EXPLICIT CONGRUENCES FOR MOCK MODULAR FORMS

BEN KANE AND MATTHIAS WALDHERR

ABSTRACT. In recent work of Bringmann, Guerzhoy, and the first author, p-adic modular forms
were constructed from mock modular forms. We look at a specific case, starting with a weight —10
mock modular form, and prove explicit congruences.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let 2 < k € 27Z be given and let Sy denote the space of weight k cusp forms. Given a newform
g € Sk, there is a closely linked weight 2— k non-holomorphic modular form M, known as a harmonic
weak Maass form, which maps to g/||g||> under the differential operator &;_j, 1= 2iy2_k%, where
| - || is the usual Petersson norm and z = z + iy in the usual splitting in the upper half-plane
H. The function M further naturally splits into a holomorphic part M™, referred to as a mock
modular form, and a non-holomorphic part M ~. Both parts have a Fourier expansion, which can
be expressed as a g-series for the holomorphic part. Although the coefficients of M ™ are generally
expected to be transcendental, Guerzhoy, Kent, and Ono [5] proved that there exists an a; € C
such that

./T“oé1 = ]\4Jr - OzlEg

with algebraic coefficients by subtracting a certain (likely transcendental) constant multiple of the
(holomorphic) Eichler integral E, corresponding to g (see (2.2) for the definition). From this, they
construct a family of formal power series F,, by adding aF, for algebraic . They then p-adically
link the coefficients of F, to the coefficients of g except for at most_one exceptional choice of a.

Constructing this exceptional choice of o within an algebraic closure @, of the p-adic completion of
Qp and further correcting the series with another Eichler integral closely related to g, Bringmann,
Guerzhoy, and the first author 2] considered a further modification

.7:04,5 = ]:a — 5Eg|Vp7

where § € CTP. This refinement turns out to be a p-adic modular form for a unique choice of o and §
whenever the p-order ord,(A,) of the pth Hecke eigenvalue A, of g satisfies 0 < ord,(A\p) < (k—1)/2.
What is worth noting here is that although the mock modular form is not itself modular (and likely
has transcendental coefficients), the p-adic modular form F, s is congruent to weakly holomorphic
modular forms (those meromorphic modular forms whose only possible poles occur at cusps). The
poles of these weakly holomorphic modular forms increase with the power of the prime p in the
congruence, but the weight remains k.
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The purpose of this paper is to construct congruences between F, ;5 and (classical) modular forms
(but now of varying weights). The naive approach of determining v and ¢ explicitly and computing
Fa,s from the original mock modular form M7 runs into a number of problems. First of all, the
number « is a (formal) linear combination of a (probably) transcendental number plus a p-adic
limit. While the p-adic limit could be reasonably approximated, given the algebraic coefficients
of the first correction F,,, one can only compute approximations to the transcendental part of
. One might be able to approximate a well enough, knowing that the resulting coefficients are
rational (and somehow approximating the denominators). To avoid this problem, we access the
p-adic modular form more directly; we begin at an intermediary step in the proof of the existence
of the p-adic modular form. It turns out that although the p-adic modular form itself depends on
the existence of a and §, it can be computed independently of « and ¢ (see (4.1)). We then prove
the following explicit congruence for the mock modular form associated to the weight 12 cusp form

A(z) = qI32, (1-¢m)* = > ns1 T(n)q", with g := €™,

Theorem 1.1. Suppose that p > 3 is prime and M is the harmonic weak Maass form with a simple
pole at the cusp ioo (in its holomorphic part) for which é_19(M) = A/||A||?. If 0 < ord, (7(p)) =
v < 11/2, then there is a unique a € R+ Q, and § € Q, such that Fa,5 is a p-adic modular form.

(1) For this unique choice of a and § and for every £ € 7 with £ > —11, there exists a weight
2+ l<:pp£1Jrl holomorphic modular form gy on T'o(p) such that

]:a,(SA =0 (HlOd p()’

where ky =p—1 for p >3, k3 =4, and ¢, := max{11/v + {/v,{ — 1}.
(2) For p =3, we have

3" FasA=1 (mod 3),
3" FasA = Ey  (mod 3?),
3" FusA=Ey+9A  (mod 3?),

where Ey(z) :=1—24>""°, o1(n)q" with or(n) = Ed\n dr.

