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SIGN CHANGES OF THE ERROR TERM IN WEYL’S LAW
FOR HEISENBERG MANIFOLDS

KAI-MAN TSANG AND WENGUANG ZHAI

ABSTRACT. Let R(T') be the error term in Weyl’s law for the (2! + 1)-dimen-
sional Heisenberg manifold (H; /T, g;). In this paper, several results on the sign
changes and odd moments of R(t) are proved. In particular, it is proved that for
some sufficiently large constant ¢, R(t) changes sign in the interval [T, T4cv/T]
for all large T'. Moreover, for a small constant ¢; there exist infinitely many
subintervals in [T, 2T] of length ¢;v/Tlog=° T such that £R(t) > cyti=1/4
holds on each of these subintervals.

1. INTRODUCTION

Let (M, g) be a closed n-dimensional Riemannian manifold with metric g and
Laplace-Beltrami operator A. Let N(¢) denote its spectral counting function, which
is defined as the number of the eigenvalues of A not exceeding t. Hérmander [13]
proved that Weyl’s law

vol(By, )vol(M) B
(1.1) (t) 2n)" +0( )
holds, where vol(B,,) is the volume of the n-dimensional unit ball.
Let
1(B,,)vol(M
R(t) = N(#) — 2 Bn)vol(M)

(2m)"

Hormander’s estimate (1.1) in general is sharp, as the well-known example of the
sphere S™ with its canonical metric shows [I3]. However, it is a very difficult
problem to determine the optimal bound of R(t) in any given manifold, which
depends on the properties of the associated geodesic flow. Many improvements
have been obtained for certain types of manifolds; see [, 2 B8] [4 [7] [0l 14} 17, 20,
99, 25, [29], 30, 131].

1.1. Weyl’s law for T?: The Gauss circle problem. The simplest compact
manifold with integrable geodesic flow is the 2-torus T2 = R?/Z2. The exponential
functions e(mx + ny)(m,n € Z) form a basis of eigenfunctions of the Laplace
operator A = 8%—1—33, which acts on functions on T2. The corresponding eigenvalues
are 47%(m? 4+ n?),m,n € Z. The spectral counting function

N[(t) = {)\j S S’pec(A) : )\j < t}
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2648 KAI-MAN TSANG AND WENGUANG ZHAI

is equal to the number of lattice points of Z? inside a circle of radius v/¢/27. The
well-known Gauss circle problem is the study of the properties of the error term of
the function Np(t).

In this case, formula (1.1) becomes

(1.2) Ni(t) = % + O,

which is the classical result of Gauss. Let R;(t) denote the error term in (1.2).
Many authors improved the upper bound estimate of R;(t). The latest result is due
to Huxley [14], which reads

(1.3) Ri(t) < 131/416 10g26947/8320 ‘.
Hardy [11] conjectured that
(14) R[(t) < t1/4+5.

Cramér [5] proved that

. _ T 1 <= ri(n
lim T 3/2/ |R;(t)|%dt = C, C:ﬁz (n)

T— 3/27
[e’e} 1 ne1 n

which is consistent with Hardy’s conjecture. Here 7(n) denotes the number of ways
in which n can be written as a sum of two squares.

Ivié¢ [I5] first used the large value technique to study the higher power moments
of R;(t). He proved that the estimate

T
(1.5) !/ |R;(t)|Adt < THHA/A+e
1

holds for each fixed 0 < A < 35/4. The value of A for which (1.5) holds is closely
related to the upper bound of R;(t). If we insert the estimate (1.3) into Ivié’s
machinery, we get that (1.5) holds for 0 < A < 262/27.

The first author [28] studied the third and the fourth moments of Ry(t). He
proved the following two asymptotic formulas:

T
(16) / R?(t)dt = 03T7/4 + O(CZ"7/4—1/14+5)7
1

T
(1.7) /’%@ﬁ:@W+OG%W”m
1

where c3 and ¢4 are explicit constants.
In [30], the second author proved by a unified method that the asymptotic for-
mula

T

(1.8) / R’I€ (t)dt = ckT1+k/4 + O(T1+k/4_‘5k+5)
1

holds for 3 <k <9, where ¢, and d;, > 0 are explicit constants.

