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0. Introduction

The intersection operator and the class of intersection bodies were defined by Lutwak [23].
The closure of the class of intersection bodies was studied by Goody, Lutwak and Weil
[13]. The intersection operator and the class of intersection bodies played a critical role
in Zhang [34] and Gardner [9] solution of the famous Busemann—Petty problem (see also
(12].)

Just as the period from the mid 60’s to the mid 80’s was a time of great advances in
the understanding of the projection operator and the class of projection bodies, during the
past 20 years significant advances have been made in our understanding of the intersection
operator and the class of intersection bodies (see, e.g., [2-8, 10, 11, 13-15, 17-22, 28-34].

As Lutwak [23] shows (and as is further elaborated in Gardner’s book [10]), there is
a duality between projection and intersection bodies (that at present is not yet under-
stood). Consider the following illustrative example: It is well-known that the projections
(onto lower dimensional subspaces) of projection bodies are themselves projection bodies.
Lutwak conjectured the ‘dual’: When intersection bodies are intersected with lower dimen-
sional subspaces, the results are intersection bodies (within the lower dimensional sub-
spaces). This was proven by Fallert, Goodey and Weil [5]. In [26] (see also [24] and [25]),
Lutwak introduced mixed projection bodies and derived their fundamental inequalities.

In 1999, Moszynska [28] introduced the notion of star dual of star body. Recently,
Haberl and Ludwig [16] introduced L ,-intersection bodies. Following Haberl, Ludwig
and Moszynska, the paper introduces a new concept of g-dual mixed volumes of star
bodies which extends the classical dual mixed volumes. Moreover, we extend the notions
of L p-intersection body to L,-mixed intersection body. Inequalities for star dual of
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L ,-mixed intersection bodies are established. Our main results are stated using the
following theorems.

Theorem A. Let K and L be star bodies and 0 <i <n,0 < j <n—1,i,j € N, and
p <1, then

Wi (K, L))"~ < WL, K)" /' Wi (I, L)/,
with equality if and only if K and L are dilates.

W; is the classical dual quermassintegral. T pK denotes the L ,-intersection body of star
body K which was defined by Haberl and Ludwig [16]. I) K denotes the star dual of
L p-intersection body which was defined by §2.1,,(K, L); denotes L ,-mixed intersection
bodies j-thI,(K,...,K,L,...,L)and I;(K, L) ; denotes the star dual of the L ,-mixed

——— ——
n—j J
intersection bodies j-th.

Theorem B. If Ky,....K,—1 € ¢", p<landl <r <n—-1,0<i <n0<j<
n—1,i,j €N, then

Wi (K1, .. Ky) < [ Wil (Koo K K Kns)),

with equality if and only if K1, ..., K,,—1 are all dilations of each other.

I‘;,(Kl, ..., Ky—1) denotes the star dual of L ,-mixed intersection body I,(K1, ...,
K n—l)-

The setting for this paper is an n-dimensional Euclidean space R" (n > 2). Let C"
denote the set of non-empty convex figures (compact, convex subsets) and K" denote the
subset of C" consisting of all convex bodies (compact, convex subsets with non-empty
interiors) in R”. We reserve the letter u for unit vectors, and the letter B is reserved for
the unit ball centered at the origin. The surface of B is S"=1 Foru e $" !, let E,, denote
the hyperplane, through the origin, that is orthogonal to u. We will use K“ to denote the
image of K under an orthogonal projection onto the hyperplane E,. We use V(K) for
the n-dimensional volume of convex body K. The support function of K € K", h(K, -),
defined on R” by h(K, -) = Max{x - y: y € K}. Let § denote the Hausdorff metric on ";
ie., forK,L € K",

8(K,L)=|hg —hp|co,

where | - | denotes the sup-norm on the space of continuous functions, C(S"1).

