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1 Introduction and Notation

This work grew out of my attempts to understand the relations between results of Kostant

on the de Rham cohomology of a flag manifold and Poisson geometry.

Let X = G/B be a flag manifold, where G is a complex semi-simple Lie group and B is a
Borel subgroup of G. Let K be a compact real form of G,so X = G/B = K/T, where T = KNB
is a maximal torus of K. In [[], Kostant constructs, for each element w in the Weyl group W,
an explicit K-invariant closed differential form s* on X with deg(s") = 2I(w), where [(w) is the
length of w (see Section ). The cohomology classes of the s¥’s form a basis of H(X,C) that,
up to constant multiples, is dual to the basis of the homology of X formed by the closures of the
Bruhat (or Schubert) cells in X. These K-invariant forms on X are (d, d)-harmonic, where d is

the de Rham differential operator and 0 is a degree —1 operator introduced by Kostant.
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Our work was first motivated by wanting to understand the nature of the operator 0 in terms

of Poisson geometry.

The Poisson structure that is relevant to Kostant’s theorem is the so-called Bruhat-Poisson
structure on X [L-W]. It has its origin in the theory of quantum groups. It has the special
property that its symplectic leaves are precisely the Bruhat cells in X (and hence the name).

More properties of the Bruhat-Poisson structure are reviewed in Section fj.

The Bruhat-Poisson structure gives rise to the degree —1 operator
Or = izd — diy

on the space of differential forms on X called the Koszul-Brylinski operator [Kd] [B], where 7 is
the bi-vector field on X defining this Poisson structure, and i, denotes the contraction operator
of differential froms with 7. It satisfies 92 = 0. Its homology is called the Poisson homology of 7.
Poisson homology is closely related to cyclic homology of associative algebras, as is shown in [B].
It turns out that when restricted to K-invariant differential forms on X, Kostant’s operator 0
and the Koszul-Brylinski operator 0, differ by the contraction operator by a vector field 6y called
the modular vector field of 7 (see [W32] [B-4] [E-L-W]). More explicitly, it is the infinitesimal
generator of the K-action on X in the direction of the element 2iH, with p being half of the

sum of all positive roots. This result, together with others on the Poisson (co)homology of the

Bruhat-Poisson structure, can be found in [E-T]].
In this paper, we relate Kostant’s harmonic forms on X with the Bruhat-Poisson structure.

More precisely, the Bruhat-Poisson structure on X = K/T is T-invariant (but not K-
invariant). Thus, each Bruhat cell ¥,, inherits a T-invariant symplectic structure €2,,. Use
Ow : Yy — t to denote the moment map and let u,, be the Liouville volume form on 3, defined
by €. Theorem says that when restricted to the cell X,,, Kostant’s form s% is related to

the Liouville volume form p,, by

buw, 2iH,)

Sw’Zw = e< Nw

Notice that the function (¢, 2iH,) is the Hamiltonian function for the modular vector field 6
on Y. (The vector field 6y is not globally Hamiltonian (see Section f), but it is on each cell).
Theorem [£.d thus expresses Kostant’s harmonic forms totally in terms of data coming from the
Bruhat-Poisson structure. In particular, it shows that the integral wa s" is of the Duistermaat

- Heckman type. Wanting to see this was another motivation for this work.



Theorem [.g is proved by writing everything down in some coordinates
{Z17 217 22, 227 vy Rl Zl}

on each Bruhat cell ¥,,, where [ = [(w). These coordinates are motivated by, but are independent
of, the Bruhat-Poisson structure. Among the quantities that we write down explicitly in the

coordinates are (see the later sections for the notation)
e (Theorem B.4) the symplectic 2-form €, on ¥,, and thus the Liouville volume form fu,,:

1 1

Q, =
< aj, > 1+ 7]

de A dij

i 1
L < aj, aj > 14z |2

Hy = dzj N dz;

== 1M

(Theorem B.4) the moment map for the T-action on (X, Qy):
Lo
¢w DNy — t: ¢w = Z(_§10g(1 + |Zj|2)Haj)
j=1
(Theorem R.7) the Haar measure dn on the group N, = N NwN_w~"' that parametrizes
Yw:

2L p, B>

l . l
i< p, B> <<ﬁ B> _
dn = —_—— 1—|- Zj Jo dz; \Ndz;

1;[1w<<ﬁj, B > 1;[ 41 T

(Theorem P-H) the A-component a,,(n) in the Iwasawa decomposition of the element w ™ ni

for n € N,, (where w is any representative of w in K):

l
1 .
aw(n) = Hexp(ilog(lJr!Zj!Q)Hﬁj)
=1

(Theorem [£.3) Kostant’s harmonic form s¥ restricted to X,,:

l 2<p 05>
w i 2y L aj, a; > .
= — (1 ; 7o dz; NdZ;.
5"]s,, I_l1 < aj, aj>>( + |251%) Zj Zj

By comparing these explicit formulas, we immediately get (Corollaries B.5 and B.4)

Gw = Adylogay(n)

L = HL aw(n) " dn.



These relate the moment map ¢,, and the Liouville volume form g, to the familiar map a,, and
the Haar measure dn on NV,,. This is desirable for understanding the geometry of the Bruhat-
Poisson structure. The relation between the differential form s"|x,, and the Liouville form s,

also follows immediately from these formulas.

The coordinates {21, z1, 22, Z2, ... ,2;, 2z} are presented first in Section ] Here we derive the
formulas for the Haar measure dn of N,, and for the map a,, : N — A. As one other application
of these coordinates, we show that Harish-Chandra’s formula for the c-function (in the case of
a complex group) follows easily as a product of 1-dimensional integrals. Our calculation here
is easier because we have pushed the usual induction argument on the length of w into the
calculations for the explicit formulas for a,(n) and dn. The total amount of effort is probably

the same.

In Section ], we review some of the properties of the Bruhat-Poisson structure on K/T. We
derive the formulas for the symplectic form €2, thus also the Liouville measure p,,, and the
moment map for the 7" action on each Bruhat cell in the {z1, z1, 29, Z2, ..., 2, Z}-coordinates.
By using the formulas for a,(n) and dn given in Section B, we arrive at the (coordinate-free)
interpretations for both the moment map ¢, and the Liouville measure p,, in terms of a,(n)
and dn as given in Corollaries B.F and B.4.