1.2. Weyl’s law for (2! + 1)-dimensional Heisenberg manifold. Let [ > 1 be
a fixed integer and (H;/T,g) be a (2] 4+ 1)-dimensional Heisenberg manifold with
a metric g. When | = 1, Petridis and Toth [25] proved that R(t) = O(t>/%logt)
for a special metric. Later in [4] this bound was improved to O(t'19/146+¢) for all
left-invariant Heisenberg metrics. For [ > 1 Khosravi and Petridis [20] proved that
R(t) = O(t'~"/*1) holds for rational Heisenberg manifolds. In both [4] and [20] they
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THE ERROR TERM IN WEYL’S LAW FOR HEISENBERG MANIFOLDS 2649

first established a 1)-expression of R(¢) and then used the van der Corput method
of exponential sums. Substituting Huxley’s result of [I4] into the arguments of [4]
and [20], we can get that the estimate

(1.9) R(t) = O(t!=77/416 (1og £)26947/8320)

holds for all rational (2] + 1)-dimensional Heisenberg manifolds.
It was conjectured that for rational Heisenberg manifolds, the pointwise estimate

(1.10) R(t) < ti—1/4+e

holds, which was proposed in Petridis and Toth [25] for the case I = 1 and in
Khosravi and Petridis [20] for the case I > 1. As an evidence of this conjecture,
Petridis and Toth proved the following L? result:

J,

for the 3-dimensional Heisenberg manifold H;, where N (¢; @) is the counting func-
tion for H; with the metric

2
1
N(t; @) — 6?@01(1\4(17))753/2 dit < Cst3/2+°

gl)=1 0 uy' 0

for any @ = (u1,uz2,uz) € I3, and I = [1 — ¢, 1 + ¢]. They also proved
/2T
Now let M = (H;/T', g;) be a (2] + 1)-dimensional Heisenberg manifold with the

metric
f Iaix2at O
gl A ( 0 271_ b

where Io;«o; is the identity matrix.
Khosravi and Toth [21I] proved that

— —UOl( V32| dt > T34

T
(1.11) / R(t)2dt = Cy T2H/2 4 O(T2+1 /442y,
1

where U5 is an explicit constant.
Khosravi [19] proved that the asymptotic formula

T
(1.12) / R3(t)dt = Cs, T3+ L O(T3+3/14+<)
1

is true for some explicit constant Cl ;.
In [32] the second author proved that the asymptotic formula

T
(1.13) / RE(t)dt = C T 4 ORI+ mmte)
1

holds true for any 3 < k <9, where C};; and n; > 0 are explicit constants.
Recently, Nowak [23] 24] proved that the estimate

t
lim sup R(t)

—— = >0
too =140y (1)
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2650 KAI-MAN TSANG AND WENGUANG ZHAI

holds with

wit) = (log t)*/4, if [ is even,
! (log, tlogs t)1/4, if I is odd,

where log, t = loglog,_; t,log; t = logt.

Notation. For a real number ¢, let [¢t] denote the integer part of ¢, {t} = t—[t], ||t|| =
min({t}, 1—{t}), e(t) = €2™. ¢ always denotes a sufficiently small positive constant.
R, Z,N denote the set of real numbers, the set of integers, and the set of positive
integers, respectively. d(n) denotes the Dirichlet divisor function. Throughout this
paper, L always denotes log T

2. SIGN CHANGES OF R(t)

From now on, we always suppose that R(t) denotes the error term in Weyl’s law
for the (2! + 1)-dimensional Heisenberg manifold (H;/T, g;).

In [I2], Heath-Brown and the first author studied the sign changes of the error
term Ry(t). They proved that for a suitable constant C' > 0, R;(t) changes sign
on the interval [T, T + C+/T] for every sufficiently large T. Here the length /T is
almost best possible since they proved that in the interval [T, 27] there are many
subintervals of length > v/Tlog™® T such that R;(t) does not change sign in any
of these subintervals.

In this paper we shall show that similar results hold for R(t). More precisely, we
have the following theorems.

Theorem 1. Let ¢; > 0 be a sufficiently small constant and co > 0 be a sufficiently
large constant. For any real-valued function g(t) satisfying |g(t)| < cit'="4, the
function R(t) + g(t) changes sign at least once in the interval [T, T + co\/T)| for
every sufficiently large T. In particular, there exist t1,t2 € [T, T + c2 \/T] such that
R(t1) > eitt ™" and R(ty) < —exth M4

Theorem 2. There exist three positive absolute constants cs, cq,cs such that, for
any large parameter T, there are at least cs\/T log® T' disjoint subintervals of length
csV/Tlog™® T in [T, 2T] such that =R(t) > cst'='/* whenever t lies in any of these
subintervals. We also have the estimate

meas{t € [T,2T] : £R(t) > c5t!' "/} > T.

