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Abstract

Let G be a finite dimensional simple complex group equipped with the standard
Poisson Lie group structure. We show that all G-homogeneous (holomorphic) Poisson
structures on G/H, where H C G is a Cartan subgroup, come from solutions to the Clas-
sical Dynamical Yang-Baxter equations which are classified by Etingof and Varchenko.
A similar result holds for the maximal compact subgroup K, and we get a family of
K-homogeneous Poisson structures on K/T, where T'= K N H is a maximal torus of K.
This family exhausts all K-homogeneous Poisson structures on K /T up to isomorphisms.
We study some Poisson geometrical properties of members of this family such as their
symplectic leaves, their modular classes, and the moment maps for the T-action.
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1 Introduction

This paper is motivated by the work of Etingof and Varchenko [E-V] on classical dynamical
r-matrices for the pair (g,h), where g is a complex simple Lie algebra and h C g a Cartan
subalgebra.

A classical dynamical r-matrix is, by definition, a meromorphic function r : h* — g®g

satisfying the so-called Classical Dynamical Yang-Bazter Equation (CDYBE):
Alt(dr) + [r2,r8) + P12, 723 4+ 13,023 = 0.
(See Section [ for details). One such r-matrix has the form

r(A) = %Q + g Z coth(g L o, A>)E, ® E_,,
acd

where Q € (52%g)? corresponds to the Killing form <, > of g, ¥ is the set of roots of g

ete %

with respect to b, the E, and E_,’s are root vectors, and coth(z) = %= is the hyper-

bolic cotangent function. Other r-matrices can be obtained by performing certain “gauge
transformations” to the one above and by taking various limits of it. See Section P

We wanted to understand the geometrical meaning of these r-matrices. Etingof and
Varchenko show in [E-V]| that every classical dynamical r-matrix defines a Poisson groupoid
over an open subset of h*. In this paper, we give another geometrical interpretation of the
r-matrices by connecting them with Poisson structures on the spaces G/H and K/T, where
G is a complex Lie group with Lie algebra g, H C G its connected subgroup corresponding
to b, K a compact real form of G, and T'= K N H. We then study some Poisson geometrical
properties of these Poisson structures on K /T such as their symplectic leaves, their modular
classes, and the moment maps for the T-action. We now explain this in more detail.

A special example of a classical dynamical r-matrix is one that is not “dynamical”, i.e.,
independent of \. It is given by

ro = gfz toe+t %a§+EaAE_a

for a choice of positive roots ¥ and an element ¢ € h Ah. It defines a (holomorphic) Poisson
structure 7; on G by

Wc(g) = RgTO - LgT07



where R, and L, are respectively the right and left translations on G by g € G, making
(G, 7¢) into a Poisson Lie group. This Poisson structure is the semi-classical limit of the
quantum group corresponding to G [DI]] [DJ]. A Poisson structure on G/H is said to be
(G, g)-homogeneous if the action map G x (G/H) — G/H is a Poisson map [DJ].

The first result of this paper, Theorem .3, is on the construction of a surjective map from
the set of all classical dynamical r-matrices for the pair (g, ) together with their domains to
the set of all (holomorphic) (G, 7¢)-homogeneous Poisson structures on G/H. More precisely,
for any classical dynamical r-matrix r and A € h* such that r(A) is defined, we show that the
bi-vector field 7,.(y) on G defined by

ﬁ'r()\) = RgTO - LgT()\)

projects to a holomorphic (G, 7 )-homogeneous Poisson structure on G/H under the projec-
tion G — G/H, and that all (G, 7 )-homogeneous Poisson structures on G/H arise this way.
See also [L-X|] for another interpretation of classical dynamical r-matrices.

Let K C G be a compact real form of G, and let T'= K N H be the maximal torus of
K. Then K also carries a natural Poisson structure 7, such that (K, 7x) is a Poisson Lie
group. Theorem B.3 is then modified to Theorem [f.1 which states that classical dynamical
r-matrices give rise to (K, 7y )-homogeneous Poisson structure on K /T and that all (K, 7 )-
homogeneous Poisson structures on K /T arise this way.

We point out that a classification of all (G, 7) or (K, 7y )-homogeneous Poisson struc-
tures, not necessarily on G/H or on K/T, has already been obtained by E. Karolinsky [Ka2]
[Ka3]. We want to emphasize that what is brought out here is the connection of such Poisson
spaces with the CDYBE.

Among all (K, g )-homogeneous Poisson structures on K/T', we single out a family de-
noted by 7y x, », where X is any subset of the set S(¥) of all simple roots, X; C X, and
A € b satisfies some regularity condition (Theorem p.1)). This family exhausts all (K, )-
homogeneous Poisson structures on K /T up to K-equivariant isomorphisms. Moreover, these
Poisson structures are related to each other by taking various limits of the parameter X\ (see
Section p.2). We study several Poisson geometrical properties of this family:

The Lagrangian subalgebra of g corresponding to each mx y, x is described in Section b3

In Section .4, we recall the construction in [E-LJ] of a Poisson structure II on the variety
L of all Lagrangian subalgebras in g and the fact that each (K/T',my x, x) sits inside (£, 1I)
as a Poisson submanifold (possibly up to a covering map). The two special cases of mx x, »
when X = X; = () and when X = S(X4), X; = () are considered in more detail here.

In Section p.H, we show that each Tx,x;,» on K /T can be obtained via Poisson induction

from a Poisson structure on a smaller manifold.



In Section @, we describe the symplectic leaves of 7x x, » when X; is the empty set.
We show that in this case mx x, x has a finite number of symplectic leaves. For an arbitrary
Tx,x,,n We show that it always has at least one open symplectic leaf.

In Section .7, we show that with respect to a K-invariant volume form po on K/T, all
the Poisson structures 7y x, x» have the same modular vector field. In the case when X is
the empty set, we also describe the moment map for the T-action on each symplectic leaf of
Tx, B\

Some applications of results in this paper are given in [E-L1|], where a Poisson geometrical
interpretation of the Kostant harmonic forms on K /T [[Kd] is given using the Bruhat Poisson
structure moo 1= 7y x, A for X = X3 = 0. Set my = 7x x, » when X = S(X4) and X; = 0.
The fact that m)y — T as A — 0o is used in to show that the Kostant harmonic forms
are limits of the usual Hodge harmonic forms.

Results in this paper also motivate our work in [E-L3], where, among other things, we
show that there is a Poisson manifold (Lo, II) such that every (K/T,7x x, ) is a Poisson
submanifold (possibly up to a covering map) of (Lo, II). In fact, £y is an irreducible com-
ponent of the variety £ of all Lagrangian subalgebras of g, and the Poisson structure II is
defined on all of £. We show in that all the K-orbits in £ with respect to the Ad-
joint action are (K, )-homogeneous Poisson spaces, and that every (K, my)-homogeneous
Poisson space maps to (£,II) by a Poisson map. Thus, (£,II) is a setting for studying all
(K, 7, )-homogeneous Poisson spaces.

We point out that many more properties of the Poisson structures 7y x, » can be stud-
ied, among these their Poisson cohomology, their Poisson harmonic forms [E-L1], and their
symplectic groupoids. We hope to do this in the future.

Acknowledgement The author would like to thank P. Etingof for explaining to her the
results in [E-V]] and Professors V. Drinfeld, S. Evens, Y. Kosmann-Schwarzbach, A. Weinstein
and P. Xu for helpful discussions. She would also like to thank the Mathematics Department
of Hong Kong University of Sciences and Technology for it hospitality.

2 The Classical Dynamical Yang-Baxter Equation

Definition 2.1 [/ [E-T]] A meromorphic function r : h* — g®g is called a classical (quasi-
triangular) dynamical r-matriz for the pair (g,h) if it satisfies the following three conditions:
1. The zero weight condition: ad,r(A) = 0 for all z € h and XA € h* such that r(N) is
defined;
2. The generalized unitarity condition: r'? + r?! = ¢Q for some complex number ¢ and
for all A € h* such that r()\) is defined, where 2 € (5%g)? is the element corresponding to the



Killing form on g;
3. The Classical Dynamical Yang-Baxter Equation (CDYBE):

Alt(d?”) + [7,1277,13] + [7’12,7‘23] + [7‘13,7’23] — 07

where, for r = >, u;®v;, we have rl2 = > Ui®U®1, rid = > ui®1®u;, r2 = > 1@u;®u;,

CYB(T‘) = [,r,12’ ,r,13] + [,r,12’ 7‘23] + [7‘13, 7‘23]
= Z[’u,,, uj]®vi®’uj + u,-®[fu,-, Uj]®?}j + ui®uj®[v,-, ’Uj],
Z"j

and Alt(dr)(A\) € A3g is the skew-symmetrization of dr()\) € h®g®g C g®g®g. The complex

number ¢ is called the coupling constant for r.

We now recall the classification of classical dynamical r-matrices for the pair (g,5) as
given in [E-V]]. Let ¥ be the set of all roots for g with respect to §. For each a € X, choose
root vectors E, and E_, such that < E,, E_, >= 1, where <, > is the Killing form on g.

Let € be a non-zero complex number, let u € h*, and let C' =}, ; Cj;dz; Adz; be a closed
meromorphic 2-form on h*. Let X, be a choice of positive roots, and let X be a subset of
the set S(X4) of simple roots in 4. For each a € X, define a (scalar-valued) meromorphic
function ¢, on h* according to the rule: If « is a linear combination of simple roots in X,
then

da(\) = = coth (S < a,A—pu>>),

2 2
where coth(z) = Zifi:z is the hyperbolic cotangent function; Otherwise, set ¢q () = % if
is positive and ¢, (\) = —% if o is negative.