Kostant’s harmonic forms are reviewed in Section . Theorem is given as an easy corollary
of our formulas in the z-coordinates. Applications of Theorem [.d to the calculations of the

Poisson (co)homology of the Bruhat-Poisson structure are given in [E-I]].

In the Appendix, we discuss how our coordinates {z1, z1, 22, Z2, ... ,2, %} are related to

the (complex) Bott-Samelson coordinates.
We now fix the notation.

Let G be a finite dimensional complex semi-simple Lie group with Lie algebra g. Let H be a
Cartan subgroup and § its Lie subalgebra. Denote by R the set of all roots of g with respect to
h. Let RT be a choice of positive roots. We will also write o > 0 for o € R*. Let b = b, be the
Borel subalgebra spanned by b and all the positive root vectors, and let B be the corresponding

Borel subgroup.

Let W be the Weyl group of G relative to H. The Bruhat decomposition

G = |J BuB,
weW



where w is a representative of w in the normalizer of H in G, gives rise to the Bruhat decompo-
sition
G/B = | ) BuwB/B
weW
of the flag manifold G/B into a disjoint union of cells. These cells, denoted by ¥,, = BwB/B, are

called Bruhat or Schubert cells, and their closures, X,, = %,,, are called the Schubert varieties.

We choose a compact real form ¢ of g as follows: let < > be the Killing form of g. For each
positive root «, denote by H, the image of o under the isomorphism h* — h via <, >, i.e., for
any H € b,

< H,, H> = «(H).

Choose root vectors E,, and E_, for @ and —« respectively such that < FE,, E_, > = 1. Then
[Eo, E_o] = Hy. Set

Xo = B — E_q, Yq = i(Ea + E_J). (1)

The real subspace
t = spang{iH,, X4, Yo: a>0}

is a compact real form of g. Let K be the corresponding compact subgroup of G. The intersection

T = K N B is a maximal torus of K, and its Lie algebra is
t = spang{iH, : a > 0}.

Let a = it, and let n = ng be the subalgebra of g spanned by all the positive root vectors. Let

A and N be the corresponding subgroups. Then
G = KAN
is the Iwasawa decomposition of G as a real semi-simple Lie group. It follows that the projection
map from K C G to G/B induces an isomorphism from K/T to G/B. From now on, we will
identify G/B with K/T this way.
For g € G, let g = kgayng be the Iwasawa decomposition of g. The map
GxK—K: (g9, k) — kg (2)

defines a left action of G on K. We will denote this action by (g,k) — g o k.
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2 The coordinates {21, z1, 22, Zo, ... , 2, Z} on N,

Let w € W be a Weyl group element with length [ = [(w). Set
Rf = {a>0: wla<0}
and
n, = spanc{E,: a € R}},

and let N,, be the subgroup of G with Lie algebra n,,. Then N, = N NwN_w~!, where N_ is
the “opposite” of N, and the map

Jw: Ny — Xy : n— nw/B (3)

is a holomorphic diffeomorphism. Thus, any complex coordinate system on N, will give one on
Y. The coordinates {z1, z1, 22, Zo, ... ,2, z} that we will introduce in this section, however,
will not be complex for a general w with I(w) > 1 (see Example .9). To obtain these coordinates,
we make use of the compact real form K of G and the isomorphism of G/B and K/T. They are
motivated by the Bruhat-Poisson structure on K/T.

Let w be a representative of w in K. For n € N, let a,(n) be the A-component of the

element W™ 'nw for the Iwasawa decomposition, i.e.,

Wt = kpaw(n)my (4)

for some k1 € K and m; € N. Notice that the map a,, : N, — A depends only on w and not on

the choice of w.

In this section, we will write down the map a, : N, — A explicitly in the coordinates
{z1, %1, 22, Z2, . , 2, 2z} (Theorem PR.H). We will also write down the Haar measure of N, in
these coordinates (Theorem P.7). As an application, we show how Harish-Chandra’s formula for

the c-function also follows easily as a product of 1-dimensional integrals.

We now describe the coordinates {z1, z1, 22, Z2, ... , 2, Zi}-

Let again w be a representative of w in K. Let
Cy = Nyow

be the Ny-orbit in K through w of the action (n,k) — n o k. Recall that n o k = k; if nk = kb
is the Iwasawa decomposition of nk with k&1 € K and b € AN. The map

Jip: Ny —Cy: n—now



is then a diffeomorphism. Moreover, J; followed by the projection map from Cy C K C G to
G/B is just the map j,, in (). Thus Cy, is a lift of ¥,, in K.

The case of I[(w) = 1. When w = o, is the simple reflection corresponding to a simple root

7, we use, for notational simplicity, N, to denote N, and 7 for ¢,. In this case, set

. 2 . / 2 . / 2
H, = ——H,, E, = —  E,, E_, = — E_,.
<L v,y > L v,y > L v,y >

Then the map

1 0 . 0 1 - 0 0 -
by s sl(2,0) — g (0 _1)HHV, <O 0>HEV, (1 O)HE_V (5)

is a Lie algebra homomorphism. It induces a Lie group homomorphism
v, : SL(2,C) — G,

and ¥, (SU(2)) C K. For z € C, let

n, = \IIV<(1) i) = exp(zE,) € N,.

The map

C— Ny: z——mn,

is clearly a parametrization of N, by C. This is a complex coordinate system on IV,.
0
)

the Weyl group of SL(2,C). Let

Notice that the element 6 > in SU(2) is a representative of the non-trivial element in

. 0 1
72\1{7<i 0>€K.

It is a representative of o, in K. The following Iwasawa decomposition in SL(2,C)

(1 z><0 z) | VIR VP VI [

_ 1
1 1z 0
VIFIE V172 V122

gives the Iwasawa decomposition of n.¥ in G as

12 ) z
V1422 ———
V1+[22 /1422 . & V14 |z[?
. . ¥

—1Z 1

(3
0 [ —
V1+[22 /1422 V14 |z?

7

nyy = \I”y




Thus

1z 1
1+ |22 1+ |2]?
n,oy = ¥, \/ ) \/ B € K.
i —iz
V1+22 V1422
The map ‘ ‘
iz i
_ V1I+22 V1422
C—Cy: z—n,o09 = ¥, ) B
i —iz

VIHEP VI[P

is a parametrization of Cs by {z, Z}. We also see that

1 .
o, (nz) = exp(ilog(l + \zlz)HV).