Remarks.

(1) In part (1), the modular forms g, may have (bounded) denominators. That is to say, one
may have to multiply g, by a fixed power of p to obtain a form with integral coefficients.
The maximum power of p possibly appearing in the denominators is p''. In this context,
the congruence modulo 3 in part (2) is the £ = —6 case multiplied by 37.

(2) The congruence for p = 3 was indicated by computational evidence in [2|. Note that the
factor 37 in front of the left-hand side corrects a typo from renormalization.

By beginning in the intermediary step of the proof from [2]|, we are able to write F, s as an
explicit infinite (p-adic) linear combination of weakly holomorphic modular forms. Only finitely
many of the terms are non-zero modulo p’, giving a congruence to an explicit weakly holomorphic
modular form (with p-adic coefficients). It is hence useful to construct weakly holomorphic modular
forms.

Denote the dimension of S; by d := dimc (Sk). Then there is a unique weakly holomorphic
modular form f,,, o1 € Mé_ i for which

fmo—k(z) =q"™+0 (q*d) :
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Such weakly holomorphic modular forms are explicitly constructed by Duke and Jenkins [4] as

a Fro k(2) ::{ Ek’(z)A(z)iodilFm(j(z)) EZ z Z:

where k' € {0,4,6,8,10,14} with ¥ =2 —k (mod 12), E- is the Eisenstein series of weight k', and
F,, is a generalized Faber polynomial of degree m — d — 1 chosen recursively in terms of f,,/ 2
with m’ < m to cancel higher powers of gq.

The connection between F, s and this basis of weakly holomorphic modular forms arises via the
theory of Hecke operators. In particular, we construct a weakly holomorphic modular form R,
related to M which is a constant multiple of f, 19 (see Lemma 3.1). It is through this function
R, that F, s is determined in (4.1).
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2. PRELIMINARIES

Here we give some preliminary definitions of the objects considered in this paper.

2.1. Harmonic weak Maass forms and mock modular forms. Firstly, a weight x € Z har-
monic weak Maass form on SLy(Z) is a real analytic function on H which satisfies weight £ modu-
larity for SLy(Z), is annihilated by the weight x hyperbolic Laplacian

A, = —y? 8—2+8—2 + ik EHQ
PV 922 Oy? Y\ oz oy )’

where z = = 4+ 1y € H, and grows at most linear exponentially towards ¢co. There are natural
subspaces M,L of weakly holomorphic modular forms, M, of holomorphic modular forms, and Sk
of cusp forms. For N € N, we also denote the corresponding spaces of forms which are modular
on Ty(N) (elements of SLa(Z) whose bottom-left entry is divisible by N) by M} (N), M.(N), and
Sk (N).

Since a harmonic weak Maass form is fixed by T := (} 1), it has a Fourier expansion of the type

> an(y)q”,

nez

where we note that a,(y) may depend on y. As mentioned in the introduction, the Fourier ex-
pansions of harmonic weak Maass forms have natural decomposition into holomorphic parts and a
non-holomorphic parts. Specifically, we expand a harmonic weak Maass form M as

M(z) = Z at (n)g" +ay (0)y' ™" + Z ay; (M) (1 = k;dmny) ¢".
n>>—oo n<<7£—0<>o

We then call
M*(z):= Y al;(n)q"

n>>>—oo
the holomorphic part or mock modular form associated to M, and
(2.1) M~ (2) :=ay(0)y' " + Z ay (M) (1 — k;4mny) ¢",
n<—oo

n#0
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where I'(k;y) := foy th=1le~tdt is the incomplete gamma function. Throughout this paper, we only
consider those forms where a;,(n) = 0 for n > 0. Since . annihilates the holomorphic part, one
can compute that these are precisely the harmonic weak Maass forms for which

Eu(M) = & (M) = Y (dmn)! a3, (m)g " € S

n<0

is a cusp form. Noting that I" (1 — k;47ny) ¢" decays for n < 0, the singularities of M towards ico
are all in the holomorphic part, and we call

> al(n)g"

n<0

the principal part of M. For k < 0, there is a unique harmonic weak Maass forms with any arbitrary
principal part, which can be constructed, for example via what are known as Poincaré series. The

nth Poincaré series F'(1, k; z) corresponds to the (unique) harmonic weak Maass form with principal
n

part g~ .
As defined in [3], we say that a weight x harmonic weak Maass form M is good for the cusp form
g € So_,, if the following conditions are satisfied:

(i) The principal part of M at the cusp oo belongs to K, [¢71], where K, g is the field generated
by the coefficients of g.
(ii) We have that & (M) = ||g]| 2.