Theorem 2.2 (Etingof-Varchenko [E-V]]) 1. With the above choices of p,C, %4, X C
S(X4+) and ¢y, the meromorphic function r : h* — g®Rg defined by

€
r() = 592+ 3 Ci(Nmi @z + 3 6a(N) Ea® Foa (1)
i =S
s a classical dynamical r-matriz with non-zero coupling constant &;

2. Every classical dynamical r-matriz with non-zero coupling constant has this form.

3 r-matrices and homogeneous Poisson structures on G/H
3.1 The main theorem

Let 7 : h* — g®g be any classical dynamical r-matrix as in Definition P.J. Let

AN = () — gQ



be the skew-symmetric part of r(A). Using the fact that 2 is symmetric and ad-invariant,
one easily shows that the terms [Q7, A¥] in the CDYBE for r all cancel. Moreover, it is

well-known that
[912’ 913] 4 [912’ 923] 4 [52137 Q23] — [912’ 913] — [Ql37 Q23] - _ [912’ 923] c (/\39)9'

Therefore, A, satisfies the following modified CDYBE (see also [E-V]):

2
Alt(dA,) + [A)2 AP°] + [A2 AP] + [AP, AP = EZ [Q12,0%] € (A%g)°. (2)
Recall that there is the Schouten bracket [ | on Ag. For zy,zs,..,2x € g, we use the
convention

TIANTa N~ AT = Z SigN(0)To(1)@Te(2)® -+ - AT o(k) € g®k.
€Sy,

Then for X € A%g, the element CYB(X) and the Schouten bracket [X, X] are related by [DJ]
1
CYB(X) = [X™, XT] + [x'2, X¥)] + [x, X¥] = _[X, X].

Thus, we can rewrite Equation (P) as

e2

4,0, 4] = S

[Q12,0%] — 2A1t(dA,)(N). (3)

It is this form of the CDYBE that we will use to define Poisson structures on G/H.
Recall [DJ] that a classical quasi-triangular r-matriz with coupling constant ¢ is an element
ro € g®g such that

o + 7“81 = &)

CYB(T()) = 0.

Remark 3.1 If ry has the zero-weight property, i.e., if ro € (g®g)", then by Theorem R.9, it

must be of the form

T0:§Q+Zcz'jxi/\xj+g > E.ANE_q 4)
ij Y=o
for some choice ¥ of positive roots and >, j Cij € hAbh. But not every quasi-triangular ro has
the zero-weight property. For example, for g = s((3,C), we can take ro = $(Q+ h A (e + f))
where h,e and f are the three generators with Lie brackets: [h,e] = 2e, [h, f] = —2f and
le, f] = h. See [B-IJ] for more examples.



Let 79 be a classical quasi-triangular r-matrix with coupling constant ¢ (not necessarily
of zero weight for h). Let A =rg — %Q € g A g be the skew-symmetric part of rg. Then, as a
special case of (fJ), A satisfies the modified Classical Yang-Baxter Equation (CYBE)

2
€
[A7 A] = 5[9127 923]' (5)
It is well known that the bi-vector field 7, on the group G defined by
me(g9) = RgA — LA, (6)

where for R, and L, denote respectively the right and left translations from the identity
element to g, defines a Poisson structure on G, and that (G, 7¢) is a Poisson Lie group [D2]

[BTST).

Remark 3.2 The meaning of the terms R;A and LyA needs further explanation. Denote
by J the complex structure on g induced by that on G. Then we can identify (g, J) with
the holomorphic tangent space T2°G of G at e via g > = %(az —iJ(x)). For A € gAg,
we regard A as an element in A2T19G. Then, LyA (resp. RyA), for g € G, is understood to
be the image in AT gl’OG of A by the left (resp. right) translation by g. Thus the bi-vector
field 7 on G in () is holomorphic. All Poisson structures in this section are assumed to be

holomorphic.

Recall that an action of the Poisson Lie group (G, 7) on a Poisson manifold P is said
to be Poisson if the action map G x P — P : (g, p) — gp is a Poisson map, where G x P
is equipped with the product Poisson structure. When the action of G on P is transitive,
the Poisson structure on P is said to be (G, g )-homogeneous [DJ]. The following theorem
makes a connection between classical dynamical r-matrices and (G, 7 )-homogeneous Poisson
structures on G/H.

Theorem 3.3 Letrg = %Q—I—A be any classical quasi-triangular r-matriz (not necessarily of
zero-weight) with skew-symmetric part A. Let r(\) = $Q + A, ()\) be any classical dynamical
r-matriz for the pair (g,h) as in Definition |2.1. For each value A such that r(\) is defined,
define a bi-vector field 7,(y) on G by

ﬁ'T()\)(g) = RgA - LgAT(/\), geaqG.

Let .(n) = p«Tp(n) be the projection of 7.(ny to G/H by the map p: G — G/H : g — gH.
Then
1) Tp(n) s well-defined and it defines a Poisson structure on G/H;



2) Equip G with the Poisson structure T¢ as defined by ([8). Then T B8 a (G, Te)-
homogeneous Poisson structure on G/H.
3) When 1o has the zero-weight property, i.e., rg € (g®g)?, every (G, m)-homogeneous

Poisson structure on G/H arises this way.

The rest of this section is devoted to the proof of this theorem. We first prove the first

two parts.

Proof of 1) and 2) in Theorem B.3. It follows from A,.(A) € (A%g)" that 7,y is well-
defined. To show that 7, (y) defines a Poisson structure on G/H, we calculate the Schouten
bracket [m,(y), ()] of m(\) with itself. Set Af(g) = RgA and A, (\)*(g9) = LyAr(X). Then
oy = A — A (N)E. Hence

[Froys Tyl = AT AT = 2]A%, A,V + [4,(0)F, 4,05
= —[A AR 4 (AN, A(VTE
—  —2Alt(dA, (V)L € (h AgAg)L,

where in the last step, we used Equations () and (f). This shows that 7,(y) is in general not

a Poisson bi-vector field on G. However, for m.(y) = p«T,(y), we have

[ﬂ'r()\), ﬂ'r()\)] = p*[ﬁ'ro\), ﬁr()\)] = —Zp*Alt(dAT(/\))L =0.

Therefore, m,(y) is a Poisson structure on G/H. Now for any g; and g2 € G, we have

Trn(9192) = RgigoA — Lgg,4:(N)
= Lg1(Rg2A - ngAT()‘)) + R92(R91A - LglA)

= Lg7r(0)(92) + Rg,ma(g1)-
Projecting 7,(x) to 7,(x), this says that the action map of G on G//H by left translations is a

Poisson map. Thus 7,(y) is a (G, mg)-homogeneous Poisson structure on G/H. This finishes
the proof of 1) and 2) in Theorem B.3.

We now prove 3) of Theorem B.3. Assume that ryp € (g®g)". Then by Theorem P.3J, it
must be of the form (f]) for some choice ¥ of positive roots and some 2oij WigTi AT € hAD.
Let e = eH be the base point of G/H. Recall [DJ] that a (G, s )-homogeneous Poisson

structure m on G/H is determined by its value 7(e) at e in such a way that

m(gH) = Lgm(e) + p.ma(g). (7)



Moreover, since 7s(g) = 0 for g € H (this is why we need the zero weight condition on r9),

we see that m(e) is H-invariant, i.e.,
n(e) € NT.(G/H)™T = (A*(g/n)".

Let ny and n_ be the nilpotent Lie subalgebras of g spanned by the root vectors for the
roots in ¥4 and —3 respectively. Identify g/h = n_ +ny.

Lemma 3.4 Write

m(e)= Y (5~ ¢a)Ba A E-a € (N2(g/8)" ®)

acX

and set ¢_o = —¢o. Then the bi-vector field  on G/H defined by ([}) is Poisson if and only
if the function ¢ : ¥ — C satisfies

2

—%, whenever o, 3,y € X and a+ 8+ v =0. 9)

Proof of Lemma B.4. For any given 7(e) in the form of (f), set

¢o¢¢ﬁ + ¢6¢'y + ¢'y¢a =

A= > ¢aEs NE_q €N

aeXy

and introduce the following bi-vector field 7 on G:
#(g) = RyA — LA
Then 7 = p,#, and hence [r, 7] = p,[#, #]. But as in the proof of 1) of Theorem B.3, we have
[7,7] = [A%, AT] — 2[AT, AT) + [AF, A% = —[A, AR + [4, A%

Since A satisfies the modified CYBE (f]), by writing

2
B = [4, A] - S[2” %] € A,
we see that [7,#] = B, the left invariant 3-vector field on G with value B at e. Thus

[r, 7] = 0 if and only if B € h AgA g, or, if and only if
2
[A, A] = E[le’ Q%] mod hAgAg.
A direct calculation shows that

(A4, A] = Y @2ha NEq ANE_q
aeX
—2 Z (¢o¢¢6 + ¢5¢’Y + ¢’Y¢Q)Na,ﬁEa A Eﬁ A E—y
[(,8,7)]€L?



and
Q12 Q%] = % > ha NEqANE_o + > NagEa NEgAE,,
ac® [(e,8)]€E?

where hy = [Eo,E_o] € b, [Eq, Egl = NygEqip when o, € ¥ and a + § € X, and
the summation over [(a, 3,7)] € £% means that the summation index runs over all triples
(o, B,7) € X3 such that a + 3+ v = 0 but two such triples are considered the same if they
only differ by a reordering of the three roots. It then follows immediately that « is a Poisson
structure on G/H if and only if Condition (f]) is satisfied. This finishes the proof of Lemma

B4

It now remains to classify all odd functions ¢ on ¥ such that Condition () is satisfied.
Note that the Weyl group W for (g,h) acts on the set of such functions by (w - ¢)s = dwa-
We say that two such functions ¢ and 1 are W-related if ¢ = w - ¢ for some w € W.

Notation 3.5 Let S(X) be the set of simple roots in ;. For a subset X of S(X4), we

will use [X] to denote the set of roots in ¥ that are in the linear span of X. Also set

by = spanc{h, =[E,,E_,]: v € X}.

Lemma 3.6 For any X C S(X41) and h € by such that a(h) ¢ miZ for any o € [X|, where
m = 3.14159... (we hope that there is no confusion between this notation of m = 3.14159... and

m as a Poisson structure), and Z is the set of integers, define ¢ : X — C by

Scotha(h), o€ [X]

$a =3 5, a € 34\[X]

-5 a € —(X\[X]).

Then

(1) ¢ satisfies Condition (9);

(2) Any odd function ¢ : ¥ — C satisfying Condition ([9) is W-related to one obtained
this way.