The general case. For a general element w € W, let [ = [(w) be the length of w, and let
W = Oy 0y Oy (6)

be a reduced decomposition, where 1,2, ...,y; are simple roots. Again for notational simplicity,

we use N,; to denote Ncwj for j =1,...,1. We now have the Lie group homomorphism

v, SL(2,C) — G
for each j. Let again
i = \I/%.<(; é) € K.
Write an element in N, as
Ny = exp(sz',yj)

for z; € C. Set
w o= Y1y2 % € K.

Theorem 2.1 There is a diffeomorphism (between real manifolds)
Fy: Ny X Ny, X oo X Ny, — Ny,

characterized by

Fy(ny,ng,...,n)ow = (npo1)(ngova)---(no0v) € K. (7)
The map
C'— Ny : (21, 22, ..o, 2) — Fy(Nay, Mgy ooy Ny (8)
gives coordinates {z1, Z1, z2, Za, ... ,2, Zi} on Ny (as a real manifold).



Remark 2.2 This is the same as saying that the map
ny'l XC’Y'Z Xoee XC’Y'l — Cy

given by multiplication in K is a diffeomorphism. This statement is given in [§). The proof we

give below contains a recursive formula for F, that will be used later.

Remark 2.3 We use {21, z1, 22, Z2, ... , 2, 2} instead of {z1, 22, ..., 2} to denote the coordi-
nates to emphasize the fact that the map in () is in general not a holomorphic diffeomorphism.
See Example P.9.

Remark 2.4 Even though we use F,, to denote the map in Theorem P.1, it depends not only
on w but also on the reduced decomposition w = o,,0,, - - - 0, for w. Therefore, the coordinates

{z1, Z1, 22, Z2, ..., 2, Z} depend on the choice of the reduced decomposition.

Proof of Theorem R.1. We need to show that for every point (ni,...,n,) € Ny X oo X Ny,
there exists (a necessarily unique) F'(ni,...,n;) € N, such that ([) is satisfied. We also need to
show that each n € N,, arises this way. We prove this by induction on I(w). When [(w) = 1,
the map F), is the identity map. Now for w with [(w) > 1 and with the reduced decomposition
given in (f]), set

W1 = Oy Oqp " Oy

so that w = wy0,,. We wish to relate F,, and F,,. To this end, we first recall that N,, C N,

M. In fact, the multiplication map in N gives a diffeomorphism
Ny X 1 Noyti7t — Ny,

where
w1 = MY2 V-1
Now given (ni,n2,...,n;) € Ny, X Ny, X -+ X Ny, let

n = le (’I’Ll,’I’LQ, ...,nl_l) c Nw1
be such that

n'o (Y2 gi-1) = (nioi)(nzova)--- (n—1o%i-1) € K.



We search for = € wlewl—l such that n = n’z € N, satisfies

no(yiyz---y) = (niov1)(nzov2)---(noy) € K. 9)
Now
nyLcn = n'z T Yt
= (n/;}’l s ;Ylfl) (wl_lxwl) ol
= (n/"}’l ) ' Vi
where

/

_ il
T =

T € Ny,
In the notation we have introduced so far, we have
WA A = (o) (n2oq2) - (o1 0 Fim1)aw, (n)m/ (10)
for some m’ € N. Thus
g = (n1og1)(nzov2) - (-1 0 Fim1)aw, () m' &’ 4.
Denote by N5, the subgroup of N with Lie algebra
n;, = spanc{l,: a >0, a#y}.

Then the multiplication map in N induces a diffeomorphism N,, x N;, — N, so we have the
decomposition N = N,,Nz,. Moreover, "yl_lN:n"yl = N;,. Thus, if we take 2’ to be the element

n” € N,, in the decomposition

(m/)_IGW1(n/)_lnlaw1(n/) = nn € N’YlN’AYH (11)
then
e = (n) i, () (n0) !
and
nyr-y = (nl © '};1)(”2 o 'Y2) ce (nl—l © '.Yz—l) Ny Quy (n,)(n%)_l Y
= (n1o1)(n2o2) + (m—1 oY) (3 aw, (W) 5) (3 (n¥)714)
Set

m// — ,-Yl—l(n'Ayl)—l,-Yl EN,Q/

10



and let
ny, = (nl O;Yl) a;my
be the Iwasawa decomposition for n;;, so a; € A and m; € N,,. Then

2

nypc = (nl ov1)(ng o ’Y2) c (o) apmy ("Yz_lawl(n/);}’l) m-,
or

niy-y = (n1ovi)(ngoqe) - (o) a (;Yl_lawl (n/)"ﬁ) m'", (12)

where

"

. .y —1 . .
m- = (’Yz lawl(n/)’}’l) m (’YL 1aw1(n/)’}’l) m//EN’nN’% = N.

Therefore, with this choice of 2/ € N,,, the element n = n'zx = ninz'w;* € N, satisfies ().
Notice that since N,, normalizes N5, we can first decompose (m/ )~! € N with respect to the

decomposition N = N,, N5, to get

(m)~t = mimY (13)
with m™ € N, and m™ € Ns,. Then
' = 0 = mMay, (n)  naw, (') €N, (14)
To summerize, we set
i Ny, X Ny — Ny o (', ) — n'ig (may, (n')_lnlawl(n'))wl_l € Ny, (15)
and define
Fu(n1,.n) = n = 0y (maw, (n) " nay, ()] € N,. (16)

Then F,, : Ny, X Ny, X --- x Ny, — N, is a well-defined map and
Ey, = fo(Fy, xid).
It is also clear now that F), is a diffeomorphism.
Q.E.D.
Formula ([[3) also gives the following recursive formula for a,(n):
aw(n) = a "Yz_laun ('), (17)

11



where n,/%, = (n, o 4;)a;m, is the Iwasawa decomposition for n,7,. Now for each j =1,...,1, let
njy; = (njod;) agm;
be the Iwasawa decomposition. We get from ([[7) that
. —1

aw(n) = al(%_lal—l%)(71_1%__11(11—271—171)“‘(% 71__11“‘72_1‘1172“‘71—171)7 (18)

or, since A is commutative,

1
. .1 )
Way, (1) = H Oy10v2 """ Oy 1 O, (aj)-
j=1
We know that in the {z1, 21, 22, %2, ..., 2, %} coordinates, a; is given by

1 .
a; = exp(5(1+ 2% Hs,)
for j=1,...,1. Thus
1 .
071‘772 ...U’ijlo'yj(aj) = 0'72 ...O"ijl eXp(—glog(l‘i‘ ‘Zj‘2)H'Yj)

1 .
= exp(—§ log(1 4+ \zj\z)Haj),

where, for each j =1, ...,1,

Qj = 0y Oy Ony 4 (7). (19)
Recall that
{0417 g, - al} = R:; = {a>0: w_1a<0}.
Thus we have
l
. . 1 .
Way(n)w™t = Hexp(—§log(1+\zj\2)Haj). (20)
j=1
Let
6 = —wla; = —owoi1-i() = oot aja(y), (21)
i.e.,
b = O-’Yla“/lﬂ"'o-’m(’yl)
Po = O-’Yla“/lf1"'o-’73(’72)

Bi—1 = U’YL(’Yl—l)
51 = ’.Yz-

12



We then know that

{81, B2, ..} = R, = {#>0: wB <0}

We also know that < §;, f; >=< aj, aj >=< v;, 7; > for each j = 1,...,l. This fact will

be used later.
The following theorem now follows immediately from (0).