In addition to the differential operator ., the holomorphic differential operator D'=* with D :=
ﬁ% = qd% (and 1 — k > 0) naturally appears in the theory of harmonic weak Maass forms. The
operator D% annihilates every term in (2.1) except for then n = 0 term (giving a constant). Since
one directly obtains

D' (M*(2)) = Z n'~"at (n)q"
n>>>—oo
and D'~* sends weight x harmonic weak Maass forms to weight 2 — x weakly holomorphic modular
forms due to Bol’s identity [1], we see a direct relation between the coefficients of M T and its image
under D'~*. In particular, working backwards from a weight 2 — x cusp form g and denoting the
nth Fourier coefficient of g by a4(n), the (holomorphic) Eichler integral

(2.2) Ey(z) = Z n"tagy(n)q"
n>1

is a pre-image of g under D'~* (and actually turns out to be part of a more general harmonic weak
Maass form where the singularities lie in the non-holomorphic part).

2.2. p-adic modular forms. Let p be a prime and fix an algebraic closure @p of Q, along with

an embedding ¢ : Q — @p. We let @p denote the p-adic closure of @p and normalize the p-adic
order so that ord,(p) = 1. We do not distinguish between algebraic numbers and their images
under ¢. In particular, for algebraic numbers a,b € Q we write a = b (mod p™) if ord,(:(a — b)) >
m. For a formal Laurent series H(q) = Y.,z a(n)¢" € Q,((q)), we write H = 0 (mod p™) if
inf (ord,(a(n))) > m.
nez

In this paper, a p-adic modular form of level N will refer to a formal Laurent series H(q) =

Z a(n)q™ with coefficients in @p satisfying the following condition: for every m € N there exists
n>—t
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a weakly holomorphic modular form (q := 2™ for z € H) Z bm(n)q™ € M (), with
n>—t
algebraic coefficients by, (n) € Q, which satisfies the congruence

(2.3) H=H,, (modp™).

If ¢, = £ is constant, then we will refer to H as a p-adic modular form of weight ¢, level N.

The main result in [2] was the proof of the existence of p-adic modular forms of level Np con-
structed from mock modular forms and Eichler integrals of level N. We only consider the case
N =1 here and briefly recall this connection.

In Theorem 1.1 of [5], Guerzhoy, Kent, and Ono showed that, for M good for the Hecke eigenform
g € S,

Fot 1) = M* —a},(1)E,

has coeflicients in K. Hence for every v € @p,

(2.4) Fo = M" —aEy = F 1 ) —1E,

ap (1
is an element of @p((q)). Here o := ap(1) + v € Apr, where
Ay i=ay(1)+Q, = {aM(l) +x:z€ @p}

denotes a set of formal sums. They then investigated congruences between F,|U, and E,, where
U, is the usual U-operator defined on formal Laurent series by

(Z a(”)‘l")

nel

Uy =Y alnp)g™

ne”L

Leting aq(n) denote the nth coefficient of F, := D*~!(F,), they showed that under certain rea-
sonable restrictions on A, and up to possibly one exceptional «, the p-adic limit

F,|UY
lim o P

n—00 G, (pn)

converges and is essentially g.
In [2], the case of the exceptional o was instead investigated, and the construction was extended
to consider formal Laurent series of the type

(25) Fa,zS =Fa—0 (Eg - /BEg\Vp) )

where § € @p. Here V), is the usual V-operator defined on formal Laurent series by

(Z anq”) Vo= ang™
nez

nez
Theorem 1.1 (2) of [2] then states that there is exists unique pair (o, 6) € Ay x Q, (here « is the
exceptional a from [5]) such that F, s is a p-adic modular form of weight 2 — k.
It was noted in [2] that, after multiplying by an appropriate power of A, the p-adic modular form
of weight 2 — k would satisfy congruences with classical modular forms. It is the goal of this paper
to investigate such congruences explicitly.
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3. A MAASS-POINCARE SERIES

For a harmonic weak Maass form M which is good for a Hecke eigenform g € S, and n € N, we

define
Ry (2) := M|y_xT(n) — n*Fa,(n)M.
The function R, is a weakly holomorphic modular form of weight 2 — k. We are particularly

interested in the case that n = p is prime and M(z) = F(1,—10;z) is the first (Maass-)Poincaré
series of weight 2 — k = —10 for SLy(Z).