Proof. (1) can be checked directly. We only show (2). Suppose that ¢ : ¥ — C satisfies
Condition (fJ). Set Y = {a € ¥ : ¢ = 5}. Then because of (), Y has two properties:

(A). Ifa,peY and a+ € X, thena+ €Y,

(B). If a €Y, then —a ¢ Y.
It follows [E-V] that there exists a choice of positive roots EI+ such that Y C E/Jr. Since there

exists w € W such that wZIJr = Y4, by considering w - ¢ instead of ¢, we can assume that

10



3, =%, Set X = S(X;)N (24\Y). Since Condition (f]) implies that ¥ has the additional
property:

(C)UfaeY,peX\(-Y) are such that « + 3 € X, then a + B € Y,
we claim that ¥4 = ([X]NX¥4)UY is a disjoint union. Indeed, suppose that o € [X]| N X4.
We first use induction on the height ht(a) of o with respect to S(X4) to show that o ¢ Y.
If ht(a) = 1, then « is simple, so @ ¢ Y by definition. Suppose that ht(a) = k. We can [Bd]
write o as a = a1 + - - - 4 oy, such that each «; is in X and that each oy + --- + «; is a root,
for j=1,...k Set @' = aj 4 ---+ ag_q. By induction assumption, o’ ¢Y. If « €Y, then
we know by (C) that ay = o — o' € Y which is a contradiction. Thus o ¢ Y. This shows
that ([X]NX1)NY = 0. Next, suppose that a € ¥,\Y. We use induction on ht(a) again
to show that a € [X]. If ht(a) = 1, then o € X C [X] by the definition of X. Suppose that
ht(a) = k. Write a as a = a + «y., where o € Y+ and o is a simple root. If a € Y. Then
by (C), we have —a' = o, — @ € Y which is absurd. Thus o, ¢ Y, so o, € X. If o/ € Y,
then again by (C), we have —aj, = o —a € Y which is also absurd, so o ¢ Y. By induction
assumption, o € [X]. Thus a € [X]. Hence we have shown that ¥, = ((X]NY)UY is a
disjoint union.

For v € X, since ¢, # :l:%, there exists A, € C,\, ¢ miZ, such that ¢, = %coth Ay
Choose h € by such that y(h) = A, for every v € X. We now show that a(h) ¢ miZ and
that ¢o = 5 cotha(h) for all o € [X] N X4 by using induction on the height ht(a). This
is true when ht(a) = 1. Suppose that ht(a) = k. As before, write @ = a’ + ay, where
o € [X]NX,, ht(a') =k —1, and aj € X. Then by induction assumption, o (h) ¢ 7iZ and
¢, = 5 cotha'(h). By Condition (),

2

~6a(by +0a) = =T — bt by

If ¢,/ + ¢a, = 0, we would have ¢/ ¢q, = —%2 and thus ¢/ = i% and ¢q, = :F%. This is
not possible since ([X]NX1)NY =0. Thus ¢/ + da, # 0, so a(h) = o' (h) + ag(h) ¢ miZ,

and

ENY
Go = 74¢—/Fi"¢¢ak = %cotha(h).
o A

Q.E.D.

We now continue with the proof of (3) of Theorem B.3. Let 7 be a (G, 7 )-homogeneous
Poisson structure on G/H. Then by Lemmas .4 and .4, there exist a choice EI+ of positive
roots, a subset X of the set of simple roots in E/Jr, and an element \g € h* such that

T=Tr (M) where

ro(\) = %Q + g > coth% L aAN>SFE,NE_o + % > EJ.ANE_q
ac[X'INs, aex \[X] (10)

11



is a classical dynamical r-matrix for the pair (g,h). This proves part (3) of Theorem B.3.

Q.E.D.

3.2 The Poisson structures 7, () on G/H

In this section, we consider in more detail the case when the Poisson structure on G is defined
by a classical quasi-triangular r-matrices ro with the zero weight property. In other words,
we fix a choice X of positive roots, and consider rg of the form
€ €
rog = §Q + Zcijiﬂi Nxj + 5 Z E,NE_,, (11)
2% OCEZ+
where Zm- cijr; Nxj € h Ah. When Zi,j cijr; A x; = 0, the corresponding ry is often called
the standard r-matrix. The corresponding Poisson structure m; on G is the semi-classical
limit of the quantum group corresponding to G []
For X C S(X4), set

€ & & &
rx(M) =50+ 5 Y cothy KaA>EBaABa+s > EaAEa

2 a€[X]NT4 a€x\[X] (12)

Clearly, the domain D(rx) of rx consists of those A € h* such that < \,a >¢ % for all
a € [X]. For each such A, we have the (G, 7¢)-homogeneous Poisson structure 7, () on
G/H: let p,mg be the projection to G/H of ng by p: G — G/H : g — gH. Then

L

S

Trx(\) = P«Ta + Z 1 — ee<ar> EoNE_, >
ac[X|NE4

where where the second term on the right hand side is the G-invariant bi-vector field on G/H

whose value at e = eH is the expression given in the parenthesis.

Theorem 3.7 With the Poisson structure wg on G defined by ro in ([[1), every holomorphic
(G, mg)-homogeneous Poisson structure on G/H is isomorphic, via a G-equivariant diffeo-

morphism, to a T, (x) for some subset X C S(Xy) and A € D(rx), where rx is given in

).

Proof. Let 7 be a (G, ng)-homogeneous Poisson structure on G/H. By Theorem B.3, we

know that there exists a choice E;_ of positive roots and a subset X' of the set of simple roots

in Z/Jr such that m =, (), for some Ay € b*, where r .+ is the classical dynamical r-matrix
X

given by ([L0). Let A =ro—5Q and let A /(\g) be the skew-symmetric part of 7,/ (Xg). Then

recall from Section [j that 7 = p.7t , where 7 is the bi-vector field on G given by

’

7 (g9) = RgA — LyA (No), g€G.
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Pick w € W such that leJr = ¥,.. Set X = wX'. Let w be a representative of w in

1

G. We will use R;-1 to denote the right translation on G by w™" as well as the induced

diffeomorphism on G/H. Then for any g € G,
Ry 17 (g) = Ry1gA — LyLy1AdyA (M) = Ry 1A — Lyy 1 Ax(who),

where Ay is the skew-symmetric part of the r-matrix ry given by ([[J). It follows from the
definition of m,  (y5y) that T = Ry, (way)- The map Ry : G/H — G/H is G-equivariant.

Q.E.D.

3.3 Comparison with Karolinsky’s classification

When }_;; cijzi A x; = 0 in the definition of ro, all (G, 7¢)-homogeneous Poisson structures
on G/H have been classified by Karolinsky [KaJ] by using Drinfeld’s theorem on Poisson
homogeneous spaces. We now look at the Poisson structures m,. () on G/H in terms of
Karolinsky’s classification.

Recall that the double Lie algebra associated to the Poisson Lie group (G, ) can be
identified with the direct sum Lie algebra » = g + g equipped with the ad-invariant non-

degenerate scalar product given by

1
((x1,22), (Y1,92)) = g(<< T2, Y2 > — L T1,Y1 >).

The Lie algebra g is identified with the diagonal of 0, and the Lie algebra g* is identified with
the subspace

g" = {(z—,x4): @x € by, (x-)y + (z4)y =0}
Here, b = h + ny and (2+), € b is the h-component of x4. A theorem of Drinfeld [D3]
says that (G, ms)-homogeneous Poisson structures on G/H correspond to Lagrangian (with

respect to the scalar product (, )) subalgebras [ of the double » 2 g + g such that [Ng = .

Theorem 3.8 (Karolinsky) [Kad/ Lagrangian subalgebras | of g+ g such that [Ng = b are
i 1—1 correspondence with triples (p,p/, n), where p and p are parabolic subalgebras of g such
that ¢ = p Ny is the Levi subalgebra, h C q, and 1 is an interior orthogonal automorphism
of q with q" = 4. If (p,p/,n) 18 such a triple, the corresponding subalgebra | of g + g is
(={(z',z) €p xp: n(az;) = x4}, where z, € q (resp. x/q € q') is the projection of x (resp.
a:/) to q with respect to the Levi decomposition of p (resp. p/).

For a (G, ms)-homogeneous Poisson structure m on G/H, the Lagrangian subalgebra lr(e)
of g + g is by definition [D]

ey =z +&§:x €9, €0, &y =0, and§ Im(e) =z + b}

13



For 7(e) of the form m(e) = Y ,ex, (§ — ¢a)Ea A E_q, it is an easy calculation to see that

lz(e) = b + spanc{{y : a € ¥},

where for o € 3,

o = (6= 5)Eas G+ DE) € 540
Thus, for the Poisson structure 7, (y) on G/H, we have
(—eE,, 0) ifae-Y
bo = z=ass—(Ba, €< E,) ifac [X]
(0, eEy) ifaeY.

where Y = ¥, \[X]. Let
py = b + spanc{E, : a € [X|UY}
be the parabolic subalgebra of g defined by X, and let
py = b + spanc{E, : a € [X]U(-Y)}
be its opposite parabolic subalgebra. Set
my = b + spanc{E, : a € [X]} (13)

so that my = p, N p/X. Let 1 be the interior automorphism of my given by Ad_x,, where
hy € b corresponds to A € b* under the Killing form. Then the triple (plx,px,n) is the one

corresponding to the Poisson structure 7, (y) in the Karolinsky classification.

