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We establish some new Opial-type inequalities involving higher order delta derivatives on time scales. These extend some known
results in the continuous case in the literature and provide new estimates in the setting of time scales.

1. Introduction

Opial’s inequality appeared for the first time in 1960 in
[1] and has been receiving continual attention throughout
the years (cf,, e.g., [2-7]). The inequality together with its
numerous generalizations, extensions, and discretizations
has been playing a fundamental role in the study of the
existence and uniqueness properties of solutions of initial and
boundary value problems for differential equations as well as
difference equations [8, 9]. Two excellent surveys on these
inequalities can be found in [10, 11].

In 1960, Opial established the following integral inequal-

ity.

Theorem A (see [1]). If f € C'10,h] satisfies f(0) = f(h) =
and f(x) > 0 for all x € (0, h), then

J |f ()0 dx < -I Feofde. O

Shortly after the publication of Opials paper, Olech
provided a modified version of Theorem A. His result is stated
in the following.

Theorem B (see [12])
with f(0) = 0, then

. If f is absolutely continuous on [0, h]

J |f(xf(x)|dx< —J flx)’dx. )

The equality in (2) holds if and only if f(x) = cx, where c
is a constant.

The first natural extension of Opial’s inequality (1) involv-
ing higher order derivatives x™(s) (n > 1) is embodied in
the following.

Theorem C (see [10]). Let x(t) € C(”)[O, a] be such that
x20) = 0,0 <i<n-1m > 1). Then the following
inequality holds:

J |x £) x (t)]dt< 1 J |x (t|dt 3)

In 1997, Alzer [13] considered Opial-type inequalities
which involve higher-order derivatives of two functions.
These generalize earlier results of Agarwal and Pang [14].

In this paper, we consider the Opial-type inequality which
involves higher-order delta derivatives of two functions on
time scales. Our results in special cases yield some of the
recent results on Opial’s inequality and provide some new
estimates on such types of inequalities in this general setting.

2. Main Results

Let T be a time scale; that is, T is an arbitrary nonempty
closed subset of real numbers. Let a, b € T. We suppose that
the reader is familiar with the basic features of calculus on
time scales for dynamic equations. Otherwise one can consult



Bohner and Peterson’s book [15] for most of the materials
needed.

We first quote the following elementary lemma and the
delta time scales Taylor formula.

Lemmal (see [16]). Leta > 0, p > 1 be real constants. Then
| -1
a’p < Lpepieg p pRv (4)
p
forany k > 0.
Lemma 2 (see [17]). Let f € C.3(T) = the set of functions

that are m times differentiable with rd-continuous derivatives
onT, m € N. Then foranya, b € Tandt € [a,b] NT,

m—1

=Y mta) f* (@
k=0 (5)

t m
+ J h, | (o) f* (7)Ar,
a
where hy(t,s) := 1, By () = [  hy(1,9)A7, neN.
Our main results are given in the following theorems.

Theorem 3. Let 0 < r < s <t,s > 0,t > 1 be real numbers,
and let m, k be integers with0 < k < m—1.Let p > 0andg = 0
be measurable functions onY := [a,b] N T. Further, let f, g €

CrNY) with @) = g¥@) = 0,i =0, 1,..., m—1,
and lethm_1 , gAm_1 be absolutely continuous on'Y such that the

integrals J: p(x)IfAm (x)|'Ax and Ij p(x)IgAm (x)|' Ax exist.
Then one has

[(aco|* cof|o*" cof

+lgAk (x)HfAm (x)’s] Ax

b 1-a
< 21_0‘(J h(x)t/(t_s)Ax>

a

[BKFIE () G () + (1- B) K (F (b) + G (b)),

where o := s/t, B :=r/s,

m—k—1
a

P(x):= thf/“*” (x,0 (1) p(0)/" Ar,

h(x) == q (x) p(x) *P(x) "V,

x (7)
F(x) = j P (T)rm, ’

G (x) = Lx p@|g"" (T)|tAT.

