, ¢) (f;(6,¢) — wmint;) have even degree and that their highest degree forms
have no common zeros exceptit follows from Putinar’s Positivstellensatz [25] thaketle exist

symmetric matrix polynomials’; ;. ;(6, ¢) andW, ;. ,(0, ¢) such that (33) holds for some> 0. [

The following result provides a sufficient and necessaryda@n for establishing whether

the upper bound.;; is tight.
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Theorem 6: Without loss of generality, suppose that; > 0. Then,

W= prr (44)

if there existk € {1,...,n} and (0, ¢) € Z; such that

(A0, ¢) = p
f6,6) = 0 (45)
p € O

where

_Xk,2<97 ¢)> = 0}
and U,(0, ¢) and X}, 5(, ¢) are the matrices/, (4, ¢) and X}, »(d, ) evaluated for the optimal
values ofw, T.(6, ¢), V; (0, ¢) and W, ;,(6, ¢) in (37). Moreover, if® is compact and(¢)

is compact for allp € ®, this condition is not only sufficient but also necessary.

(46)

Proof. “<” Suppose that (45) holds. From the definition;of; this implies that
prr <t
Hence, from (38) it follows that* = ;.

“=" Suppose thatd is compact,0O(¢) is compact for allp € ¢, andpu* = u;;. From the
continuity of u(A(6, ¢) it follows that there exist* € & andf € ©(¢*) such that (45) holds
with = 6* and¢ = ¢*. Let k € {1,...,n} be such that

k
w= AL (A7, 67).
i=1
Let us observe that
Fed{l,...;a}: N(Qe(AO",0%))) = p*.
Sincew; = p* for the considered value df, one has
i€ (1.} RO(E(67,67))) = 0.

SinceTy (0, ¢) — X;1(0,¢) — I and W, x,(¢) are SOS, and since;(¢*) > 0 and f;(6*, ¢*) —
wmin; = 0, it follows that
Tp(07, %) > 1
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whereT}, (6, ¢) is the optimal value of/}.(6, ¢) in (37). SinceUy (0, ¢) — X.»(0, ¢) is SOS, this

implies that
Amin (U0, 6%) = Xia(07,6)) = 0,

ie., (0%, 6") € Z. 0

Theorem 6 provides a sufficient condition for establishidgether the computed upper bound
wrr is tight, which is also necessary under the assumptions ®he compact andd(¢) is
compact for allp € . The condition provided by Theorem 6 consists of checkinggtivbr
(45) holds for some: € {1,...,n} and (0, ¢) € Z;. This can be done through linear algebra

operations as explained for the condition of Theorem 4.

C. Discrete-Time

In this subsection we show how the proposed methodology eaextended to the case of

discrete-time nonlinear systems. Specifically, we comside

z(t+1) = f(z(t), u(t)) (47)

wheret € R, z € R", uw € R™, and f(z(t), u(t)) is a polynomial function inc(¢) andw(t). For
brevity, we only report the expressions of the previousisestthat need to be changed.
Let us start by considering the problem formulation in Smttil. The set of equilibrium

points ©(¢) in (2) is replaced by
o) = (0 € B f(0,6)— 0= 0}. (@9)
The instability measurg (M) in (6) is replaced by
u(h1) = ﬂmax{l, A (@9)

Hence, let us consider the upper bounds in Section Ill. Thedition (15) that defines the

matrix functionQ, (M) is replaced by

k
spec(Q(M)) = {H A, (M), z € zk} . (50)
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The quantities (17)—(20) introduced for Case | are repldned

p

Wiin = 1
o(w,\) = _|wi|
Dir(d) = Qk(A(gi(cb),cb)) (51)
Qin(®) = Pyu(d) — Djn(0) Piu(d)Dji().

The quantities (30)—(31) introduced for Case Il are repldog

B - B00) "

The following corollary states that the theorems derivethim previous sections for the case
continuous-time nonlinear system (1) can be readily usedhi® discrete-time nonlinear system
47).