4 r-matrices and homogeneous Poisson structures on K/T
We pick a compact real form ¢ of g as follows: For each o € Y, set
Xo = By — E_g, Yo = i(Eq + E_q)
and h, = [Ey, E_,]. Then the real subspace
t = spang{ihg, Xo, Yot € X1}

is a compact real form of g. Set t = spang{ih, : @ € X} C €. Let K and T C K be

respectively the connected compact subgroups of G with Lie algebras £ and t.
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It is well-known [Bd] that every Poisson structure 7, on K such that (K, ) is a Poisson

Lie group is of the form

(k) = RN — LiA, (14)
where
) XoNY,
A:u—E LGE/\E (15)
2 2
a€2+

for some u € t A t, an imaginary complex number € and a choice ¥ of positive roots.
In this section, we will show how (K, 7 )-homogeneous Poisson structures on K/T are
related to classical dynamical r-matrices. We remark again that one classification of all

(K, g )-homogeneous Poisson spaces (by the corresponding Lagrangian Lie subalgebras) has

been given by Karolinsky [KaZ2].
If we regard Ag as a real vector space, then

ANe—Ag: AeSai A Agp—a A Az e Ny

is an embedding of At into Ag as a real subspace. This embedding also preserves the Schouten
bracket. Thus, for A € A%¢ of the form

A= Zaai, ao € R for a € Xy,

we can calculate [A, A] € A3 by first writing A = Yaexn, aEa NE_q € A%g and calculate
[A, A] inside Ag. Indeed, as in the proof of Lemma B.4], in A%g we have

1
(4,4 = 3 > al(iha A Xa A Ya)

aEX
+2 Y (aaas + agay + ayaq)NapEa A Eg N E, (16)
[(cr,8,7)) €L

Clearly, iho A Eo N E_o € N3t for each a € ¥,. Suppose that (a,3,7) € ¥3 are such that
a+ B+~ = 0. Without loss of generality, we can assume that o, 3 € ¥ and v € =3 . Then

NaﬂEa A Eﬁ A E’Y + N—a,—ﬁE—a A E_ﬁ N E_-y = Naﬂ(Ea A Eﬁ A E-y —FE_, N E_g VAN E—’Y)'
This element is in A3t because it is fixed by § € Endg(A3g) defined by
9($1 /\:Eg/\l‘3) = 9(:171)/\9(:172)/\9(3)3), r1,22,T3 € 4@,

where 6 € Endg(g) is the complex conjugation of g defined by ¢ The right hand side of ([[q)
is thus the Schouten bracket of A with itself inside AE.
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Now suppose that 7 is a classical dynamical r-matrix for the pair (g, h) as given in Theorem
B.3. Suppose that A € h* is in the domain of r such that the skew-symmetric part A,()\) =
r(A) — 59 of r(\) lies in A%. Then

[A,(\), A,(N)] — [A, Al e (AN (hAEAE) =tAEAEL

By abuse of notation, we still use 7,5 (already used in Theorem B.3) to denote the bi-vector
field on K given by
Ty (k) = RpA — LA (N), keEK,

where Ry, and Ly, are respectively the right and left translations on K by k. We use m,(y) to
denote the projection of ,(y) to K/T by the map p: K — K/T : k — kT.

Theorem 4.1 Let r be any classical dynamical r-matrixz for the pair (g,b) given in Theorem
B-2. Suppose that X € b* is in the domain of v such that A,(X) = r(X) — 5Q is in A*t. Then,
1) the bi-vector field .y on K/T defines a (K, mg)-homogeneous Poisson structure on
K/T;
2) with the Poisson structure mx on K given by (1}), every (K, wx)-homogeneous Poisson

structure on KT arises this way.

Proof. The proof of 1) is similar to that of Theorem B.3. We prove 2). Assume that 7 is a

(K, 7 )-homogeneous Poisson structure on K /7. Since 7 is T-invariant, we can write

we) = 2 (—o visn) 20T e 2,
=

where e = eT" € K/T and ¢, € iR for each o € X;. (Recall that ¢ € iR is fixed at the
beginning.) Set ¢_, = —¢,, for a € ¥, . Using the same trick for calculating the Schouten
bracket in AE, i.e., by embedding At into Ag, and by using arguments similar to those in the
proof of Lemma B.4, we know that the ¢,’s must satisfies Condition (f]). Exactly the same as
in the proof of the second part of Theorem B.3, we know that there exist a choice of positive
roots Z/Jr, a choice of a subset X' of the set of simple roots for E/Jr, and some (not necessarily

unique) Ag € h* such that

o = Scoths < a, Ag > ifor € [X]
RS ifa € £(X\[X].

Let r be the classical dynamical r-matrix for the pair (g,b) defined by ZIJF and X' as in
Theorem R.3 (1 = 0 and C = 0), we see that 7 coincides with the Poisson structure Tr(Xg) O
K/T.

Q.E.D.
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5 The Poisson structures 7y, ) on K/T

5.1 Definition

As in the case for G/H, we will single out a family of (K, 7x)-homogeneous Poisson struc-
tures on K /T which exhausts all such Poisson structures on K/T up to K-equivariant iso-
morphisms.

For a subset X C S(X4), set

ax = spang{h, =[E,,E_ ] :v€ X}

Denote by {h, : v € S(X4)} the set of fundamental co-weights for S(Xy), i.e., h, € a for
each v € S(24) and 71 (hy) = 65, 5 for all v1,7 € S(X4).. For X; C S(X4), set

Define py, to be 0 if X is the empty set.

Theorem 5.1 For X € S(X;),X; C X and A\ = )\1+%r,5x1 € ax+%r,bxl such that a(A1) #0
for all a € [ X] with a(px,) even, let Ty x, x be the bi-vector field on K/T given by

L
1€ 1
Tx,x;, A = P«Tg — 5 ( Z mXa/\Ya) )
a€[X]NZ4

where the second term on the right hand side is the K -invariant bi-vector field on K/T whose
value at e = €T’ is the expression given in the parenthesis. Then

1) mx x, . 8 a (K, 7g)-homogeneous Poisson structure on K/T, and

2) every (K, )-homogeneous Poisson structure on K/T is K-equivariantly isomorphic

to some Tx x, \-

Remark 5.2 Note that the condition on A\; € ax is equivalent to a(A) ¢ miZ for all a € [X],
so that e2*™ £ 1 for all a € [X].

Proof. 1). The number e2*™ is real for each o € [X]. Thus 7y x, » is a (K, 7« )-homogeneous
Poisson structure coming from a classical dynamical r-matrix.

2) Assume that 7 is a (K, 7, )-homogeneous Poisson structure on K/7T'. By Theorem [L1]
and by a proof similar to that of Theorem B.7, there exist X C S(X,) and some g € h* such
that 7 is isomorphic, via a K-equivariant diffeomorphism of K /T, to the Poisson structure

T given by

L
/ i€
T = PxT — 5 ( Z kaXa /\YQ) )
a€]

X]ﬂz+
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where
1

1 €
ko = 5(1 — COth(§ <L a, Ao >>)) = m e R.

Let hy, € b be the element in h corresponding to A under the Killing form, so that <«
a, o >= a(hy,) for all @ € X. It remains to show that %hAO can be replaced by some
A € ax+Zpy,. To this end, consider the function f(z) = 1/(1—¢?) for z € C. It takes values
in all of C except for 0 and 1. Moreover, f(R\{0}) = (—o00,0)U(1,00) and f(R+im) € (0,1).
Set

Xi={yeX: k, €(0,1)}.

Then for each v € X, there exists p, € R such that

ky = f(puy +im) if ye Xy
k f(,ufy) if ’VGX\Xl.

Let A\; € ay be such that 2y(\) = p for each v € X (such a A\ exists), and let A = )\1+%iﬁxl.
Then ky, = f(2y()\)) for all v € X. Consequently, by writing o € [X] N X as a linear
combination of elements in X, we see that k, = f(2a(())) for all a € [X].

Q.E.D.

Notation 5.3 For reasons given in Section p.2, we will use 7o, to denote the Poisson struc-
ture p,mi on K/T. It is called the Bruhat Poisson structure [Lu-Wq] because its symplectic

leaves are Bruhat cells in K/T. See Section 5.6 for more details.

Example 5.4 Consider

KzSU(Z)z{(u Z):u,vé@,|u|2—|—|v|2:1},

—v

T = {diag(e’®,e™™@) : z € R} = S! and the root a(z, —x) = 2 is taken to be the positive

root. Then
1/0 1 10 i
Xa_§<—1 0)’ Ya_i(z‘ 0)‘
With oy
A= —%% € su(2) A su(2)

and the Poisson structure mx on K = SU(2) defined by

e = A" — AF,
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the Poisson brackets among the coordinate functions u,v, 4 and v on SU(2) are given by
€
g
Let mo be the SU(2)-invariant bivector field on SU(2)/S! whose value at the point e = eS?
is Xq AY,. It is symplectic.

Case 1: X = X; = 0. Then 7y x, » = Too;

A1 0
0 -\

{u7 Z_L} = _i|v|27 {u7 U} = %’LL’U, {u7 2_}} = v, {le_)} =0.

Case 2: X = {a}, X; =0. Then \ = < ) with A\; # 0, and

1€ 1
27— et 0

Tx,x1,A — Too

Case 3: X = X; = {a}. Then
_(M+E 0
(T L)

1€ 1
X,X1, oo 2 1 +e4)\1

with A1 € R arbitrary, and

Note that the range of the function 1—e;‘“1 for A\; € R\{0} is (—00,0) U (1,+00), and the
range of ﬁ for A € Ris (0,1). Thus, for all possible choices of X, X; and A, we get all

the Poisson structures of the form

T = Moo — Ecmo

for a € R except for a = 1. But the Poisson structure 7% when a = 1 is easily seen to
be isomorphic to 7o (corresponding to a = 0) by the SU(2)-equivariant diffeomorphism on
SU(2)/S' defined by the right translation by the non-trivial Weyl group element. The fact
that every (SU(2), Ty )-homogeneous Poisson structures on S? is of the form 7¢ for some
a € R is very easy to check directly [BH].
Identify the Lie algebra su(2) with R? by
ix iz
(5 1)
1
0
R? : 22 4+ 9% + 22 = 1}. Consequently, we have the identification

so the Adjoint orbit through < (iz ) can be identified with the sphere S? = {(x,y,z2) €

SU(2)/S' — 8% : kSt — Ad, < E) (iz ),
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or
—U U

( “ v ) S (Juf? = of?, —i(uww — @), —(uv + av)).