Associated with a compact subset K of R”, which is star-shaped with respect to the
origin, is its radial function p(K, -): s"=1 _ R, defined for u € "L, by p(K,u) =
Max{r > 0: Au € K}. If p(K, -) is positive and continuous, K will be called a star body.
Let ¢" denote the set of star bodies in R". Let § denote the radial Hausdorff metric, as
follows, if K, L € ¢", then

8(K,L) = |px — PLloo-
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1. g-dual mixed volume
We first introduce the new notion g-dual mixed volume, \7(] (K1, ..., Ky), as follows:

DEFINITION 1.1

Vo (K1, ..., Ky)

1/q
=wn<1/ pq(Kl,u)---pq(Kn,u)dS(u)> . q #0. (1.1)
sn—1

nwy

where Ky, ..., K, eg}”.
By Definition 1.1, V, is a map
Vi@ x o x g" = R.

— ——
n

We list some of its elementary properties.
(1) Continuity. \71,(1(1, ..., Ky)is continuous, K; € ¢" (i = 1,...,n).
(2) Positivity. Vy(K1, ..., Ky) > 0,for K; € " (i =1,...,n).

(3) Positively homogeneous. \7[,()»11(1, LMKy = A Ay \7[,(K1, ..., Kp),
Ai>0,Kie@"i=1,...,n).

Taking for ¢ = 1 in (1.1), we have
ViK1, ... Ky) = V(K1 ... Kn),

where V(K 1,..., Ky) is the classical dual mixed volumes which was defined by
Lutwak [27]. ~ ~
Moreover, in the paper we will write V,(K,...,K,L,...,L) as V,;(K, L),
—— ——

n—i i
Vy(K,...,K,B,...,B)as V,;(K),and V (K, ..., K) as V,(K).
N e e’ —
n—i i n

For g-dual mixed volume, in view of Definition 1.1 and Ho6lder inequality for integrals,

we obtain a new inequality, dual Aleksandrov-Fenchel inequality between q-dual mixed
volumes as follows:

Lemma 1.1. IfKy,...,. K, €¢", 1 <r<n,0<j<n—1andq # 0, then

.
Vo(Ki, oo Kn) < [ Va(Kj oo K K K, (1.2)
j=1 ————

r

with equality if and only if K1, . .., K,, are all dilations.
Taking for ¢ = 1 in (1.2), we have

,
VK1, ... K <[] VK. Kj Kegro oK), L <7 <o,
~— ——

j=1 r

with equality if and only if K1, ..., K, are all dilations.
This is just the classical Aleksandrov—Fenchel inequality between dual mixed volume
which is due to Lutwak [27].
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2. L,-mixed intersection bodies

Recently, Haberl and Ludwig [16] introduced L ,-intersection bodies. For K € 79(’)“, Pg
denotes the set of convex polytopes in R” that contain the origin in their interiors. The star
body I} K is defined for u € §"~! by

pUiK 0" = [ uea
Knut
where u™ = {x € R": u - x > 0}, and define I, K = I} (—K). For p < 1, the centrally
symmetric star body I, K = I, 7K +1,” K is called the L, intersection body of K . So for
ue sl

,op(IpK,u)zf lu - x|"Pdx. 2.1
K
Since [15]
v(K Nut) = lim f/ lu - x|~ Fedx
e—02 Jg
and
. 1—=p
p(IK»M) = hnil pp(IpK,l/l),
p—1_

that is, the intersection body of K is obtained as a limit of L intersection bodies of K.
Also note that a change to polar coordinates in (2.1) shows that up to a normalization factor
pP (I, K, u) equals the cosine transform of o (K, u)"~?.

Here, we introduce the L,-mixed intersection bodies of Ky, ..., K,—1, I,(K1, ...,
K, —1), whose radial function is defined for p < 1 by

pp(I[?(Kla"'aKn—l)au)z ﬁp(KlmEua'~'aKﬂ—lmEu)a (22)

l—p
where v,(Ky N E,,...,K,—1 N E,) denotes the g(p)-mixed volumes of K N
Ey,....,K,—1NE,in (n — 1)-dimensional space.

By the above definition, we have

. I—p
lim
p—~>1_

o’ (Ap(Ky, ..., K1), u)

= lim 9,(K1NEy, ..., Ky_1 NEy)
p—1_

=K NE,,...,K,_1NE,)
= ,O(I(Kl, MR anl)v M).