Theorem 2.5 In the {z1, Z1, 22, Z2, ... ,2, Z}-coordinates, the function a, on Ny, defined by

M) is explicitly given by

l
au(n) = T] exp(zlog(1 + | ) ), (22
j=1

where the [3;’s are gien by (£1).

Remark 2.6 This formula for a,,(n) also follows from a product formula found by Doug Pickrell

in [P].
We now look at the left invariant Haar measure on IN,,.

Theorem 2.7 In the {z1, Z1, 22, Z2, ... , 2, Z }-coordinates, a left invariant (and thus also bi-

invariant) Haar measure on Ny, is given as

l 2Lp, B>
H (1+ |2%) <<5J’ B> dz; A\ dz;, (23)
7j=1
where
2K p, B> i< p, B>
Ay = e - 24
v 2mlH < By, B> Hw<<ﬁj, B; > (24)

s such that

/ aw(n) dn = 1.

Proof. Again we prove by induction on [(w). When I(w) =1 so w = o, for a simple root v, we
have

1
dn»Y = —%d21/\d21.

13



Now for w with I(w) = [ > 1, we use the same notation as that in the proof of Theorem R.1. Let
No, = w1 Nyw
be the subgroup of N with Lie algebra CE,,, where o; = w;(7;). Then the multiplication map
p: Ny, X Noy — N i (0, ng,) — n'ng,
is a diffeomorphism. Since N is unipotent, we have, under the map pu,
dn = X\ dn'dn,,,
where ) is a constant to be determined later, and we take
dny, = duANdu

if Ng, is parametrized by {u, a} via n,, = exp(uEy,).
Consider now the parametrization of Ny, by C! via F,,. Write n = Fy(21,21,..., 2, %) if

n = Fy(n1,...,n,) where n; = exp(z; E, ;) for each j. Let again

n' = Fu (21, Z1, - ,2-1, Zi—1) € Ny,
Recall that the element m’ € N is given in ([l0) and that m” € N,, is given in ([J). Write

m’ = exp(m(zl,fl,...,zl_l,Zl_l)E',yl).
Then we know from ([[§) that

n = n'exp ((m(z1,21, ..., 2-1, Zi-1) + @, (N') "2, By, ),
where v, € C is such that Adle‘,yl = v, l,,. Set
u = v (m(z1, 21, 0y 2121, Z1-1) + Gy (n))772).

Assume that dn’ is given as in the theorem for w;. This means, noting the definition of the 3;’s
that

) 2<p, 0y >

dn' = Dy [ 0+ 12 < 0B 008>z naz;

—

<.
Il
-

1—1 2 < V15 5] > 2 <<P7 /8] >
= A J] @+15) S <B B> (1 + %) <P B> dzj A\ dz;.
7=1

14



Here we have just used the fact that p —o,,0 = v,. On the other hand, by Theorem .5, we have

-1

au, () Hexp (5 log(1+[2*) Ho (5)))s
7j=1
SO
-1 < _2'}’1, O"Ylﬂj > -1 2K Yis 5_] >
aw ()70 = J] 41z < ol b = [T+ |5 <5 0>
j=1 J=1
Therefore,

dn = Xdn' dng, = N aw, (n')"0 dn/ (dz A dZ)

1 2L p, ﬁj > .
= N [ [T A+ <P 5> dzndz | Adandz),
j=1

where X = A|v|? is a new constant to be determined later. Since 3, = =, is a simple root, we

have
2K p, N> o
<L vy, N>
Thus
2K p, B>

1 _
H 1+|Z| <<5j’ Bj>> de/\de.

Using Theorem P.5, we see that the integral

/N aw(n) " dn

is now a product of 1-dimensional ones and is easily calculated. The constant A\, = X'\, must

be given by (B4) for the above integral to be equal to 1.

Q.E.D.

Example 2.8 We recall that for the complex group G considered as a real Lie group, the c-
function for a Weyl group element w is defined to be (see [H], Chapter IV, §6)
W) = [ aln) O+ @an,

w

where N,, C N_ is the “opposite” of N,, and a(7) is the A-component in the Iwasawa decompo-

sition of 7 € N,,. In our notation, we have

Cow—1(N) :/ aw(n) 20 dp,

w

15



Using our formulas for a,(n) and for dn in the {z1, Z1, 292, Zo2, ... ,2, Z} coordinates, one

immediately reduces the integral to a product of 1-dimensional ones and gets

y < iN+ 2p, ﬁj>>+2<<p, Bj > X
ey () = AwH/RzqujP) <G, B> KB B> dz A ds

<\ B>
= wH/ (1+ 22 + 33 2 <B B> (Coi)da;dy,
RZ
(w) < Z)\, ﬁj > 1
= 2w []( —2m')/ (1+r2) <O B> opar,
=1 0
W 8., 5>
= (—2mi) I(w) “’H <<Z)J\’ ﬁj - if Re < i\, B3j > >0 for each j
"W <2, B>
= H77] if Re < i\, B; > >0 for each j.
<A, >

This is the well-known formula of Harish-Chandra (see Theorem 5.7 in [H]). As we have men-
tioned in the Introduction, our calculation here is easier because we have pushed the induction
argument that is normally used in the calculations for the c-functions into the calculations for
ay(n) and dn.

