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On the Theory and Design of a Class of PR Uniform
and Recombination Nonuniform Causal-Stable IIR

Cosine Modulated Filter Banks
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Abstract—This paper studies the theory and design of a class
of perfect reconstruction (PR) uniform causal-stable infinite-im-
pulse response (IIR) cosine modulated filter banks (CMFBs). The
design approach is also applicable to the design of PR recombina-
tion nonuniform (RN) IIR CMFBs. The polyphase components of
the prototype filters of these IIR CMFBs are assumed to have the
same denominator so as to simplify the PR condition. In designing
the proposed IIR CMFB, a PR FIR CMFB with similar specifica-
tions is first designed. The finite-impulse response prototype filter
is then converted to a nearly PR (NPR) IIR CMFB using a modified
model reduction technique. The NPR IIR CMFB so obtained has a
reasonably low reconstruction error. Its denominator is designed
to be a polynomial in , where is the number of channels,
to simplify the PR condition. Finally, it is employed as the initial
guess to constrained nonlinear optimization software for the de-
sign of the PR IIR CMFB. Design results show that both NPR and
PR IIR CMFBs with good frequency characteristics and different
system delays can be obtained by the proposed method. By using
these IIR CMFBs in the RN CMFBs, new RN NPR and PR IIR
CMFBs can be obtained similarly.

Index Terms—Causal-stable infinite-impulse response (IIR) fil-
ters, cosine-modulated filter banks, perfect reconstruction (PR),
recombination nonuniform filter banks.

I. INTRODUCTION

P ERFECT RECONSTRUCTION (PR) filter banks (FBs)
have important applications in speech, audio, image and

array processing. A class of very efficient FB is cosine-modu-
lated FB (CMFB) [1], [2], which has very low design and im-
plementation complexities and excellent frequency selectivity.
Infinite-impulse response (IIR) CMFBs, in particular, have re-
ceived considerable attention for their potential advantages of
low system delay, sharp cutoff and high stopband attenuation.

Due to the absence of the stability constraint, the design of
PR finite-impulse response (FIR) CMFBs is considerably sim-
pler than PR IIR CMFBs. Although the latter also involves non-
linear constrained optimization, satisfactory results are usually
obtained without much difficulty. Furthermore, a number of ef-
ficient design methods are now available for improving the de-
sign efficiency and performance of nearly PR (NPR) and PR FIR
CMFBs [7]–[9]. However, the design of IIR CMFBs is compli-
cated by highly nonlinear objective function, PR and stability
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constraints. In [3], allpass-based PR IIR CMFBs was consid-
ered. Because of the difficulties in designing such FBs, only a
two-channel design example was given. Recently, Mao et al.. [4]
studied the design of IIR CMFBs and proposed to simplify the
PR constraints by employing prototype filters having the same
denominator in their polyphase components. However, since the
initial guess is only obtained from a PR FIR CMFB, it is difficult
for the optimization procedure to converge to a good solution,
especially for high order IIR filter.

In this paper, a new method for designing NPR and PR IIR
CMFBs is studied based on the simplified PR condition in [4].
The denominators of the prototype filters of such IIR CMFBs
are chosen as polynomials in , where is the number of
channel. In particular, we propose to employ the modified re-
duction technique in [6] to convert a PR FIR CMFB to an IIR
CMFB, because this approach is capable of designing the pro-
totype filters with the above special form. Other advantages of
this approach are that the resulting IIR filter is guaranteed to
be stable and to closely approximate the frequency response of
its FIR counterpart. Therefore, if this modified model reduction
technique is applied to the prototype filter of a PR FIR CMFB,
an IIR CMFB with similar characteristics can be obtained. De-
sign results show that the IIR CMFB so obtained is NPR with a
reasonably low reconstruction error (about 1e-3). Furthermore,
since this NPR IIR CMFB also has an identical denominator in
its polyphase components, the PR constraints are simplified as
in [4] and it can be used as initial guess to constrained nonlinear
optimizers for the design of PR IIR CMFBs. Significantly better
convergence speed and reliability over the direct nonlinear opti-
mization approach can be achieved as the pole locations can be
approximately located.

Using the IIR CMFBs obtained, it is possible to develop
a new class of PR nonuniform IIR CMFBs. PR FBs with
nonuniform frequency spacing have the potential advantage
of offering more flexibility in time-frequency partitioning, but
they are more difficult to design. There has been considerable
interest in designing nonuniform FBs [10]–[15]. The proposed
nonuniform IIR CMFBs are based on the indirect method
proposed in [14], [15], where certain channels of an original
uniform FB are merged using the synthesis bank of a recombi-
nation FB or transmultiplexer (TMUX). An advantage of this
indirect method or recombination nonuniform FBs (RNFBs)
is that the PR property is structurally imposed as long as the
original uniform and recombination FBs are PR. Furthermore,
dynamic recombination of consecutive channels in the original
uniform FB by pre-designed TMUXs is possible.