The mixed intersection body of K1, ..., K;—1 is obtained as a limit of L ,-mixed inter-
section bodies of K1, ..., K,,_1.
For the L ,-mixed intersection bodies, I,(Ky, ..., K,_1),if K; = --- = K,_j_1 =

K,Ky_j=---=K,_1=0L,thenI,(Ky,..., K,_1)iswrittenas I,(K,L);. If L = B,



L ,-mixed intersection bodies and star duality 433

then I,(K, L); is written as I,,K; and is called the i-th L ,-intersection body of K. For
I, K¢ simply write I, K, this is just the L ,-intersection bodies of star body K.

On the other hand, Moszynska [28] introduced the notion of star duality of star body.
For the star bodies with O in the kernel and positive continuous radial function, such a
duality o was introduced; it is called the star duality.

Let i: R"\0 —> R™\0 be inversion with respect to §” !

X
i(x) = —.
112
DEFINITION 2.1
For every K € ¢",
K° = cI(R"\i(K)).

DEFINITION 2.2

For every K € ¢",

Pp(K® u) = : (2.3)

p(K, u)
For the star duality of L ,-mixed intersection bodies, I;’,(K1, LKy, ifK ==
Kin_i1=K,K,_;=---=K,_1 =L, then I;(Kl, ..., K,,_1) is written as I;(K, L);.

If L = B, then I;’,(K, L); is written as I;Ki. For I;’,KO simply write I;K.

Lemma?2.l. If K, L€ ¢", 0<i<n,0<j<n—1,i,j€N,q e (—o0,0)U (0, 400)
and p < 1, then

Vi (1K)
—(n—i)q 1/q
1 2 P - —(n—i)g
= Wp <—) / vp(K NE,) » dS(u) s
nw, \1—p gn—1
Vyi (K )
—(n—i)q l/q
1 2 P 5 —(n—i)g
= wy <—) / Uy i (KNE,) » dS(u) ,
no, \1 —p gn—1
Vai (L (K. L))
—(n—i)q 1/4
1 2 P - —(n=i)g
= wy <—) / Uy (KNE,, LNE,) 7 dSu)
no, \1 —p gn—1

From (1.1), (2.2) and (2.3), Lemma 1.2 easy follows. We shall need the following trivial
elementary inequality:
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Lemma 22 [1]. Ifa; >0,b; >0( =1,2,...,n), then

n 1/n n 1/n n 1/n
(H(a,- + b») > (]‘[ ai) + (H bi) : (2.4)
i=1 i=1 i=1

with equality if and only if a1 /b1 = ax /by = --- = a, /by.

3. Inequalities for star dual of L ,-mixed intersection bodies

3.1 The Minkowski inequality for star dual of L ,-mixed intersection bodies

The following Minkowski inequality for star dual of L ,-mixed intersection bodies stated
in the Introduction will be established: If K and L be star bodies and 0 <i < n,0 < j <
n—1,i,j eN,and p < 1, then

Wi (K, L))"~ < Wi, K)" /"' Wi (I, L)/, (.1.1)

with equality if and only if K and L are dilates.
This is just a special case of the following result:

Theorem 3.1.1. Let K, L € ¢",and0 <i <n,0<j <n—1,i,j €N, g #0and
p <1, then

Vo (K, L))" < Vo (G K)Y"/7'V, (@ L)y, (3.12)
with equality if and only if K and L are dilates.

Proof. Taking for K| = =Ky j =K, Ky_j11 = =K, =Landr =nin(1.2),
and in view of taking p for g, we obtain

Vyi(K, L) < V,(K)"V,(L),

with equality if and only if K and L are dilates.
Hence, in (n — 1)-dimensional space, we have

n—j—1 j
Oy (KN Ey LOE,) < ,(KNE,) 7T (LN E,)rT (3.1.3)

with equality if and only if K N E,, and L N E,, are dilates, it follows if and only if K and
L are dilates.