Lemma 3.1. Let p be a prime and M(z) = F(1,—10;2). Then one has

Ry(2) = plikfn—lO(Z)-
Furthermore, the principal part of R, equals pr kP — pl TR (p)gTt + O(1).

Proof. Actually, we will prove the second statement directly, and then the first statement will follow
by uniqueness, since we know that R, € M!_m.

We look at the action of the Hecke operator on the coefficients of the holomorphic part, since we
know that the non-holomorphic part cancels from the fact that A is a Hecke eigenform (this being
the proof that R, € M!—10)~ Denote the coefficients of the holomorphic part of F(1,—10;z) by a,
and the coefficients of R, by b,. For n < 0 we have

1 n=1,
ap = .
0 otherwise.
By the action of the weight 2 — k Hecke operator coefficientwise (cf. p. 21 of [7]), we have

bn = a(pn) + p'a (Z) — pEr(p)a(n).

with a(s) = 0 by convention for every s € Q\Z. Therefore whenever n ¢ {1, p} one sees immediately
that b, = 0. For n = p one has

bp = plika
while for n = 1 one has
by = —p'Fr(p).

Therefore the first statement follows by uniqueness, since p*"'R, — f, _10(2) = O(¢™'), and is a
weakly holomorphic modular form. But then

PR, — fp-10(2) = f1,-10(2) = 0.
O

For the case at hand, the following lemma, which follows directly by Lemma 3.1, proves useful
for computing Fourier coefficients.

Lemma 3.2. We have
E14(Z)
A%(z)

R3(z) =371 (j(z) — 768).
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4. CONNECTION TO MOCK MODULAR FORMS

Here we compute the p-adic modular form F, s without actually computing o and ¢. There are
actually 2 additional related p-adic modular forms F} and F 5 although we only explicitly address
Fa,s in this paper, we work out the connection for the other two p-adic modular forms here for the

interested reader. Hence for a formal Laurent series F with coefficients in @p, we define
F*=F —p' B F|V,.

Here 8 and ' are roots of the Hecke polynomial

2? = Az + x(p)p

(ie., \p = B+ B and BB' = p*~1) with ord,(B) < ord,(8’). The following lemma is a refinement of
the results in Theorem 1.1 of [2] (only the third part is written differently than what was contained
in [2]).

k—1

Lemma 4.1. Let M be a harmonic weak Maass form which is good for a Hecke eigenform g and
denote its a-correction and (., 6)-corrections by Fo and Fy 5.

—

(1) There is a unique o € R + Q,, such that Fr is a p-adic modular form. For this o, we have
Blpk 125@[(161 p[.

(2) There is a unique o € R —i—@ and 6 € Qp such that F}, 5|Up is a p-adic modular form. For
this choice of a and §, we have

(3) If ordy(B) < ordy(B') # k — 1, then there is a unique « € R+ Q, and § € Q, such that Fy
is a p-adic modular form. For this choice of o and &, we have

BZ g — g p(UpH.

(41) Fa 0 =

Remarks.

(1) To obtain p-adic congruences for F:, we only need to compute congruences for
—L L(k—1
B IR, U,

with ¢ > 0. Similarly, to obtain p-adic congruences for F, s, we need to investigate p-adic
congruences for a constant multiple of R,|U,.. This is what is undertaken in this paper.

(2) The series on the right-hand side of (4.1) only necessarily converges (as a p-adic limit) in
the case that ord, (\,) > 0, or in other words ord,(8’) # k — 1. This matches one of
the conditions given in Theorem 1.1 (2) of [2], and we see that the rate of convergence is
higher as ord,(\p) increases. In the case of weight 12 investigated in this paper, it is hence
interesting to investigate cases where p | 7(p), i.e., non-ordinary primes. The list of such
primes currently known is p € {2,3,5,7,2411, 7758337633}, with the last of this list added
by Lygeros and Rozier [6].