To obtain FIR RNFBs with good frequency characteristics, a
matching condition between the original uniform FB and the
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recombination FB is imposed [14], [15]. Unlike the FIR RN
CMFBs in [15], we propose to employ PR IIR CMFBs as the
original uniform FB and the recombination TMUXs. Similar
to the design of PR uniform IIR CMFBs mentioned earlier, the
proposed method is applied to a PR RN FIR CMFB satisfying
the matching condition and the given specifications. It yields
an NPR RN IIR CMFB which can be for further optimized to
obtain the desired PR RN IIR CMFB.

The paper is organized as follows. The theories of PR uniform
and RN IIR CMFBs are respectively introduced in Sections II
and III. The modified model reduction technique is discussed
in Section IV. Design examples and comparisons are given in
Section V. Finally conclusion is drawn in Section VI.

II. PR UNIFORM IIR CMFBS

Recall that the analysis and synthesis filters of a type-IV
-channel CMFB [1] are obtained by modulating a prototype

filter

(1)

for , where and
are the impulse response and filter length of the prototype

filter, respectively. is the system delay. For the uniform IIR
CMFB, the prototype filter is an IIR filter of the form:

, where and are re-
spectively the lengths of the numerator and denominator. Let

be the type-I polyphase component of such that
. If have the same de-

nominator, that is for
, then the PR condition of the IIR CMFB is simplified to [4]

(2)

for , where is a constant and is an
integer. All the roots of should remain inside the unit
circle to ensure that the analysis filters and synthesis filters are
stable. A possible objective function is given as

(3)

where is the variable vector containing the coefficients of
and is the stopband cutoff frequency of the

prototype filter, is the passband cutoff frequency of the first
analysis filter and equals to a positive weighting factor.
The design problem can be formulated as a constrained opti-
mization problem as

subject to and the PR conditions (4)

where are the roots of . Note the PR conditions
are imposed by enforcing (2) in time domain. For FIR CMFBs,

and the design problem is considerably simplified.

III. PR RN IIR CMFBS

Fig. 1 shows the structure of the RNFB considered in this
paper. In the analysis bank of the proposed RNFB, consecutive
channels of the analysis bank of a uniform analysis FB, called
the original uniform FB, are combined using the synthesis bank
of another FB, called the recombination FB, which has a fewer
number of channels, say as shown in the figure. The sam-
pling rate after recombination is reduced by a factor of .
For simplicity, only the merging of channels of the original

-channel analysis bank is shown. Further merging of consec-
utive channels can be performed similarly. Let the merged out-
puts be indexed by an integer , and be
the number of channels merged at the -th output. For critical
sampling, we have . In the synthesis bank
of the RNFB, each merged output will pass through the anal-
ysis filters of the recombination FBs and they will be fed to the
synthesis bank of the uniform FB for reconstruction. Each syn-
thesis–analysis structure, involving an -channel FB, is called
a TMUX. To ensure that the whole system is PR, the TMUXs
and the original uniform FB should be PR. Furthermore, in order
to suppress the spurious response of a RN FIR CMFB due to the
mismatch of the magnitude and phase responses in the transition
bands of its prototype filters, the following matching conditions
should be satisfied [15]:

(5)

where , and and ) are re-
spectively the length, passband and stopband cutoff frequencies
of the prototype filters for the -channel TMUX ( -channel
FB). By using the model reduction approach, this requirement
on the frequency response of the IIR prototype filters is approx-
imately satisfied. It should be noted that if and are co-
prime to each other, then the equivalent analysis filter at the -th
output is linear time-invariant (LTI), and is given by

, where is the position of the first
sub-channel to be merged for the -th output. If is odd, it is
necessary to multiply the sequence to the merged output
to avoid the problem of spectral inversion. On the other hand,
the analysis filters are linear periodic time varying (LPTV) for
noncoprime case. Fortunately, the spurious response resulting
from the merging of the original uniform FB and recombination
TMUXs can still be suppressed by imposing (5) to the prototype
filters.

IV. MODIFIED MODEL REDUCTION METHOD

Since it is much simpler to design a PR FIR CMFB than
a PR IIR CMFB, we propose to obtain an initial guess to the
IIR CMFB design problem mentioned above by a model reduc-
tion approach. More precisely, the model reduction method pro-
posed in [5] is modified so that the denominator of the IIR filter
can be directly expressed as a polynomial in the integer power
of .