Example 2.9 Consider the example of g = si(3,C). We take w be to the longest Weyl group
element wy = (1,2)(2,3)(1,2). In this case, parametrize N,,, = N by complex coordinates

1u1 us
(u1, ug, ug) —n = 0 1 s
0 0 1
We have
0 2 0 1 0 0 0 2 0
=14 00 e =0 0 g s =i 00|,
0 0 1 0 2 0 0 1
SO
0 0 -1
W= 1YY = 0 -1 0
-1 0 0
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The Iwasawa decomposition of nw in SL(3,C) is

—usz —ux -1

nw = —ue —1 0 =
-1 0 0

_ug _u1(1+ ‘UQP) — Ugus3 _i As U2 + u1U3 @
Az AgAj Ag As Az

Cu2 1+ |’LL2|2 — UTULU3Z E 0 & al(l + ’u2’2) — UgU3
Aj Az Az Ao A3 AsAs

1 U9 + uiu3 Uz — U2 0 0 1
Aj AzAz Ay Aoy

where

Al = \/1+]u1\2, Ay = \/1+]u1\2+\u1u2—u3]2, Az = \/1+‘UQ’2+’UJ3‘2.

On the other hand, for z1, 29 and z3 in C, let

1 1 0 1 0 0 1 23 0
ny = 0 1 0 ng = 0 1 =z ng = 0 1 0
0 0 1 0 0 1 0 0 1
We have
(n1091)(n2 o ¥2)(nz 0 43)
1 iZl 7 0 €9 0 0 12’3 7 0
= 1 —i1z1 O 0 29 ) 7 —zzg 0
F1R2E I\ 0 0 g 0 i —iz 0 £3
—E€92123 — 129 —E921 + 12223
1
= —E923 + 12129 —E9 — 1212223 Z1€3
E1E92€3
—€1 €123 —1€1€322
where €; = /1 + |z;|? for j = 1,2,3. By setting
now = (nio)(nzoy2)(nsos),

we get the following coordinate change between our coordinates {(z1, z1, 22, Z2, 23, 23} and the

u’s:
€923 — 121292 €92123 + 129
uy = =z, U = ———— uy = ——————,
€1 €1
or
. u , Z,U1ug — usg . U1U3 + U9
1 = U 2 = 0 3 = —H -
) Al ) A2

17



Notice that this is not a holomorphic change of coordinates. Thus the {zi, 21, 29, Z2, 23, Z3}

coordinates are not complex. Now in the u-coordinates, we have

Az 0 0
Ag
aw(n) = 0 A, 0
1
0 0 A,
Under the coordinate change, we have
Ay = e, Ay = 189, Az = eges.

Thus we get a,(n) in the {(z1, z1, 22, Z2, 23, Z3} coordinates as:

E9E3 0 0

€1
0 — 0
aw(n) = €3
1
0 0 —
£1€2

This is the same as what one would obtain from Theorem R.5. Similarly, the left invariant Haar

measure dn is, up to a constant multiple, given in the u-coordinates by
dn = duj Adug N dug A dug A dug N dus.
After the change of coordinates, we get
dn = eidzy ANdz Ndzy AdZs Adzs A dzs.

Again, this is the same as what one would obtain from Theorem P.7.

The following proposition will be used in Section [.

Proposition 2.10 We have

Fyle,.oe,nj e .e) = (ade - 4j-1) nj (nde - 4j-1)"" € Na,
forj=1,..,1 and n; € Nj, and
I ;
0 0 0
(F)«(0) <—/\—/\---/\—/\—> H ———————)Eo, NiEagy A=+ A Eg, NiEy,,

ot <L aj, a5 >

where (Fy)«(0) is the differential of F,, at 0.



Proof. Set n = (192 ¥j—1)n;(f1¥2 - - - ¥j—1) L. Let
nyy; = (njo4;) a; my

be the Iwasawa decomposition of n;%;, where m; € N,,. Then

nidYier s = (50 35) (a0 (Fgan ) " ag G-+ A0 (g == 30) ™ mg (B -

Set
aj = (1)l (e 4) € A
my = (Yjpr-A) " my(ea - 4) € N
Then
A = e Yim(ng o gy) (Y1) af i
Thus
no(;yl...f'yl) = Wl""?j—l(njo’yj) Fit1 Y
Hence
Fy(e,...,e;nje,...,e) = n.
Write n; = exp(szvyj). Then
(2 %-1) ny (e 91" = exp(zjAdsy 5.5, (E5)))

2
= “7'14(1--,..-. E.)).
exp( < >>ZJ Y12 %1( %))

Since 0,0, « 0, _, (7j) = a; by definition, we have

Ad’h"yzm"yg'ﬂ (E'Yj) = chaj

'Yz)

for some complex number c;. Write z; = x; + iy; and ¢; = wuj + iv;. Using the fact that

L5, v =K oy, af >, we get

F) OG- A 52) = 3F-OG- A g0
= oo (WFe + (i) A (v Ea, 4 uy(iEa,)
- ;kﬂz By NiE,,.
<L aj, aj > 3 i

Since both root vectors F,; and E,; have length 1 with respect to the K-invariant Hermitian form

on g induced by €, we have |cj|> = 1. The statement about (F,).(0) now follows immediately

from this.

19



Q.E.D.

We now look at the T-action on N,, by conjugations:
T x Ny — Ny: (t, n)—tnt

For a given t € T', set

t1h =t
. .1
t2 = ity
ts = Aot (o)
t, = (;}’171"}’1—2‘”"}’1) t (’.}’171"}’1—2“"'}’1)_1-

Equip N,, x N,, x -+ x N,, with the T-action given by

t-(ny, ng, .y ) = (binatyl, tonatyd, o gt Y. (25)

Proposition 2.11 1) With respect to the T-actions on Ny, by conjugation and on N, x N,, X
- X N, as given by (©d), the map F,, is T-equivariant;

2) In the {z1, z1, 22, Zo, ... ,2, Zi} coordinates, the T-action on N, is given by
t’(Zl, 21, ey Zl7 gl) = (talzl, t_alzl, ee talzl, t_algl), (26)

where, recall, o = 04,0, -+ 04, (75) for 1 < j <.

Proof. For each j =1,2,...,1, we have
. .o, -1 - —1 . 1
(tyngt; ") o4y = ti(njo4) (3 71 A7 ") = ti(ng o)ty

where t,11 is defined to be equal to (3,%_1--- 1) t (33_1 - --41) " = W~ *tab. Thus,

l

l
H tjnjt Yo = H o) | W™ Yap,

]:1 :

On the other hand, let n = Fy,(nq,...,n;) € Ny,. We have
(tntHow = tnow)(w ).
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It now follows from the definition of F;, that

Fy(tinatyh, -ttt = tnt™h

Write t = exp(iH) € T for H € a and n; = exp(z; L,

J

) € N,,. Then (R6) follows from the

following calculation:

tj nj tj_l = exp(z; AdtjEvyj)
— exp(zj eiU’Yl Oy 051 ('Yj)(H)EV_yj)

= exp(t™z; E’yj )

Q.E.D.