From Lemma 2.1, (3.1.3) and in view of Holder inequality for integral (see [1]), we have
Vai (L (K. L))

—(n=idq 1/q

1 2 ,
— o, <—) ' f 3y /(KN Ey LN Ey) 7 dSu)
nop \1—p sn—1

—(n=i)g 1/q

<oy [ <i) ' / @p(KNE) T 5,(LAE) ™) 7 dS(u)
l—p Sn—
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1
—(n=i)q n=j—=1\ q

1 2 P —(n—i)g n—1
< wy, (— / U,(KNE, ) P dS(u))
nwy 1-— P sn—
i 1/q
—(n—=i)g n—1
( Ty (LNE,) 7 dS(u))
sn—1
—(ﬂ i)q q(n—1)
P —(n—=i)g
= / 3, (KNE) 7 dSu)
na)n sn—
J
—(n=i)q q(n=T)
1 2 p —(n—i)g
X — v,(L N E, ) v dS(u)
nw, \1—p sn—1

- o =izl ~ o
= Va.i(L,K) =T Vg i (T, L)=T. (3.1.4)
In view of the equality conditions of (3.1.3) and Holder inequality for integral, it follows
that the equality holds if and only if K and L are dilates.

The proof of Theorem 3.1.1 is complete.

Remark 3.1.1. Taking forg = 1in(3.1.2), (3.1.2) changes to the inequality in Theorem A.
Taking for i = 0 in (3.1.2), (3.1.2) changes to the following result.
IfK,Le¢p" ,andp <1,g#0and0 < j <n—1,j €N,then

Vo (K, L))" < V(@ K) 11V, (@ Ly
with equality if and only if K and L are dilates.

3.2 The Aleksandrov—Fenchel inequality for star dual of L -intersection bodies

In the section, we introduce the concept, g-dual sum function, as follows:

If K, D € ¢", then the g-dual sum function of star bodies K and D, S;,q.l. (K, D), is
defined by

S5, (K. D) = Vi (K) + Vg (D),0<i < 0,9 #0.

The following Aleksandrov—Fenchel inequality for star dual of L ,-mixed intersection
bodies stated in the Introduction will be proven:

IfKy,....,Ky_1€¢",p<landl <r<n—-1,0<i<n0<j<n—1,i,j €N,
then

r
Wi (K1, .o Ky) < [ Wil (Koo Ky Kt K1),
with equality if and only if K1, ..., K,,_1 are all dilations of each other.

This is just a special case of the following result.
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Theorem 3.2.1. If K{,...,K,—1 € ¢", p<1l,q#0and1 <r <n-1,0<1i <
n,0<j<n—1,i,jeN Let D; i =1,2,...,n— 1) be dilate copies of each other,
respectively. Then

Sﬁql(I;(Kla sty K}’l*l)a I;(Dlv R} anl))r
r
<[], QK. ....Kj. Kes1o oo, Ku-)). 5y(D;, ... Dy, Drys ..., Dyo)),
=1 —_——— ————
r r
(3.2.1)
with equality if and only if K1, ..., K,—1 are all dilations of each other.
Proof. From (1.1) and (2.2), we have that
VoM (K1, ... Kyo1)
—n=ilg 1/q
1 2 - —(n=i)g
= wy (—) / Up(KiNE,,....,Ky_1NEy) 7 dS(u) .
nw, \1—1p sn—1
(3.2.2)
By using the inequality in Lemma 1.1, we easily get that
ﬁp(Kl NE,, ..., K,_1NE,)
1
-
<|[]opK;NEu.....K;NEs. Kry1 NEy.....Kn i NE) |
Jj=1 M
(3.2.3)

with equality if and only if K| N E,, ..., K,—1 N E, are all dilations of each other, it
follows if and only if Ky, ..., K,_1 are all dilations of each other.
On the other hand, the Holder’s inequality can be stated as

f [T/ wadse <[] (/
sz i=1 \/$

with equality if and only if all f; are proportional.
From (3.2.2), (3.2.3) and (3.2.4), we obtain that

1

R (u))mdS(u)> ", (3.2.4)

n

Vo (K1, ... Kuo1)

Q=

—(n—i

—(n—i)gq
1 [ 2 )
on ( ) / By (K1 N Eyr . Ky NE) " 7 dS(u)
nw, \1—p gn—1
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—(n—i)q