Proof. As in [2], we define the following operator on formal Laurent series

B, = _Bpl* (1 _ Bxpkkvp) (1 _ ﬂflpqup) '
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By (3.20) of 2], rewriting B, with (3.3) of [2|, we have
W%Z&@G%w
Recalling that Ej is annihilated by Bj, by Lemma 3.2 of [2], we conclude that, for every «,

B, = R,.

(1) By Proposition 3.3 (2) of |2|, . is a p-adic modular form if and only if the first term in (3.13)
of |2] vanishes. However, if the first term vanishes, then we have

1k 125 £ tk— DR p’Upz.

2) Similarly, by (3.18) of |2| and Proposition 3.3 (1) of |2], we have that F ;|U, is a p-adic modular
,0
form if and only if

p— Zﬁéek lRplUpég
where we have plugged in (see the displayed formula before (3.21) in [2])

W= Fas

B,Uy = Ry|Up.

(3) Plugging in (3.19) of [2| and then (3.18) of [2] and noting that F, s is a p-adic modular form if
and only if (3.16) and (3.17) of [2] vanish, we obtain that the unique choice of a, ¢ for which F, s
is a p-adic modular form satisfies

]:oz,5 - _ Zﬁl_e_lp(e+1)(k_1)f;75’Ule Zﬂ/ £ 0(k—1) ZB jpj(k 1 p]Jrf L.
=0 j=1

Denoting n := j + £ and rewriting the sums, this simplifies as

(4.2) Fas =30 88 VR, U,
n=2 (=1

Using p*~! = B’, we may rewrite this as
3 ﬁ’"—WRp)Upnfl.
n=2 (=1

Rewriting the geometric series, we have

m—+1 n+1
ZBMBZ 7 ﬁ( (%) _”g'):ﬁ/iﬁ(ﬁm_ﬁn)'

Thus (4.2) implies (4.1).
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5. FOURIER EXPANSION OF Rp|U,

We now return to the specific case that M = F(1,—10; z) and consider the function Rp‘Upe, where
¢ € N. This is a weakly holomorphic modular form of weight —10 on I'y(p). We next determine its
principal part at the two cusps 0 and ico of I'g(p). By directly inspecting the Fourier expansion, as
2z — 100 we have

et v o(1) ife=1,
(5.1) R”(z))Upe - {0(1) it 0> 1.

In order to state the principal part at 0, we require a little notation and a short lemma. For
0<r<pl let g=g, :=ged (r, pe) and suppose that b € Z is a solution to the equation

l
Tp=1 (mod p—)
g g

Lemma 5.1. The principal part of the Fourier expansion of Rp‘Upz at 0 s

) 2 . 2
2migrnb gr 2migrnb 9r
1-k—/¢ 2—k_ — 2 -1 1-k—¢ 2—k_ — 2 -
p E gr € Poq? +p E gr € Poq P
r (mod pt) r (mod pt)

Remarks.

(1) Recall that the cusp width at 0 is p, so we need g2/ e .

=2 042 o : -
T = bl .
(2) Since g, < p, the order of pole is at most p?(~(¢=2) = p This is attained specifically for
r=0.

Proof. First recall that for any function f, k € Z, and n € N,

=1 Y ()= g6, (o n):

r (mod n) r (mod m)

where | is the usual weight k slash operator. Furthermore, a direct calculation yields that

(é ;;e) (2 —01> (6 éj) € SLy(2).