The induced Bruhat Poisson structure mo on S is given by

€l €l €l
{x7y}:_Z(x_1)Z7 {y7z}:_Z(‘T—1)x7 {Z,x}:—z(fﬂ—l)y,
and the Poisson structure 7% on S2 is given by
& e

{z,y} = 4(33—1—2@—1)2, {y,z}:—%(az+2a—1)x, {2,2} = (x + 2a — 1)y,

4

Note that 7% is symplectic when a < 0 or @ > 1. When a = 0, it has two symplectic leaves,
the point (1,0, 0) being a one-point leaf and the rest of S? as another leaf. Similarly for a = 1.
When 0 < a < 1, it has infinitely many symplectic leaves: two open leaves respectively given

by £ < 1—2a and x > 1 — 2a, and every point on the circle z = 1 — 2a as a one-point leaf.

Example 5.5 Let g = s((3,C) and K = SU(3). The three positive roots are chosen to be
ar(z) =z — w2, on(z) =z —x3, a3(r) =71 — 73

for a diagonal matrix x = diag(z1,x2,x3). Take X = S(3;) = {1, a2} and X = {a1}. In

this case
2.0 0
. 1
lez 0 -3 0 ’
o o -1
and .
A+ T 0 '
A= 0 /\2—% 0 ‘ , )\1+2)\2§é0.
0 0 (Mt d)—
Then

oy 2X o, A Yy, 2X o, A Yo, 2X oy A Yoy \ X
ﬂ-Xlev)‘ = Moo 1 + 62()\1—)\2) 1— e2)\1+4)\2 1 + 64)\1+2)\2 :

5.2 Connections via taking limits in A

As noted in [E-V]], the dynamical r-matrices are related to each other via taking various limits
in A\. Correspondingly, the Poisson structures my y, x are also related this way. We study

these relations in the section.
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Proposition 5.6 For any X; C X CY C S(X1) and A = A\ + %rﬁxl €ax + %rﬁxl such
that a(A) # 0 for all o € [X] with a(px,) even, we have

XX\ = tl}Tm Ty, X1 A+ thy\ x - (17)

In particular,
Too = tl}IJPoo Ty, 0,tpy -
Moreover, we also have

Moo = lim 5y 18
00 oo X, X1, \+tpx ( )

Proof. Set jiy = A +tpy\x for t > 0. Let a € [Y]NX,. If a € [X], then a(py\x) = 0 so
a(p) = a(A). If a € [Y]\[X], then v := a(py\ x) is positive, so

lim — = lm =0
tggol_ea(ut) _tin;lol—etv o

Hence ([[7) follows from the definition of 7y x, x. The limit in ([[§) is obvious.

Q.E.D.

5.3 The Lagrangian subalgebras of g corresponding to my x,

The Lie bialgebra of the Poisson Lie group (K, 7x) is (¢,a + n), where the pairing between
¢ and a 4 n is given by %Im <, >, where Im <, > stands for the imaginary part of the
Killing form <, >>.

We will call a real subalgebra [ of g a Lagrangian algebra if 1) dim[ = dimé¢, and 2)
%Im < x,y >= 0 for all z,y € [. By a theorem of Drinfeld [DJ], (K, )-homogeneous
Poisson structures on K /T correspond to Lagrangian subalgebras [ of g with (M€ = t. In
this section, we calculate the Lagrangian subalgebras [y x, » corresponding to the Poisson

structures mx x -

By definition [D3],
k) ={z+&rxet, {catn: (=0, dnx x a(e) =z +t}.
A direct calculation gives

Ix,x;, 0 = t+ SpanR{EﬁyiEﬁ : B e B \[X]}

1Xa + Eq,

1 1
+SpanR{62a(T — 1Ya + ZEa S [X] N 2+}

e2a(N)
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On the other hand, for o € [X], since e2*®) £ 1, we have

AdpXe = Adp(Ea— E_g) = (62 — 7@y Xo + Ey)

e2a(N) —_ 1

1
Ad,Y, = Adp(iBy+iE_g) = (™ — e 2W)(

WYQ +iE,).

Note that e is real or imaginary depending on a(px,) is even or odd. Set
ny = spang{FE3,iEsz: 3 € X1 \[X]}. (19)
Then we have proved the following proposition.

Proposition 5.7 Denote by Ix x, x the Lagrangian subalgebra of g corresponding to the Pois-

son structure Tx x, x ON K/T. It is given by

e, 0 = Ada(t + ny  + spang{X,,Y,: a € [X], a(px,)is even}
+ spang{iX,,iYs @ a € [X], a(py,)is odd}).

Remark 5.8 Let 6 be the complex conjugation on g defined by ¢. Let 7x x, be the complex

conjugation on g given by

TX,Xl - Adexp( 9 - HAd

mipx,) exp(—mipx, )’

Denote by m;X’Xl the set of fixed points of 7x x, in my, where
my = bh + spanc{FE, : a € [X]}.

Then

X
[X,X1,>\ == Ade)\ (mX

M ny).

Remark 5.9 Let n = dim¢ and consider [y x, \ as a point in Gr(n,g), the Grassmannian
of n-dimensional real subspaces of g. Then, corresponding to Proposition p.6, we have, for
X1 CXCY CS(X4) and for any A = A\; + %T,éxl €ax + %r[)xl such that a(\;) # 0 for all
a € [X] with a(px, ) even,

hgloo [Y,X1,)\+tﬁy\x = [X7X17>\ (20)

t—
in Gr(n, g). Indeed, under the Plucker embedding of Gr(n, g) into P! (A"g), the Lie subalgebra
[y, x,,» corresponds to the point in P'(A™g) defined by the vector

1 1 .
'Uy,Xl,)\ = ZO N H (mXa + Ea> N (mya + ZEa) AN H Ea A E_a

a€ly]NX4

where Zj € Adimte and Zy # 0 is fixed. Since Uy xy Moy x — Uxy,\ st — +00, we see that
(BO) holds in P(A"g) and thus also in Gr(n, g).
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Example 5.10 When X = X are the empty set, we have [y x, » = t+n, and when X =
S(X4) and X is the empty set, we have [x x, x = Ad.xt. In general, when X = S(X), the

Lie subalgebra [y x, x is a real form of g.

5.4 Geometrical interpretation of 7y «

Denote by L the set of all Lagrangian subalgebras of g with respect to the imaginary part
of the Killing form <, >. (Here g is regarded as a real vector space.) It is an algebraic
subvariety of the Grassmannian Gr(n,g) of n-dimensional subspaces of g, where n = dim¢.
In [E-L7], we show that there is a smooth bivector field IT on Gr(n, g) such that the Schouten
bracket [II,1I] vanishes at every [ € £. More precisely, consider the G-action on Gr(n,g) by

the Adjoint action. It defines a Lie algebra anti-homomorphism

kg — x'(Gr(n,g)),

where x!(Gr(n,g)) is the space of vector fields on Gr(n,g). Denote by the same letter its
multi-linear extension from A2g to the space of bi-vector fields on Gr(n, g). Then the bivector
field IT on Gr(n,g) is defined to be

1
II = §/€(R),
where R € A%g is the r-matrix for g given by
(R, (m14+y1) AN(@2+12)). = (21, 42). — (22, 11). (21)

for z1,29 € tand y1,y2 € a+n with (, ), = %Im <, >. Explicitly,

l
R = —% (Z(z‘hj) Ahj + Y (=Xo A (iEg) +Ya/\Ea)) ,
) =S

where {h1, ..., by} is a basis for a such that < hj, by >= d;;. It now follows from the definition
of II that it defines a Poisson structure on every G-invariant smooth submanifold of L.

One particular G-invariant smooth submanifold of £ is the (unique) irreducible component
Ly of L that contains t. We show in [E-LJ] that each [, x,,1 € Lo and that its K-orbit in Lo
is a Poisson submanifold of (Lo, IT). (We also show in [E-LJ] that Ly is diffeomorphic to the
set of real points in the De Concini-Procesi compactification of G' [D-P]]). For each Poisson

structure 7y x, » on K /T, consider the map
P: (K/T, nx x,2) — (Lo, II) : KT +— Adglx x, »-

It is shown in [E-L] that P is a Poisson map. When the normalizer subgroup of [y x, » in K
is T', this map is an embedding of K/T into L whose image is the the K-orbit of [ x, » in L.
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In general, P is a covering map onto the K-orbit of [x x, » in L. Thus, every (K/T, 7TX7X17)\)
is a Poisson submanifold of (Lo, ) (possibly up to a covering map). This can be considered
as one geometrical interpretation of 7y X1

Two special cases of mx x, » deserve more attention. The first is when X = X; = 0
(A = 0 in this case). Then 7y x, » = T is the Bruhat Poisson structure. It has been the
most interesting example in terms of connections to Lie theory. For its relations with the
Kostant harmonic forms [Kd], see [Cud] and [E-L1]].

The second special case is when X = S(X1) and X; = (. The condition on X is that

A € ais regular. We will show that 7y x, x is symplectic in this case. In fact, we will show
that my v, A can be identified with the symplectic structure on a dressing orbit of K in its
dual Poisson Lie group. We also remark that this symplectic structure has been used in [L-R]
to give a symplectic proof of Kostant’s nonlinear convexity theorem.

Recall that the Manin triple (g, ¢, a+n, %Im <, >) gives rise to a Poisson structure w4y
on the group AN making (AN, m4y) into the dual Poisson Lie group of (K, mx). The group
K acts on AN by the (left) dressing action:

K x AN — AN : (k,b) — k-b:=by,  if bk~' = kyby for k1 € K and by € AN.

The K orbits of this dressing action of K in AN, called the dressing orbits, are precisely
all the symplectic leaves of the Poisson structure on AN and they are parametrized by a
fundamental W-chamber in a. Thus each dressing orbit inherits a symplectic, and thus
Poisson, structure as a symplectic leaf. Since the dressing action is Poisson [STSY] [Lu-W¢|,
these dressing orbits are examples of (K, 7y )-homogeneous Poisson spaces. Let A € a be
regular and consider the element e=* € A. The stabilizer subgroup of K in AN at e™* is T
Thus, by identifying K /T with the dressing orbit through e™*, we get a Poisson structure on
K/T which is in fact symplectic.

Notation 5.11 We will use m) to denote the Poisson structure on K/T obtained by identi-
fying K/T with the symplectic leaf in AN through the point e™*, and we call it the dressing

orbit Poisson structure corresponding to e e A.