Corollary 1. Theorems 1-6 hold for the discrete-time nonlinear systefdm instead of the
continuous-time nonlinear system in (1) by performing tharges (48)—(52).
Proof. Analogous to the proofs of Theorems 1-6 by replacing thieilgtaconditions based on

eigenvalues and Lyapunov functions. O

We conclude this section reporting the expressiofgf)/) in a few cases. In particular, for

n = 3 one has

;

O (M)=M
M1,1M2,2 - M2,1M1,2 M1,1M2,3 - M2,1M1,3
92(M): M1,1M3,2 - M3,1M1,2 M1,1M3,3 - M3,1M1,3
M2,1M3,2 - M3,1M2,2 M2,1M3,3 - M3,1M2,3
M1,2M2,3 - M2,2M1,3
M1,2M3,3 - M3,2M1,3
M2,2M3,3 - M3,2M2,3

| Q3 (M)=det(M).
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V. EXAMPLES

In this section we present some illustrative examples optbposed results. The computations
have been done on a standard personal computer (Windowde8,Aare i7, 3.4 GHz, 8 GB
RAM) with Matlab using the toolbox SeDuMi [26]. The degree Bf; ;. ;(¢) in the LMI (22)
is automatically chosen from the one 6f.(¢) as described after Theorem 1. Similarly, the
degrees ol ;. (6, ¢) and W, (0, ¢) in the LMI (33) are automatically chosen from the one of
Ty (0, ¢) as described after Theorem 2.

A. Example 1 (Continued)

Let us consider consider again (1) with (11)—(13). The matfid, ¢) of the linearized system
) is

—2¢2 —20, —2
Al,¢) =| —20,+050, 1 0
1+ ¢y 1 0

Since the set of equilibrium poin(¢) in (2) can be written as in (10) for polynomial functions
gi(¢), 7 = 1,2, given by (13), this example can be investigated under CaseCase II.

Let us start with Case |, and let us determine the upper bouynidh (25). This requires to
determine the quantities; ; in (26) for j € {1,2} andk € {1, 2, 3}.

Let us consider firsj = 1. We have

—2¢2 0 —2
1+4¢1 1 0

By searching for a symmetric matrix polynomig) .(¢) of degreel, we obtain
wy1 = 1252, Wo 1 = 1361, w31 = 1.000.

Then, we considej = 2. We have

Ag2(9), ¢) =

—2¢3 —2 — 41 + Po + P19 — 297 —2
24+ 2¢1 — 0.5¢, 1 0
14 1 0
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By proceeding as in the previous case, we obtain
Wi2 = 1252, Wo 9 = 1476, W32 = 1.000.

Hence,u; = 1.476. The computational time for establishing feasibility oethMI condition

(22) is less than second.

Next, let us establish whether; is tight. We find that (41) holds with
j = 2
k= 2
¢ = (-—0.609,—0.094)".
Therefore, we conclude that the upper bound is tight,i/e= ;. Indeed, forp = (—0.609, —0.094)’,

one has that

1(A(g2(0), ¢)) = 1

that is, the upper bound; is achieved byu(A(f,¢)) for an admissible value ob (i.e.,
(—0.609, —0.094)") andé (i.e., g2((—0.609, —0.094)")).

Next, let us investigate this example under Case Il. It turos that * can be obtained
through the upper bound;;. However, it is interesting that one must search for a symmet
matrix polynomial7} (6, ¢) of degree3, while we simply obtainu; = p* by searching for a
symmetric matrix polynomiaP; ,(¢) of degreel: the computational burden required by Case |

is significantly smaller than that required by Case II.

Lastly, we compare the proposed method with a grid techni@pecifically, we generate
ngria NUMber of samples ap equally distributed ind = [—1, 1]*. Then, for each sample af,
we evaluate the instability measui@A(g;(¢), ¢)). In order to obtain the maximizer af with
precision at the third digit, we choosg,;; = 20012, and the computational time #l6 seconds
(much larger than that of the proposed method). Moreoves,pgtovides only a lower bound of
1* (while the proposed method provides guaranteed upper Isoohd* and, in this example,

the exact value of/*).
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B. Example 2 (Continued)

Let us consider again (1) with (28)—(29). The matrixd, ¢) of the linearized system (3) is

A, ) = 20, 20,
’ 1+30, 2436, |

Since the set of equilibrium point®(¢) in (2) cannot be written as in (10) for polynomial
functionsg;(¢), this example can be investigated under Case Il only.

Let us determine the upper boupg; in (36). This requires to determine the quantitiesin
(37) for k € {1,2}. By searching for a symmetric matrix polynomig}(f, ¢) of degree0, we
obtain

wy = 6.147, wy = 8.170.

Hence,u;; = 8.170. The computational time for establishing feasibility oethMI condition

(33) is less than second.