Denoting S := ( 1 01 ), we hence see in particular for f satisfying weight 2—k modularity for SLy(Z),
that the expansion of f|U, at 0 is

1 r 0 -1 g% 1%

0 pt/\1 0 0 %

1 b
gr pz
0 gr
k p

To compute the expansion at 0, we then simplify

1 g gr
S = gff < Lz — b) .
pf Z pf pZ

r (mod p?)

f‘Upé

ks:p(rl)‘f 3 f

r  (mod pt)

= p(g_l)Z Z f

r (mod pt)

<gr _b>
pl .
k 0 gr

(5.2) f(z)‘Upz
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We now plug in the principal part >, _, _oang" of f to rewrite the right-hand side of (5.2) as

_ 2migrnb 92n

1 2migrnb  grn
— Z an Z gfe” P g T +0(1).
p —ng<n<0 r (mod p?)
Specifically, for f = R, (and k — 2 — k), Lemma 3.1 implies that the principal part of Rp]U;f is

_ 2migrmb 93 _ 27migrnb 972

pl—k—é Z gTQ—ke Tq_ P14 pl—k—K Z gz—kze Tq_ﬁ,
r  (mod pt) r  (mod pt)

6. CONGRUENCES
For k > 2 even, we first consider the properties of
B p(2) i= Eg(2) — p" Ex(p2)

and make use of the trick of Serre [8] that
(6.1) Ep e =1 (mod p'tordr()),
Lemma 6.1. The function Ey,, has integral coefficients for r € N with r = p™d we have

Ey,=E; (mod prm.
Furthermore, E},, vanishes at the cusp zero.
Remark. Note that in particular, for p = 3, (6.1) implies that

Es3=Fs=1 (mod 3%).
More generally, for » € Ny and j € N we have
(6.2) Eg’r?f =E; /=1 (mod32).
Proof. Since E}, has coefficients in Z, we see immediately that Ej , = Ej, (mod p*). The congruence

for higher powers now follows immediately.
The Fourier expansion of E, , at the cusp zero is given by (using the modularity of Ej on SLy(Z))

k_—k p z
Ek’p’kS(T) = Ek’kS(Z) —pz Ek (—;) = Ek(z) — Ek (p) .
We see immediately that the constant term vanishes.

In order to obtain interesting congruences, we multiply F, s by A to kill the pole at t00 and then
multiply by powers of K}, to kill off the pole at 0. Doing so, we obtain congruences with classical
modular forms.

Lemma 6.2. For a holomorphic modular form g € May(p), we have
Ry|UyAE},, =g (mod p')
if and only if the congruence holds for the first

p+1 . k (pz+2 +pf+1)
6 12

(6.3)

coefficients.
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Proof. By Lemma 6.1, Ej, has integral coefficients (in its Fourier expansion over ico) and is in-
vertible as a formal power series modulo p’ because the constant term is 1 + p*. Hence for any
rez

f=g (modp) e fE;,=gE}, (modp’).
In particular, since for ¢ > 1, the function Rp|Upz has a pole of order at most one at z and at most

p”Q at 0, the function

0+1
Rp|U,,e AEz’p
is a holomorphic modular form of weight 2 + kp*+!
2 4 kr, then

. If g is a holomorphic modular form of weight
Ry|UyAE;, =g (modp")

if and only if

(6.4) Rp|UpzAE£j:1 = gEZZl_T (mod p*).

Since the congruence (6.4) is between holomorphic modular forms of weight 2 + kp®*' on T'y(p),
Sturm’s bound [9] implies the congruence (6.4) if and only if it holds for the first

/+1
(5+ 5 ) BLa(@): Tolo)

coefficients. Moreover, the index of the subgroup is (cf. Proposition 1.7 of |7])
[SL2(Z) : To(p)] = p+ 1.
From this we directly obtain (6.3). O
We are finally ready to prove Theorem 1.1.

Proof of Theorem 1.1. (1) By Lemma 4.1 (and in particular (4.1)), for the unique choice of o and
J giving a p-adic modular form (its existence is proven in Theorem 1.1 (2) of [2]), we have

BN~ (am_ an
Fas =23 (8™~ ") Rp(Upn_l.
pr=p=
By Lemma 3.1, p*~!' R, has integral coefficients. If ord,()\,) = ord,(3) = v, then we conclude that
/B . n n ur -
.7:0[76A = m Z (ﬁ/ _ /8 ) Rp‘Upn—l (mod p +1 k)
n=2

We now choose 7y such that vry4+1—k > £ to obtain a congruence to a weakly holomorphic modular
form modulo p°.

By Lemma 5.1 and Lemma 6.1, Rp’Upn—l AEg: p is a holomorphic modular form. Moreover,
Lemma 6.1 and (6.1) imply that

4 4
(6.5) FasAEL " = FosAEL" = FasA  (mod p'™™).