1 2 P
< wy
no, \1 —p

/ 1||u,,(1< NEus ... KjOEq, Krot N Eus oo KntNE) 77 dS(u)
Sn .
j=1

r

—(n—i)q

o 2 P
=en|ll (1— )
j:]nwn p

x/ 3)(K; OV Eus s K; 0 By Krgt O Eus ooy Kot N Eg) 7 dS(u)
sn—1 _

1

rq

r

r
| | Vq,l(I; (Kj7~--,Kj7Kr+l,---»Kn—l))
- ——

r

In view of the equality conditions of (3.2.3) and (3.2.4), it follows that the equality holds
if and only if Ky, ..., K, _ are all dilations of each other.
Inviewof D; (i = 1,2,...,n — 1) being homothetic copies of each other, we have

,
Vgi(y(D1, ..., Dy-)) = [ [ Vgiy (D, ..., Dj, Dyya, ... D).
j=1 —
Hence
SUin(I;(K], R K}’l*l)’ I; (D17 R} anl))

,
[Vai® (K)o K K1 K1)
e ——

j=1 v
ro T
[]Vei@ (Dj.....D;. Dry1,.... Dur)) | (3.2.5)
j=1 e

r

with equality if and only if K1, ..., K,— are all dilations of each other.
By using the inequality in Lemma 2.2 in the right side of inequality (3.2.5), we obtain

qu,i (I;(Kls R Kn—l)v IO (Dla R Dl’l—l))

.
< [[Vai@) (Kj. ... Kj. Kpgr. .. K1)
j=1 -

~ 1
+ Vg,i, (Dj, ..., Dj, Dry1, ..., Duo1)))”
——— ——
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,
=[] S0 @K ....Kj. Kepr, ... Kn),
j=1 N e’

r
I;(Dj""’ Dj,Dr+], "'7Dn7]))
———
r

In view of the equality conditions of inequality (2.4), it follows that the equality holds
ifand only if K1, ..., K, are all dilations of each other.
The proof is complete.

COROLLARY 3.2.1

IfKi,....,Kn_1€¢",0<i<n0<j<n-—1,i,jeN,O<r<n—1,andp <1,
then

Slb[ (I;(Kls L} Kl’l—l)s I;(Dla R} Dn—l))r

.
< 1_[5@,-(1;(1(/',.-., Kj, Krt1, .oy Kn—1),1,(Dj, ..., Dj, Dyy1, ..., Dy_1)),
i1 ——— R ——

J r r

(3.2.6)
with equality if and only if K1, ..., K,—1 are all dilations of each other.

Let D; i = 1,2,...,n — 1) be a single point in (3.2.6). Then (3.2.6) changes to the
inequality in Theorem B stated in the Introduction.

COROLLARY 3.2.2
IfKy,....,Ky_1€¢",0<j<n—1,jeN,0<r<n—1,p<landq #0, then

Sg, I, (K1, ..., Kn—1), I,(D1, ..., Dp—1))”

,
< [, @&, .. Kj Krgt oo s Kum), 1 (D). Djy Drt o Da)),
j:1 ———— ~——————

r r

(3.2.7)
with equality if and only if K1, ..., K,,—1 are all dilations of each other.

Let D; i =1,2,...,n — 1) be a single point in (3.2.7). Then (3.2.7) reduces to

r
VoMo (K1, Kne)) < [ Vg @Ko K K K1),

with equality if and only if K1, ..., K, are all dilations of each other.

COROLLARY 3.2.3

Let K,L,D, D’ € ¢" and D' be a dilate copy of D, and 0 <i <n,0 < j <n—1,i,
jeN,gq#0and p < 1. Then



L ,-mixed intersection bodies and star duality 439

St My (K, L) T(D, D))" ' <85, , (L K X, DY/ 7 sy, (I, L. 1, D')Y,
(3.2.8)

with equality if and only if K and L are dilates.

Let D and D’ be single point in (3.2.8). Then (3.2.8) changes to inequality (3.1.2).
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