Next, let us establish whether; is tight. We find that (45) holds with

ko= 2
6 = (1.076,—0.651)
¢ = 1518

Therefore, we conclude that the upper bound is tight,ie= 1. Indeed, fo = ((1.076, —0.651)’
and ¢ = 1.518, one has that

(A0, 0)) =

that is, the upper bound;; is achieved by.(A(9, ¢)) for an admissible value af (i.e., 1.518)
andd (i.e., (1.076, —0.651)").

Lastly, we compare the proposed method with a grid technifpecifically, we generate,,
number of samples af equally distributed inb = [0, 2]. Then, for each sample @f, we attempt
to compute the set of equilibrium poin€(¢) in (2) by using the function “solve” of Matlab,
and we evaluate the instability measureA(d, ¢)) for all § € ©(¢). Some comments are as

follows.
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1) The computation of the séi(¢) is wrong for some values af. For instance, with = 1,

we get only the solutiong-1,0)" and (0, —1)’, however other two solutions exist as it can

be easily verified by graphical investigation. Indeed, gdared in Section |, no reliable
method does exist for solving a system of polynomial equatio

2) In order to obtain the maximizer of with precision at the third digit, we choosg,; =

2001, and the computational time &0 seconds (much larger than that of the proposed

method). Moreover, this provides only a lower bounduof(while the proposed method

provides guaranteed upper boundsutfand, in this example, the exact value ;of).

C. Example 3

Let us consider (1) with
xé + x% — U1 T2
flx,u) = —22% + 13 — uox3
—4 + Tows + xF + Uy + Uy
The setd in (8) is defined by
o = [-3,3]
ai(¢) = 9—¢? Vi=1,2.

Let us determine the upper boung; in (36). This requires to determine the quantities
in (37) for k € {1,2,3}. By searching for a symmetric matrix polynomigl(¢, ¢) of degreel,
we obtain

wy = 24.687, wy = 24.211, wy = 1.842.

Hence,u;; = 24.687. The computational time for establishing feasibility oéthMI condition
(33) is 23 seconds.

Next, let us establish whether; is tight. We find that (45) holds with

k = 2
0 = (1.608,—1.837,—1.804)
6 = (—3,-3).
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Therefore, we conclude that the upper bound is tight,ie= 1;. Indeed, ford = (1.608, —1.837,
—1.804)" and ¢ = (—3,—3)’, one has that

(A0, 9)) = s

Lastly, we compare the proposed method with a grid techni§pecifically, we generate,,
number of samples ap equally distributed in® = [-3,3]?. Then, for each sample aof, we
attempt to compute the set of equilibrium poirti$¢) in (2), and we evaluate the instability
measureu(A(0, ¢)) for all 6 € ©(¢). Some comments are as follows.

1) The computation of the sé&(¢) is wrong for some values af. For instance, withp =
(—3,—3)’, we get only the wrong solutio216.543, —3.133e + 31,16.794)", however at
least a solution does exist, which is the maximizer foundsalwith the proposed method.
Indeed, as explained in Section I, no reliable method doest ¢ solving a system of
polynomial equations.

2) In order to obtain the maximizer of with precision at the third digit, we choosg,,; =
60012, and the estimatéccomputational time is greater thdan0 days (much larger than
that of the proposed method). Moreover, this provides onlgveer bound ofy* (while
the proposed method provides guaranteed upper bounds$ ahd, in this example, the

exact value ofi.*).

VI. CONCLUSION

This paper has addressed the problem of determining thediamgstability measure in lin-
earized nonlinear systems, either continuous-time orrelisg¢ime, over all admissible equilib-
rium points and all admissible constant inputs. It has bdewa that upper bounds of the
sought instability measure can be established through Ubjisearching for polynomially-
dependent Lyapunov function candidates. Moreover, it lentshown that these upper bounds
are nonconservative for a sufficiently large degree of thapiyov function candidates under
some conditions. Lastly, necessary and sufficient contitltave been provided for establishing
whether the obtained upper bounds are nonconservative c@ses have been considered in the

derivation of these results: first, when the equilibriumnpeiare known polynomial functions of

1This estimate has been calculated usingiq = 612 and then scaling the obtained computational time.
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the input, and, second, when the equilibrium points are awkn(polynomial or non-polynomial)
functions of the input.

Some numerical examples have also shown the advantagesmiaposed method with respect
to a grid technique in terms of guarantees and computatiimal In this respect, it is fair to
mention that grid techniques can also handle large scakeragswhile the proposed method
cannot. Hence, future work could investigate the simpliftcaof the proposed method from a

computational viewpoint in order to provide its advantagk® for large scale systems.