Proof. Since fAi (@)=0,i=0, 1,..., m—1, we obtain from
Taylor’s theorem that for all x € Y,

F0) = j By s (0 () £ () A, (8)
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and hence
0= [y o T 0ar O
From (9) and Holder’s inequality we get
[ @] < [ Bcsr o @[ @ oz

_ J By s (6,0 (1)) p(@) ™ p() ! ] I (T)' AT

a

x 1-1/t
< H It (o (1) p(r)”“‘“Ar]

a

([ po (r)\tm)m

— P(x)l_l/tF(x)l/t,

(10)
where P(x) = [ WU (x,0(0)p()/" AT, F(x) =
[Fp@If*" (@)l At

Let

G(x) = J p@|g"" @ ar. (1)
Then we have

9" ()| = GA )™ play " (12)

So (10) together with (12) implies
4@ @[ |2 0 <hF@"G @, 13)

where h(x) = g(x) p(x)fs/ tp(x)r et Integrating both sides
of (13) over Y and making use of Holder’s inequality, we
obtain

b k r m s
[[ato]r @f]o o] ax

b
< J h(x) F(x)"' G ()" Ax

b 1-s/t b
< (j h(x)t/“‘S’Ax> (J F(x)"*G" (x) Ax>

Similarly, we get

s/t

(14)

b k r m N
[Laca o cof | ol ax

b 1-s/t b s/t
< (J h(x)”‘f‘s)Ax) (J G(x)"*F* (x) Ax) .
(15)
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Recall the elementary inequalities
(A+B)* < A"+B*<d, (A+B) (AB=0), (16)

where

Coc = 21—04’ > 1’
(17)
217 0<a <,
dy =
1, a>1.

Let 8 = r/s.Since « = s/t € (0,1) and F is nondecreasing,
from (14)-(16), we have

[Caco [l ol o cof e ol |7+ o ]
b 1-a
< (J h(x)t/(tS)Ax)
b 4 b «
: [(J r (x)Gﬁ(x)Ax> +<J G* (x)Fﬁ(x)Ax> ]
b 1-a
< (J h(x)t/(tS)Ax)

ol (r [F* (x) G (x) + G* (x) FF (x)] Ax>

b 1-a
< (J h(x)t/(t_s)Ax)

b o
: 21‘“<J [F* (x)GF (x) + G* (x) FF (0 (x))] Ax) .
(18)

By Lemma 1, we get
Lb [F* (x) G (x) + G* (x) FF (0 (x))] Ax
< Lb [BKEG (x) F* (x) + (1 - B) K™ ()
+ BKFE (0 (0)) G* (%) + (1 - B) kPG (x)] Ax
= pkP! Lb [G (x) F* (x) + F (0 (x)) G* (x)] Ax

b b
+(1—/3)kﬁ[J F* (x) Ax +J GA(x)Ax]

= BKFTE (L) G (b) + (1 - B)KP [F (b) + G (b))
(19)

From (18) and (19), we conclude

[Cacallr cof 6" o] +[g* caf | cof ] o

b 1-a
< 21—a<J h(x)t/(t—S)Ax>

(B E(0) G (0) + (1~ B)KF (F () + G (b))
(20)

The proof is complete. O

Theorem 4. Letr > 0,s > 0,s < t,t > 1 be real numbers, and
let m, k be integers with 0 < k <m —1. Let p > 0, and q > 0
be measurable functions on'Y := [a, b]NT. Further, let f, g €

Crt () with let f*(a) = g*(a) =0, i =0, 1,..., m— 1,
and fA"H , gAmi1 be absolutely continuous on Y such that the

integrals jf PO~ ()| Ax and Lb p()1g™" (x)['Ax exist.
Then one has

["a 1 oo cof +Jo* cof " cof ]

b 1-«
< 21“<J h(x)t/(tS)Ax)

|dgr G+ B -T(@G) -1 ()],
(21)

whereT(H) := f: HPAH, B:=r/s, a:=s/t, h(x) :=q(x) p(x)™*

PV Px) = [0 (0 (2) p(0) At and

2P 0<p<t,
dg:= 22
F {1, B>l (22)

Proof. Following the proof of Theorem 3, we obtain

r r

g @[ +]g" @

[laca[# e

b 1-a
< (J h(x)t/(ts)Ax)

: 2“"‘( Jb [F* (x) GPx + G" (x) F¥ ()] Ax)a.

a

fAm (x)r] Ax

(23)



Using (16),
Jb [F* (x) G (x) + G* (x) FF (x)] Ax
[ G (x) + FP (%)) (G® (x) + F* (x)) Ax
J

b
- [ 06" )+ FF () P () ax
a (24)

b
<ds | (G +FO) MG +Fx)

b b
- J GP (x) AG (x) - J FP (x) AF (x)

= dgT (G +F)-T(G) - T (F).