It was found in [5] that the denominator of an IIR filter
for approximating an FIR filter can be deter-

mined using the following iterative procedure. Let

(6)
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Fig. 1. Structure of recombination nonuniform filter bank.

be the polynomial which approximates at the -th itera-
tion. From the sequence

(7)

we calculate by minimizing the following objective
function:

(8)

where

. . .
...

...
...

. . .

...
...

...

The required denominator is the one that minimizes for a
sufficiently large value of ( in this paper). The numer-
ator can be determined separately using the least squares
criterion [16]. More importantly, the IIR filter so obtained is al-
ways stable. As mentioned earlier, the denominator of the IIR
prototype filter should have the form . If direct model
reduction is used, the numerator and denominators have to be
multiplied by certain factors and the filter length is thus unnec-
essarily increased. As suggested in [6], the above procedure can
be modified to obtain a filter with the following form:

(9)

where is the number of nonzero coefficients of
. The vector in (8) is then modified as

, which can be
solved by modifying the corresponding rows of and .

According to [5], this modification does not violate the stability
theorem, which holds for arbitrarily given . Hence, the
filter in (9) is still stable, provided that the index with the
smallest value of is chosen.

V. DESIGN PROCEDURE AND EXAMPLES

Due to page limitation, we only summarize the design proce-
dure of the RN IIR CMFB because the design of the uniform
IIR CMFBs is similar. Given decimation ratios for

with , the following are
true.

1) Design the -channel and -channel PR uniform FIR
CMFBs, which satisfy the matching condition in (5), by
solving the constrained nonlinear optimization problem in
(4).

2) Determine the corresponding NPR RN IIR CMFB by ap-
plying the proposed model reduction method in Section IV
to the prototype filters obtained in step 1.

3) The NPR IIR CMFBs are used as initial guesses to the
constrained nonlinear optimization problem in (4) to obtain
the original and then the recombination PR IIR CMFBs.

In this paper, a local solution to the constrained nonlinear op-
timization problem in steps 1 and 3 is obtained using the func-
tion fmincon in MATLAB. The termination tolerance on the
constraint value and the maximum number of iterations are set
to 1e-15 and 1000, respectively.

Example 1: NPR and PR Uniform IIR CMFBs: In this ex-
ample, low-delay (LD) NPR and PR IIR CMFBs are considered.
An 16-channel PR LD FIR CMFB with a filter length of 224
is firstly designed and the model reduction method described in
Section IV is then applied to convert the prototype filter to an IIR
filter in the form of (9). The running time of the model reduction
method is 0.281 s using MATLAB version 7.0 in a Pentium(R)
4 CPU 3-GHz PC. The lengths of the numerator and denomi-
nator of the IIR filter are chosen as and (i.e.,

), respectively. Table I summarizes the design parameters.
is the system delay. are the passband and stopband

cutoff frequencies of the prototype filter.
To obtain a PR IIR CMFB, the above NPR IIR CMFB is

used as initial guess to fmincon, which converged to the solution
after 315 iterations. The reconstruction error is 6.97e-14. For the
sake of presentation, the proposed NPR and PR IIR CMFBs are
repectively denoted by NPR IIR CMFB-1 and PR IIR CMFB-1
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Fig. 2. (a) Frequency responses of prototype filters of 16-channel NPR/PR FIR/IIR CMFBs. (b) Frequency responses of the analysis filters of the proposed PR
IIR CMFB-1. (c) Pole locations of the polyphase components of NPR IIR CMFB-1 (marked with stars) and PR IIR CMFB-1 (marked with circles).

TABLE I
DESIGN PARAMETERS OF FIR AND IIR CMFBS

TABLE II
RESULTS OF 16-CHANNEL NPR/PR FIR AND IIR CMFBS

in Table II. The performances of the original PR FIR CMFB
and its initial guess (i.e., the NPR FIR CMFB) are also listed
in Table II. (dB) is the highest stopband attenuation of the
prototype filter and is the maximum peak-to-peak ripple
of the transfer function . Iters de-
notes the number of iterations needed for fmincon to converge
to a solution. Fig. 2(a) shows the frequency responses of the
prototype filters for the PR FIR CMFB, NPR IIR CMFB-1 and
PR IIR CMFB-1. The stopband attenuation of the proposed PR
IIR CMFB-1 is comparable to its FIR counterpart, Moreover,
its implementation complexity is relatively lower because there
are fewer nonzero coefficients. Fig. 2(b) shows the frequency
responses of the analysis filters of PR IIR CMFB-1. The pole
locations of the polyphase components of the prototype filters
of NPR IIR CMFB-1 (marked with stars) and PR IIR CMFB-1
(marked with circles) are almost overlapped as illustrated in
Fig. 2(c).