Remark 1. Our proof of Theorem 2 is a variant of the proof of Theorem 2 in Section
3 of [12]. However, our approach can prove that R(t) (respectively —R(t)) has large
values on long intervals of length > /Tlog ° T.

As an application of Theorem 2, we study the Q-result of the error term in the
asymptotic formula (1.13) for odd k. For any integer k > 2, define

T
Fra(T) ::/ RE(t)dt — Cy, TR/ HHL,
1

We then have the following
Theorem 3. The estimate

Fea(T) = QTFI=1/H+1/2 g5 T)
holds for any fixed odd integer k > 3.
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THE ERROR TERM IN WEYL’S LAW FOR HEISENBERG MANIFOLDS 2651

Remark 2. The results of [32] show that (1.13) should be true for any integer k > 3.
However, up to the present we can only prove it for 3 < k < 9. Theorem 3 provides
an Q-result for any odd k > 3.

The corresponding result on R;(¢) proved in [I2] can be improved slightly via
the same approach. We state it as the following theorem.

Theorem 4. There exist three positive absolute constants cg, c7,cs such that, for
any large parameter T, there are at least cg\/T log® T' disjoint subintervals of length
erV/Tlog™ T in [T, 2T such that +R;(t) > cgt'/* whenever t lies in any of these
subintervals. We also have the estimate

meas{t € [T,2T] : £R;(t) > cst*/*} > T.

Remark 3. By Theorem 4, the argument of Theorem 3 proves that the formula
T
/ RE(t)dt = e, THHF/4 4 Q(T*+2/ 4 10g 3 T)
1

holds for any odd integer k > 3.
For the error term A(z) in the divisor problem, the asymptotic formula (see [28]
and [30])

T
(2.1) / AF(z)de = O, T4+ 4 O(Tk/A+ 1)
1

holds for any integer 3 < k < 9, where C, and 7 are explicit constants. In [I6],
Ivi¢ and the second author proved the estimate

T
/ AF(z)dz — O TH*H = Q(G*+H(T) log ™' T)
1
for any k > 2, where

G(z) = (zlogz)**(loglog x)%@“?’*l) (log log log ) ~%/8

is the Q-estimate of A(x) proved by Soundararajan [26]. In view of the work in
[12], the proof of Theorem 3 implies that, for any odd integer k > 3, the estimate
Q(G*1(T)1log ' T) can be substantially improved to Q(T*+2)/410g™> T). A sim-
ilar result also holds for E(t), the error term in the mean square of the Riemann
zeta-function ((s) over the critical line.

3. BACKGROUND OF HEISENBERG MANIFOLDS
AND THE ANALOGUE VORONOI FORMULA FOR R(27z)

In this section, we first review some background of Heisenberg manifolds. The
reader can refer to [6], [9], [27] for more details.

3.1. Heisenberg manifolds. Suppose z € R! is a row vector and y € R! is a
column vector. Define

1 = t 0 = t
yx,y,t) = 0 I y |, X(z,y,t)=| 0 0 y
00 1 00 0

The (21 + 1)-dimensional Heisenberg group H; is defined by
o, = {’Y(xvyat) 1T,y € Rl7t € R}7
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2652 KAI-MAN TSANG AND WENGUANG ZHAI

and its Lie algebra is
5= {X(l‘,y,t) HEANTRS Rlat € R}

We say T' is a uniform discrete subgroup of H; if H;/T' is compact. A (2] + 1)-
dimensional Heisenberg manifold is a pair (H;/T', g) for which I is a uniform discrete
subgroup of H; and g is a left H;-invariant metric.

For every l-tuple r = (rq,7q,- -+, 1) € N such that rj|rj11 (j =1,2,---,1—1),
let 7Z' denote the [-tuple x = (z1,x2,- -+ ,x;) with x; € r;Z. Define

U, ={y(z,y,t):zerZl,yerZ t € Z}.

It is clear that I', is a uniform discrete subgroup of H;. According to Theorem
2.4 of [9], the subgroup T, classifies all the uniform discrete subgroups of H; up
to automorphisms. Thus (see [9], Corollary 2.5) given any Riemannian Heisenberg
manifold M = (H; /T, g), there exists a unique I-tuple r as before and a left-invariant
metric g on H; such that M is isometric to (H;/T',g). So (see [9], 2.6(b)) we can
replace the metric g by ¢*g, where ¢ is an inner automorphism such that the direct
sum split of the Lie algebra $; = R @3 is orthogonal . Here 3 is the center of the
Lie algebra and

0 = O
R? = 00 vy |:z,yeR!
00 0

With respect to this orthogonal split of H; the metric g has the form

(0 ou)
0 gauy1 )’

where h is a positive-definite 2! x 2] matrix and go;41 > 0 is a real number.
The volume of the Heisenberg manifold is given by

vol(Hy /T, g) = |T'|\/det(g)

with |I'y| = rirg-- -1y for r = (ri,ra, -+ ,17).