The proof is complete. O

Remark 5. In the special case where T = R, Theorem 4
reduces to Theorem 1 of [13].

Theorem6 Let f € CT) YY), Y = [a,
A (a) = 00<k<m 1letf
onY, andlet_[ |f

bl N'T be such that
(x) be absolutely continuous

X)|*Ax < co. Then

b k m
[ 1 o 7" o] ax

1/2

b
< (LJ e (6,0(17)) ATAx) (25)

(!

Proof. From the hypotheses, we have

mo 2 172
fA (T)| AT> .

[ @< [ B o @ | ofar. o

Multiplying (26) by | f 4"(x)| and using Cauchy-Schwarz
inequality, we obtain

7 0 )|

< ’fﬂm (x)' Lth_k_l (x,0 (1)) 'fA"“ (T)’ At

< | fo (x)| (Lthn e (0 (7)) AT)UZ

. <r o (T)|2A1'>1/2.

(27)
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Integrating both sides over x from a to b and using
Cauchy-Schwarz inequality, we observe

b k m
[ 1 @7 o] ax
1/2
< |:J J ko1 (%5 G(T))ATAx]
[ [ 1l [ | o) ArAx]m (28)

1/2
[ J ko1 (%65 a(T))ArAx]

[

The proof is complete. O

m )2 172
(T)l AT] .

Theorem 7. Let p(x) > 0, g(x) be nonnegatzve and measur-
able onY = [a,b] NT, and let f e Cy Y(Y) be such that

A (a) =0,0<k<m-1 Iff [(x) is absolutely continuous
onY, thenforr > 1,1, >0,andany0<r,, <r,

b T, k Tk
[Lae | @[] @ ax
< “:q( )7 p(ay Tl (29)

(r=r,)/r
x Q(x)("—l)rm/(r—fm>Ax:| q)(y)f’m/’,

where Q(x) := J h;{rkll (x,0(0)p(r) VA, d(y) =

b il
[y ay(x), y(x) = [ p@If*" () Ar.
Proof. Following the hypotheses, it is easy to see that (26)

holds. By using Holder’s inequality with indices r and r/(r—1),
we obtain

[ )

< [ Bocses G (0 p0) M p0) |

a

" (T)| At

m—k—1

(r=1)/r
< “ WD (x, 0 (1)) p(r)"/("”m] (30)

: H:P (1) lf Am(r)rAT] "

= Q)" ™y,

where Q(x) = [ W/ (x,0(0)p() " VAT, y(x) =

m—k—1

_[: p@IfY (1) At. So we get

Y@ =p £ ) €)
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and hence for any r,,,,

7" = (@) (P @) 3

Thus for r;, > 0,

Tk

g~ || @

<q(x) (p () ™" (" (x))r'"/r (33)
% Q(x)(r—l)rk/ry(x)rk/r‘

Integrating both sides of (33) from a to b and applying
Holder’s inequality with indices r/r,,, and r/(r—r,,), we obtain

b m 1, k Tk
[[ae | @[] | ax

b Yo lT
< J q(x) p(x) " (y* (%)) Q) TV () A

b (r=r,)/r
< [ j ey T (x0) T T o) DS T
a
b Tm/r
. [J yA (x) y(x)r"/r’"Ax]
a
b
_ [ I ()1 () )
(r=r,)/r
xQ(x) 1/ (H’”)Ax] O( y)r'”/r,
(34)

where O(y) := I: ()™ Ay(x). The proof is complete. [J

Remark 8. In the special case where T = R, Theorems 6 and
7 reduce to Theorems 1 and 2 of [18].
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