Proposition 5.12 When X = S(X4),X1 = 0, and X € a is regular, the Poisson structure

Tx,x;, 0n K/T is nothing but the dressing orbit Poisson structure my corresponding to e .
Ezxplicitly, we have
L
i€ 1
acXy
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where the first term is the K-invariant bi-vector field on K/T whose value at e = €T is the

expression given in the parenthesis.

Proof. Since [x x, ) is given by the right hand side of (B9), we only need to show that the
dressing orbit Poisson structure m) is also given by the same formula. Denote the Poisson
structure on AN by 7,,. Since we are identifying € with (a+n)* via %Im <, >, an element
x € € can be regarded as a left invariant 1-form on AN which we denote by z!. Let pe : g — ¢
be the projection from g to ¢ with respect to the Iwasawa Decomposition g = ¢+ a +n. We
know that (see [Lull]) for any a € A,

9
WAN(a;l,yl)(a) = ;Zlm < Adyz, peAdyy >

for all z,y € t. Here, Ad, is the Adjoint action of @ € A on g. Thus, when x and y run over
the basis vectors {iHy, Xq, Yo : a € X4} for €, we have w4y (2!, y')(a) = 0 except that

N
Tan(XL YD = ZIm < Ady X, peAdY, >
€

9
= ?ZIm L a"Ey —a “E_y, a “(iE, +iE_4y) >
23
= 21 - —2a .
—(1 — a7

Let 0, be the (left)-dressing vector field on AN defined by x € ¢, i.e., 0, = —x! _I74y. Then,
taking @ = e~*, we have

1

max(a) = —— T O X (@) Aoy, (a).
N X T
i€ 1
= —5 X T % (@) Aov.(a) € NTu(K - a).
OJEE+ e

Identify K/T with K -a by kT — k - a, we get

1€ 1

2a( A
2a€2+1_ea()

m(el) = — Xo ANY,.

Thus 7y, is given as by (P32).
Q.E.D.

5.5 7y x,» as the result of Poisson induction

We now look at the general case of my y, 1. Set

by =t + spanp{X,, Yo : a € [X] N4},
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and let Kx C K be the connected subgroup of K with Lie algebra ty. We will show
that [y x, ) can be obtained via Poisson induction (see Remark below) from a Poisson
structure on the smaller space K /T.

To this end, consider

B = {€ce: £(x) =0Va € by}

~

Since we are identifying ¢* with a+n, we have €. = n as real Lie algebras, where ny is given
in ([[9). Since ny C a+ n is an ideal, we know that Ky C K is a Poisson subgroup [Lu-Wd].
In fact, set
£ Xa NY, 13 Xo NY,
A= -2 Sy fela Ay = 25 S el

ac[X|NE 4 2 2 aeX \[X] 2

Then, we have

Proposition 5.13 1) For any x € tx, adzAy = 0;

2) The Poisson structure on Kx (as a Poisson submanifold of K) is given by
7TKX(]CI) = RklAl - Lk1A17

where Ry, and Ly, are respectively the right and left translations on Ky by k1 € K.
8) The Manin triple for the Poisson Lie group (Kx, T, ) is (mx, tx, a + ux, % <, >),
where my, given in ([13), is considered as over R, and ux = spang{FEq,,iE,: a € [X] N2, }.

Proof. 1) Using the embedding of A®¢ into A®g as a real subspace, it is enough to show that
adzAg = 0 for x = E, with o € [X]. Let o € [X] N 3. Then,

2
Zadp,A = Y [Ea, Eg)NE_g + Eg A [Eq, E_g].
c BeS\[X]
Set
Yi={peX\[X]:a+pe€X}, and Yo={feX \[X]:B-acX}

Since Y = ¥, \[X] has the property that if « € [X]NX4 and § € Y are such that a4+ 5 € ¥
then a + 3 €Y, the map Y1 — Yy : 8 +— a+ [ is a bijection. Thus

2
cadp. Az = Y ([Bas Bs) NE—g + Easp A Ba, BE_(a1p)))
Bey;
= Z (Na,ﬁ + Na,—(a+6))Ea+ﬁ N E—ﬁ
Beyy
= 0.

Similarly, adg A2 = 0. This proves 1).
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2) By definition, the induced Poisson structure T, on Ky is the restriction of 7 to Ky.
Using the definition of 7, and 1), we know that 7, is as given.

3) From the general theory of Poisson Lie groups [Lu-Wq|, we know that the induced
Lie algebra structure on €% is isomorphic to the quotient Lie algebra ¢*/¢). Through the
identifications €* 22 a +n and ¢ = ny via % <, >, we get £, = a+ ux via % <&, > which

is now considered as a symmetric scalar product on my by restriction.

Q.E.D.

Notation 5.14 Let X; C X and let A = A\ + %iﬁxl €ax+ %iﬁxl be such that (A1) # 0 for
any a € [X] with a(px,) even. By replacing K by K and by regarding X as the set of all
simple roots for the root system for (Kx,T'), we know that there is a (K, 7, )-homogeneous

Poisson structure on K /T corresponding to X, X; and A\. We will denote it by 7T§1, )

We now show that the Poisson structure mx x, » on K/T can be obtained via Poisson
induction from the Poisson structure 7% , on Ky /T.

To this end, consider the product space K X (K /T') with the product Poisson structure
Tk & 7%, .- Even though the diagonal (right) action of Kx on K x (Kx/T) given by ki :
(k,k'T) — (kki,k7'E'T) is in general not Poisson, there is nevertheless a unique Poisson

structure on the quotient space K X (Kx/T) such that the projection map
K x (Kx/T) — K xx (Kx/T): (k, K'T)— [(k, k' T)]
is a Poisson map. We temporarily denote this Poisson structure on K X (Kx/T) by m.

Remark 5.15 In general, suppose that K is a Poisson Lie group and K; C K is a Poisson
subgroup. Suppose that M is a Poisson manifold on which there is a Poisson action by Kj.
Then there is a unique Poisson structure on K X, M such that the natural projection from
K x M to K X, M is a Poisson map. Moreover, the left action of K on K X, M by left
translations on the first factor is a Poisson action. We call this procedure of producing the

Poisson K-space K X, M from the Poisson Ki-space M Poisson induction.

Proposition 5.16 We have Fimg = 7x x, », where F' is the identification
F: K %y, (Kx/T) =5 K/T: [(k, K'T)] — kk T

Proof. Recall that mx y, x is the image of 7, (n) = A — A (MY under the projection
p1: K — K/T, where A" (resp. Ax()\)¥) is the right (resp. left) invariant bivector field
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on K with value A (reps. Ax())) at e, and Ax(\) € €At is the skew symmetric part of
the r-matrix ry () given in ([[J). On the other hand, 7 is the image of 7, & T under the
projection

pri K x Ky — K % (K/T): (k, k') — [(k, K'T)],

where 7 is the bi-vector field on K defined by 7 = Af* — AL with

' Xa NYy,
A3 = _r Z cotha()\)T.
ac[X|NE4
Because of the commutative diagram:
K x K LN K
p2 | I ;
K %y, (Kx/T) F K/T,

where m : K x Ky — K : (k, k') — kk', it is enough to show that m, (7, & T) = Ty (A)s OF
ﬁrX()\)(kkl) = Lkﬁ'(kl) + Rklﬂ'K(k}), Vke K, k1 € Kx.
But this follows easily from the definitions and the fact that Adg, As = Ay for all k; € K.

Q.E.D.

We state some more properties of 7mx x, » which can be proved either by definitions or as
corollaries of Proposition [.16.

Proposition 5.17 1) The embedding (Kx /T, 7%, ) — (K/T, 7x x, ) is a Poisson map;
2) With the Poisson structure m on K, the Poisson structure 75 , on Kx/T and the

Poisson structure wx x, » on K/T, the map
my: K x (Kx/T) — K/T: (k, K T) — kk'T

1s a Poisson map;
3) Let p.mx be the projection to K/Kx of mx byp: K — K/Kx : k+— kK. Then the
projection map (K/T, my x, z) — (K/Kx, psmg) is a Poisson map.

Remark 5.18 The Poisson structure p,mx on K/Ky is known as the Bruhat-Poisson struc-

ture, because its symplectic leaves are exactly the Bruhat cells in K/K . See [Lu-W¢|].
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5.6 The symplectic leaves of 7y v

In this section, we first describe the symplectic leaves of 7y v, » for any X C S(¥4) but
X1 = 0. The description of symplectic leaves for general 7y x  \ is somewhat complicated,
and we will leave it to the future. However, we will show that each 7wy x, x, for any X, X;

and A, has at least one open symplectic leaf.

Notation 5.19 We will use 7y gy y to denote the Poisson structure 7y x, » when X is the

empty set.

We first recall that the space K/T has the well-known Bruhat decomposition: Because
of the Iwasawa decomposition G = KAN of G, the natural map K/T" — G/B : kT — kB
is a diffeomorphism. Its inverse map is G/B — K/T : gB — kT if g = kan is the Iwasawa

decomposition of g. Thus we have

K/T = G/B = | ) NuwB
weWw

as a disjoint union. The set NwB is called the Bruhat (or Schubert) cell corresponding to
w € W. We denote it by X,,. For w € W, set

Dy = (—wX NS, = {acS,:wlac-%,}.

Set n,, = spanc{FE, : o € ®,,} and N,, = expny,. Then ¥, is parametrized by N, by the
map

Jw : Ny — 20 n— nwbB.

Define

j1 = G—K: g=kb—k forke K,be AN;
jo = G—K: g=bkr——k forkeK,be AN.

Then we have a left action of G on K by
GxK-— K: (9,k) — gok:=ji(gk),
and a right action of G on K:
KxG— K: (k,g) — k7 = ja(kg).
The parametrization of ., by N,, is then also given by
Jw: Ny — Xy n— (now)T,

where w € K is any representative of w in K.
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Notation 5.20 For k € K and a subgroup G; C G, we set
Giok = {gok: geGi}, k9T = (k9 g€ Gy}

It is easy to show that (AN) ok = k4N for any k € K. This set is the symplectic leaf
of 7 in K through the point k (see [Bd] [LuzW{]). Since Ky C K is a Poisson submanifold,
we know that (AN) ok = k4N C Ky for k € Ky. Moreover, if w € W and if v € K is a

representative of w in K, set
Cy = (AN)ow C K.