Next, we shall examine how different initial guesses affect
the convergence speed of the nonlinear optimizer. First of all,
we consider an initial guess, which is obtained by applying the
model reduction technique to the NPR FIR CMFB in Table I,
instead of the PR FIR CMFB we proposed. Compared to the
proposed NPR IIR CMFB-I, the NPR IIR CMFB so obtained
(denoted by NPR IIR CMFB-2 in Table II) offer a higher stop-
band attenuation (64.45 dB), but a lower reconstruction error

(2.28e-2). However, fmincon is unable to find a PR solution
when the maximum number of iteration is reached (i.e., 1000
iterations), although the reconstruction error of the resulting IIR
CMFB is reduced to 1.32e-8. For convenience, this NPR solu-
tion is denoted by NPR IIR CMFB-2’ in Table II.

Another initial guess we consider is a 191-order FIR proto-
type filter of an 16-channel PR FIR CMFB with the denomi-
nator being set to one. It is designed according to the method
in [4]. As shown in Table II, only a NPR solution with recon-
struction error of 5.71e-10 is obtained after 1000 iterations. The
above comparisons suggest that the proposed initial guess helps
the optimizer to achieve a faster speed of convergence since the
pole positions are approximately located.

Example 2: NPR and PR RN IIR CMFBs: In this example,
LD NPR and PR RN IIR CMFBs with decimation factors

are considered. To realize these decimation
factors, a 16-channel PR uniform CMFB is first designed
(Example 1). Then, the first eight channels and the last seven
channels of this 16-channel CMFB are respectively merged
by the 8- and 7-channel PR CMFB-based TMUXs. Therefore,
we have and . The 16-, 8- and
7-channel PR uniform FIR CMFBs with respective system
delays of 159, 79, and 69 samples are designed according
to the matching condition in (5). Then they are converted
to an NPR RN IIR CMFB by the model reduction method.
The parameters (length , passband cutoff frequency ,
stopband cutoff frequency ) of the prototype filters for the
16-, 8- and 7-channel PR uniform FIR CMFBs are, respec-
tively, chosen as
and . Whereas the parameters (length of
numerator , length of denominator , number of nonzero
coefficients of the denominator ) of the prototype filters for
the 16-, 8- and 7-channel uniform IIR CMFBs are respectively
chosen as (192, 97, 3),(96, 49, 3) and (84, 43, 3). The above
design parameters are summarized in Table I. The reconstruc-
tion errors of the IIR CMFBs so designed are of order 1e-3.
These NPR IIR CMFBs are used as initial guesses for further
optimization to obtain the PR IIR CMFBs.

Note that since the rate- does not satisfy the coprime con-
dition, the first analysis filter is LPTV. The bi-frequency re-
sponse of the first analysis filter of the proposed PR RN IIR
CMFB is shown in Fig. 3a, where the amplitudes and phases
of all frequency components are generated by inputting a sinu-
soidal signal to the system at a certain frequency with unit am-
plitude and zero phase. One of the aliasing terms generated in
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Fig. 3. Frequency responses of the PR RN IIR CMFB ���������	
 ����	�  ����� ����� ������. (a) Bi-frequency response of first LPTV analysis filter and
one of aliasing terms. (b) Projection of first LPTV analysis filter (solid line) and all aliasing terms (dot lines) on the digital frequency axis. (c) Frequency response
of third LTI analysis filter.

the recombination process is also illustrated. Fig. 3(b) shows the
corresponding response of the first analysis filter (in solid line)
and all aliasing terms (in dot lines) projected onto the frequency
axis. The last analysis filter is LTI because the ratio is . The
frequency response of the last analysis filter is given in Fig. 3(c).
This example shows that RN IIR CMFBs with good equivalent
frequency characteristics can be obtained, in both coprime and
noncoprime cases, by the proposed method. Compared with the
original PR RN FIR CMFB, the proposed PR RN IIR CMFB
has a comparable performance and lower implementation com-
plexity.

VI. CONCLUSION

The theory and design of a class of PR uniform and RN
CMFBs with causal-stable IIR filters are presented. The
polyphase components of the prototype filters of these IIR
CMFBs have the same denominator so that the PR condition
can be simplified. The design procedure starts with the design
of a PR uniform or RN FIR CMFBs of similar specifications.
The prototype filters of the CMFBs are then converted to an
NPR uniform or RN IIR CMFBs by a modified model reduction
technique. These NPR uniform or RN IIR CMFBs are further
optimized to obtain PR uniform or RN IIR CMFBs.
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