3 The Bruhat-Poisson structure

Recall that a Poisson structure on a manifold M ([W1])) is a bivector field = on M such that the
bracket operation on the algebra C°°(M) of smooth functions on M defined by

{6, 0} = m(do,dy), ¢, € C(M)

satisfies Jacobi’s identity. The condition on 7 is that

where [, ] denotes the Schouten bracket on the space of multivector fields on M ([Kd]).

The bivector field 7 can also be regarded as the bundle map
7:T"M — TM: (7(a), B) = 7(a, B).

When 7 is of maximal rank (M is then necessarily even dimensional), the bundle map 7 is
invertible, and the 2-form w on M defined by w(z,y) = 7(7 (), #'(y)) is closed and non-
degenerate and is thus a symplectic 2-form. In general, the image of m defines a (generally
singular) involutive distribution on M. It has integrable submanifolds which inherit symplectic
structures [W1]. They are called the symplectic leaves of 7 in P. Therefore, symplectic manifolds
are special cases of Poisson manifolds and every Poisson manifold is a disjoint union of symplectic

manifolds.
The Bruhat-Poisson structure on K /T comes from a Poisson structure 7 on K defined by
T = A" — A
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where

1
A = §Z>:OXQAYQ c ENE

with X, and Y, given by (), and A" (resp. A!) is the right (resp. left) invariant bi-vector field

on K with value A at the identity element e. We summerize some properties of 7 in the next

theorem. For details, see [T [F] and [L-W]].

Theorem 3.1 a) The bi-vector field © defines a Poisson structure on K;

b) Equip K x K with the product Poisson structure w @ w. Then the multiplication map
KxK-—K: (k’l, ]{72)*—>k‘1k’2

is a Poisson map, making (K, m) into a Poisson Lie group;

c¢) The symplectic leaves of m in K are precisely the orbits of AN in K for the action given
by [@). These are the Bruhat cells in K: for each Weyl group element w € W with a fized
representative w of w in K, the symplectic leaf through w is the Ny,-orbit Cyy, = Ny 0w introduced
in Section B. For each t € T, the subset Cyt is the symplectic leaf through the point wt. As w
runs over W and t over T, these are all the symplectic leaves in K;

d) Both left and right translations by elements in T leave  invariant;

e) The image of m under the projection map K — K/T is a well defined bi-vector field on
K/T which we still denote by w. It defines a Poisson structure on K/T called the Bruhat-Poisson
structure;

f) Symplectic leaves of the Bruhat-Poisson structure on K/T are precisely the Bruhat cells
Y, forw e W, in K/T (and thus the name);

g) With respect to the left translations by elements in K, the Bruhat-Poisson structure is

T-invariant but not K-invariant; The action map
K x K/T — K/T : (k}l, kg/T) — klkg/T
is a Poisson map, making (K/T, ) into a Poisson homogeneous (K, m)-space.
Therefore, for each w € W with a fixed representative w in K, both Cy and 3, inherit
symplectic structures as symplectic leaves in K and K /T respectively, and the projection from

Cy to X, is a symplectic diffeomorphism. Moreover, the symplectic structure on ¥, is invariant

under the action of T' by left translations. The goal of this section is to write down both the
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symplectic structure - thus also the Liouville measure - on ¥,, and the moment map for the 7-
action in the {z1, z1, 22, Z2, ..., 2, Z} coordinates. Here, we regard {21, Zz1, 22, Z2, ... ,2i, Z}
as coordinates on Y, via the parametrization of X, by N,

Property b) of m on K is called the multiplicativity of 7. As we will see shortly, it is exactly
this property that enables us to decompose, as symplectic manifolds, the higher dimensional
Cy’s into products of 2-dimensional ones. In fact, this is also the motivation for introducing the

coordinates {z1, z1, 22, Z2, ..., 2, Zi}.
As in Section f}, let | = {(w) and fix a reduced decomposition
W = 0y 0ny " Oy

For each j =1,...,1, let ; be a representative of 0., in K, so w = ;74 -+, is a representative
of w in K. Property c) of m on K says that the symplectic leaf through ¥, is the 2-dimensional
cell C5,. Theorem P.1 (see Remark P.9) says that the map

C"Yl X CAﬂ X oo X Cgﬂ — Cw (27)
is a diffeomorphism.

Proposition 3.2 The map in ([27) is a symplectic diffeomorphism, where the left hand side has

the product symplectic structure.
Proof. (Notice how the multiplicativity of 7 is used in the proof.) The inclusion map
Cyy xCyy X ---xCy = KXKx---xXK ( l-copies)

is a Poisson map because each Cj; is a symplectic leaf and thus a Poisson submanifold of K.

The multiplicativity of 7 says that the multiplication map
KxKx- -+ xK-—K: (k, ka, -+, k) — kiko--- kK
is a Poisson map. Thus, composing the two, we see that
Cy X Cyy X -+ x Oy, — K@ (b1, ko, -+, k) — kika--- K

is a Poisson map. But it has its image in C}, which is a Poisson submanifold of K. Thus,
regarded as a map to Cy, the above is a Poisson map, and thus a Poisson and therefore a

symplectic diffeomorphism.
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Q.E.D.

It now remains to determine the symplectic structure on the 2-dimensional leaves. Recall

that for each simple root v, we have a Lie group homomorphism
®,: SL(2, C) — G
which maps SU(2) to K.

Proposition 3.3 (See also [§]) For each simple root v, equip SU(2) with the Poisson structure
given by

m, o= A — AL,
where

1 1 ]
A, = Z<<%7>><_01 0)/\(? é) € su(2) A su(2),

and A, (resp. Afy) denotes the right (resp. left) invariant bi-vector field on SU(2) with value

A, at the identity element. Then 1) ¥, : (SU(2), m,) — (K, 7) is a Poisson map, and 2) the
symplectic leaf of m, in SU(2) through the point (Z) 8 1S
1z

7
VI[P V1+]2P

Co =

1 —iz
VI+]P V1+]2P

Using (z, Z) as coordinates on Cy, the induced symplectic structure is given by

j 1
Q= _— Sdz A dz.
L7, 7> 14 |7|

Proof. 1) Think of a + n as a real Lie algebra and identify a + n with £* using the imaginary
part of the Killing form as the pairing. The fact that ¥, is a Poisson map then follows from the
fact that the subspace U.,(su(2))® of a + n consisting of all elements that annihilate ¥, (su(2))
is an ideal of a + n. See [L-W].