Then
Ciy = (AN)ow = Now = Nyow = N = oV = M1, (23)

Its image under the projection K — K/T is the Bruhat cell 3,,, which is also the symplectic
leaf of the Bruhat Poisson structure 7., in K/7. See [8d] [Lu-Wd].

Let X C S(X4). Denote by Wy the subgroup of W generated by the simple reflections
corresponding to elements in X. It is the Weyl group for (my, ). Introduce the subset W*
of W:

WX ={weW: &, CX;\[X]}.

It follows from the definition that w € W if and only if w([X] N X,) C ¥;. Moreover, we
have Cy, = w{VX for w; € WX because Nw;1 C Ny, where Ny = expny with ny given by
(I9). The following Lemma says that each w; € W is the minimal length representative for
the coset w1 Wy, and that the set W* is a “cross section” for the canonical projection from
W to the coset space W/Wy. For a proof of the Lemma, see [Kd], Prop. 5.13.

Lemma 5.21 For any w € W, there exists a unique wi € W and wy € Wy such that
w = wyws. Moreover,
-1
b,-1 = ¢w;1 U wy ¢w;1

s a disjoint union, and the components on the right hand side are the respective intersections
of ®,—1 with [X] and X1\[X]. Hence, l(w) = l(wy) + I(ws).

We can now describe the symplectic leaves of 7y g ) in K/T.

Theorem 5.22 1) For each w1 € W¥, the union U,,cw, Ywiw, 18 the symplectic leaf of
Tx g in K/T through the point wi € K/T.
2) These are all the symplectic leaves of wy g 5 in K/T.
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Proof. Set

It is the connected subgroup of G with Lie algebra
[X7)\ — AdeA (nX + Ex)

Notice that each | € Ly y can be written as a unique product | = nyerke  for ny € Ny
and k € K.

Denote by S, the symplectic leaf of 7y 4 5 through the point wy € K/T'. Pick a repre-
sentative 1wy of wy in K. By Theorem 7.2 of [Lug)] (see also [Kal]]), the symplectic leaf Sy, is

~LX,A

the image of the set under the projection K — K/T. We define a map

M: Ly)— wal X Ky
as follows: For | = nyetke ™ € Ly », write ke = bk‘l, where b € AUy with Uy = expuy
and k' € Ky, so that | = nye*bk’. Since the map Nw;1 — Cy, : n— Wy is a diffeomorphism,
there exists a unique n’ € N,-1 such that wy = w?xekb. Now define M(l) = (n', k). Tt is

easy to see that the map M is onto and that ) = w?lk’ € Cy, Kx. This shows that
Wi = Oy, Ky
It is easy to show that the map
Cuy, X Kx — Cy, Kx : (¢, k) — ck

is a diffeomorphism, and that the image of Cy, Kx to K/T under the projection K — K/T
is the union U,,,ew Zwiw,, Which is thus the symplectic leaf of the Poisson structure my g
through the point w; € K/T. Now since

K/T= |J Su
w1 EWX

is already a disjoint union, we conclude that the collection {S,, : w; € W*} is that of all

symplectic leaves of 7y g 5 in K/T.
Q.E.D.

Let w; € W*. The following proposition identifies the symplectic manifold S,, =
Uwsewy Zwiwy, as a symplectic leaf of 7y gy in K /T, with the product of two symplec-
tic manifolds. Recall that for w € W with a representative w in K, the set Cy, C K is the
symplectic leaf of 7 through the point w. Recall also from Notation the definition of
the Poisson structure w3, on K /T. Note that it is symplectic by Proposition b-13
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Proposition 5.23 Let w; € W¥ and let Wy be a representative of wy in K. Equip Cy, with
the symplectic structure as a symplectic leaf of mwx in K; Equip Kx /T with the symplectic
structure 77(3" v and finally, equip Sy, with the symplectic structure as a symplectic leaf of

Tx,0,x- LThen the map
my: Cy, X Ky )T — Sy, (k, k' T) — kk'T
is a diffeomorphism between symplectic manifolds.

Proof. This is a direct consequence of 2) in Proposition f.17.
Q.E.D.

Among all the elements in W¥ | there is one which is the longest. We denote this element
by w*X, so l(w™) > l(wy) for all wy € W.

Proposition 5.24 The symplectic leaf S,x of wx g in K/T through the point w™ is open

and dense.

Proof. Consider the projection K/T — K/Ky : kT — kK. The image of ¥, x C K/T
under this projection is an open dense subset (in fact a cell) in K/K. Since K/T — K/Ky

is a fibration, we know that S, x is open and dense in K/T.

Q.E.D.

Corollary 5.25 Each Poisson structure my g x has a finite number of symplectic leaves with

at least one of them open and dense.
Remark 5.26 Note that the statement in Corollary may not be true if X; # 0, as is
seen from case 3 of Example p.4.

The description of the symplectic leaves of 7y x,  in general is somewhat complicated.

However, we have

Proposition 5.27 The Poisson structure mx x, » for X = S(X1) (and Xy C X arbitrary)
is non-degenerate at every element in the Weyl group W of (K, T) considered as a point in

K/T. Consequently, the symplectic leaves of mx x, x through these points are open.
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Proof. Let w € W and let w € K be a representative of w in K. Recall from the definition
of Ty x, x that Ty x, \ = ps71, where p : K — K/T is the natural projection and 7 is the
bi-vector field on K defined by

7= A — AF
with A = —%6 Za62+ Xo NY, and
2a(A)
1€ e +1
A= 1 e2a(>‘)—1Xa/\Ya
ac2i

Thus

ly-171 () = Ady—1A — A

; 2a(A)
1€ e +1
= _Z Z (wala VAN wala) + Z (W_lXa AN Ya)
aEX aEX €
: 2a(A)
€ e +1
= -7 > (U+gmm—¥XeYa
ac¥ L, wa<0
: 2a(A)
€ e +1
Y Z (—1+ e2a(X) _ 1)XO‘ N
acX, wa>0

Since % # 21, ly1my x, A(WT) = pily—171 () € A*T,(K/T) is non-degenerate. Hence

Tx,x,,\ 18 non-degenerate at w = wT' € K/T.

Q.E.D.

Corollary 5.28 For any X, Xy and X\, the Poisson structure mx x, x» on K/T has at least

one open symplectic leaf.

Proof. We use Proposition which says that 7y x, A can be obtained via Poisson induction
from the Poisson structure 7% , on Kx/T. Recall the definition of 7% , from Notation
p.14. Since X is the set of all simple roots for the root systems for (Kx,T), we know from
Proposition that 7T§1’ , is non-degenerate at every Weyl group element in Wy, regarded
as points in K /T. Let wy € Wy. Recall that w* is the longest element in the set W¥*. Let
wX be any representative of w* in K. Recall that C,x is the symplectic leaf of m; in K
through w*. By Proposition .17, the map

(Cx, Tic) X (K /T, 7%, ) — (K/T,mxx,0) ¢ (kK T) — kk'T

is a Poisson map. But this map is a diffeomorphism onto its image which is open because it
is the inverse image under the natural projection K/T — K /T of the biggest cell in K /T.
Thus the symplectic leaf of my v, x through the point w¥wy € K/T is open.
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Q.E.D.

Note that the proof of Corollary shows that 7y x, x is open at every point in the
coset w¥XWy C K/T.

Example 5.29 Corollary can be checked directly for the case of g = s1(2, C) by looking
at the explicit formulas in Example p.4.

5.7 The modular vector fields and the leaf-wise moment maps for the 7-
actions

For an orientable Poisson manifold (P, 7) and a given volume form p on P, the modular vector
field of 7 associated to  is defined to be the vector field v, on P satisfying v, 1y = d(7 Jp).
It measures how Hamiltonian flows on P fail to preserve . More details can be found in [W]].

Coming back to (K, 7k )-homogeneous Poisson structures on K/T, we set p = % Yaes, @
for the choice of ¥ in the definition of 7,. Then we have iH, € t. We use o;y, to denote the

infinitesimal generator of the T" action on K /T by left translations in the direction of iH,.

Proposition 5.30 For the Poisson structure m on K defined by (I3) with A given in (1),
all (K, 7y )-homogeneous Poisson structures on K/T, and in particular all the Ty x, \’s, have
the same modular vector field v, namely v = —ico;y,, with respect to a (and thus any)

K -invariant volume form on K/T.

Remark 5.31 Proposition is a statement about any Poisson Lie group structure on K
since the Poisson structure 7, on K defined by ([4) with A given in ([[§) is the most general

form of such structures.

Proof of Proposition [5.30. Let 7 be an arbitrary (K, 7 )-homogeneous Poisson structure.

Then we know that 7 is the sum
= n(e)l + porg,

where 7(e)” is the K-invariant bi-vector field on K/T whose value at e = eT is 7(e), and
p«T g is the projection of mx from K to K/T by p: K — K/T : k — kT (it is the Bruhat
Poisson structure mo, when u = 0 in the definition of A). Let u be a K-invariant volume form
on K/T. Let b, be the degree —1 operator on x*(K/T) defined by b, (U) = (-1)IVId(U _1p),
so that v = b, () [E-L-W|. Then by, (7) = b, (m(e)*) + by (psmx). Since p is K-invariant, the
operator b, maps a K-invariant multi-vector field to another such. Hence b, (m(e)’) must be
a K-invariant (1-)vector field so it must be zero. Thus b,(7) = b,(p«7x). It is proved in
[E-L-W|] that b, (p«7x) = —icoin,, which is therefore the modular vector field for any .
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Q.E.D.

The modular vector field is always a Poisson vector field [W], but it is not necessarily
Hamiltonian in general. For the rest of this section, we study this problem for the modular
vector field v = —ieo;y, for the Poisson structure my g y. We will show that although v is
not globally Hamiltonian unless X = S(X}), it is leaf-wise, and we describe its Hamiltonian
function on each leaf. In fact, since every my g y is T-invariant (for the T-action on K/T" by
left translations), we will describe the moment map for the T-action on each symplectic leaf
of mx g x. We are particularly interested in the behavior of these moment maps when A goes
infinity in various directions as in Section [.3.