3.2. The spectrum of Heisenberg manifolds. Let ¥ be the spectrum of the
Laplacian on M = (H;/T, g;), where the eigenvalues are counted with multiplicities.
According to [9] (p. 258), ¥ can be divided into two parts, X1 and 3g, where ¥ is
the spectrum of 2/-dimensional torus and ¥ contains all eigenvalues of the form

2rm? + 2rm(2ny + - + 2n; +1),m € N,n; € NU {0},

each eigenvalue counted with the multiplicity 2m!.

3.3. The Voronoi-type formula for R(27x). In [32] the second author proved
an analogue Voronoi formula for R*(x) := R(27x). Suppose T > 10 is a large
parameter, £ = logT. Suppose T <z < 2T H > T, and J = [(L —log £)/21og2].
Then we have

. 92— lyl—1/4 7i(n; H,T) T
(3.1) R*(z) = ——+— Z — 5 Cos (27r\/x - Z)

(I=1lr
1<n<H2(227+141/2)
+O(T'12G (2) + T /2L,
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THE ERROR TERM IN WEYL’S LAW FOR HEISENBERG MANIFOLDS 2653

where
e(lh/2)h1/? ho\'!
2 s H,T) = 1-—

(3 ) Tl(n, , ) Z (2’[” — h)1/2 om _ )

n=h(2r—h),1<h<H

h<r<h(227+141/2)

1

(3.3) G(z) = Z min (1, — ) .

e VT Hl5n — % + 5l

We note that if n < TL£~!, then

B B e(lh/2)h1/? o\
(34) Tl(n, H, T) = Tl(n) = Z m 1-— o — I .
n=h(2r—h)
h<r
Remark 3.1. There is an error in the definition of 7;(n) in [32], where the important
condition hA < r was omitted.

Remark 3.2. The term T'~1/2£% in (3.1) reads as T'~/2£3 in Proposition 6.1 of
[32]. However, by a little more analysis in Section 6.2 of [32], we see that T'~/2£3
can be replaced by T'=1/2£2.

4. PROOF OF THEOREM 1

In this section we prove Theorem 1. We follow the approach of [12].
Let ng denote the smallest integer n such that 7;(n) # 0. From the definition of
71(n) it is easy to see that ng = 1if l = 1 and ng = 3 if [ > 1, and indeed

moy={ L if =1,
TUOT = e(1/2)3Y/2 1201 if 1 > 1.

Suppose |g(t)| < et~ 4. Let

(4.1) R™(t) =t~ A=V (R(27t?) + g(2nt?)), t>1,
and define
(4.2) K¢(u) == (1 —|u|)(1 + ¢sin2ray/nou), uw>1,

where ( =1 or —1 and o > 2 is a large constant.
It is easy to see that Theorem 1 follows from Lemma 4.1 below.

Lemma 4.1. Suppose T > 10 is a large parameter. Then for each VT <t < /2T,
we have

! =n(n m
(4.3) / R*™(t + au)K¢(u)du = —(521)% sin(2m/not — Z) +0(a™)
—1 — D)lrng

+O(t=A=Y2 sup [g(2n(t + au)?)| + t~ % log?t).
lul<1
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2654 KAL-MAN TSANG AND WENGUANG ZHAI
Proof. From (3.1) and the definition of ng we have

22-1 7i(n; H,T)
4.4 —(21—1/2) px (42 _ )
(44) ¢ B (I—1)r Z n3/4
no<n<H2(227+141/2)

X €OS (27Tt\/— - g) + Ot Y2G (t) +t7 % 1og? t),

. 1
(4.5) Git) = ) mm<1’H|ﬁ_m+ill>'
m<vTT 2 T3

2m
We first estimate the integral fi1 G1(t + au)du. It is well known that

1 oo
(4.6) min(l, ——) = a(h)e(hr)
) = 22 ol
with log H logH H
og . log
a(0) <« 7 a(h) < min( ik hQ)’ h # 0.