2) As a special case of Theorem B.1] (up to a constant multiple), the symplectic leaves of 7, in
SU(2) are either 2 or 0-dimensional. We know from Section ] that the set Cj is the symplectic
leaf through the point < ? 6 .
Write an element of SU(2) as



The Poisson brackets defined by 7, are

- ) 1.
(& & = —i<y, v> ) {&m = gi<rn 1>
_ 1. _ _
& 7y = St <y 7> £n {n, n} = 0.
Set
¢ = 1z y = 7
V14|22 V1422
SO

z = &/n, z = &/n.

Using the Leibniz rule for the Poisson bracket, we get

{z, 2} = {¢/n, &/n}

1 = § _ § =

= W{Sa £} — ’T,‘—Qﬁ{fa ny — W—gn{m £}
2
= i<y, y> (1 + —’5;2)

= i<y, v> 1+,
Thus the symplectic 2-form € on Cj is given as stated.

Q.E.D.

Theorem 3.4 In the {z1, z1, 22, Z2, ... ,2, Z} coordinates, the induced symplectic structure
on Xy (as a symplectic leaf of the Bruhat-Poisson structure) and the Liouville volume form fi,

associated to €, are given by

l

i 1
Qp = dz; N\ dz; 28
Y Z<<aj, ;> 1+ 52 70 (28)
7=1
l
1 1 1
= = Q) = dz; A dz;. 29
e l!( w) ]1;[1<<aj, a; > L+ |gpR 0 (29)

The moment map for the T-action on ¥, by left translations satisfying ¢.,(0) = 0 is given by

l
* ~AY 1 7
Gu: Yy — = a: ¢w = Z(_ilOg(l + |Zj|2)Haj)‘ (30)
Jj=1

Here we are identifying t* with a by using the imaginary part of the Killing form as the pairing.
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Proof. The formula for €2, follows immediately from Propositions and B.3 and the fact that
<55, v 2= ay, o >.

The formula for the moment ¢,, follows from the explicit formula for the T-action on X, in
the {z1, Z1, 22, Z2, ... , 2, 2} coordinates as given in Proposition R.11]: let iH € t, where H € a.
By Proposition P.11], the generating vector field of the 7" action on X, in the direction of iH is

given by
0

l
0
Vig = ai(H)(—yi— +x;,—).
Set
Vie 1Qy = d < ¢y, 1H > .

We see that the only solution of ¢, that satisfies this equation for all H € a and the condition
that ¢,,(0) = 0 is given by (B0).

Q.E.D.

The following two corollaries follow immediately by comparing the formulas in Theorems P.H,

R.7 and B.4 (see also identity (R0)).

Corollary 3.5 Think of the moment map ¢, as a map from Ny, to a via the parametrization of
Y by Ny. Then
O = Adylogay(n).

Corollary 3.6 Think of the Haar measure dn of Ny, as a volume form on ¥, via the parametriza-

tion of 3y by Ny,. It is related to the Liouville measure pu,, by

l

T iy
= B Ao\ M dn
Hw j11<<p, ﬁj > w( )

We have thus connected the moment map ¢,, and the Liouville measure p,, with the familiar
map a,, : N, — A and the Haar measure dn on N,,. Such a connection is desirable for under-
standing the geometry of the Bruhat-Poisson structure. We have arrived at this by comparing
their formulas in coordinates. This is why we wanted to write down the formulas for a,, and dn

in the {z1, Z1, 22, Z2, ... ,2z, %} coordinates in Section [J.
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4 Kostant’s theorem on H(G/B)

In [K)], Kostant constructs, for each element w in the Weyl group W, an explicit K-invariant
closed differential form s* on X with deg(s") = 2l(w), such that the cohomology classes of the
s"’s form a basis of H (X, C) that, up to scalar multiples, is dual to the basis of the homology of
X formed by the closures of the Bruhat cells in X. We now recall the definition of these forms

in more details.

Let C = @C* be the space of all K-invariant differential forms on G/B = K/T. By identifying
g and g* via the Killing form < , > so that

(g/b)" = n_ + n,

we can identify
C* = A*(ne + n)T.

Introduce the operators £ and Ly on C*® by

E =2) adp_, ® adg,

a>0
and
Lo(E—oy NEqy N---NE_,@Eg N Eg, N--- N\ Eg,)
0 if [plI> = llp— (a1 +aa 4+ -+ ap)|* =0
B . i lpl]2 = llp — (@ + az+- -+ a2 0
o2 = llp — (c1 + g+ +ap)|?
Set

R = —LyE.

It is a nilpotent operator.
Now let w € W be a Weyl group element. As before, use [ to denote [(w). Let
{1, ag, oy oy} = {a>0: wla <0},

and let

_ -1
Bj = —wq,

so that
{517 527"'7 51} - {ﬁ >0: wﬁ < O}
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Set

- 7
W — (§)l E g NE_g,N---NE_g @ Eg, NEg, N--- N Eg,

and

1

s = (1-R)™'W " = + RRY 4+ R*hYT 4 . (31)

Theorem 4.1 (Kostant [K]|) 1). The forms s for w € W are closed, and their cohomology
classes form a basis of the de Rham cohomology of G/B = K/T (with complex coefficients);
2). Let jyy : Ny — Xy i n— nw/T be the parametrization map. Then

s w [0 if  wy) = l(w) but wy # w
Fu %} = { oy (n) 2= (dn)yif wy = w,

where s¥[x,, = iy, s" if iy, is the inclusion map of ¥y, into K/T, the map ay : Ny — A is,

as before, defined by ([4), and (dn); is the left invariant Haar measure on Ny, normalized by the

condition

((dn)y, Eoy NiEg, A Egy NiEgy A+ A By NiEy,) = 1.

3)
l
/w 1;[<<,0, ;>

The purpose of this section is to relate the form s* with the Liouville volume form p,, on >,
induced by the Bruhat-Poisson structure. This is now easy due to Corollaries B.§ and B.6. We

will also give a simple proof of 3).
We first need to relate the left Haar measures (dn); and dn as given in Theorem P.7.