We first look at the Bruhat Poisson structure m,, corresponding to X = (). This case
(when € = i) is studied in detail in [LuJ]. We recall the results there. Denote by

P,: G=KAN — A: g=kan — a,

where G = K AN is the Iwasawa decomposition of G (as a real Lie group). For each w € W,

choose a representative w € K of w in K, and use
Jw: Ny — 2y nr— (now)T

to parametrize the Bruhat cell ¥,. For n € Ny, let a,(n) = Py(nw) € A. The element

ay(n) is independent of the choice of w, so we have a well-defined map
Ay Ny — A n— ay(n).

Denote by 2, the symplectic structure on ¥, as a symplectic leaf of mo,. Then each (3, ()
is a Hamiltonian T-space. The following fact is proved in [Lud].

Proposition 5.32 The map
0
bw: T — 1 (b, 2)(KT) = ;ZIm < Adglogaw(jo (KT)), >, z €t
is the moment map for the T-action on (X, Q) such that ¢, (w) = 0.

In [Lud], we have written down an explicit formula for ¢,, in certain Bott-Samelson type

coordinates {z1,21, 22, 22, -+, Z(w)s Zi(w) }- 1t takes the form

1) 2a(z)

_E; < aj,a; >

(bw, ) = log(1 +|z*)
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where {a1, @z, ..., qq} = X4 N (~w¥y). In particular, let © = —ie(iH,) = ¢H,, we get a

Hamiltonian function for the vector field v = —ico;y, on (X, Qy) as

l(w)
<¢wa 5Hp> = - Z

J=1

2L p, a5 >

log(1 + |2:]?).
< aj,a; > 81 +1zi[")

This function goes to —oo as |z;j| — oo which corresponds to the boundary of ¥,,. Thus, the

modular vector field v can not be globally Hamiltonian on K/T.

Next, we look at the case when X = S(X,), so 7y g » = my is the the symplectic structure
on K /T obtained by identifying K /T with the dressing orbit in the group AN through the
point e (see Proposition f.13). Since K/T is simply connected, The T-action on K/T is
Hamiltonian. The following fact is proved in [L-R].

Proposition 5.33 The moment map for the T-action on (K/T,y) is given by
9
Oy K/T —t": (D), 2)(kT) = “Im < log(Py(ke k1)), x>, T Et.
€
Remark 5.34 This fact plays the key role in the symplectic proof of Kostant’s nonlinear
convexity theorem given in [L-R].

Corresponding to the fact that lim; oo mrx445 = Too, Where p is the sum of all fundamental

coweights, the two moment maps are related as follows.
Proposition 5.35 For any A € a,w € W and kT € 3,

m (@rp45(kT) — Patep(w)) = du(kT)

t—-+o0

Am d®xy15(KT) = doo (KT).

Proof. Using the parametrization of 3, by N,, we regard both ® >\+tp’Ew and ¢, as (t*-
valued) functions on N,,. Let n € N,, with k = n o w. Write

nw = kay(n)m(n)
with m(n) € Ny,. Then
e kTt = (e M aw(n)m(n)aw(n) et (e P ay (n)wHn "t
Thus, for any = € t,

<q)>\+tp“(n) - (I)A+tp“(€) — ¢u(n), z)

27 5 5
= zZIm < log Pa(e A Pay,(n)m(n)ay(n) terPu=1), 2>,
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where e € N, is the identity element. Consider now the map
Yr: Ny — Ny 0 m— e AP ttP,

Under the identification of n,, with N, by the exponential map of IV,,, this is the linear map
Ad_y_4s on ny, which goes to 0 as t — +o00. Thus

i vl =0, and i diom) =0
for all m € N,,. But we have the composition of maps

(@atip(n) = Patip(e) — duw(n), z) = Na(1:(E(n))),

where 1, : Ny — R :m — %Im < log Pa(mw™'), 2 > and &€ : Ny — Ny : n
aw(n)m(n)ay,(n)~t. Thus the two limits in Proposition hold.

Q.E.D.

Now consider the general case of my g . Recall that the symplectic leaves of 7y gy in
K/T are indexed by elements in W*. We keep the notation in Proposition .23, in which we
have used the map m; to identify the symplectic leaf Sy, of 7y g 5 in K/T with the product
symplectic manifold Cy, X Kx/T. We use the projection map Cy, — Xy, : k — kT to
identify C,, and X,,,. This identification is T-equivariant if we equip Cy,, with the T-action

T x Cyy — Cupyy : t -k — th(w] 't ).
Equip Cy, x Kx /T with the T-action
T x (Ciy X Ky/T) — Cyy x Kx /T : t-(k, k' T) — (th(wy t i), wittink T).

Then the map m; in Proposition is T-equivariant. Denote by ®, x the moment map for
the T-action on (K /T, 7y ). Then the moment map for the T-action on Sy, = Cyy x Kx /T

is given by
(Srx01 (b, K'T), @) = (G0, (RT), @) + (@Ax(K'T), Ad,-12)
for all z € t.

Remark 5.36 There remain many problems to be addressed concerning the Poisson struc-
tures mx x, . Other than the description of their symplectic leaves in the general case, one
can try to compute its Poisson cohomology according to the theory developed in [LuZ]. One
can also study the K-invariant Poisson harmonic forms of Tx x,». Another problem
is to construct the symplectic groupoids for my v, x. We hope to treat these problems in the

future.

37



References

[B-D] Belavin, A. and Drinfeld, V., Solutions of the classical Yang-Baxter equations for
simple Lie algebras, Funct. Anal. Appl. 16 (1982), 159 - 180.

[D1] Drinfeld, V. G., Hamiltonian structures on Lie groups, Lie bialgebras and the geometric
meaning of the classical Yang - Baxter equations, Soviet Math. Dokl. 27 (1) (1983), 68
- 71

[D2] Drinfeld, V., Quantum groups, Proc. Intern. Congr. Math., Berkeley, 1986, 1, 798 - 820.

[D3] Drinfeld, V. G, On Poisson homogeneous spaces of Poisson-Lie groups, Theo. Math.
Phys. 95 (2) (1993), 226 - 227.

[D-P] De Concini, C. and Procesi, C. Complete symmetric varieties, in Invariant Theory
(Montecatini, 1982), Lecture Notes in Math., Vol. 996, Springer, Berlin-New York,
1983, 1-44.

[E-V] Etingof, P. and Varchenko, A., Geometry and classification of solutions of the classical
dynamical Yang-Baxter equation, Comm. Math. Phys. Vol 192 (1998), 77 - 120.

[E-L-W] Evens, S., Lu, J-H., and Weinstein, A., Transverse measures, the modular class, and

a cohomology pairing for Lie algebroids, to appear in Quarterly J. Math., 1999.

[E-L1] Evens, S., and Lu, J-H., Poisson harmonic forms, the Kostant harmonic forms, and
the S'-equivariant cohomology of K/T, Adv. Math. 142 (1999), 171 - 220.

[E-L2] Evens, S., and Lu, J-H., On the variety of Lagrangian subalgebras, preprint, 1999.

[F] Felder, G., Conformal field theory and integrable systems associated to elliptic curves,
Proceedings of the ICM, Zurich, 1994.

[Kal] Karolinsky, E., The symplectic leaves on Poisson homogeneous spaces of Poisson-Lie
groups, Mathematical Physics, Analysis, Geometry 2 No. 3/4 (in Russian) (1995), 306-
311.

[Ka2] Karolinsky, E., The classification of Poisson homogeneous spaces of compact Poisson
Lie groups, Mathematical physics, analysis, and geometry 3 No. 3/4 (1996) 274 - 289 (in

Russian).

[Ka3] Karolinsky, E., Poisson homogeneous spaces of Poisson-Lie groups, Ph. D. thesis, The

institute of low temperature, Kharkov, Ukraine, 1997.

38



[Ko] Kostant, B., Lie algebra cohomology and generalized Schubert cells, Ann. of Math., 77
(1) (1963), 72 - 144.

[L-X] Liu, Z.-J., Xu, P., Dirac structures and dynamical r-matrices, preprint.

[Lu-We] Lu, J. H., Weinstein, A., Poisson Lie groups, dressing transformations, and Bruhat
decompositions, J. Diff. Geom. 31 (1990), 501 - 526.

[Lul] Lu, J. H., Multiplicative and affine Poisson structures on Lie groups, UC Berkeley
thesis, 1990.

[L-R] Lu, J. H., Ratiu, T., On the nonlinear convexity theorem of Kostant, J. of AMS 4
No.2 (1991), 349 - 363.

[Lu2] Lu, J. H., Poisson homogeneous spaces and Lie algebroids associated to Poisson actions,
Duke Math. J. 86 No. 2 (1997), 261 - 304.

[Lu3] Lu, J. H., Coordinates on Schubert cells, Kostant’s harmonic forms, and the Bruhat

Poisson structure on G/B, to appear in Transformation groups, 1999.

[O-S] Oshima, T., and Sekiguchi, J., Eigenspaces of invariant differential operators on an
affine symmetric space, Inventiones Math. 57 (1980), 1 - 81.

[STS1] Semenov-Tian-Shansky, M. A., What is a classical r-matrix ?, Funct. Anal. Appl. 17
(4) (1983), 259 - 272.

[STS2] Semenov-Tian-Shansky, M. A., Dressing transformations and Poisson Lie group ac-
tions, Publ. RIMS, Kyoto University 21 (1985), 1237 - 1260.

[Se| Serre, J.-P., Complex semisimple Lie algebras, Springer-Verlag, 1987.

[Sh] Sheu, A., Quantization of the Poisson SU(2) and its Poisson homogeneous space-the
2-sphere, Comm. Math. Phsy. 135 (1991), 217 - 232.

[So] Soibelman, Y., The algebra of functions on a compact quantum group, and its represen-
tations, St. Petersburg Math. J. 2 (1) (1991), 161 - 178.

[W] Weinstein, A., The modular automorphism group of a Poisson manifold, J. Geom. Phys.,
23 (1997), 379-394.

39