Thus we have

(4.7) /_11 Gi(t+ow)du = i ath) D, e (;_Z - hTer%)

h=—00 m<+2T

/1 <2htau + hau? )
X el —— ) du
—1 2m

< VTa(0)| + > la(h)] > %
h=1 m<V2T

< VTH™! log® H,

where the first derivative test was used.
Let )
Je(a,t,n) = / cos(2m(t + au)y/n — %)Kg(u)du.
-1
Then we have

(48) Jg(a,t,n) =J1— Jo+ J3 — Jy,

where
Jy = cos(2mty/n — %) /_ 11(1 — u|) cos(2mauv/n)du,
Jo = sin(2mty/n — g) /_ 11(1 — |u|) sin(2rauy/n)du,
Js = Ceos(amty/ii— ) /_ 11(1 ~ Ju) cos(2mau/m) sin(2ra/fgu)du,
Jy = Csin(2nty/n — g) / 1 (1 — |ul) sin(2rauy/n) sin(2ras/mow) du.

—1

It is easy to see that Jo = J3 = 0. By the first derivative test we get that
(4.9) Ji < a tn2,

Licensed to University of Hong Kong. Prepared on Wed Sep 4 05:40:44 EDT 2013 for download from IP 147.8.230.117.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE ERROR TERM IN WEYL’S LAW FOR HEISENBERG MANIFOLDS 2655

For J, we have

1
Ju = S sin(2mtyn - f)/ (1 - [u])
2 1],
x (cos(2ma(v/n — y/no)u) — cos(2ra(v/n + /no)u)) du.
So by the first derivative test again we get

I, — —%sin(?m/not— )+ O0(at), if n=ny,
T <alnl2, if n # ng,

which combining (4.8) and (4.9) gives

—S$sin(2my/not — T) 4+ O(a™t), if n = ng
= 2 4 ? )
(4.10) Je(a,t,n) { < a ln1/2, if 1 # ng.
From (4.4), (4.5), (4.7) and (4.10) we get (taking H = T?)
(4.11)

/11 R (t 4+ au)K¢(u)du

227l Tl(n;Ha T)
= (l _ ]_)"]T Z n3/4 J((Oé,t, n)

no<n<H2(227+141/2)
+ Ot Y2 sup |g(2n(t 4+ aw)?)|+ TYV2H 1 L2 + 172 1og?t)
lu|<1

¢2''m(no) . ™ 1 7i(n)]
:—78)/48111(271'\/”_0t—z)+0(a )+ Z ons/A

(I—1)lmn no+1<n<H2(2274141/2)

+ Ot~ Y2 sup [g(2n(t 4 au)?)| + t~?1log?t)
lul<1

(2" 'n(no) . -
_ _ﬁ sin(2my/mot — %) +0(a™)

+ Ot~ Y2 sup |g(2n(t + au)?)| + t7/? log? t). O
lul<1

5. THE MEAN VALUE OF R(t) IN SHORT INTERVALS

Suppose T' > 10 is a large parameter, 1 < h < %\/T In this section we shall
estimate the integral

T
(T, h) = /1 (R(z + h) — R(z))2de,

which would play an important role in the proof of Theorem 2. This type of integral
was studied for the error term in the mean square of ((1/2 + it) by Good [§] and
for the error term in the Dirichlet divisor problem by Jutila [I8]. Our approach is
based on Jutila [I8], but with some modifications.

Without loss of generality, we shall estimate the integral

T
(5.1) I*(T, h) :/ (R*(z + h) — R*(z))dz,
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2656 KAI-MAN TSANG AND WENGUANG ZHAI

where R*(x) was defined in (3.1). We shall prove the following

Lemma 5.1. The estimate

3\/_+T2l£4

(5.2) I*(T,h) < T*hlog
holds uniformly for 1 < h < %\/T
Remark. Lemma 5.1 is also true for I(T, h).

Proof. Write

59 rir= [+ .

where
100 max(h2,T2/3)
/ = / (R*(x + h) — R*(z))*dx,
1 1

T
/ = / (R*(z + h) — R*(x))*dz.
2 100 max(h2,T2/3)

From (1.11) we have
(5.4) / « B2 | R Ry,
1

In order to bound fzv we first estimate the integral

2U
J(U,h) = / (R*(z 4 h) — R*(x))%dz, 100max(h? T?3) <U <T.
U
In (3.1) we use U in place of T and then take H = U J = [(logU —
loglog U)/2log?2]. Let z := min(eUh~*,Ulog™ ' U). Define

227lxl71/4 Tl( )
Ry (z) := = Z 372 €O (277\/71 - —)
<n<lz
22—le—1/4 (,n H, T)
Ry(x) := N Z — a0 (27n/n - —)
2<n<H?2(227+141/2)
Then we have
(5.5) R*(z) = Ry(x) + Ra(z) + O(UY2Gy () + U2 1082 U),

where

1
Go(z) == Z min( 7 7 >
= e
From (6.30) of [32] we have

2U
(5.6) / |Ry(x)|2de < UAH1/2,71/2 1083 2.