Therefore

Te
B_ /6 Z (/Bln - ﬁn) Rp)Upn—lAEg::p (mod p1+£1)'
n=2

FasA = 5
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To obtain a congruence to a holomorphic modular form modulo p’, we need ¢; > 7, (so that each
summand is a holomorphic modular form) and 1 + ¢; > ¢. It thus remains to determine r,. We
have restricted ourself to the case k = 12, so this is

1147
Ty > + .
v

121 :max{w,ﬁ— 1}.
v

The weight of the form is 2 + kppél.
(2) In the specific case p = 3, we have v = 2 and (6.5), and hence ry > %”, so that

11
121 :max{;g,ﬁ—Q}.

Hence we choose

We would like to show that
3" FasA=Ey+A (mod 3%)

from which the other congruences are immediately implied. Note first that Es is not a modular
form (it is a weight 2 mock modular form). It is well-known that

3
Uy’
is a weight 2 harmonic weak Maass form, where y = Im(z). We see immediately that

Es(2) = Ey(z) —

~

By i= Ea(s) ~ pEalVy(2) = Ball) — - = pEalVi(2) +1 (3) = By(2) - Ba(2)lY,

Y

is a holomorphic modular form (because the left-hand side is holomorphic and the right-hand side
satisfies weight 2 modularity). Hence

B+ 3E%|Vs

is a weight 20 modular form and we claim that

(6.6) By = E3Y% + 3E%|Vs  (mod 3°),

(6.7) 9A = 9AES; (mod 3°),

so that

(6.8) By +9A = EJ% + 3E3)|Vs + 9AES 4 (mod 3°).

The congruence (6.7) follows immediately from Eo = 1 (mod 3). Writing Ej9 = E4Es and noting
that Fg =1 (mod 32) by (6.1), we have

B} + 3E3|Vs = EJ% + 3E3V3  (mod 3%).
By the binomial theorem, one easily sees that
(69) Eg;, =1 (mod 33)

It hence remains to show that

F?=FE, (mod 3?).
To show this, we simply note that by (6.1) and Ey = Es3 =1 (mod 3) we have
Es = E273 + 3E3|Vs = E273 +3 = 4E273 = 4E273E6 (mod 32).
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By Sturm’s bound [9], the congruence E? = 4E2,3E6 (mod 32) is verified by comparing 3 coefficients.
We have hence shown (6.6), and we therefore would like to show

37 FasA = E% + 3E3|Vs + 9AES 5 (mod 3°).
Since (see (6.2) for the congruence)
Eg’?) =1 (mod 3?)

is a weight 18 modular form on I'g(3), this is equivalent to showing that
(6.10) 3" FasAES 3 = 3% + 3E7)|Vs + 9AES 5 (mod 3°).

Since 3! R3 has integral coefficients by Lemma 3.1, ord3(3) = 2 and ords(8’) = 9, we furthermore
obtain by (4.1) that

4

3 Fas=-37"1 ,5 > o 31133‘U3n_1 (mod 3%).
f=p=
Hence (6.10) is equivalent to
4
(6.11) —34AE§’736/B_5 > B (3“33‘(]3%1) = B3% +3EL|V3 + 9AES;  (mod 3%).
n=2

In (6.11), we finally have weight 20 weakly holomorphic modular forms on I'g(3) on both sides of
the congruence. The right-hand side is furthermore a holomorphic modular form and the left-hand
side has trivial principal part at ico by (5.1).

~1/3

By Lemma 5.1, the highest power of ¢ occurring in the principal part of Rg|Usn-1 is at most

37+, The highest power of n occuring is n = 4, giving a pole of order 3°. Since A vanishes to order
3 (in powers of gV 3) at 0 and Eg 3 vanishes to order 1, we conclude that the highest power of ¢ in

the principal part at 0 is

—237/3 79

q =q
We now multiply both sides of (6.11) by EZ’?EZ. This yields a congruence between modular forms
of weight 968 on I'g(3), requiring the comparison of 323 coefficients to check by Sturm’s bound [9].

Note that to do so we must calculate 8721 coefficients of R3, since we apply Uss to this.
O
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