REFERENCES

[1] N. Elia and S. K. Mitter. Stabilization of linear systemwith limited information.|EEE Transactions on Automatic Control,
46(9):1384-1400, 2001.

[2] S. Tatikonda and S. K. Mitter. Control under communioaticonstraints. |[EEE Transactions on Automatic Control,
49(7):1056-1068, 2004.

[3] M. Fu and L. Xie. The sector bound approach to quantizestifieack control.lEEE Transactions on Automatic Control,
50(11):1698-1711, 2005.

[4] A. Matveev and A. Savkin. Multirate stabilization of ntigle sensor systems via limited capacity communicaticemciels.
SAM Journal on Control and Optimization, 44(2):584-617, 2005.

[5] K. Li and J. Baillieul. Robust and efficient quantizatiand coding for control of multidimensional linear systenmsler
data rate constraintdnternational Journal of Robust and Nonlinear Control, 17(10-11):898-920, 2007.

[6] S. Wan and L. Qiu. Stabilization of networked control t8yss with finite data rate. IAsian Control Conference, pages
1067-1073, Hong Kong, China, 2009.

[7] G. Stein. Respect the unstabld=EE Control Systems Magazine, 23(4):12-25, 2003.

[8] G. Nair, R. J. Evans, I. Mareels, and W. Moran. Topologfeadback entropy and nonlinear stabilizatibBEE Transactions
on Automatic Control, 49(9):1585-1597, 2004.

[9] J. H. Braslavsky, R. H. Middleton, and J. S. Freudenbdfgedback stabilization over signal-to-noise ratio camsed
channels.|IEEE Transactions on Automatic Control, 52(8):1391-1403, 2007.

[10] R. Bowen. Entropy for group endomorphisms and homogesespace. Transactions of the American Mathematical
Society, 153:401-414, 1971.

[11] L. Qiu. Quantify the unstable (semiplenary lecture. Iihternational Symposium on Mathematical Theory of Networks
and Systems, Budapest, Hungary, 2010.

[12] G. Chesi. Worst-case Mahler measure in polytopic uagersystems. |IEEE Transactions on Automatic Control,
57(12):3208-3213, 2012.

[13] G. Chesi. Instability analysis of uncertain systems geterminants and LMISEEE Transactions on Automatic Control
(to appear), 2015.

[14] G. Chesi, A. Garulli, A. Tesi, and A. Vicino. Charactarig the solution set of polynomial systems in terms of hoemapus
forms: an LMI approachinternational Journal of Robust and Nonlinear Control, 13(13):1239-1257, 2003.

[15] T. Mora. Solving Polynomial Equation Systems II. Cambridge University Press, 2005.

DRAFT



[16]

[17]
(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]
[26]

29

G. Chesi. On the unstable of continuous-time lineatimenlinear systems. IHEEE Conference on Decision and Control,
pages 2316-2321, Los Angeles, California, 2014.

R. Bellman. Introduction to Matrix Analysis. McGraw-Hill, New York, 1974.

S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishn&mnear Matrix Inequalities in System and Control Theory. SIAM,
1994,

G. Chesi, A. Tesi, A. Vicino, and R. Genesio. On convexfion of some minimum distance problems. Haropean
Control Conference, Karlsruhe, Germany, 1999.

M. Kojima. Sums of squares relaxations of polynomiamgiefinite programs. Technical report, Tokyo Institute of
Technology, 2003.

S. Prajna, A. Papachristodoulou, and F. Wu. Nonlinestrol synthesis by sum of squares optimization: a Lyaptivesed
approach. InAsian Control Conference, 2004.

C. W. J. Hol and C. W. Scherer. Computing optimal fixedesrH - -synthesis values by matrix sum of squares relaxations.
In |EEE Conference on Decision and Control, pages 3147-3153, Paradise Island, Bahamas, 2004.

G. Chesi. LMI techniques for optimization over polyniafs in control: a surveylEEE Transactions on Automatic Control,
55(11):2500-2510, 2010.

G. Stengle. A nullstellensatz and a positivstellensatsemialgebraic geometrjlath. Ann., 207:87-97, 1974.

M. Putinar. Positive polynomials on compact semi-algéc sets.Ind. Univ. Math., 42:969-984, 1993.

J. F. Sturm. Using SeDuMi 1.02, a MATLAB toolbox for optization over symmetric cone©ptimization Methods and
Software, 11-12:625-653, 1999.

DRAFT