U
Lemma 6.1 of [32] implies that (trivially Go(z) < VU)

2U 2U
(5.7) / |U12G, (2))Pde < U2171/2/ Go(x)dr < U~ 1og H.
U U
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THE ERROR TERM IN WEYL’S LAW FOR HEISENBERG MANIFOLDS 2657

Let
M(z) = Ry(z) + O(U'™YV2Go(z) + U'™V/210g? U).
Then (5.6) and (5.7) implies
2U
(5.8) / |M () ?de < UHH/2,71210g% 2 + U log* U
U
< h2UH log® z + U log* U.

Now we estimate f;U(R1 (x + h) — Ry(v))%dz. From the definition of R;(z) we

have
(5.9) Ri(z + h) — Ry (z) = Fi(z) + Fa(2),
where
1= ) 5
1<n<z
X COS (ZW\/M - %) < ha YRy (z + h)|,
92—

o) = e 2 Lo

X (cos (2ﬂm— %) — cos (271'\/71—— %)) :

For the mean square of Fi(x) we have

2U
(5.10) / |Fy(2)|2de < h2U202HY2 « U™,
U
We write
(5.11) F(z) = Foi(x) + Faa(2),
where
272 i (n)
FZl(:E) = (l _ 1)!27T2$ / Z n3/2
1<n<z
T T\ 2
X (cos (27r\/n(x +h)— Z) — cos (27r\/n:10 - Z)) ,
94-21

Foa(x) = ez y mlminin)

\<gngs (T
X (cos (ZWW— %) — cos (27r\/m_ — %))
X (cos (27r\/W— Z) — cos (27r\/% — g)) .

(- 1nea”

By writing

cos (27r\/m — %) — cos (271'\/71_— %)
= 31 cos (2my/n(a + jh) - )
=0

. 4
J
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we get
94—2l21-1/2 1 = 1 o 7(m)m(n)
FQQ(J?) = g Z Z(_l)]l+]2 Z e
(I—1)"2x =i el (mn)3/
X CoS (27r\/m(x + j1h) — %) X CoS (27r\/n(x + j2h) — g) .

By the elementary formula
cos(a — b) + cos(a + b)

cosacosb = 5

we have
(5.12) Foo(x) = Foo1 (@) + Faza(2),

where
1 1
23 2l1.21 1/2

s m(m)7i(n)
—1)1272 Z Z(_l)h Z 3/4
o Y 1<z (M)
X COS (27n/m(x + j1h) = 2w/ n(x —|—j2h)> ,
93-21,.21—1/2 11

it ni(m)7(n)
TnEE 2 U ) W

j1=072=0 1<m#n<z

X sin (27r\/m(x + j1h) + 2w/ n(x +j2h)> .

F221($) =

Fago(x) =

Let
g+ (x) = 2my/m(x + j1h) £ 27/ n(x + j2h).

By the power series expansion

(5.13) (1+0)Y2=1+ idvt” (|t] <1/2)

we get that
2 dyh?
g+(x) = 2mv/a(Vm + Vn) + 2m Yy | s (Vmit £ V/ngs),

which implies
9 (@)] > 27 2|/m £ v/n| (m # n)
by noting that m,n < eUh~!. By the first derivative test we have

2U n(m)i(n
(5.14) /U Py (z)de < U Z (mn)fl,§4\)/;—n( _)|\/ﬁ|
1<m#n<z

21 d(m)d(n)
U =Vl

< U% log4 z,

where in the last step we have used the well-known estimate

d(m)d(n)
1<7§L<y (mn)¥/4y/m — /n|

< log*y, y > 10.