Lemma 4.2 We have l

T
d = —d
(dn)1 ]1;[1<<p’ ﬂj>>n

Proof. This follows from Proposition and the fact that < o, o >=<3;, B > for each
j=1,..,1.

Q.E.D.
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Theorem 4.3 When restricted to the Schubert cell ¥,,, Kostant’s harmonic form s is related

to the Liouville volume form (i, on X by

1 .
Sw‘Ew = (aw)zw Pl = e<Pw» 22Hp>ﬂw' (32)

Proof. This is a direct consequence of Corollaries B.5 and B.g. Explicitly, we have

l 2K p, aj >
_ i 2y Ly, ap > ~
s% = — (1 + |z, VRN dz: N dz; 33
b = Mg st 1) Nz (33
!
2L p, o>
<y, 260H, > = =Y ——2 T T og(1 + |z;]? 34
o p ;«aj, a; > g( ’]’) ( )

and

1
)
= - - 1 AL A dz.
j|—|1 <aj, >>( + |2j[7) " dzj A dz;

Thus we have ([B3).

Q.E.D.

From the explicit formula for s[5, , we immediately get

w

2L p, aj >

Lo st lal) <o o> s
R2 Of], Oé]

< p, o5 >

I
IS

This integral was first calculated in [K-K]] using induction on I(w). Again, as in the case of the c-
functions, our simple proof is due to the fact that the induction argument has been pushed to the

calculations for a,,(n) and dn. This is in fact a special case of the c-function with i\ = —2w™!p.

wo is a K-invariant

Remark 4.4 When w = wy is the longest Weyl group element, the form s
volume form so it coincides with the Haar measure on K/T. When restricted to the biggest cell
Yo, the Liouville volume form i, the form s*°, and the Haar measure dn for N,,, = N are

related by

— ™ _
sy = (o) i = (H m) )
a>0 ’
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Remark 4.5 The function < ¢, 2iH, > on ¥, is the Hamiltonian function for the generating
vector field 6 of the T-action in the direction of 2:H,. This vector field is intrinsic to the Bruhat-
Poisson structure in the sense that it is its modular vector field. As |z;| — 400, the function
< ¢uw, 2tH, >— —oo. Thus the modular vector field 6y is not globally Hamiltonian on K /T.
We say that the Bruhat-Poisson structure is not unimodular. See [W3] [B-7] [E-L-W.

Remark 4.6 The second identity in (BJ) expresses the form s“|y, totally in terms of data
coming from the Bruhat-Poisson structure. In particular, it says that the integral wa s¥ is
of the Duistermaat-Heckman type. Wanting to see this was another motivation for this work.
Theorem 1.3 can be used to describe generators of the so-called Poisson - de Rham cohomology

of the Bruhat-Poisson structure. We do this in [E-IJ.

5 Appendix: Relation to the Bott-Samelson coordinates
As before, let w € W be a Weyl group element with a fixed reduced decomposition:
W = 0y 0y Oy
where [ = [(w). Then we have the Lie group homomorphism V., : SL(2,C) — G and the element

. 0 ¢
7j:qj’¥j<i 0>€K

for each j =1,...,1. Set again w = y17y2--- ¥, € K. Then the map

/. .
Fl: Ny x - x Ny —> Ny
. . -
(n1, N2, ... ,my) — niyingye - WKW

= n1 () - (¥ Aies) m (e Arn) 7

is a holomorphic diffeomorphism. Thus, if we parametrize N,; by C via

1 2 .
Z;I—>7’L(Z;) = \I['Yj < 0 13 > = exp(Z;.E,yj) c ij

for each j, we get a parametrization of N,, by Ck:
C'— Ny (21, 2, s 2) — Fy(n(z1), n(h), - ,n(2).

We call it the Bott-Samelson parametrization of N,, and call {z], 25, ..., 2/} the Bott-Samelson
coordinates on IV, because of the close relation to the Bott-Samelson desingularization of the

Schubert variety X, [J].
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The difference between our coordinates {z1, z1, 29, Za2, ... ,2;, Z} and the Bott-Samelson
coordinates {z], 2}, ...,z } can be described as follows: by composing F,, (in Theorem P.1]) and
F! with the map

Jw: Ny — Ey: n— nu/B,

we can think of both F,, and F}, as mapping N,, x --- x N,, diffeomorphically to ¥,,. The
map F, first sends (ni,no, ...,n;) to the product of n191n2%2 - - - ny, in G and then projects the
product to G/B. But for F,,, we first pick up the K-component k; in the Iwasawa decomposition
of n;4; for each j, multiply the k;’s inside K and then project the product to K/T = G/B.

Consider now the change of coordinates
/ / /
(21, 29, oy 2) = Ly(z1, 22,..., 2).

We can get a recursive formula for I,, from the proof of Theorem P.7]. Clearly, when w is a simple
reflection, the map I, is the identity map. For a general w with the reduced decomposition
W = 0,0, - * - 0, let again wy = 04,04, - -+ 0,, , so that w = wy0,,. Keeping the same notation
as in the proof of Theorem P.7, we know that I, is given by

{ (21 2hy oy 2_1) = Iy (21, 22,y 21-1)

2l = m(21, 22,y 21-1) + Quy(n) M2,

where, recall, m(z1, 22,..., z—1) € Cis such that exp(m(z1, 22, ..., z1-1) E,,) is the N,,-component

of (m')~! € N with respect to the decomposition N = N,,N5,, and m' € N is the N-component

19
in the Iwasawa decomposition of nw;. The change of coordinates is in general not complex
because the function m(z1, 22,..., 2,—1) is in general not holomorphic. This is also seen from the

following example.

Example 5.1 For G = SL(3,C) and w = (1,2)(2,3)(1,2), the Bott-Samelson parametrization

of Ny, is by
1 27 2125+ iz
(21, 2, z3) — | 0 1 &
0 0 1
)

The change of coordinates between (z1, 22, z3) and {z], 25, 24} are (see Example P.9)

;o o ;o €923 — 12122
Z1 = 21, Z9 = €122 23 =
€1
or .
/ 2./ <! )
z niz3 +121%
/ 2 173 1°2
21 = 21, 2 = — g3 = ——
m 172

where ¢; = /1 +|z;[2 for j = 1,2 and g = /1 + [2][2, m2 = /1 +|2]]2 + [Z]2.
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