Licensed to University of Hong Kong. Prepared on Wed Sep 4 05:40:44 EDT 2013 for download from IP 147.8.230.117.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE ERROR TERM IN WEYL’S LAW FOR HEISENBERG MANIFOLDS 2659

We also have

v [T (m)m(n)]
(515) Fggg(l')dw < U2
U 1@%:”9 (mn)3/4)y/m + y/nl
d(m)d(n)
2l
<U 3y Z: ; m3/40,5/4

< U%log? z,

by the well-known estimate 3, . d(n) < ylogy.
From (5.12), (5.14) and (5.15) we have

2U
(5.16) / Fyo(z)dr < U log* 2.
U

By using the formulas

COSU — COSV = —2sin(u U)Sin(u ; v)
and
sin®u = (1 — cos 2u) /2

we have

2U
(5.17) / Fo(z)d

U

9621 Tl2(n) 2U 91 . o ™
LS ) n3/2 /U v (W” n@th)+rvn _Z>

for instance, where

2572 () (Y a1
= gonEe 2 e, O (el ) i) de
1<n<z
25—2l Tl2(n)
Sz = (I—1)2x2 Z n3/2
1<n<z

2U
% / 2273 gin (27“ /n(x + h) + 277\/%) sin? (m/n(x +h)—m n;v) dz.

U

For each n < z, let L, (t) = flt] =12 gin (QW\/H(.T +h)+ 27n/nx> dz. By the

first derivative test

(5.18) Ln(t) < Un=Y2 U <t < 2U.
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So by partial summation

2U
/ 2?73 sin (ZW\/W + 277\/7%) sin? (w\/m - nx) dz

v 2U
= / sin? (m/n(w +h)—m na:) dL,(x)
U

= L, (2U) sin? (71'\/71(2(] +h)— 7T\/2TLU)

2U
_/ L, (z)sin (W\/n(x +h)—7 nx) cos (7T\/7’L(.’L‘ +h)—7 na:)
U

< m/n ﬂ\/ﬁ)d
T
Vet+h Ve
< U2p~Y2 4 pua-1/2,

Thus we get

(5.19) Sy < Z 3/2 U” 12 4 pUut?) « U 4+ hUPV? < U

1<n<z

By (5.13) we have

m/n(x + h) — m/nx = WQh\/\/_— O( $3\//2ﬁ),

which implies that

. . o Thy/n h%y/n
sin? (ﬂ\/n(x +h)—m na:) = sin? 2\/\/5_ + O( x3\//2_)

Thus
252 2(n) [?Y 1 why/n
(5.20) S =75 L / 2272 gin? —Y—dx
(I —1)2x2 1;:9 n3/2 [y 2\/x
|7 (1) /2U 21-3 h?y/n
+0 —5-dx
12;9 w32 J, 3/2
I 1) / =4 gin2 TRV
(I —1)2x2 S n3/2 [y 2\/x

2
27721—1 |Tl (n)]
+ O | h*U E .

1<n<z
Since |7 (n)| < d(n), we have the estimate
(5.21) D rn) <Y d*(n) < ylogy (y>2),
n<y n<y
which immediately implies that

(5.22) RUHt N 7 () < WU og* 2 < hUH 12 10g* U.
n

1<n<z
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From (5.21) we can get

m2(n) [ 1 why/n
(5.23) L / 272 sin? dz
1<zn;z n3/2 U 2\/5
h2
< XN et (L)
1<n<z
d?(n) d?(n)
27721-1/2 21+1/2
LAV LD D
1<n<U/h2 U/h?2<n<z

U U
< hU*1og® 72 < hU*1og® %

Combining (5.20), (5.22) and (5.23) we get

s VU
(5.24) S < hU*log® %

which together with (5.17) gives

2U
(5.25) / Fy (z)dz < hU? log® */TU

U
From (5.9)-(5.11), (5.16) and (5.25) we get

2U VU
(5.26) / (Ri(x + h) — Ry(z))%dz < hU? log® - + U log? 2.
U

Now combining (5.5), (5.8) and (5.26) we get

U
J(U,h) < hU% log? % + U 10g* U,

which immediately implies that

(5.27) / < hT?log® ~— \/_ +T%1og* T

2

via a splitting argument. Finally Lemma 5.1 follows from (5.3), (5.4) and (5.27).

6. PROOF OF THEOREM 2

2661

O

In this section we shall prove Theorem 2. Our approach is a variant of the proof

of Theorem 2 of [12].
Define
[ R(), ifR(t)>0
Ry (t) = { 0, otherwise

and
R_(t) = [R(t)| — Ry (1)

We first prove the following two lemmas.

Lemma 6.1. The estimate

2T
(6.1) / RA(t)dt > T*+1/2
T

holds.
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Proof. From (1.11) and (1.13) with k = 4, we get by Holder’s inequality that

T2+1/2 /

oT , o 2/3 oT \ 1/3
g R*(t)dt < </T |R(t)dt> /T R*(t)dt
|

oT 2/3
/ |R(t)dt> T/,
2T .
(6.2) / R()|dt > TH3/4,

T
Thus
T

From (3.1) and Lemma 6.1 of [32], it is easy to verify that
2T
/ R(t)dt < T2 L2,
T
which implies
27
(6.3) Ry (t)dt > T'*3/4

T

in view of (6.2). By (6.3) and Cauchy-Schwarz’s inequality, it follows that

‘ o 1/2 oT 1/2
T34 « / dt / R2 (t)dt
T T
oT 1/2
< TY? (/T Ri(t)dt) ,

which immediately implies Lemma 6.1.

Lemma 6.2. Suppose 2 < H < /T. Then
2T
max(R+(t + h) — Ry (t))?dt < HT* log® T.

o h<H

Proof. 1t is easy to verify that
|[R+(t+h) — R (t)] < [R(t + ) — R()],

so it is sufficient to prove the estimate
2T
(6.4) I= max(R(t 4+ h) — R(t))%dt < HT* log® T.
p h<H
Write

H=2%
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such that A € N and 1 < b < 2. Similar to the argument of the proof of Lemma 2
of [12], we can deduce by using Lemma 5.1 that

2T+12 " Hb

T<A> Y / R(t 4+ 22 7Fb) — R(t)[?dt + T* log® T
<A 0<p<an d THv22 1 b
<AY D> (1722 Mblog T+ T log* T)
P<A0<p <28
<A (%2 log® T + 2" T log" T)
P<A

< NHT? log® T + NHT? log* T
< HT?*10g” T,
namely (6.4) holds. O

Now we finish the proof of Theorem 2. For any function P(t) and Q(t), if
w(t) = P(t) - dmax(P(t+h) - P(t))? = Q*(t) > 0
then
|P(t)| > 21}3;&%( |P(t+ h) — P(t)]

and
|P(t)] > [Q(t)].
The first inequality implies, for any 0 < h < H,

P() — 5IPO] < Pt +5) < P() + 5IP(2)],

and hence P(t + h) has the same sign as P(t). Moreover, by the second inequality
above we get

[P+ 1) > 1P > 510,

Now take P(t) = Ry(t) and Q(t) = 6t'~'/* for a sufficiently small § > 0. By
Lemma 6.1 and Lemma 6.2 we get

2T
(65) / W(t)dt > T2l+1/2 _ O(HTQZ 10g5 T) _ 0(62T2l+1/2)
T

> T2+1/2

by taking H = 6v/Tlog °T. Let .¥ = {t € [T,2T] : w(t) > 0}. By (6.5), the
Cauchy-Schwarz inequality and (1.13) with k£ = 4 we get
2T

T2l+1/2<</ w(t)dtg/ w(t)dtg/ R2 (t)dt
T & 54
oT 1/2
< |72 (/ R4(t)dt> < | M2,

T

Thus we get
|-Z] > T.
This completes the proof of Theorem 2.
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Remark for Theorem 4. The proof of Theorem 4 is the same except that we use
log® T instead of log® T. Here log® T' appears since for R;(t) we can prove that the
estimate

T
(6.6) / (Rr(t+h) — Ry(t))*dt < hT log g +TLlog L
1

holds for 1 < h < \/T/Q, which implies that the log’ T in Lemma 6.2 can be
replaced by log® T' if we have R;(t) in place of R(t).
7. PROOF OF THEOREM 3

In this section we prove Theorem 3. Suppose k& > 3 is a fixed odd integer and T
is a large parameter. Define

§= _1a if Ck,l > Oa
o 1, if Ck,l <0,

where Cj,; is defined in the formula (1.13).
By Theorem 2, let ¢t € [T, 2T such that

SR(u) > est Y4 w e [t,t + H],
with H = 04\/Tlog_5 T. Then

t+H t+H
cEHEPI=YD < / SF RF (u)du = 5’“/ R*(u)du
¢ ¢

=C} lék ((t + H)k(l—1/4)+1 N tk(171/4)+1)
+ 68 (Fra(t+ H) — Fra(t))

= O 10" (k(l — 1/4) + 1) Ht* =YD 4 O(H2F1-1/9-1)
+ 6% (Fra(t+ H) — Fru(t) .

Hence we get

(7.1) 8% (Fra(t) — Fra(t + H)) < By Ht* =YY (14 O(HT ™)),
where
(7.2) Biy = Cri08(k(1—1/4) +1) -k < —cF <.

From (7.1) and (7.2) we have
| Fra(t) — Fra(t + H)| > HtF-H/D),

and Theorem 3 hence follows.
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